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The relativistic density functional theory (DFT) computations were performed to investigate 

the dynamic motion of encapsulated Lu pair inside C76(Td) cage. The results revealed that 

the lowest-energy configuration of Lu2@C76(Td) adopts C2 symmetry, four electrons are 

transferred to the outer carbon cage and the two encapsulated Lu atoms form a metal-metal 

single bond (with an electronic structure of Lu2
4+@C76

4−), and the good electron 

delocalization in the C76
4− (Td) cage partially contributes the thermodynamic preference of 

Lu2@C76 (Td). The rather small barrier (3.2 kcal/mol) for Lu2 atoms to hop from one stable 

site to another leads to flexible motion of Lu pair inside the parent fullerene cage, and the Oh 

symmetrical motion trajectory of two Lu atoms is consistent with the STM image.  The 

computed 13C NMR spectrum with this trajectory also well agrees with the experimental 

results.  

 

Introduction 
 

Endohedralmetallofullerenes (EMFs) have rather unique 

properties unexpected in empty fullerenes.1-3 These properties 

lead to the wide applications of EMFs in various fields, such as 

materials science, energy, medicine, etc.4-11 Especially, the 

dynamic behavior of encapsulated atoms in the cage endows 

EMFs as potential candidates for molecular and nano-devices.12 

Not surprisingly, many experimental and theoretical studies 

have been carried out to investigate the dynamic motion of 

encapsulated atoms in EMFs.13 The scenario of La or Y atom 

moving inside C82 (with C2 symmetry) was firstly predicted by 

Andreoni and Curioni using ab initio molecular dynamics (MD) 

simulations.14 Nishiboriet al. provided the first experimental 

evidence of the La atom movement inside C82 cage, their 

maximum entropy method (MEM)/Rietveld analysis using 

synchrotron powder diffraction data indicated that La atom has 

a giant bowl-shaped movement at room temperature.15 However, 

the DFT studies by Jin et al. revealed a conflicting picture,16 

they suggested that La atom undergoes a boat-shaped motion 

with a small amplitude inside C82(C2v) fullerene cage, rather 

than the bowl or hemisphere model with a large amplitude 

obtained from MEM/Rietveld analysis.  

 M2@C80 (M=La,Ce) are the representatives of 

dimetallofullerenes. For La2@C80(Ih), two La atoms circulate 

three-dimensionally inside the C80(Ih) cage, which was 

supported by the two carbon signals in 13C NMR spectrum and 

one peak in 139La NMR spectrum in experiments.17 A deeper 

insight into the La pair motion was given by MEM/Rietveld 

analysis, which demonstrated that the two La atoms present a 

trajectory that connects the six-membered rings of C80(Ih), or a 

pentagonal-dodecahedron,18 as well as by DFT computations.19 

For Ce2@C80(Ih), its 13C NMR spectrum indicated that the Ce 

atoms circulate randomly, as La atoms do in La2@C80(Ih).
20 The 

other isomer of Ce2@C80, which has a D5h C80 outer cage, was 

synthesized by Yamada et al.,21 the 13C NMR analysis and DFT 

computations revealed that the Ce atoms circulate two-

dimensionally along a band of 10 contiguous hexagons inside 

the C80(D5h) cage. 

C76 fullerene has two structural isomers (D2 and Td) 

satisfying the isolated pentagon rule (IPR). The pristine C76(Td) 

isomer has not been synthesized yet due to its inherent open 

shell electronic structure. Excitingly, in 2010, Umemoto et al. 

synthesized and isolated Lu2@C76 for the first time.22 The UV-

Vis-NIR, STM and 13C NMR chemical shift analysis disclosed 

that the entire Lu2@C76 molecule has Td symmetry, and the 

charge state of  (Lu2)
6+@C76

6−(Td) was suggested. They also 

speculated that the two encapsulated Lu atoms rapidly rotate 

along a rhombic dodecahedron inside the cage to maintain the 

high symmetry. However, in 2011, by means of systematic 

density functional theory (DFT) computations and statistical 

thermodynamic analysis, Yang et al.23 revealed that the inner 

two Lu atoms form a metal-metal single bond, and only transfer 

four electrons to the fullerene sphere, resulting in a formal 

valence state of (Lu2)
4+@C76

4−(Td); they also suggested that the 

Lu2 dimer can hop rapidly between six equivalent 

configurations in the fullerene cage at room temperature, giving 

rise to a trajectory as a tetrahedron in C76(Td). Such a 

controversy caught our interest: What is the most stable 

configuration for Lu2@C76? What is its bonding nature? What 

is the energy barrier for the dynamic motion of Lu atoms? Is the 

motion scenario a rhombic dodecahedron or a tetrahedron22? 

In this paper, by means of relativistic DFT computations, we 

first investigated different isomers of Lu2@C76 and located the 

transition states for the Lu motion between the lowest-energy 

isomers. The bonding nature of the thermodynamically most 

favorable Lu2@C76(Td) isomer was analyzed by quantum theory 

of atoms in molecules (QTAIM) method. Our computations 

support Yang et al.’s recent electronic structure assignment 

(Lu2
4+@C76

4−). Then, by analyzing the partial trajectory of Lu 

atoms surrounding the molecular geometric center, we obtained 

the Oh symmetrical motion trajectory of two Lu atoms inside 
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C76 cage. Furthermore, following the Lu motion trajectory, we 

calculated the 13C NMR spectrum of Lu2@C76. Both the 

computed Lu motion trajectory and 13C NMR spectrum agree 

well with the experimental measurement.  

 

Computational Methods 

 
ADF2008.01 program24-26 and DMol3 code27 were employed 

for the relativistic DFT calculations. The relativistic effects 

were taken into account by using the zero-order regular 

approximation (ZORA)28-30 basis sets in ADF2008.01, as well 

as all electron relativistic core treatment in DMol3. 

By ADF2008.01 program, full geometry optimizations 

without symmetry constraints were carried out using the 

generalized gradient approximation (GGA)31 exchange-

correlation functional BLYP32,33 with a triple-zeta polarized 

(TZP) basis set (referred to as GGA-BLYP/TZP). In addition, 

the frozen-core approximation up to the 1s orbital for C atoms 

and the 5p orbital for Lu atoms was used. By DMol3 code, 

geometry optimizations and transition state calculations were 

done at the GGA-BLYP/DNP level. 

To disclose the bonding nature of Lu2@C76, we performed 

QTAIM analysis34,35 of the most stable Lu2@C76. The 

wavefunction was generated at BLYP/6-31G*~SDD36 in 

Gaussian using the optimized geometries (BLYP/TZP in ADF). 

We also tested BLYP/6-31G*~SARC37 and BP86/6-

31G*~SARC32,33,38 methods, and they gave very close results to 

that of BLYP/6-31G*~SDD. 

To better understand the inferred extraordinary electronic 

structure of Lu2
4+@C76

4−, we evaluated the electron 

delocalization (aromaticity) of the low-lying C76
4- and C76

6- 

isomers. Nucleus-independent chemical shifts (NICS, in ppm), 

a simple and efficient method to evaluate aromaticity,39,40 were 

computed at the cage centers of the optimized geometries of the 

empty cages with Gaussian 09 program.41 

The 13C NMR spectrum was calculated using gauge-

independent atomic orbital (GIAO) method42 at the GGA-

BLYP/TZP theoretical level by using the ADF2008.01 program. 

The chemical shifts were first evaluated relative to C60, then 

were referenced to the carbon disulfide (CS2) ((C60) 143.15 

ppm vs. CS2).
43 

 

Results and Discussions 
Searching for the lowest-energy isomer and its bonding nature: 

To clearly describe the symmetry of a C76(Td) cage, we take a 

triangle patch under a circum-spherical surface as a 

representative patch of the C76(Td) cage (Figure 1). The area of 

this patch is equal to 1/24 of the total C76 surface. On this 

representative patch, 16 key points are located at five kinds of 

carbon atoms (points C1, C2, C3, C4, C5), at seven kinds of 

bond center (point b1, b2, b3, b4, b5, b6, b7), at one five-

membered ring’s center (point p), and at three six-membered 

rings’ centers (point h1, h2, h3). Every key point has its own 

local symmetry. For example, point L is at the intersectional 

carbon atom of three six-membered rings with C3v local 

symmetry; point N is at the center of the six-membered ring 

with C3v local symmetry; point M is at the center of 6-6 bond 

with C2v local symmetry. We define point O as the geometric 

center of the carbon cage. Then the boundary of the patch can 

be characterized by a threefold axis OL, a two-fold axis OM 

and a three-fold axis ON. Note that all the independent 

symmetrical elements belonging to the Td point group can be 

found in the representative patch. The entire surface of the 

polyhedron can be encompassed by performing different 

elemental symmetry operations on the patch. Therefore, we can 

consider the patch LMN (shaded) as the smallest structural unit 

rather than the whole cage. 

 

 
 
Figure 1. (a) the geometric structure of C76(Td) cage with the 

representative triangle LMN path; (b) all the key points on the patch: 
C1, b7 and h2 represent a three-fold axis, a two-fold axis, and a three-

fold axis, respectively.  

 

When the two Lu atoms are encapsulated in the cage, the 

system reduces from the original Td symmetry of C76 to a lower 

symmetry depending on the relative positions of the two Lu 

atoms inside the cage. Corresponding to the key points in the 

representative patch, full geometry optimizations were carried 

out for all 16 possible isomers, which resulted in five 

configurations, referred to as C2, C1, Cs, C3v and D2d according 

to the geometric symmetry. Table 1 summarizes the Lu-Lu 

distances (RLu-Lu), the shortest Lu-C distances (RLu-C), the 

relative energies and HOMO-LUMO gap energies for these five 

configurations of Lu2@C76.The results obtained by both ADF 

and DMol3 are presented.   

 
Table 1. Key geometric parameters, relative energies and HOMO-

LUMO gap energies for the five configurations of Lu2@C76. The results 
outside and inside the parentheses are from ADF and DMol3, 

respectively.  
 

Isomer RLu-Lu(Å) RLu-C(Å) 
RelativeEnergy(k

cal/mol) 
Gap(eV) 

C2 3.36 (3.38) 2.42 (2.40) 0.0 (0.0) 0.75 (0.80) 

C1 3.40 (3.46) 2.48 (2.43) 1.8 (0.4) 0.74 (0.79) 
Cs 3.45 (3.50) 2.49 (2.45) 5.4 (3.2) 0.70 (0.75) 

C3v 3.47 (3.50) 2.46 (2.42) 8.1 (4.7) 0.63 (0.72) 

D2d 3.36 (4.00) 2.44 (2.41) 25.5 (24.8) 0.49 (0.60) 

 

ADF and DMol3 give the same order of relative energies and 

HOMO-LUMO gaps for the five isomers. The C2 configuration 

is of the lowest energy and largest HOMO-LUMO gap. The 

thermodynamic stability is followed by the C1 and Cs isomers.  

The more symmetrical isomers, C3v and D2d, have rather high 

relative energies and smaller HOMO-LUMO gaps.  

Figure 2 presents the top and side view of the C2 

configuration, the lowest energy isomer of Lu2@C76. Though 

the RLu-Lu and RLu-C of the five isomers are pretty close (see 

Table 1), the C2 configuration has the smallest RLu-Lu and RLu-C 

(3.36 and 2.42 Å, respectively, by ADF; the corresponding 

values are 3.38 and 2.40 Å by DMol3). 
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Figure 2. Top (a) and side (b) views of the lowest-energy isomer (with 

C2 symmetry) of Lu2@C76. Lu atoms are green balls and C atoms are 

gray. 

 

In order to confirm the reliability of the predicted relative 

stabilities, especially the frozen-core approximation for the 

basis sets, we carried out additional optimizations for the C2 

and C3v isomers using three different function, namely GGA-

BP86, PBE44 and PW9145, together with the TZP all electron 

basis set using ADF package. The computational results 

summarized in Table 2 show that these function give rather 

similar optimized geometries and relative energies with those at 

GGA-BLYP/TZP. The RLu-Lu and RLu-C have almost no change, 

the biggest differences are within 0.03 Å. The relative energy 

difference between the two isomers is nearly the same, the C2 

configuration is about 11 kcal/mol lower than that of the C3v 

configuration. Therefore, we can expect that the employed 

BLYP functional and the TZP basis set with frozen-core 

approximation can result in reasonable structures and energies 

of all the configurations. 

 
Table 2. Computed key geometric parameters and relative energies of 
the C2 and C3v isomers with different function. 

 

Method Isomer RLu-Lu(Å) RLu-C(Å) 
Relative Energy 

(kcal/mol) 

BP C2 3.37 2.40 0.0 

 C3v 3.49 2.44 11.5 

PBE C2 3.38 2.40 0.0 
 C3v 3.50 2.44 10.6 

PW91 C2 3.37 2.40 0.0 

 C3v 3.49 2.44 11.3 

 

The key point of the controversy about the electronic structure 

assignment ((Lu2)
6+@C76

6− by Umemoto et al. vs. (Lu2)
4+@C76

4− 

by Yang et al.) is whether the two encapsulated Lu atoms form 

a single bond. To address this issue, we performed QTAIM 

analysis, which is a well-established method to analyze the 

topology of the electron density, and has been used for 

revealing and quantifying the bonding situation between the 

metal atoms and carbon cage in EMFs.46-53 The result of the 

above obtained lowest-energy isomer of Lu2@C76 was shown 

in Figure 3. Herein we focus on the encapsulated Lu atom pair. 

Our computations showed that there is one Lu-Lu bond critical 

point (BCP). The small values of electron density bcp (0.058 

a.u.) and Laplacian▽2bcp (0.005 a.u.) suggest weak covalent 

interaction between the two Lu atoms. The covalent nature is 

further confirmed by the negative total energy density (−0.021 

a.u.) and the small ratio of the kinetic energy density G to  (< 

1). The covalent bonding between the encapsulated Lu pairs 

leads to the formal valence state of Lu2
4+@C76

4−, instead of 

Lu2
6+@C76

6−.  

 

 

Figure 3. Molecular graphs of the most stable Lu2@C76 (C and Lu 
atoms are black and white balls, respectively, the BCPs are the tiny 

spheres in red). Ring and cage CPs are omitted for clarity. 

 

With the formal valence state of Lu2
4+@C76

4−, four electrons 

should be transferred from the encapsulated Lu pair to the outer C76 

cage. What factor is stabilizing the C76 (Td) tetranion? Noting that 

aromaticity is playing an important role to stabilize spherical 

clusters,54,55 we compared the relative energies and computed the 

NICS values at the structural centers of low-lying C76
4− and C76

6− 

isomers (Table 3). Our computed relative energies are in good 

agreement with those reported by Yang et al. Among the four 

structural isomers we considered, the hexanions of three isomers 

(with D2, C2v and Cs symmetry) have more negative NICS values, 

thus higher aromaticity, than the corresponding tetranions. The only 

exception is the Td isomer, its C76
4− has more negative NICS value 

than C76
6−, implying the stronger aromaticity of C76

4− (Td), which 

should be partially responsible for its higher stability (Table 3), and 

echoes gracefully the formal valence state of Lu2
4+@C76

4− instead of 

Lu2
6+@C76

6−.  

The partial charges on the two Lu atoms obtained from our natural 

population analysis are both +1.5 |e|. The large charge transfer 

phenomena were also found in other EMFs.56,57 For example, Popov 

and Dunsch’s comprehensive theoretical analyses found that the 

metal atom charges in M3N@C2n (M = Sc, Y, La) are in the range of 

+1.6 ~ +1.9 |e|, the electronic structure of (M3N)6+@C2n
6− was 

assigned.57 

 
Table 3. Computed relative energies (at B3LYP/6-31G*) and NICS values 
(at GIAO-B3LYP/6-31G*//B3LYP/6-31G*) of C76

4− and C76
6−isomers. 

   C76
4− C76

6− 

C76 spiral 

ID 
PG PA 

∆E 

(kcal/mol) 

NICS 

(ppm) 

∆E 

(kcal/mol) 

NICS 

(ppm) 
19151 Td 0 0.00 −7.93 6.83 −5.79 

19150 D2 0 37.87 −12.91 31.58 −18.21 

19138 C2v 1 17.12 −4.96 4.55 −14.00 
17490 Cs 2 20.74 −11.36 0.00 −20.10 

 

The transition state and motion trajectory: 

In Umemoto et al.’s study,22 they speculated that Lu atoms in 

the C76 cage move rapidly in a rhombic dodecahedron 

trajectory to maintain the molecule’s Td-symmetry. However, 

Yang et al.23 suggested that a tetrahedron trajectory. What is the 

true trajectory?   

In order to compute the trajectory of Lu atoms, we located 

the molecular transition state between two optimized C2 

configurations. The obtained transition state has a Cs symmetry, 

the two Lu atoms are separated by 3.75 Å, and the smallest 

distance between Lu and the carbon cage is 2.42 Å. Figure 4a 

and Figure 4b are the top and side views of the transition state 

structure, respectively. The nature of the transition state was 

characterized by the only imaginary frequency of 54.8i cm-1 in 

the DMol3 computations. The activation barrier is only 3.2 
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kcal/mol, which indicates that the two Lu atoms can hop from 

one C2 point to another around the geometric center of carbon 

cage. On the basis of these data, we can get the partial 

trajectory that Lu atoms move inside the cage along the lowest 

energy path, as shown in Figure 4c. We can further achieve the 

full motion trajectory by performing all the symmetry 

operations of Td group to the partial trajectory based on the 

representative patch of the C76 (Td). The obtained trajectory is a 

rhombic dodecahedron with Oh symmetry (Figure 4d). Note 

that eight apexes of the trajectory are small planes consisting of 

Lu atoms (pointing to h1 or C1 in the representative patch), and 

they look like truncated corners. The motion trajectory of two 

Lu atoms is consistent with the STM image in Umemoto et al.’s 

study. 

 
Figure 4. Top (a) and side (b) views of the transition state structure; (c) 
the lowest energy path for the Lu atoms to hop between lowest-energy 

configurations, the blue balls represent the started C2 isomer, the green 

balls represent Cs isomer in transition state, the yellow balls represent 
the terminated C2 isomer, the arrow represent the motion direction; (d) 

the complete motion trajectory of Lu atoms in C76 carbon cage. 

 

Why does the motion trajectory have Oh symmetry when it is 

operated in the Td group? There are two reasons:  

1. Not considering the outer C76 (Td) carbon cage, the two Lu 

atoms are always moving around the center of symmetry i, 

which coincides with the geometric center O. By the symmetry 

operation:  

S4·i= C4，C3·i= S6 

All the symmetry operations of Td group associated with the 

center inversion will generate the Oh symmetry.  

    2. When taking the carbon cage into consideration, the 

Lu2@C76 molecule will show Td symmetry due to the fast 

motion of Lu atoms inside the fullerene cage. As the Td group is 

a subgroup of Oh group, the motion trajectory of Lu atoms can 

be reduced from Oh to Td in the molecule. This trajectory is in 

good agreement with the experimental STM images.22 
 

13C NMR spectrum: 

Utilizing the representative patch of the C76 (Td), the 13C NMR 

spectra of C76 (Td) and Lu2@C76 can be qualitatively discussed. 

There are five kinds of carbon atoms (points C1, C2, C3, C4, 

C5) in the patch, thus, 13C NMR spectrum should have five 

peaks. Points C3 and C4 should give full intensity signals 

because of their local C1 symmetry. In comparison, points C2 

and C5 should present semi-intensity signals since they both 

have a mirror plane and local Cs symmetry, while with two 

mirror planes and a triple-axis, point C1 can only give 1/6 

intensity signal due to its local C3v symmetry. Based on the 

above analysis, the 13C NMR spectra of C76 (Td) and Lu2@C76 

should have five peaks: two full intensity signals, two semi-

intensity signals and one 1/6 intensity signal. 

To simulate the dynamic 13C NMR spectrum of Lu2@C76 

quantitatively, we computed the average chemical shifts for all 

of the carbon atoms and identified their status. According to the 

representative patch of the C76 (Td), carbon atoms are classified 

and their arithmetic average chemical shifts are calculated. The 

computed 13C chemical shifts and intensities are 126.55 ppm 

(C1 intensity 1), 134.36 ppm (C3, intensity 6), 135.51 ppm 

(C2，intensity 3), 140.72 ppm (C5，intensity 3), and 141.01 

ppm (C4, intensity 6), which agree very well with the 

experimental data (Table 4) and those predicted by Yang et 

al.23 

 
Table 4. Comparison between the calculated and experimentally 
measured 13C NMR of Lu2@C76 (Td) chemical shifts (δcal and δexp) and 

intensities (Ical and Iexp). The experimental results are from Ref. 22. 

 

No. δcal δexp Ical Iexp C 

1 126.55 129.61 1 1.00 C1 

2 134.36 134.51 6 6.67 C3 

3 135.51 137.85 3 3.18 C2 

4 140.72 140.65 3 3.23 C5 

5 141.01 142.39 6 6.55 C4 

 

All the experimental data showed that Lu2@C76(Td) has Td 

symmetry,22 while our computations and those by Yang et al.23 

showed that its lowest-energy isomer has C2 symmetry. How 

can we reconcile this discrepancy?  

First we need to keep in mind that the experimentally 

measured UV-Vis-NIR, STM and 13C NMR chemical shifts 

present only the average result of the motion of Lu atoms in C76 

cage. Actually, two stable sites for Lu atoms exist inside C76(Td) 

cage, which leads to the lowest-energy isomer with C2 

symmetry. The small activation barrier (3.2 kcal/mol) enables 

these two Lu atoms hop between the two energetically most 

preferred sites inside C76(Td). Thus, it is the dynamical motion 

behavior of Lu atoms along the rhombic dodecahedron 

trajectory (with Oh symmetry) that results in the overall Td 

symmetry of Lu2@C76. 

The above conclusion that the dynamical motion of metal 

atoms inside the carbon cage can make the EMF molecule to 

maintain the symmetry of the parent fullerene cage is rather 

general.  Similar situations were widespread in the other EMFs, 

and herein we give some examples. In M2@C80 (Ih, M = La, Ce) 

and Ce2@C80 (D5h), the motion of metal atoms makes the whole 

molecule to maintain Ih or D5h symmetry in the 13C NMR 

measurements.17,19-21,58,59 In M@C82 (C2v, M = La, Y, Sc, Gd), 

the motion of metal atoms makes the whole molecule to 

maintain C2v symmetry.13-16,60-62 In M@C74 (D3h, M = Ca, Y, La, 

Ba and Sr), the energy minimum has a C2v symmetry, while the 
13C NMR showed D3h cage symmetry due to the motion of 

metal atoms.63-68 So far, all the experimental and theoretical 
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results obey this rule. Finally, we propose that the overall 

symmetries of EMFs are determined by the symmetry of carbon 

cage, and the motion trajectory of metal atoms will act in 

concert with the cage to keep the symmetry. 

Conclusions 

By means of the relativistic DFT method and based on the 

representative patch of C76(Td), we obtained the lowest-energy 

isomer of Lu2@C76 (with a C2 symmetry). Our QTAIM 

analysis and the aromaticity evaluations showed that the formal 

electronic configuration of Lu2
4+@C76

4− rather than the 

traditional Lu2
6+@C76

6− can be inferred, which supports Yang 

et al.’s electronic structure assignment of Lu2
4+@C76

4−.23 The 

good electron delocalization in C76
4− (Td) partially contributes 

to the thermodynamic preference of Lu2@C76 (Td). We further 

located the transition state structure for the Lu motion between 

the lowest-energy isomers, and obtained the motion trajectory 

of Lu atoms inside the C76 cage. The rather small transition 

barrier leads to the flexible motion of the encapsulated Lu 

atoms inside the C76 cage, and the computed Oh symmetrical 

motion trajectory of the two Lu atoms is consistent with the 

STM image. We also discussed the formation of this motion 

trajectory by group theory in detail. Additionally, the 13C NMR 

spectrum of Lu2@C76 quantitatively computed by this trajectory 

also agrees well with the experimental data. Our detailed 

analysis of the experimental and theoretical results indicate that 

that the overall symmetry of EMFs probably depends on the 

symmetry of carbon cage due to the dynamic motion of the 

encapsulated metal atoms.   
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