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Our work represents a first step towards understanding the equation of state of 

active systems at high density.   
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5 APPENDIX A: INTERACTION PRESSURE OF THE AGGREGATED STATE

distinct states: (A) a segregated state where all the large (red)

disks have accumulated at the wall, with the small (green)

ones closer to the center, (B) a mixed state where the par-

ticles have accumulated at the wall, but they are homoge-

neously distributed, hence S ∼ 0 and (C) a segregated state

where the small disks are near the walls and the large ones are

near the center. The lower left hand corner of Fig 5 demon-

strates that if both the small and large particle velocities are

too small, the system remains mixed. This suggests that par-

ticles must overcome a finite energy barrier in order to seg-

regate. To quantify and test this assumption, we let vSc (vLc)

denote the critical velocity of the small (large) particles in the

limit vL → 0 (vS → 0). To estimate vSc, we derive an analytic

expression for the velocity required for an active small parti-

cle to cross through two immobile large particles in contact

with zero overlap, assuming that the small particle is moving

directly perpendicular to the pair, as illustrated in Fig. 5 (See

Appendix C for details). This is a mean-field theory for en-

ergy barriers in a system exactly at the jamming transition.

We derive a similar expression for vLc, and calculate the ratio

vLc/vSc. While the data in Fig. 5(a) are for a bidisperse mix-

ture with diameter ratio 1.4, we calculate the velocity ratio as

a function of the diameter ratio x = RL/RS, obtaining

vLc

vSc

= x−
2
3
[1− (1+ x)−2/3]

1
2 [(1+ x)2/3 −1]

[1− (1+ 1
x
)−2/3]

1
2 [(1+ 1

x
)2/3 −1]

(5)

This function vL
vS
(x) is plotted in Fig 5(b) as a solid line. We

then extract numerical values of vLc/vSc from the segregation

boundary in simulations with different values of RL/RS. These

numerical results are the data points in Fig 5 (b). The remark-

able overlap between the theory and simulation suggests that

our mean field theory is valid and that asymmetric energy bar-

riers for particles moving across one another are responsible

for segregation.

We emphasize that the phenomenon of active segregation is

intrinsically different from the “Brazil Nut Effect”35, where a

bidisperse granular mixture segregates under external shaking.

Our soft active particles are individually driven rather than ag-

itated through boundary forces. As a result, size segregation

in our active system is driven by the asymmetry of the energy

barriers imposed by soft repulsive interaction between parti-

cles as supported by the outstanding agreement between ana-

lytical and numerical results shown in Fig 5(b), rather than by

the “void-filling”35 or “granular convection”36 mechanisms

proposed to explain the “Brazil Nut Effect”.

4 Conclusions

We have demonstrated that in the limit of small rotational

noise, spherical self-propelled particles spontaneously accu-

mulate at the walls of a container in the absence of any align-

ment or attractive interactions. At high density there is a fi-

nite threshold speed vc(φ) for wall aggregation in the limit

Dr → 0. This speed vanishes at low density and becomes finite

near the jamming transition, suggesting that the particles must

overcome a finite yield stress to rearrange and accumulate at

the walls. The pressure displays a startling non-monotonic

dependence on density. When particles are aggregated at the

walls the pressure increases with density, as the particles pack

densely to optimize force transmission. Eventually, as the

system approaches the jamming transition, both density and

force distribution become more homogeneous and the parti-

cles become caged by their neighbors, losing the ability to

self-organize to optimally transmit stress. The net result is

that the pressure decreases drastically with increasing density.

We are currently implementing simulations at constant pres-

sure to interpret this surprising effect that could never happen

in a thermal system.

In a mixture of active disks of two sizes we observe segrega-

tion in the absence of any adhesive interaction, which may be

relevant to cell sorting14–16 and cell-assisted size segregation

of colloidal particles37.

5 Appendix A: Interaction pressure of the ag-

gregated state

For simplicity, we consider a completely aggregated state,

where the active force is balanced by the interaction force.

We work in a coordinate system with axes along the principal

direction of the stress tensor, and therefore drop the label of

component for force and particle position. The trace of the

stress is then given by

σαα =
1

L2 ∑
i 6= j

Fi jri j , (6)

where the summation is over all interacting pairs. As illus-

trated in Fig 6, the interaction forces are transmitted through

chains of particles, resulting in a larger interaction force/stress

closer to the wall. Given that our repulsive force is a linear

function of overlap, we assume that the stress increases lin-

early as the wall is approached. This assumption is supported

by Fig 4(a) in the paper. To proceed, we divide the system into

N nested particle layers, as shown in Fig 6. Each layer has the

width of a particle diameter 2R, area An and occupies a frac-

tion φn = An/L2 of the entire system’s area. We assume that

φn is also the packing fraction of particles in the n-th layer.

Approximating the area of a layer as the sum of the area of

four equal strips, we can write

An = 8LR−32R2(n−1) . (7)
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Fig. 9 Pressure as a function of packing fraction for an active

system with v0 = 0.02, Dr = 0.005 and L = 80 (blue circles) and of

a thermal system with Dt = 0.04 (red triangles). The black dashed

line is the calculated expression for pressure for the ideal active gas

pressure given in Eq. (3).
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