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We performed direct numerical simulations, using a smoothed profile method to investigated the inertial effects on the static
and dynamic properties of a sedimenting suspension over a wide range of volume fractions from 0.01 to 0.4. We found that at
Reynolds number Re ≤ 0.5, static and dynamic properties show the typical non-Brownian, Stokes regime characteristics, due
to insignificant inertial effects. The microstructure analysis at the high Re revealed that at Re=1 inertial forces have significant
effects and these create a deficiency of particles around a given particle, which is more pronounced in the direction of gravity than
in the perpendicular direction. This deficiency decreased the velocity fluctuations and particle diffusion in the vertical direction,
whereas both of these properties remain unchanged in the perpendicular direction. Moreover, at Re=10, strong inertial forces
generated a significant deficit of particles in both directions, which decreased velocity fluctuations and particle diffusion in both
directions. We also observed that the range of volume fraction affected by inertial forces is increased with the increase of Re.
At high volume fraction φ & 0.15, intrinsic many-body interactions dominate the phenomena and govern the transport properties
thereafter.

1 Introduction

In general sedimentation is the settling through fluid of sus-
pended material of various sizes, ranging from large rocks
to proteins and peptides. Sediments pose a big problem in
industrial drainage, from which they must be continuously
removed. Along with the other separation techniques, sed-
imentation is an essential, cheap and widely used clarifica-
tion process. Most of the experimental1–8, theoretical9–11 and
simulation12–31 studies on sedimentation are focused in the
Stokes regime, where theoretical aspects of the phenomena
are well developed, whereas little is known about the behavior
of the suspension when fluid inertia is significant. This is be-
cause turbulent particle laden flows are difficult to investigate
through experiments and simulations, as the former require so-
phisticated instrumentation and the latter enormous computa-
tional resources. Moreover, this apparently simple technique
is strongly affected by the host fluid and particle parameters
as well as the configuration of the container, which make this
phenomena difficult to tackle. Microscopically, it is a typical
example of non-equilibrium dynamics, which shows interest-
ing yet perplexing static and dynamic properties.
The first significant theoretical work on sedimentation was
performed by Stokes32, who calculated the settling velocity
of a single particle in an incompressible fluid and in the ab-
sence of appreciable inertia, known as the Stokes velocity.
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Later, Richardson and Zaki33 found the effect of particle vol-
ume fraction and fluid back flow on the settling velocity, which
make particles undergo fluctuating motions. Researchers char-
acterize this fluctuating motion of particles mainly by calcu-
lating velocity fluctuations, their relaxations times and particle
diffusion. Since these properties are largely dependent on the
particle and fluid parameters, along with the size and shape of
the container, the accurate measurement of these properties is
important to get an insightful picture of the physical phenom-
ena.
Unlike particles undergoing Brownian motion, sedimenting
particles show different behavior in the direction parallel and
perpendicular to gravity. Caflisch and Luke34 predicted that
the intensity of velocity fluctuations diverges with increasing
system size, which is certainly unphysical. Hinch35 solved
this paradox by considering a hypothetical blob of fluid of size
l, having ndl1/3 average number of particles (nd is the number
density of the particles), with

√
ndl1/3 statistical fluctuations

in particle number. If m is the mass of the particles which
balance the buoyancy, then the fluctuations in the weight are
mg
√

ndl1/3. Balancing this weight with the drag force, Hinch
came up with the scaling of velocity fluctuations as∼

√
φ l/a,

where φ and a denote the particle volume fraction and radius,
respectively.
These predictions stimulated many experimental studies.
Batchelor36 investigated the bidispersed suspension, where
particles lighter than the fluid rose and those heavier sank.
Later, Nicolai performed a series of experiments1–3 to inves-
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tigate the effects of particle volume fraction, system size and
polydispersity on velocity fluctuations and particle diffusion.
These studies quantified the transport properties, but gave lit-
tle information about the physics. Guazzelli37 investigated the
effects of walls and found that these walls act as kinetic traps
and reduce the velocity fluctuations of the particle in the near
vicinity. Segre4–7, in a series of experiments, also investigated
the effects of particle volume fraction φ on velocity fluctu-
ations at low volume fraction and found that these velocity
fluctuations scale as φ 1/3, in contrast to the theoretical predic-
tion of Hinch35 and experimental results of Bernard38. This
contradiction between the theory and experiments was solved
by Brenner39 through a theoretical investigation, scaling argu-
ments and numerical simulations. He found that vertical walls
play a critical role in this scaling and these reduce the veloc-
ity fluctuations. He recalculated the velocity fluctuations of
Segre’s work by considering the particles not affected by the
side walls and found the φ 1/2 scaling, in good agreement with
the theoretical prediction35. The side walls have significant
effects in the Stokes regime, whereas Koch et al.40 found a
weaker logarithmic scaling when particle inertia is significant.
This suggests that bounding solid walls which suppress the
velocity fluctuations in the Stokes regime, are relatively less
pronounced when inertial forces are significant40.
The theoretical aspects of sedimentation phenomena in the
Stokes regime are well developed, where velocity fluctuations
scale as φ 1/2 at low volume fraction21,39,41 and as (L/a)1/2

with the system size, whereas these properties are not explored
extensively at non-zero Reynolds number (Re), where Re is
the ratio of inertial forces to viscous forces. For a given par-
ticle diameter σ , and fluid density ρf and viscosity η , Re is
defined as Re = ρfVtσ/η , where Vt is the terminal velocity of
a single particle. Koch40,42–44 explored the physical aspects
of sedimentation at non-zero Re and found that at low volume
fraction and in the Stokes regime, the flow field produced by
a settling sphere has a fore-aft symmetry relative to the hor-
izontal plane through its center, which is broken by the fluid
inertia at non-zero Re. This breaking of symmetry generates a
wake behind the particle which convects fluid towards its rear
and this fluid flux is balanced by the source flow. If a second
particle is in the wake of the leading particle then the trailing
particle will drift to the leading particle and it also experiences
a lift force due to the shear flow in the wake which pushes it
outward and cause a particle deficiency in the vicinity of a test
particle. If this lift force is small, the two particle will kiss
and then tumble into a horizontal orientation and repel each
other due to the source flow. This is known as the drafting-
kissing-tumbling (DKT) mechanism. Similarly, horizontally
oriented particles will repel each other due to the source flow.
At high volume fractions, this weak interaction competes with
the many-body interactions, which then lead to the isotropic
microstructure, similar to that in a hard-sphere distribution.

Climent et al.45 observed a similar mechanism in their study
as well.
Under sedimentation, the microstructure of the suspension is
determined by the long-range hydrodynamic interaction (HIs),
which are characterized by large time and length scales, fea-
tures that render the non-equilibrium properties of the col-
loidal particles difficult to tackle both experimentally and by
simulations. Koch40 performed lattice Boltzmann simulations
to investigate the microstructure changes with the increase in
Re and its effects on transport properties at four different vol-
ume fractions and system sizes, whereas Climent et al.45 used
an approximate numerical method, where the particle veloc-
ity is calculated by averaging the fluid velocity in a Gaussian
envelop to investigate the sedimentation at finite Re. At low
Re, where inertia can be ignored, the Navier-Stokes equations
(NS) are reduced to a linear set of equations and are easy
to tackle computationally, whereas with the introduction of
appreciable inertia, the treatment of the nonlinear equations
that govern the flow is very difficult. Computational schemes
which use unstructured meshes46 usually provide good results
in the Stokes regime, whereas at non-zero Re, these require
very heavy computational resources because of the fast phe-
nomenological changes. Hence, it is believed that the best way
to investigate the non-equilibrium properties of a suspension
with appreciable inertia is through direct numerical simula-
tions (DNS), with a fixed grid around the particles.
Despite the extensive work on sedimentation as briefly re-
viewed above, there are still some open problems which need
to be investigated, e.g., characterization of correlation length
and finite size effects and interplay of thermal and hydrody-
namic forces especially at high Peclet number (Pe). More-
over, there is also a lack of conclusive studies on effects of
non-zero Re, system and particle size and shape and evolu-
tion of the particle microstructure on transport properties of
sedimenting suspension. In our previous studies, we have al-
ready investigated the interplay of thermal and hydrodynamic
forces47–49 at Pe≤ 125, the microstructure and transport prop-
erties of non-Brownian particles41, as a function of particle
volume fraction and system size and microstructure of col-
loidal particles50. In this study, we investigated the effects
of moderate/non-zero Re on the microstructure, average sedi-
mentation velocity, velocity fluctuations and self-diffusion in
a steady state homogeneous suspension of non-Brownian sed-
imenting particles over a wide range of volume fraction from
0.01 to 0.4. The present study not only quantifies the transport
properties of the suspension at non-zero Re, it also gives a bet-
ter understanding of the phenomenological changes based on
a fluid and particle microstructure analysis. We organized this
work in such a way that we could test the effect of Re at the
low, moderate and high volume fraction regimes.
In this work, we first explained the simulation method and
parameters in Section 2 and Section 3, respectively, and then
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investigated the DKT mechanism in Section 4. We presented
our results in Section 5, where we investigated the hindered
settling, fluid behavior around a particle, evolution of parti-
cle microstructure, velocity fluctuations, their relaxation times
and self-diffusion. We conclude our study in Section 6.

2 Simulation Method

In the SP method, the boundary between the colloidal parti-
cle and the host fluid is replaced with a continuous interface
by assuming a smoothed profile51,52, having thickness equal
or larger than the grid spacing ∆. This simple modification
enabled us to accurately characterize the hydrodynamic inter-
actions, without neglecting many-body interactions. A similar
smoothed profile53 was adopted in the previously proposed
fluid-particle dynamics method in which particles are mod-
elled by a highly viscous fluid. This large viscosity in turn
requires a small time increment. Instead, we treated particles
as non-deformable solids such that no additional constraints
arose for the time increment. In this section, we briefly ex-
plain the salient features of our method.
The colloid’s density profile is defined such that it changes
smoothly within the interface. Quantities such as the velocity
and pressure are defined over the entire computational domain,
which includes the colloid as well as the solvent.The motion
of the ith colloidal particle is obtained by solving Newton and
Euler’s equations of motion for a given particle position RRRi,
translational velocity VVV i and rotational velocity ΩΩΩi :

MiV̇VV i = FFFH
i +FFFc

i +FFFext
i , ṘRRi =VVV i, (1)

IIIi · Ω̇ΩΩi = NNNH
i +NNNext

i , (2)

where mass and moment of inertia are denoted as Mi and IIIi,
respectively. The hydrodynamic torque and force exerted by
the solvent on the particle are represented as NNNH

i and FFFH
i , re-

spectively. FFFext
i and NNNext

i are the external force and torque,
respectively. Direct inter-particle interactions are denoted by
FFFc

i and we represent these interactions using the following
Weeks-Chandler-Andersen (WCA) type potential54,

U(ri j) =

 4ε
[(

σ
ri j

)36
−
(

σ
ri j

)18
]
+ ε

(
ri j ≤ 2

1
18 σ
)
,

0
(

ri j > 2
1

18 σ
)
,

(3)
where ri j =| RRRi−RRR j |. The parameters σ = 2a and ε = 2.5
denote the length and energy units, respectively.
The fluid motion is obtained by solving the Navier-Stokes
equation for a given value of fluid viscosity η and density ρf
within an Eulerian description as:

(∂t + vvvf ·∇)vvvf = ρ−1
f ∇ · (−pIII +σσσ f) (4)

∇ · vvvf = 0 (5)

where σσσ f is the stress tensor, vvvf is the fluid velocity and p
is the pressure field, under the incompressibility condition
(∇∇∇ · vvvf = 0). The center-of-mass of the suspension is kept
constant to avoid an indefinite acceleration of the system.For
given values of η and ρf, the remaining units of mass, time,
pressure and energy are respectively defined as ρf∆

3, ρf∆
2/η ,

η2/ρf∆
2 and η2∆/ρf. The basic idea of the SP method is to

solve the the modified NS equation over the entire domain,
by treating the colloids as fluid particles, where particles are
represented using a smooth phase field 0≤ ϕ (xxx, t)≤ 1, which
removes the troublesome boundary conditions at the particle
surface. Here ϕ = 0 stands for the fluid, 0 < ϕ < 1 describes
the interface and ϕ = 1 the particle domain. The rigidity of
the particles can be maintained by introducing a body force
ϕ fff p

51,55 in the NS equation, which is computed assuming
momentum conservation between the fluid and the particles.

(∂t + vvv ·∇)vvv = ρ−1
f ∇ · (−pIII +σσσ f)+ϕ fff p, (6)

vvv = (1−ϕ)vvvf +ϕvvvp, (7)

ϕvvvp = ∑
i

ϕi [VVV i +ΩΩΩi× rrri] . (8)

The detailed formulas, algorithm and applicability of the SP
method with numerous test cases can be found in previous
publications55–57. Recently, SP method has also been ex-
tended to self-propelled swimmers58, non-spherical rigid bod-
ies59 and compressible fluids60.
A rigorous study61 by Luo et al. revealed that compared to
a high resolution DNS62 based on high-order spectral/hp el-
ement discretization on hybrid grids, the SP method is com-
putationally less expensive and advantageous for simulating
moving particles because it avoids the complex discretizations
around the particles. This study simulated many test cases and
found that the SP method is accurately resolving the lubrica-
tion force and far and near field flows. In addition, the compu-
tational cost for this method depends upon the number of grid
points (system size), however it is insensitive to the number of
particles. This enabled us to study dense colloidal dispersion,
which is difficult to do with other methods.

3 Simulation Parameters

In order to study the inertial effects, we varied Re from 0.05
to 10 by increasing the gravity. In principal, we can go be-
yond Re=10, but we have to reduce the time step to a much
smaller value and need to refine the mesh as well, which re-
quires enormous computer resources and is beyond the scope
of this study. A cubic periodic box of dimension L/a = 32 is
used, where the particle radius a is kept constant at 4∆ and the
interface thickness is set to unity in the unit of grid spacing ∆

in all simulations. These particles are non-Brownian, having
Pe≈∞, in accordance with our previous study47 which shows
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that particles having Pe ≥ 29 show complete non-Brownian
characteristics. Gravity was introduced in the −z direction.
We set the particle to fluid density ratio to 5 and fluid den-
sity equal to one. Direct interparticle interactions are intro-
duced by a Weeks-Chandler-Andersen (WCA) type potential
with powers of 36:18, as defined in Eq. 3. Simulations are run
for 1000-1500tt; sufficient time to yield statistically meaning-
ful data for this analysis, where tt denotes the terminal time
(tt = a/Vt).
In order to characterize the accuracy of our method, we calcu-
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Fig. 1 (Color online) Drag coefficient of an isolated sphere as a
function of particle Reynolds number.

lated the drag coefficient of an isolated sphere and compared it
with an empirical relation63, as shown in Fig. 1. The drag co-
efficient CD which expresses the resistance of fluid on a mov-
ing object is calculated from the empirical expression,

CD =
24
Re

[1+0.1315Re0.82−0.05log10 Re]. 0.01 < Re < 20
(9)

In order to simulate this test case, we used the same scheme
as adopted by Koch et al.40. Since our input parameter in the
simulations is gravity (g), we first fix the particle Re and cal-
culated the respective g. We ran simulations of an isolated
particle for a long time until the steady state terminal velocity
is achieved. From this terminal velocity, we calculated the Re
and then CD from Eq. 9. Thereafter, we compared the CD from
the simulations with the empirical relation in Fig. 1. It shows
a good agreement with the empirical relation up to Re=14,
whereas a deviation is evident at Re > 14. In principal, we
can enhance the accuracy at high Re as well, but this require
enormous computer resources. Using the simulation parame-
ters for a single particle, we simulated multiple spheres in a
periodic cubic cell.

4 Drafting-Kissing-Tumbling Mechanism

Before discussing our main results, we investigated the DKT
mechanism for particle pair interactions by simulating two in-
teracting particles. We place particles one above the other,

making sure that the trailing particle is in the wake of the
leading particle. We calculated the distance between the par-
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Fig. 2 (Color online) Distance between two particles in all three
directions ∆rβ , where β ∈ x,y,z, as a function of terminal time for
three different Re. Each figure is divided into three sections, where
“D” shows the drafting, “K” shows the kissing and “T” shows the
tumbling phase of the DKT mechanism.

ticles in all three directions ∆rβ , where β ∈ x,y,z and plotted
it as a function of the terminal time for three different Re, as
shown in Fig. 2. The vertical distance between the particles
decreases initially, showing the drafting of the trailing particle,
as it experiences a low pressure due to the wake of the leading
particle. After drafting, the two particles interact with each
other, which is the kissing phase, which can be seen through
the plateau in all three figures at a vertical distance equal to σ .
After the kissing phase, the lift force or the source flow sweep
the particle to a horizontal orientation, which is the tumbling
phase. The horizontal distance between the particles increases
in the tumbling phase, whereas the vertical distance falls to
zero. We have divided these three figures in three sections to
highlight the DKT mechanism, where “D” shows the draft-
ing, “K” shows the kissing and “T” shows the tumbling phase.
We can also see that the time required to undergo a DKT type
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interaction decreases tremendously as Re is increased, which
shows the fast phenomenological changes at high Re. In order
to capture such a fast change, one has to use very sophisti-
cated instruments in experiments and a very small time step
and a refined mesh in simulations. This is why most of the ex-
perimental and simulation studies on sedimentation are in the
Stokes regime.

5 Results and Discussion

5.1 Hindered Settling

A particle settling in the vicinity of other particles experiences
a hindered settling due to the drag force induced by the fluid
back flow and the particle-particle interactions. Consequently,
it reduces the average sedimentation velocity of the suspen-
sion with respect to the terminal velocity of an isolated par-
ticle. The effect of fluid back flow and particle particle in-
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Fig. 3 (Color online) Average sedimentation velocity Vsed of
particles normalized by the terminal velocity Vt of an isolated
sphere, as a function of volume fraction for different Re. Theoretical
predictions 33,36,40,64,65 for Stokes regime are represented with lines,
whereas points show the experimental1 and simulation data 21,45. (a)
shows the comparison of Vsed of the present study for all Re,
whereas (b) compares the results for Re≤ 0.1 (Stokes regime) with
other studies to highlight the Stokes regime behavior. Legends of
our data in (a) are also valid for (b).

teraction is very small at low volume fractions, whereas both
of these effects increase with increasing volume fraction. We
computed the average sedimentation velocity Vsed of the sus-
pension and compared it with the theoretical33,36,64–67, exper-
imental1 and simulation results21,45, as shown in Figs. 3 and
4, for different Re, where Vsed = 〈Viz〉. Figure 3(a) shows that

the average sedimentation velocity normalized by the termi-
nal velocity, decreases with the increase of volume fraction
due to this hindered settling. The decay of Vsed as a function
of volume fraction at Re=0.05 and 0.1 is same both qualita-
tively and quantitatively. It also shows a good quantitative
agreement with other studies in the Stokes regime, depicting
weak inertial forces effects, as shown in Fig. 3. In contrast, at
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Fig. 4 (Color online) Average sedimentation velocity Vsed of
particles normalized by the terminal velocity Vt of an isolated
sphere, as a function of volume fraction for Re=0.5, 1 and 10.
Simulation results are fitted with the suggested hindered function of
Eq. 13 and are also compared with the other theoretical
predictions40,65 and simulation results45. Legends are valid for all
three figures.

Re≥ 0.5, a decrease in Vsed is evident with the increase of Re
due to enhanced inertial effects, which are more pronounced at
low volume fractions. This decrease in Vsed is attributed to two
factors: (1) fast DKT mechanism at high Re, where a particle
spends less time in the wake of another particle as compared
to low Re, which decreases the average sedimentation velocity
of the particles; (2) particles are cross stream oriented for most
of the time and feel the full effects of fluid back flow at high
Re, which also decreases the average sedimentation velocity.
At high volume fractions, the inertial effects are suppressed by
the increasing number of particles and the average sedimenta-
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tion velocity at high volume fraction is independent of Re, as
shown in Fig. 3(a). We compared our results for Re ≤ 0.1
with other studies in Fig. 3(b). Batchelor36 was the first who
found the effect of the particle volume fraction on the aver-
age sedimentation velocity by assuming a uniform distribu-
tion in the separation of pairs of spheres and ignoring the fluid
back flow effects, which is valid only for low volume fraction,
as evident in Fig. 3(b). This hindered settling in the Stokes
regime is well described by the Richardson and Zaki33(RZ)
power law, Vsed/Vt = (1−φ)n, where the power law exponent
n varies from 4.7 to 6.55 depending on studies1,21,22,45,65,66.
In our study the best suited exponent is 5.3, well within these
two extremes for Re=0.05 and 0.1, as shown in Fig. 3(b). A
small deviation from the theoretical prediction for the Stokes
regime is evident at Re=0.5 for low volume fractions, showing
the onset of inertial effects.
Figures 4(a), (b) and (c) show that the theoretical predictions
for the Stokes regime are no longer applicable when iner-
tial effects are relevant, rather a modified expression65 of the
form,

Vsed/Vt = k(1−φ)n, (10)

has been suggested, where the terminal velocity at a given Re
can be calculated as, Vt = Reη/ρfσ . The value of the prefac-
tor k and the exponent n varies with the particle Re and Koch
et al.40, found that the k for Re=1 and 10 is 0.92±0.03 and
0.86±0.04, respectively, and suggested a quadratic polyno-
mial expression for the value of n of the form,

n = 4.23−0.0526Re+0.00111Re2. (11)

Similary, Di Felice65 found a value of k≈ 0.81 at intermediate
Re in their experimental study and suggested an expression for
n of the form,

6.5−n
n−3

= 0.1Re0.74. (12)

The value of k is found by fitting the data and it ranges from
0.8 to 0.95 in the literature40,65,68–70. Di Felice also suggested
that the value of the exponent n at low φ and Re > 1 is 1.5
times the corresponding value from Eq. 12, caused by the
DKT type interactions.
Both Koch and Di Felice provided ample information about
the mechanism which caused the initial fast decay of the hin-
dered settling function at low volume fraction but the mathe-
matical expression they suggested fail to provide the necessary
information at φ ≈ 0. In order to provide this missing infor-
mation, we suggested a modified hindered settling expression
of the form

Vsed/Vt = k(1−φ)n +(1− k)exp(−φ/0.008), (13)

where values of k and n can be found as,

k =
{

1 Re≤ 0.1,
−0.065lnRe+0.85 0.1 < Re≤ 10 (14)

and

n =

{
5.3 Re≤ 0.1,
−0.161lnRe+4.932 0.1 < Re≤ 10. (15)

This simple fitting function gives the complete information for
a given value of Re and volume fraction. It reduces to RZ law
at Re ≤ 0.1, whereas at 0.1 < Re ≤ 10 second term gives the
information for the fast decay of the expression, as shown in
Fig. 4.
Moreover, we also found that the rapid decay of average sed-
imentation velocity at low φ and Re=10 is attributed to the
strong influence of the anisotropic microstructure40 which
will be explained later, having pronounced effects at high Re.
At low φ and high Re, a particle is deficit of neighboring par-
ticles, due to the DKT mechanism40. This mechanism makes
the spheres well separated, having a cross-stream orientation.
These well separated particles feel the full effect of the fluid
back flow, which in turn causes a rapid decay in the sedimen-
tation velocity. At low Re a particle spend a significant time in
the wake of the leading particle, which causes the increase in
the average sedimentation velocity, whereas at Re=10, Fig. 2
suggest that a particle spends very little time in the wake and
most of its time being spent in the cross stream orientation,
feeling the full back flow effect, which cause a rapid decrease
in the average sedimentation velocity at low volume fraction.
As the concentration of particles increases, this mechanism
competes with the many body interactions and as the latter
overpower the phenomena, the rate of decrease slows down.

5.2 Fluid Behavior

Before discussing the particle properties, we would like to
look at the fluid behavior around a particle at different Re. At
low Re in the Stokes regime, it is well established that the fluid
has a fore-aft symmetry around a particle, whereas at high Re,
fluid inertia breaks this symmetric behavior.
We calculate the fluid velocity as a function of position and
time denoted as vvvf(xxx, t). In order to look at the fluid around
the particle in cylindrical coordinates, we shifted the origin at
the particle position as, uuuf(rcyl,z) = 〈vvvf(rrr)〉, and averaged over
time, number of particles and angular coordinate θ . Here, rrr =
xxx−RRRi, is the position vector of the fluid from the particle in
which xxx and RRRi show the positions of fluid and particle, respec-
tively. If rx, ry and rz are the components of rrr in the Cartesian

coordinates, then rcyl =

√
(rx)2 +(ry)2, θ = arctan(ry/rx)

and z = rz. In order to characterize the asymmetric behav-
ior of fluid before (B) and after (A) the particle, we plotted
|∆uuuAB

f (rcyl,z)|= |uuuA
f (rcyl,z)−uuuB

f (rcyl,z)|/Vsed, in Fig. 5. The
fluid velocities before and after the particle are defined in term
of their components as, uuuA

f (rcyl,z) = [u
rcyl
f (rcyl,z),uz

f(rcyl,z)]
and uuuB

f (rcyl,z) = [−u
rcyl
f (rcyl,−z),uz

f ,(rcyl,−z)], respectively,
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(d) φ = 0.1

Fig. 5 (Color online) The absolute value of the difference in the fluid velocity before (B) and after (A) the particle
|∆uuuAB

f (rcyl,z)|= |uuuA
f (rcyl,z)−uuuB

f (rcyl,z)|/Vsed, in cylindrical coordinates. Figures “(a)”, “(b)”, “(c)” and “(d)” show this difference at φ =
0.025, 0.04, 0.07 and 0.1, respectively, for different Re.

for z ≥ 0. Figures 5(a), (b) (c) and and (d) show this dif-
ference at φ = 0.025, 0.04 , 0.07 and 0.1, respectively, for
Re=0.1, 1, 10. By comparing these plots from left to right
for different Re at a particular φ , we found that Re=0.1 shows
a symmetric behavior, whereas with increasing Re the differ-
ence between the velocities after and before the particle in-
creases, showing the effects of the fluid inertia. If we com-
pare these figures from top to bottom for Re=1 and 10 for
different φ , it is evident that the inertial effects are suppressed

with the increase of particle volume fraction, caused by the
presence of more number of particles. Figure 5 clarifies the
asymmetric behavior of the fluid before and after the parti-
cle and to get a more insightful picture of the fluid behav-
ior, we also plotted the difference of velocities at Re=1 and
10 with respect to the corresponding velocity at Re=0.1 as,

| ∆uuuRe=γ
f (rcyl,z) |=|

uuuRe=γ
f (rcyl,z)

V Re=γ
sed

− uuuRe=0.1
f (rcyl,z)

V Re=0.1
sed

|, in Fig. 6 for

different φ , where γ ∈ 1,10. Comparing Figs. 6(a) and (b)
from left to right reveals that this difference decreases with the
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(b) Re = 10

Fig. 6 (Color online) The absolute value of the difference in the fluid velocity at Re=1 and 10 with the Re=0.1 as,

| ∆uuuRe=γ
f (rcyl,z) |=|

uuuRe=γ
f (rcyl,z)

V Re=γ
sed

− uuuRe=0.1
f (rcyl,z)

V Re=0.1
sed

|, for different φ , where γ ∈ 1,10.

increase of particle volume fraction, as the increased packing
of particles suppresses the effects of fluid inertia. Similarly,
comparing figures from top to bottom reveal that this differ-
ence increases with the increase of Re. Furthermore, this dif-
ference is stronger before than after the particle at Re=10. If
we look at the rear end of the particle at Re=10 in Fig. 6(b) this
difference is almost negligible, whereas at the radial distance
σ to 2σ the difference in the velocities is stronger because of
the strong inertia of the fluid.
The fluid behavior around a particle has a great importance in
the determination of the particle configuration and their trans-
port properties. As it is shown that at high Re, normalized
velocities are stronger, hence this strong behavior will push
away the nearby particles. The effects of this asymmetric be-
havior of the fluid before and after the particle on the particle
configuration is discussed in the next section.

5.3 Microstructure

The microstructure of the particles strongly affects the trans-
port properties of the suspension. We explored the evolution
of the microstructure with Re and volume fraction and its ef-
fects on transport properties. In order to have an idea of the
average accumulation of the particle pairs, we calculated the
pair distribution function (PDF) as,

g(rrr) =
2L3

N2

〈
∑
i< j

δ (rrr− rrri j)

〉
, (16)

in which N is the total number of particles, rrri j = RRRi−RRR j, 〈...〉
denotes an ensemble average, and the summation ∑i< j is taken
over all particle pairs. We plotted the spherically averaged
PDF, known as the radial distribution function (RDF), for dif-
ferent volume fractions at different Re, as shown in Fig. 7.
For φ = 0.01 and Re ≤ 0.1, the RDF shows a distribution
typical of hard spheres, whereas at Re ≥ 0.5, the RDF shows
the deficiency of neighbouring particles and this deficiency in-
creases with increasing Re, in good agreement with Koch40.
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Fig. 7 (Color online) Radial distribution function as a function of radial distance for different Re at four different volume fractions.

As φ is increased, the deficit is decreased and at φ = 0.03 and
Re ≤ 1, particles already show the typical hard sphere distri-
bution, whereas at Re=10, the deficit of particle pairs is still
apparent, as shown in Fig. 7(b). With a further increase in
volume fraction, particles start showing the RDF of a hard
sphere distribution, as shown in Figs. 7(c) and (d). The in-
crease in particle inertia at Re ≥ 1 not only induced the sig-
nificant deficit of the particle pairs but it also shifted the peak
and this shift decreases with the increase of volume fraction.
The RDF provides useful information of the particle defi-
ciency and the shift in the peak with increasing Re, but it does
not give any information about the particular direction where
this deficiency exists. In order to investigate this preference,
we compute the PDF in cylindrical coordinates g

(
rcyl,z

)
aver-

aged over the angular coordinate θ , for three different Re, as
shown in Fig. 8, where lines are drawn at σ ,

√
2σ ,
√

3σ and
2σ to visualize the long range ordering. Figure 8 shows the
non-Brownian distribution, where particles show the prefer-
ence to orient themselves in a horizontal position with respect
to a test particle and this preference decreases with increasing
volume fraction. At high volume fraction, the microstructure
is isotropic. At Re=1, PDF in cylindrical coordinates shows
the deficit of particle pairs and this deficit is more pronounced
in the vertical direction, as shown in Fig. 8(b).
At Re=10, PDF in cylindrical coordinates shows the deficit of
particle pairs and this deficiency is stronger than the one at
Re=1, in both directions. Compared to Re=1, PDF in cylindri-
cal coordinates at Re=10 shows that the preference of particles
in the horizontal direction is stronger and shift in the peak is
also evident. At high volume fraction φ & 0.15, an isotropic

microstructure is visible. The comparative analysis of these
maps revealed that with the increase of Re, the DKT mecha-
nism grows stronger and its effects is felt over a larger volume
fraction range. It is also evident from this microstructure anal-
ysis that the deficit of particles is stronger in the vertical di-
rection than the horizontal direction at all Re. This is because,
a particle in the wake of a leading particle experiences a DKT
type interaction, which leads the particles to horizontal orien-
tation. Moreover, a horizontally orientated particle faces the
source flow, which keeps the particle in the horizontal orienta-
tion as well. Hence, the preferred position of particle pairs is
horizontal, which make the deficit stronger in the vertical di-
rection, until many-body interactions suppress this DKT type
interaction and make the microstructure isotropic. The effects
of this microstructure on the dynamic properties will be dis-
cussed in the next section.
The change in the microstructure of the particles at high Re is
in accordance with the fluid behavior at high Re. The large dif-
ference of the fluid velocity at high Re with respect to Re=0.1,
pushed the particle away from a given particle and created a
deficiency near the given particle and DKT type interactions
orient the particle pairs horizontally. Since this difference in
fluid velocity is increased with the the increase of Re, which
pushed the particle further away from a given particle and
created the deficiency of the particle pairs in the near vicin-
ity. The range of radial distance over which this deficiency
is evident increased with the increasing Re due to the strong
fluid velocity. Moreover, the range of volume fraction which
showed this difference in fluid velocity is also increased with
the the increase of Re, which in turn increase the range of vol-
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1

(a) Re = 0.01

1

(b) Re = 1

1

(c) Re = 10

Fig. 8 (Color online) Pair distribution function of particles in cylindrical coordinates (g
(
rcyl,z

)
) for different φ at three different Reynolds

number.

ume fraction which shows the deficiency of nearby particles.
If we look closely at φ = 0.02 in Fig 8, small high density
regions are evident above and below the particle for all Re,
whereas these high density regions are not visible at φ = 0.05.
These regions are caused by the finite size effects. If we com-
pare the microstructure of this study for the Stokes regime
of system size L/a = 32 with our previous study41 of sys-
tem size L/a = 64, we can not spot these high density regions
at φ = 0.02 for L/a = 64. This shows that our simulations
are affected by the finite size effects at low volume fractions.

These finite size effects are suppressed with increasing volume
fractions and Re due to presence of large number of particles
and the formation of wakes and eddies, respectively. Simi-
larly, other properties like velocity fluctuations, their relax-
ation times and self diffusion coefficients are also affected by
the finite system size at low volume fractions. More details on
these finite size effects can be seen in our previous publica-
tions41,47.
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Fig. 9 (Color online) Scaling of the hydrodynamic velocity fluctuations normalized by the terminal velocity with respect to volume fraction
for different Re. Figures “(a)” and “(b)” show the velocity fluctuations in z and x directions, respectively, for Re = 0.1, which shows the
typical Stokes regime characteristics. These results are also compared with the previous studies. Figures “(c)” and “(d)” show the velocity
fluctuations in z and x directions, respectively, for different Re. Lines of slope 1/2 are drawn as guide to eye.

5.4 Velocity Fluctuations

The particle velocity fluctuations induced by HIs are quanti-
fied both in the direction parallel and perpendicular to grav-

ity as, ∆V z =
√
〈[Viz−Vsed]2〉 and ∆V x =

√
〈V 2

ix〉, respec-
tively. These velocity fluctuations are plotted in Fig. 9, as
a function of particle volume fraction for different Re. For
Re ≤ 0.5, velocity fluctuations in both directions show the
Stokes regime characteristics: they scale as φ 1/2 at low vol-
ume fraction regime (φ . 0.04), remain unchanged at moder-
ate volume fractions (0.04 < φ . 0.12) and decrease sharply
at high volume fraction regimes, in good agreement with other
studies1,5,21,45. At Re=1, vertical velocity fluctuations are de-
creased, whereas horizontal velocity fluctuations still show the
Stokes regime behavior. The behavior of velocity fluctuations
in both directions is in accordance with the microstructure
changes, where a deficit of particles is observed in the ver-
tical direction, whereas there was no significant deficiency of
particles in the horizontal direction.
At Re=10, with the enhanced inertial force effects, both ver-
tical and horizontal velocity fluctuations are decreased, due
to a pronounced DKT mechanism, which caused a signifi-
cant deficit of the particles in both directions. Apart from
the decrease in the velocity fluctuations, the range of vol-
ume fraction which show the decrease in velocity fluctuations
also increased with increasing Re. This increase in the range
is caused by the deficit of the neighbouring particles in the
vicinity of a test particle, which increases with increasing Re,

before many body interactions suppress the effects of inertial
forces and the microstructure is similar to the Stokes regime
microstructure.
The vertical and horizontal relaxation times decrease with the
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Fig. 10 (Color online) Decay of relaxation times normalized by the
terminal time, as a function of volume fraction for different Re.
Figures “(a)” and “(b)” show the x and z directions relaxation times,
respectively.
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increase of volume fraction for all Re. These relaxation times
are calculated as, τβ = [1/Cβ (0)]

∫
∞

0 Cβ (t)dt, where β ∈ x,z
and Cβ (t) is the velocity fluctuations autocorrelation function.
The integration is performed from zero to the time at which
these correlations start to oscillate around zero. The horizontal
relaxation times at low volume fraction increase with the in-
crease of Re. At high volume fractions and Re≤ 1 horizontal
relaxation times show the same quantitative behavior, whereas
for Re=10, these are increased. A jump at φ ≈ 0.3 is attributed
to the ordering of the particles, as shown in Fig. 10(a). In con-
trast, the vertical relaxation time decreases with the increase
of Re, at low volume fraction. At high volume fractions and
Re ≤ 1 vertical relaxation times also show the same quanti-
tative behavior, as shown in Fig. 10(b). The increase in the
relaxation times at high Re and volume fraction remains an
open question.

5.5 Self-Diffusion

In the absence of an external force, particles exhibit an
isotropic self-diffusion, whereas an external force such as
gravity breaks this isotropic nature. We have seen the ef-
fects of the increase of inertial forces on the velocity fluctu-
ations and their relaxation times. Both velocity fluctuations
and their relaxation times dictate the diffusion of the particle
(Dβ ≈ (∆V β )2τβ ). In order to quantify this dispersive motion,
we calculated the self-diffusion from the slope of mean square
displacement in the x and z directions, as defined in Eqs. 17
and 18, respectively.

Dx (t) =
1
2t

〈
(Rix (t)−Rix (0))2

〉
, (17)

Dz (t) =
1
2t

〈
(Riz (t)−Riz (0)−Vsedt)2

〉
. (18)

The saturated value of these diffusion coefficients (Dβ =
limt→∞ Dβ (t)) normalized by the product of the terminal ve-
locity and particle radius are plotted in Fig. 11, as a func-
tion of volume fraction, for different Re. It shows that at
Re ≤ 0.5 the vertical diffusion coefficient shows the typical
Stokes regime φ 1/2 scaling at low volume fraction regime, de-
creasing at moderate volume fraction regime and then falls
sharply at high volume fraction. The horizontal diffusion coef-
ficient also increases as φ 1/2 at low volume fractions, remains
unchanged at moderate volume fraction and decreases sharply
at high volume fractions, in good agreement with other stud-
ies1,21,22.
The vertical diffusion coefficient decreases with the increase
of Re at Re ≥ 1, whereas at high volume fraction this be-
havior becomes independent of Re, due to the dominance of
many body interactions. Similar to the vertical velocity fluctu-
ations, the range of volume fraction which show the decrease
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Fig. 11 (Color online) A comparison of the long time steady-state
self-diffusion coefficients Dβ (β ∈ x,z), normalized by the product
of particle radius a and terminal velocity Vt for different Re. Figures
“(a)” and “(b)” show the horizontal and vertical directions,
respectively.

in the diffusion coefficients is increased with the increase of
Re, which is attributed to change in microstructure and fluid
behavior. Similar to horizontal velocity fluctuations, the diffu-
sion coefficient in the horizontal direction remains unchanged
at Re=1, due to small change in microstructure in horizontal
direction, whereas at Re=10 a quantitatively large decrease in
diffusion coefficient is evident up to φ . 0.12, caused by the
pronounced changes in the microstructure and fluid behavior.

6 Concluding Remarks

We performed simulations of sedimentation of spherical parti-
cles at non-zero Reynolds number for a volume fraction rang-
ing from 0.01 to 0.4. Inertial forces are increased with in-
creasing Re, giving rise to a drafting-kissing-tumbling (DKT)
mechanism40. With increasing Re, this mechanism creates a
deficit of neighbouring particles which brings significant phe-
nomenological changes and affects the transport properties of
the suspension.
We observed that at Re=0.1 the fluid shows a symmetric be-
havior before and after the particle, whereas at Re=1 and 10
an asymmetric behavior is observed. We also found that the
difference in the fluid velocities normalized by their respec-
tive average sedimentation velocities at Re=1 and 10 with re-
spect to Re=0.1 increased with the increase of Re. Moreover
the range of volume fraction which show this difference also
increased with the increase of Re, before the large number of
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particles suppress the inertial effects. The microstructure anal-
ysis of the particles revealed that at Re≤ 0.5, the microstruc-
ture shows the typical Stokes regime, non-Brownian particles
characteristics, where at low volume fraction particles pre-
fer to orient themselves in the horizontal direction and this
preference decreases with increasing volume fraction and at
high volume fraction φ & 0.15, the microstructure is isotropic
due to dominance of many-body interactions. With the in-
crease of inertial forces and the enhanced effects of the DKT
mechanism, the microstructure shows the deficit of neigh-
bouring particles around a test particle and this deficiency is
stronger in the vertical direction than in the horizontal direc-
tion at Re=1. At Re=10, with the pronounced effects of iner-
tial forces, both directions are affected by this deficiency and
we also observed a shift in the radial distribution function’s
first peak. At high volume fractions, where many-body inter-
actions dominate, microstructure resembles the typical Stokes
regime’s microstructure. Apart from the deficiency of the par-
ticles, the range of volume fraction affected by this deficiency
is also increased with increasing Re. These changes in the mi-
crostructure of the particles are in accordance with the change
in the fluid velocities observed at high Re.
The fluid and microstructural changes at high Re, strongly af-
fected the transport properties of the suspension and at Re=1,
vertical velocity fluctuations and diffusion are decreased. In
contrast, horizontal velocity fluctuations and diffusion remain
unchanged at Re=1, due to less pronounced effects of inertial
forces in the horizontal direction. Furthermore, at Re=10, due
to strong effects of inertial forces, which caused the significant
deficit of neighbouring particles in both directions, which in
turn decreased both the vertical and horizontal velocity fluctu-
ations and diffusion. Moreover, the vertical relaxation times
decreased with the increase of Re at low volume fraction,
whereas horizontal relaxation time increased with the increase
of Re. Our analysis also revealed that at low volume fraction,
where particles can interact fewer neighbouring particles, mi-
crostructure governs the transport properties of the particles.
With increasing Re, and the rise of the DKT mechanism cre-
ates the deficiency of the neighbouring particles, which means
particles still interact with the fewer other particles even at
higher volume fraction range, causing the microstructure to
control the transport properties of the suspension to the higher
volume fraction range. At high volume fractions φ & 0.15, in-
trinsic many-body interactions suppress the DKT mechanism
and take over control of the transport properties. The present
study has been performed using spherical particles, research
is under way using non-spherical rigid bodies.
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