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We study of the dynamics of ring polymers confined to diffuse in a background gel at low concentrations. We do this in order
to probe the inter-play between topology and dynamics in ring polymers. We develop an algorithm that takes into account the
possibility that the rings hinder their own motion by passing through themselves, i.e. “self-threading”. Our results suggest that
the number of self-threadings scales extensively with the length of the rings and that this is substantially independent of the details
of the model. The slowing down of the rings’ dynamics is found to be related to the fraction of segments that can contribute
to the motion. Our results give a novel perspective on the motion of ring polymers in gel, for which a complete theory is still
lacking, and may help us to understand the irreversible trapping of ring polymers in gel electrophoresis experiments.

1 Introduction

The dynamics of large polymer molecules diffusing in a gel
plays a central role in polymer physics and biology. The mo-
tion of linear and branched polymers in solution have been
thoroughly studied in the past (see1,2 and references therein).
On the other hand, there has been much less progress in un-
derstanding the motion of closed (ring) polymers in a gel3–6.
The dynamics of ring polymers, because of the lack of ends,
differs markedly from those of their linear cousins, involving
fundamentally different modes of stress relaxation7 and dif-
fusion8–11. A proper understanding of ring polymers, and the
associated non-local topological constraints that they must sat-
isfy, remains one of the major unresolved challenges in poly-
mers physics. These properties have particular relevance to
DNA, which can occur in circular form in Nature, e.g. as bac-
terial plasmids, and its characterisation by gel electrophore-
sis12–15. In order to be able to give a satisfactory interpretation
of these experiments, a deeper understanding of the mecha-
nisms driving the diffusion of the ring polymers at equilibrium
is required.

The configuration of sufficiently long unknotted self-
avoiding ring polymer unlinked from the gel is a double-
folded self-similar branched tree (see left side in Fig. 1), also
called a lattice animal6,16–18. It is well-known that the gy-
ration radius of a self-avoiding lattice animal grows as Mν ,
with ν = 1/2 as opposed to ν ' 0.588 for the case of a lin-
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Via Marzolo 8, 35131 Padova, Italy.

ear swollen coil in three dimensions19. Because of this, the
self-density ρs ≡M/〈R2

g〉3/2 of a large ring polymer in gel is
much higher than that of either rings in good solvent, or linear
polymers. Because of the compactness of the configurations,
the contact probability between different segments belonging
to the same chain, is higher. This implies that ring polymers in
gel are more likely to hinder their own motion by interacting
with themselves, as previously speculated3,6. In the following,
we will be interested in configurations of a ring in gel in which
a double-folded segment opens up and is threaded by another
double-folded segment of the same chain (“self-threading”)
(see Fig. 1(f)). In particular, when a ring polymer is forced
to move inside a gel, self-threading can hinder polymer diffu-
sion. Imagine a ring that winds around a strand of the gel and
passes through itself, as in Fig. 1(f). In this case the threading
segment (green) behaves as a temporary “pin” for the threaded
one (red), because of the uncrossability constraint. In order for
the latter to freely diffuse, the former has to be removed. In
the limit of large rings, one can think of a growing number of
penetrations which can assume a hierarchical structure (imag-
ine a segment of the polymer that threads through another that
then is itself threaded, etc.). These would have to be undone
in order to re-establish free diffusion, consequently increasing
the polymer relaxation time. Self-threading is also a candi-
date for describing the low electrophoretic mobility (at low
fields) and irreversible trapping (at high fields) of long ring
molecules20–22. Imagine applying an electric field to the con-
figuration in Fig. 1(f), in the direction parallel to the green seg-
ment. The ring can end up “tightening” itself around the ob-
stacle, and become irreversibly self-trapped (see Fig. 1(g)), in
a process that resembles the tightening of a knot23. Threading
has been recently acknowledged to be a non-negligible topo-
logical constraint in the case of ring polymers in dense solu-
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tions11,24,25, which can affect both static and dynamic proper-
ties of the system.

Here, we study how threadings of the chains through them-
selves can affect their own motion in dilute conditions. We
study ring polymers diffusing in a gel by coarse graining the
double-folded configurations to a network of beads located in
the cells of the gel (see Fig. 1). This coarse graining proce-
dure maps the problem of simulating ring polymers diffusing
in a gel to that of annealed branched polymers diffusing on a
lattice, or lattice animals16, under a specific set of rules which
preserve the rings’ topology (see Fig. 1 and next section). The
novel aspect of this work is in how we deal with the dynam-
ics. This is simulated using an equivalent model to the kink-
gas diffusion introduced by de Gennes4,6,26, suitably modi-
fied to correctly take into account the slowing down due to the
chains self-threadings. Our results suggest that in the limit of
large rings, self-threadings increase extensively with the rings
length and the dynamics is consequently slowed down.

2 Algorithm and Computational Details

We implement the coarse-grained model by means of a Lat-
tice Kinetic Monte-Carlo simulation of isolated lattice ani-
mals formed by M beads diffusing on a lattice. Along with
the coarse-grained model, we perform a Molecular Dynamics
simulation of a single ring polymer consisting of M = 5120
beads (see S.I. for details), immersed in a gel which has lat-
tice spacing equal to the ring’s Kuhn length (see Fig. 1(f) and
(g)). The latter is only intended to investigate static config-
urations of a large polymer in gel with fixed length. Static
and dynamic properties for rings with different length are then
left to be studied by means of the coarse-grained Monte Carlo
model.

In order to simplify our model we make some assump-
tions: Firstly, by replacing a double-folded segment of the
polymers with a single bead filling a unit cell, we are implic-
itly assuming that the lattice spacing l of the gel is compa-
rable to the rings’ Kuhn length lk. The polymers are, there-
fore, flexible on the length scale of the gel pores. By mak-
ing this choice, we also assume that the gel is tighter than a
typical 6 % agarose gel by a factor of 227. Capillary or poly-
acrylamide gels electrophoresis offer interesting scenarios in
which the Kuhn length of the samples is comparable with
the pore size22. Also, hydro-gels made from DNA strands
and joints28–30 have highly tunable properties and a very high
tensile modulus that could produce materials with pore sizes
comparable to the Kuhn length of the polymers analysed. We
simplify further our model by assuming that the gel fibers are
rigid.

We study systems of N = 10 non-interacting ring polymers
of length M = 32, 64, 128, 256, 512 beads. The rings do
not interact with each-other and therefore behave as if they

were isolated. We perform at least 3 realisation per simulation,
meaning that we average at least over 3N rings. The rings are
prepared unlinked from the gel, and therefore they must as-
sume a double-folded configuration, i.e. every unit cell of the
gel has both an out-going and in-going polymeric strand (see
Fig. 1). We coarse-grain the polymers and represent both the
out-going and in-going strands with one bead, which has the
size of a Kuhn segment, and that spans the entire unit cell. In
this way a ring with 2M segments is modelled via a collection
of M beads. The rings are treated as lattice animals diffus-
ing on a cubic lattice which is shifted by ( l

2 ,
l
2 ,

l
2 ) with respect

to the gel lattice31, which is also modelled as a perfect cubic
lattice. In other words, we model the rings by tracking the
backbone and the branches of the lattice animal shapes they
take (see Fig. 1). Our algorithm penalises the creation of new
branches and the bending of the terminals by introducing two
energies, Ebranch = 2Eb(1+ cosθ) and Ebend = Eb(1+ cosθ)
respectively, where θ is the angle formed by consecutive pairs
of beads and Eb = kbT . The motivation for this is twofold:
(1) pure translation does not involve any change in energy
(Fig. 1(a)) and (2) branching involves a creation of a new dou-
ble folded terminal segment which, in terms of angles, con-
tains two 90◦ angles with the neighbours (mn in Fig. 1) and
one (newly formed) 180◦ angle (being a terminal segment).
Therefore, we approximate the energy penalty as twice the en-
ergy taken to bend an existing terminal segment (see Fig.1(b)
and (c)).

Our algorithm is the following: first we pick one bead (m)
randomly. Second, we attempt a move to occupy a neighbour-
ing site (m′):

• If m′ is free, then the move is tested by means of the
Metropolis algorithm, where the probability to be ac-
cepted is given by

pbranch/bend
m→m′ = exp{−Ebranch/bend(θ)/kbT}

• If the site m′ is occupied by a non-neighbouring bead of
m then the move is accepted with probability:

pbranch/bend
m→m′ = pth exp{−Ebranch/bend(θ)/kbT}

where pth is a free parameter in our model and represents
the probability of self-threading.

In order to correctly reproduce the hindering of the motion
when the terminal segments are threaded, and hence not free
to diffuse and contribute to the motion we adopt the follow-
ing strategy: Once that the move has been “energetically” ac-
cepted, we place a new virtual segment at m′ (represented as a
dotted segment/circle in Fig. 1) and simulate the contour dif-
fusion of an “anti-kink” (or “hole”) that starts from m and can
annihilate only with one of the terminal beads of the lattice an-
imal (represented as segments/circles shaded in grey in Fig. 1)
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Lattice Spacing

p=1

p = exp(‐2 Eb(1+cos   )/kbT)

p = exp(‐Eb(1+cos   )/kbT)

p = pth exp(‐2 Eb(1+cos   )/kbT)

(a)

(b)

(c)

(d)

(e) Pinned End

Free End

Threading

(f)

(g)

Fig. 1 (Colour online). Cartoon picturing the dynamics of the rings. The rings in the gel (left) are represented by lattice animals moving on
the dual of the gel lattice (centre). (a) (b) and (c) Represent the moves allowed in a gel: translation, bending and branching, each by retraction
of a terminal segment (shaded in grey). See text for more details. (d) With probability pth pbranch/bend

m→m′ a bead can move onto a site that is
already occupied to become an effective pin (green) for the occupant bead mp (red). Computationally, we implement this by stacking two
beads on top of each other, on the same site (green bead on top of red one). (e) This is the case in which the threaded segment coincides with
an end, in this case such end becomes “pinned”. In this configuration, the red segment/bead cannot be retracted, while the green one can
contribute to the motion by annihilating with an anti-kink (see text). In this case m′ can extend only if one of the grey beads or the green one is
removed. In the case the red one is attempted to be retracted, the move would be rejected. (f) and (g) show two snapshots of Molecular
Dynamics simulation showing a self-threading and a self-trapping configurations, respectively. The colors highlight different segments of the
chain. In (f) an ending segment of a branch (green) threads through another ending segment of another branch (red). This case is analogous to
case (e) in the left panel. Fig. (g) is obtained after a strong electric field is applied to a self-threading configuration. One can imagine applying
a field directed upward to the configuration in (d). The green segment may elongate, while the grey (free) end slides backward until it
coincides with the red segment. If this occurs, the configuration is “trapped”, like the one pictured in (g). The gel structure in (f) and (g) is
sketched only partially and thinned for simplicity. (see S.I. for details)

or the newly formed segment m′. For instance, in Fig. 1(a),
once that m′ is created, a random walk starts from m and can
hit either m′ (which happens most of the times), or the grey
bead at the other end of the chain. In the first case, the chain
does not move (m′ is created and removed). In the second
case, the chain steps to the right by one site (m′ is created
and the grey bead removed). Instead of having “kinks” (or
segments with stored length) that accumulate along the con-
tour and diffuse until they stop by extending a new segment,
we first extend a new segment and then look for a terminal
segment which can be retracted in order to accommodate the
newly formed protrusion (and conserve the total mass). Since
only one kink per time is allowed to travel along the lattice ani-
mal, i.e. kinks do not interact, our method is completely equiv-
alent to the kink-gas diffusion introduced by de Gennes4,6,26,
with the difference that our model can take into account long-

ranged correlations which are essential in the motion of poly-
mers with a closed topology. In de Gennes’ picture, the poly-
mers moved by accumulating mass, or length defects (kinks)
along the contour, and by randomly spreading the excess of
mass towards the terminal segments, which can extend. Here,
we allow for temporary extensions of the terminal segments by
creating a pair mass-hole (“kink” - “anti-kink”). The former
immediately settles at the end of the segment (m′), the latter
starts a random walk along the chain and stops when either an
end, or m′ itself is hit (see next section for details). It is also
worth noting that we implicitly assume that the probability of
unthreading is 1 and that any energy barrier for unthreading is
small, noting that the barrier for threading is likely to be much
larger than the barrier for unthreading∗.

∗We can actually generalise our interpretation by noting that the average num-
ber of penetrations will be determined by the ratio of probabilities (difference
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(a)

(b)

(c)

(d)

(e)

Fig. 2 Sketch of the “kink”-“anti-kink” dynamics. (a) A pair
“kink”-“anti-kink” is created at m. The kink settles and becomes m′,
while the anti-kink starts a random walk from m. (b)-(c) The
“anti-kink” travels to the left departing from the kink. (d) The
“anti-kink” hits a free end (shaded in grey) and annihilates,
generating the configuration in (e). (e) New configuration generated
by the algorithm, where the old free end to the left is removed and
substituted by a new free end.

2.1 “Kink”-“Anti-Kink” Dynamics

This algorithm is a novel way of dealing with long-ranged
correlations introduced by the fact the chains are closed, and
therefore have a well-defined topological state. Implement-
ing these topological constraints is essential in simulating en-
tangled ring polymers. The hindering of the motion when
the terminal segments are threaded by another segment, i.e.
forbidden to retract (Fig. 1(e)) is taken into account via the
following set of rules (one can visualise these in Fig. 2 and
Fig. 1(e)). Starting from the configuration in Fig. 2(a), when
a move m→ m′ is energetically accepted, a pair “kink”-“anti-
kink” (or mass-hole) is generated at site m (Fig. 2(b)). While

in energy barriers) between threading and unthreading, as usual. An alter-
native interpretation of pth would therefore be the ratio of these rates, so
that each value would correspond to the thermodynamically correct density
of penetrations. The actual kinetic rate for unthreading, when the end of the
duplex ring has already diffused to the site of the threading, would still ne-
glect the effect of a relatively small energy barrier. However, we believe this
to be a tolerable simplification within a general philosophy that involves ag-
gressive simplification, particularly given that the unthreading dynamics are
likely dominated by the rate of diffusion of the penetrating portion of the du-
plex ring, which can be much larger than a single unit. A small correction
to the kinetic rate constant for the final unthreading step would then yield an
even smaller correction to the overall result for the (un)threading dynamics.
We therefore neglect it entirely for simplicity.

the kink becomes instantaneously a new virtual segment m′,
the anti-kink starts a random walk from m which can either hit
(i) m′, in which case the configuration goes back to the one
in Fig. 2(a), (ii) a terminal end which is free (Fig. 2(d)), in
which case the end is retracted and the new virtual segment m′

becomes part of the chain which becomes the one in Fig. 2(e)
or (iii) a terminal end which is pinned, in which case the end is
not retracted, the move is rejected and the configuration goes
back to the initial state (case shown in Fig. 1(e)). This algo-
rithm allows for rejected moves caused by long ranged con-
straints introduced by the fact that the chains are closed and
have to preserve their topological state. In other words, one
can see this algorithm as describing elastic deformation of the
chains which can protrude from any point along their contour,
as opposite to linear polymers which have to free their ends
before they can relax their backbone. This elastic deformation
introduces a displacement of mass which can be described as
a pair mass-hole or “kink”-“anti-kink’. While the kink de-
scribes the protrusion/extension attempted by the chain, the
anti-kink probes the “availability” of ends which can be re-
tracted, or free (not pinned) ends. This procedure represents
a novel way of testing the entanglement of the chain. It has
the advantage that it can test long-ranged constraints such as
those represented by penetrations and hence it is sensitive to
self-entanglements. In fact, the larger the number of pinned
ends the more likely it is that a move is rejected.

This algorithm becomes identical to de Gennes’ kink-gas
diffusion in the limit pth = 0, i.e. when no threadings are al-
lowed. On the other hand, in the case pth > 0, we will see that
this algorithm produces profoundly different behaviour which
sheds light on the properties of self-entangled ring polymers in
a gel. At every Monte-Carlo time-step, every bead in the sys-
tem is considered in turn, on average. By using this algorithm,
we simulate chains which can diffuse by extension/retraction
of their segments. The retraction is constrained by the pres-
ence of self-threading segments which hinder the chain slith-
ering. We implicitly assume that the relaxation of a single
anti-kink is much faster than the extension of a new segment.
The consequence of this is twofold: (1) only one “anti-kink”
(or “hole”) at the time is allowed to travel along the chain and
(2) the time scale at which the motion of the chains takes place
is the relaxation time of the “anti-kinks”. In other words, we
reproduce the amoeba-like diffusion of the polymers at time
scales larger than the “anti-kinks” diffusion. This choice was
made to give more emphasis on the long-time behaviour of the
polymer dynamics.

It is also interesting to notice that our model naturally maps
to a model for annealed branched polymers32. For pth = 0
this model maps to the well-established bond-fluctuation
model33, where the set of allowed bonds are restricted to
preserve the topological state of the rings. From another point
of view, one can notice that by setting pth = 0, we forbid
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Fig. 3 (Colour online). Mean square displacement of the centre of mass of the rings as a function of the time for different values of the
threading probability pth and increasing length M. We observe sub-diffusive behaviour δ 2rCM ∼ tx with x < 1 until intermediate times, even
at moderate probability of threading pth. The slowing down can only be caused by an increasing number of self-threadings, which become
more important for longer rings (see text for details). In clockwise order: (a) M = 32, (b) M = 64, (c) M = 128 and (d) M = 256 beads. (see
text for details).

the presence of loops in the configuration of the animals. In
this case, our model is equivalent to a blob picture6 for the
double-folded rings, where the entanglement length is fixed
to one lattice spacing. As pth → 1, the probability of finding
loops increases. It is worth noting that only two beads are
allowed on the same site at the same time. Hence, even when
pth = 1, the lattice animals are never completely ideal. Also,
we do not allow for configurations in which two segments are
sharing the same site but are not threading. The motivation
for this is the following: by coarse-graining the entire unit cell
to one bead, we lose information on the local configuration
inside each unit cell and therefore we cannot tell whether two
chains sharing the same cell are threading or not. We arbitrar-
ily choose to always label them as “threading”. Making this
choice over-counts the number of self-threadings, however,
we find that our results are independent on the details of
the model and the precise value of the free parameter pth,
and clearly demonstrate the importance of self-threading
constraints on the motion of long ring polymers in a gel.

3 Results

3.1 Diffusion Coefficient

By tuning the free parameter pth we can study the effect of
self-threading on the polymer’s motion. In the case pth = 0
we expect that the chains follow a pure amoeba-like diffu-
sion4, where the diffusion of “anti-kinks” takes a time of order
τkink ∼M2 to travel a distance Rg. Since at every time step, all
M segment attempts to move, on average, we expect that the
time taken for the centre of mass to diffuse one Rg scales as

Tr(pth = 0)≡ T0 = Mτkink ∼M3 (1)

and consequently, the diffusion coefficient of the centre of
mass of an isolated chain in gel is:

DCM(pth = 0)≡ D0 =
R2

g

T0
∼M2ν−3 = M−2 (2)
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since ν = 1/2 in 3d for self-avoiding rings in gel19. The re-
sults are incidentally the same as for reptating linear polymers,
as obtained previously4. This is due to the fact that the ex-
ponent ν for self-avoiding lattice animals coincides with the
value for Gaussian chains. We measured the mean square dis-
placement of the centre of mass 〈δ 2rCM〉 as a function of time
and for different values of the chains’ length and probabil-
ity of threading (see Fig. 3). Since the model does not cap-
ture the dynamics at time-scales shorter than the kink relax-
ation, we expect to observe pure free diffusion of the ring’s
centre of mass. In fact, for pth = 0, a free diffusive be-
haviour throughout the time window is obtained. On the other
hand, for pth→ 1 the mean square displacement of the centre
of mass shows sub-diffusive behaviour at intermediate times
with crossover to free diffusion only at longer times. This
behaviour is unambiguously related to the presence of self-
threadings, since the system is in the dilute regime. In other
words, allowing the rings to self-thread results in an increas-
ingly important self-constraint on the motion. These contribu-
tions on the motion are ultimately caused by the preservation
of the topological state of the rings, which have to stay un-
knotted and unlinked from both the gel and themselves. The
length-scales associated with the crossover from sub-diffusive
behaviour to the free diffusive one lie between (R2

g)
1/2 and

(10R2
g)

1/2. This feature is in agreement with previous findings
in systems of rings with similar topological constraints10,11.
We argue that these length-scales are related with the loss of
threadings, and that the rings have to travel many times their
own average size before relaxing all the threadings, i.e. freely
diffusing. We expect that linear or branched polymers would
not undergo the same change in diffusion by allowing sites
with double occupancy, as there is no defined topological state
to be conserved.

In Fig. 4 we show the scaling behaviour of the diffu-
sion coefficient of the centre of mass DCM(pth). Notice that
DCM(0) ≡ D0 ∼ M−2, reproducing the scaling regime ob-
tained for amoeba-like motion, as in previous works4–6. For
higher values of pth the rings diffuse slower, due to the chains’
self-threading. The M dependence of the diffusion coefficient
of the centre of mass of the rings is observed to become more
severe as pth→ 1.

3.2 Radius of Gyration

The radius of gyration at pth = 0 is in agreement with the
mean-field prediction (〈R2

g〉 ∼M) for lattice animals with ex-
cluded volume16,19,34. Higher values of pth allow the poly-
mers to partially self-overlap (only a maximum of two beads
per site are allowed) and therefore reduce their size. The
mean-field prediction for ideal lattice animals16 (Rg ∼M1/4)
breaks down at d < dc with dc = 8 for lattice animals in good
solvent, hence we do not expect this to be valid in the present
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Fig. 4 (Colour online). Log-log plot showing the diffusion
coefficient of the centre of mass DCM computed as
limt→∞ δ 2rCM/6t as a function of the chains length M. One can
observe pure amoeba-like (free) diffusion at pth = 0, which scales as
DCM ∼M−2 according to eq. (2), or slower diffusion DCM ∼M−α

with α > 2 for increasing pth.

work. The scaling regime at pth = 1 resembles instead a
regime in which the lattice animals have screened out two-
body excluded volume interactions, i.e. the repulsive second
virial coefficient is zero, while retaining three body excluded
volume. It has been recently shown that the gyration radius
of rings in the melt assume the minimum value allowed com-
patible with such excluded volume constraints, i.e. a fractal
globule conformation with 〈Rg〉 ∼M1/3 in d = 335,36, which
is compatible with our findings (see Fig. 5). The values of
the entropic exponent ν observed in the Kinetic Monte-Carlo
simulations are also in agreement with the value obtained via
the Molecular Dynamics simulation (see S.I.).

We also investigate the functional dependence of the expo-
nent ν on the value of the free parameter pth (see Fig. 6). The
function that best fits the data is a sigmoid function which con-
tinuously crossovers from a lattice animal value of ν = 1/2 to
a fractal globule value of ν = 1/3 as pth crosses p∗th' 0.5. Our
model captures such crossover by just varying the free param-
eter of the model. Under this perspective, pth plays the role
of an effective second virial coefficient, which regulates two
body repulsion. This also suggests that steric effects are inti-
mately related to the hindering of the motion, since the topo-
logical state of the rings has to be preserved, i.e. the threading
segments cannot cross. We also want to stress that for any
polymer with a non-closed shape embedded in a background
gel, a variation of the second virial coefficient is not expected
to affect its motion as severely as in the case of rings, since it
is the preservation of the topological state at the heart of the
constraint on the motion. In light of this, in the next section
we study the statistics of self-threadings and their functional
dependence on length M and probability of threading pth.
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Fig. 5 (Colour online). Log-log plot showing the radius of gyration
of the chains as a function of the rings’ length M. The prediction
Rg ∼M1/2 for ring polymers in gel is obtained at pth→ 0. For
pth→ 1 we observe Rg→M1/d , as predicted is previous works34.
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Fig. 6 Values of the exponent ν as a function of pth. The fit has
been performed using a sigmoid function
ν(x)∼ A/(1+ ew(x−p∗th))+B. The result suggests a continuous
transition from lattice animal behaviour (ν = 1/2) to fractal globule
behaviour (ν = 1/3) as pth crosses p∗th ∼ 0.5.

3.3 Self-Threadings and Pinned Ends

In Fig. 7 we show that the number of threadings per chain
is found to scale extensively with the number of beads M
times a constant that in general can depend on pth, i.e.
〈T h〉 ∼ A(pth)M. As one can see from Fig.1, a self-threading
looks like a loop in the polymer conformation. Previous
work confirmed that the number of loops in lattice animal
conformations does not represent a critical quantity16,34,
i.e. the number remains constant as the length of the rings
increases. Here we want to stress that, in our model, self-
threadings are not completely equivalent to loops. One can
see this by looking at Fig. 1(e). As one segment threads
through another, we do not change the functional unit of

10‐3

10‐2

10‐1

32 64 128 256 512

<
T
h
>
/M

M

pth=0.1
pth=0.2

pth=0.4
pth=0.6

pth=0.8
pth=1.0

Fig. 7 (Colour online). Log-log plot showing 〈T h〉/M as a function
of chains’ length M. For large M, the number of threadings per
chain scales extensively in M.
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Fig. 8 (Color online). Log-log plot showing the ratio 〈N f e〉/〈Ne〉 as
a function of the chains’ length. The curves seem to approach the
limiting value of 1/2, at which half of the ends would be pinned and
cannot contribute to the motion.

the interacting beads, e.g. the two ends threading through
each other in the figure remain distinct ends which, compu-
tationally, is implemented by stacking the beads on top of
each other. In fact, as shown in Fig. 7, for every value of
pth > 0 we obtain 〈T h〉 ∼M in the large M limit. This result
clearly states that an abundant number of self-threading will
emerge as the length of the rings increases, ultimately hin-
dering the motion of the rings by pinning more and more ends.

In Fig. 8 we show the equilibrium statistics of the fraction
of free ends (i.e. ends that are not pinned and can contribute
to the rings’ motion) over the total number of ends in a lattice
animal. The number of free and pinned ends are related by the
fact that the sum of them must be equal to the total number
of ends, i.e. 〈Ne〉 = 〈N f e〉+ 〈Npe〉. We observed (data not
shown) that the number of ends scales linearly with the length
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Fig. 9 (Colour online). Log-log plot showing the relaxation time
Tr = 〈R2

g〉/DCM as a function of the rings length M. The prediction
for amoeba-like motion is obtained at pth = 0. For higher values of
pth we observe a slowing down of the chain relaxation.

M. Of these, a fraction 〈N f e〉/〈Ne〉 are free to retract, while a
fraction 1−〈N f e〉/〈Ne〉 are threaded, or pinned, and hence not
free to retract. In Fig. 8 we show that as the length of the rings
increases, the fraction of free ends decreases and this effect is
more evident as pth is closer to 1. As the number of ends that
can contribute to the motion becomes smaller, we expect the
dynamics to become slower, too. In the next section we study
how the presence of self-threadings affects the relaxation of
the chains.

3.4 Relaxation Dynamics

The slowing down due to self-threading of the chain is appar-
ent from the plot of the relaxation time of the chain (see Fig.
9). This increases dramatically with chain size, with a power
law which appears to depend on pth. In Fig. 10 we show the
relaxation time Tr as a function of the fraction of pinned ends
〈Npe〉/〈Ne〉 = 1− 〈N f e〉/〈Ne〉. One can observe that, com-
pared to the value at pth = 0, the relaxation time at pth > 0
can be substantially larger. For M = 512, even at moderate
values of pth one can observe a significant slowing down, for
instance in Fig. 10 we show that Tr(pth = 0.4) (yellow dot-
ted line) is roughly five times larger than the relaxation time
at pth = 0 (red dotted line), which could easily be observed
experimentally.

Finally, we study the resistance of the threadings by tak-
ing fully equilibrated configurations with pth > 0, and turning
the free parameter pth to zero. In other words, we forbid the
creation of new pinned sites in order to study the time-scale re-
quired for the self-threadings to relax. We report our findings
in Fig. 11 and 12. In Fig. 11 we plot the threading relax-
ation function Gth(t) as a function of time t. This represents
the average fraction of self-threadings present t time-steps af-
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Fig. 10 (Color online). Log-linear plot showing the relaxation time
Tr as a function of the fraction of pinned ends 〈Npe〉/〈Ne〉. The
length of the rings M increases upwards. Notice that even for
moderate values of pth we obtained substantial slowing down. For
M = 512 the relaxation time Tr at pth = 0.4 (yellow dotted line) is
five times larger than Tr at pth = 0 (red dotted line).

ter we set pth = 0. We argue that if the self-threadings were
uncorrelated with each-other, we would expect a exponential
decay of Gth(t) from Gth(t = 0), which equals one by defi-
nition of Gth, to zero. On the contrary, after an initial drop,
we observe a very slow power law decay on the time-scales
comparable with the chains longest relaxation times. Such be-
haviour is quite reminiscent of the reptating mechanism for
linear chains, where the entanglement with the tube has to be
removed one segment at a time starting from the ends of the
chain. We argue that in our model, while the chains can dif-
fuse in an amoeba-like fashion in space, i.e. by generating
new protrusions at any point along their backbones, they are
forced to undergo a process that it is more similar to reptation,
i.e. diffusion along backbone, to release self-threadings. This
suggests that self-threadings create a nested network of con-
straints that is significant on the time-scales of the rings mo-
tion. For the longest rings, we could not observe the removal
of all the threadings, even at very long times (see Fig.11).

The difference between rings in gel and linear polymers is
that new ends can be formed everywhere along the rings con-
tour, so that no real tube can confine the rings diffusion in
space. Nonetheless, self-threadings have to be removed in an
hierarchical way for the chains to diffuse freely. As shown in
Fig. 11, this process can take a time comparable to the longest
relaxation time of the chains. The equivalent of the zero-shear
viscosity for the threadings is computed as the numerical in-
tegral of Gth(t), i.e. ηth =

∫
∞

0 G(t)dt (see Fig. 12). Its value
seems to be weakly dependent on the value of pth and to scale
as ηth ∼ Mα , with α ≥ 3. For the longest rings, we could
compute only the lower bound of ηth, as the curves in Fig. 11
do not decay to negligible values within the simulation win-
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Fig. 11 (color online). Fraction of threadings present t time-steps
after that pth is turned off for M = 512 and different values of pth
used to bring the system to equilibrium. Gth(t) shows a slow decay
that lasts for several decades. This suggests the presence of a
hierarchical structure of self-threadings and long-lived correlations
affecting the long time dynamics. For the longest rings all the
threadings did not disappear in the simulation runtimes accessible to
us. (Inset) Gth(t) for pth = 1 and different values of M.

dow. This is indicated on Fig. 12 by the arrow coming out the
data points at M = 512. This is consistent with the fact that
self-threadings represent long-lived correlations on the chains
motion and represent severe constraints on the dynamics of
very long chains in gel.

4 Conclusions

We presented a Kinetic Monte-Carlo algorithm to simulate
a dilute solution of ring polymers in a gel. This algorithm
reproduces the known results for rings in gel4,6 and adds
the possibility of taking into account self-threadings. The
static and dynamic properties of the rings have been studied
by tuning the free parameter pth. We observed a drastic
change in the polymers’ behaviour (see Fig. 3) as pth→ 1. In
particular, we observed a sub-diffusive behaviour of the mean
square displacement of the centre of mass (〈δ 2rCM(t)〉 ∼ tx

with x < 1) which crossovers to free diffusion (x = 1) only at
longer times. The length-scales associated with the crossover
agree with previous studies of systems of rings with similar
topological constraints11. The severe slowing down observed
in the polymers’ dynamics is caused by the presence of
long-ranged and long-lived correlations which take the form
of self-threadings (see Figs. 4,9 and 11). Such constraints
on the polymers’ diffusion are intimately related to the fact
that we are studying rings, as for any other shape (which do
not include the presence of closed contours) such slowing
down in the dynamics is not expected. We observe that
even for moderate values of pth the relaxation time of the

103

104

105

106

107

108

32 64 128 256 512

η
T
h

M

M3

M3.5

pth=0.1
pth=0.2
pth=0.4
pth=0.6
pth=0.8
pth=1.0

Fig. 12 (color online). Numeric integral of Gth(t), ηth =
∫

∞

0 G(t)dt.
Independently on the value of pth, the data points are fitted by the
power law τth ∼Mα , with α = 3 for M < 128 and α = 3.5 for
M > 128. The arrow at M=512 indicates that the values of ηT h for
the longest rings represent only a lower bound as we could not
observe the removal of all the threadings within the simulation
runtime.

rings can be almost one order of magnitude larger than the
case without threadings (see Fig. 10). The number of these
self-threadings is found to scale extensively with the size
of the chains M, which ensures that these can be prolific
even for small pth for long enough chains (see Fig. 7). This
suggests that self-threadings can be relevant for a complete
understanding of ring diffusion in gel. It is worth noting that
we expect the effects of self-threadings on the rings dynamics
to become measurable experimentally only for gels that do
not contain dangling ends. Isolating the effect of slowing
down caused by “impalement” of the rings22 from that caused
by self-threadings can, in fact, be difficult experimentally,
as very little is known about the process of impalement of
rings from the gel’s dangling ends (and it is focus of future
work). We argue that these self-threadings might be more
easily observed by employing a micro-lithographic array of
obstacles37. It is worth reminding that one can think of pth
as an effective second virial coefficient that regulates pair
interaction. In light of this, we argue that pth might be tuned
by acting on the temperature. In general, we expect the value
of pth to be small, hence we conjecture that self-threadings
represent a real hindering on the dynamics only of very large
polymers, i.e. of order of thousands of Kuhn segments. In
terms of DNA plasmids, where a Kuhn length is lk ∼ 100
nm we expect the self-threadings to become relevant in the
dynamics for mega-base sized DNA plasmids, which can
be analysed with a very sparse gel to avoid breaking the
samples. Finally, we suggest that such self-threadings can
also contribute in the process of “irreversible self-trapping”
of polymers in gel20,22,38. In light of our results, we argue
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that ring polymers can easily become irreversibly self-trapped
by undergoing self-threading and then by being pulled taut
around the gel’s structure by an electric field (see Fig. 1(f)).
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