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Abstract

Motivated by recent experimental progress towards the detection and manipulation of Majorana

fermions in hybrid semiconductor/superconductor heterostructures, we present a novel proposal

based on a suspended carbon nanotube resonator with a single electron spin to probe Majorana

fermions in all-optical domain. With this scheme, a possible Majorana signature is investigated

via the probe-absorption spectrum, and the coupling strength between Majorana fermion and the

single electron spin is also determined. We further show that the carbon nanotube resonator

behaved as a phonon cavity is robust for detecting of Majorana fermions. In the proposal, the

single electron spin can be considered as a sensitive probe. The proposed optical method here may

provide a potential supplement for the detection of Majorana fermions.
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I. INTRODUCTION

Currently, the zero-energy modes of Majorana fermions (MFs) have focused a great deal

of attention owing to their potential applications in topological quantum computation and

non-Abelian braiding [1]. Despite its origin in high energy physics, the analogous Majorana

zero mode in the low-energy field of solid state physics has been reported [2]. In the past

few years, various systems that might host MFs in condensed matter systems have been

proposed [3] and many experimental attempts have also been devoted to identify them [4–

10]. According to these attempts, the zero-bias conductance peak [11] as a representative

property of Majorana modes is often considered as a Majorana signature. These zero-bias

conductance peaks have already been observed in several experiments [6–10, 12]. However,

these experimental results can not serve as definitive evidences to prove the existence of

MFs in condensed matter systems because the zero-bias conductance peaks can appear due

to many other mechanisms [13] such as the zero-bias anomaly due to Kondo resonance [14]

and the disorder or band bending in the semiconductor nanowire (SNW) [15]. Therefore, to

obtain definitive signatures of MFs, alternative setups or proposals for detecting MFs are

necessary.

On the other hand, the suspended carbon nanotubes (CNTs) with characteristics of low

mass, high and widely tunable resonance frequencies, high quality factors, and remarkable

electronic properties [16] make them have potential applications, such as mechanical signal

processing [17], mass and force detectors [18]. In recent years, the investigation of spin-orbit

interaction in CNTs has gained significant advances. The vibration frequency of CNT can

be probed via using the strong coupling between single electron spin and the mechanical

vibration based on spin-orbit interaction in the suspended CNTs [19]. Further, this coupling

provides the means for manipulation of the electron spin via microwave irradiation, which

paves the way for manipulating the spin degree of freedom [20–25].

For the detection of MFs, quantum dots (QDs) [26] and nanomechanical resonator [27] as

an intermediates are also employed to probe Majorana signature via tunneling experiments.

We notice that all the theoretical proposals and experimental schemes have focused on

electrical methods. While other effective methods such as optical scheme for detecting MFs

have received less attention. In the present article, based on the recent experiment by

Mourik et al. [7], where a SNW with strong spin-orbit coupling placed in proximity with
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a superconductor (SC) under a proper external magnetic field (see Fig.1), we will employ

a suspended CNT implanted in a single electron spin to detect MFs. By applying a strong

pump field (with the pump frequency ωc) and a weak probe field (with the probe frequency

ωs) to the single electron spin simultaneously [28], the possible Majorana signature could be

probed via the probe absorption spectrum of spin. The optical pump-probe technology has

been demonstrated experimentally in several systems [30], which provides an effective way

to investigate the light-matter interaction. Based on this technique, the linear and nonlinear

optical effect can be studied via the absorption spectrum of the probe field.

Compared with electrical detection schemes where the QDs are coupled to MFs via the

tunneling [26], in our optical scheme, there is no contact between the CNT and the hybrid

SWN/SC junction, and the interaction between MFs in the SWN/SC junction and single

electron spin in CNT is mainly due to the exchange interaction. Since the distance between

CNT and MFs can be adjusted by several tens of nanometers, therefore the tunneling be-

tween the CNT and MFs can be neglected. The signal change in the absorption spectrum

as a possible signature for the MFs is another potential evidence in the hybrid SWN/SC

junction. This optical scheme will provide another supplement for the detection of MFs,

which is very different from the zero-bias peak in the tunneling experiments. Further, the

vibration of CNT acted as a phonon cavity will enhance the probe absorption spectrum

significantly and make the MFs more sensitive to be detected.

II. MODEL AND THEORY

Figure 1 presents the schematic setup that will be studied in this work. For the CNT

system, in the presence of a magnetic field B the spin constitutes a well-defined two-level

system (TLS). As the CNT vibrates, an effective spin-phonon coupling due to the interaction

between spin-orbit interaction will happen [31, 32]. In general, the vibrational modes of

nanotube resonator can be treated as the phonon modes. The inset of Fig.1 shows the two-

level spin state dressing with the flexural modes of CNT via the spin-phonon coupling. Due

to Ref. [33], at long phonon wavelengths the deflection coupling is dominated, while at short

wavelengths the deformation potential coupling should be dominated [33]. For simplicity

here we only consider the deflection coupling mechanism, but note that the approach can

readily be extended to include both effects. The Hamiltonian describing this system is as
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follows [22, 25, 33]

HCNT = ∆soτ3(S · rtv)/2 + ∆
′
τ1 − µorbτ3(B · rtv) + µB(S ·B), (1)

where ∆so and ∆
′
represent the curvature enhanced spin-orbit coupling and the inter-valley

coupling, respectively. τi and S are the Pauli matrices in valley and spin space, rtv is

the tangent vector along the CNT axis, and B =Bez is the magnetic field along the ax-

is of the suspended CNT. In order to study how electron spin couples to the quantized

mechanical motion of the CNT, we consider only a single polarization of flexural motion.

A generic deformation of the CNT with deflection z(z) makes the tangent vector rtv(z)

coordinate-dependent. Expanding rtv(z) for small deflections, the coupling terms in Eq.

(1) can be rewritten as S · rtv≃Sz + (du/dz)Sx and B · rtv≃Bz + (du/dz)Bx. Using the

creation (annihilation) operator a+ (a) to describe the quantized flexural phonon mode

z(z) = f(z)l0(a+ a+)/
√
2, where f(z) and l0 are the waveform and zero-point amplitude of

the phonon, we then obtain the Hamiltonian of the suspended CNT system as

HCNT = ~ωeS
z + ~ωna

+a+ ~g(S+a+ S−a+), (2)

where ~ωe = µB(B−∆so/2µB), S
± (Sz) is the pseudospin operator, B denotes the magnetic

field strength, and µB is spin magnetic moment. ωn is the vibrational frequency of the

nanotube resonator, and g is the spin-phonon coupling strength in CNT [22, 25].

Although several experiments [4–10] have been reported the possible signatures of MFs

in the hybrid SWN/SC heterostructure via electrical methods, there are still some debates

whether the signatures are the definite MFs. Hence, other schemes or proposals for probing

MFs are indispensable. Here we will try to demonstrate the existence of MFs by using

optical method, which can be considered as a supplement for detection of MFs. As each

MF is its own antiparticle, the MF operator γ with γ† = γ and γ2 = 1 to describe MFs is

introduced. Suppose that the single electron spin couples to γ1, the Hamiltonian is written

by [26]

H1 = i~ωMγ1γ2/2 + i~β(S− − S+)γ1. (3)

To detect the MFs, it is helpful to switch the Majorana representation to the regular

fermion one via the exact transformation γ1 = f † + f and γ2 = i(f † − f), where f and

f † are the fermion annihilation and creation operators obeying the anti-commutative rela-

tion
{
f , f †} = 1. Accordingly, in the rotating wave approximation [34], H1 can be rewritten
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as

HMF = ~ωM(f †f − 1/2) + i~β(S−f † − S+f), (4)

where the first term gives the energy of MF at frequency ωM , and ~ωM = ϵM ∼ e−l/ξ with

the wire length (l) and the superconducting coherent length (ξ). This term is so small

which can approach zero when the wire length is large enough. The second term describes

the coupling between the nearby MFs and the single electron spin in CNT with the coupling

strength β, where the coupling strength is related to the distance between the CNT and the

hybrid SWN/SC heterostructure. It should be also noted that the term of non-conservation

for energy, i.e. i~g(S−f − S+f+), is generally neglected. We have made the numerical

calculations (not shown in the following figures) and shown that the effect of this term is

too small to be considered in our theoretical treatment.

In terms of this scheme, we apply the pump-probe scheme to the single electron spin of

the CNT simultaneously. The Hamiltonian of the spin coupled to the two fields is given by

[28] Hp = −µ
∑
i=c,s

Ei(S
+e−iωit + S−eiωit), where µ is the dipole moment of the exciton, and

Ei is the slowly varying envelope of the field. The driven spin system with one microwave

field has been realized in hybrid spin-resonator system [29]. Therefore, one can obtain the

total Hamiltonian of the hybrid system as H = HCNT +HMF +Hp. In a rotating frame at

the pump field frequency ωc, the total Hamiltonian of the system can be rewritten as

H = ~∆cS
z + ~∆na

+a+ ~∆Mf †f + ~g(S+a+ S−a+) + i~β(S−f † − S+f)

−~Ωc(S
+ + S−)− µEs(S

+e−iδt + S−eiδt), (5)

where ∆c = ωe − ωc is the detuning of the exciton frequency and the pump frequency,

Ωc = µEc/~ is the Rabi frequency of the pump field, and δ = ωs − ωc is the probe-pump

detuning. ∆M = ωM − ωc is the detuning of the MF frequency and the pump frequency.

Actually, we have neglected the regular fermion like normal electrons in the nanowire that

interacts with the spin in CNT. To describe the interaction between the normal electrons and

the spin, we use the tight binding Hamiltonian of the whole wire as [35, 36]: Hfs = ~ωeS
z +

~
∑
k

ωkc
+
k ck +~λ

∑
k

(c+k S
−+S+ck), where ck and c†k are the regular fermion annihilation and

creation operators with energy ωk and momentum k obeying the anti-commutative relation{
ck, c

†
k

}
= 1, and λ is the coupling strength between the normal electrons and the CNT

(here for simplicity we have neglected the k-dependence of λ as in Ref. [37]).
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According to the Heisenberg equation of motion and introducing the corresponding damp-

ing and noise terms, we derive the quantum Langevin equations as follows

Ṡz = −Γ1(S
z + 1/2)− ig(S+a− S−a†)− β(S−f † + S+f)

+iΩc(S
+ − S−) + (iµEs/~)(S+e−iδt − S−eiδt), (6)

Ṡ− = −(i∆c + Γ2)S
− + 2[i(ga− Ωc) + βf ]Sz − 2iµEsS

ze−iδt/~+ τ̂in(t), (7)

ḟ = −(i∆M + κM/2)f + βS− + ς̂(t), (8)

ȧ = −(i∆n + κ/2)a− igS− + ξ̂(t), (9)

where Γ1 (Γ2) is the electron spontaneous emission rate (dephasing rate), κ is the decay rate

of CNT and κM is the decay rate of the MF. τ̂in(t) is the δ-correlated Langevin noise operator,

which has zero mean ⟨τ̂in(t)⟩ = 0 and obeys the correlation function
⟨
τ̂in(t)τ̂

+
in(t

′
)
⟩
∼ δ(t−t

′
).

The resonator mode of CNT is affected by a Brownian stochastic force with zero mean value,

and ξ̂(t) has the correlation function⟨
ξ̂+(t)ξ̂(t

′
)
⟩
=

κ

ωn

∫
dω

2π
ωe−iω(t−t

′
)[1 + coth(

~ω
2κBT

)], (10)

where kB and T are the Boltzmann constant and the temperature of the reservoir of the

coupled system. MFs have the same correlation relation as resonator mode of CNT.

To go beyond weak coupling, the Heisenberg operator can be rewritten as the sum of

its steady-state mean value and a small fluctuation with zero mean value: Sz = Sz
0 + δSz,

S− = S−
0 + δS−, f = f0 + δf and a = a0 + δa. And then inserting these operators into

the Langevin equations (Eqs. (6)-(9)) and neglecting the nonlinear term, we can obtain two

equation sets about the steady-state mean value and the small fluctuation. The steady-state

equation set consisting of f0, a0 and S−
0 related to the population inversion (w0 = 2Sz

0) of

the electron is determined by

Γ1(w0 + 1){(∆2
c + Γ2

2)(∆
2
M + κ2

M/4)(∆2
n + κ2/4) + w2

0[g
4(∆2

M + κ2
M/4)

+β2(∆2
n + κ2/4) + g2β2(2∆M∆n + κMκ/4)]

+w0[g
2(∆2

M + κ2
M/4)(2∆c∆M − Γ2κM) + β2(2∆c∆M + Γ2κM)]}

−2Ω2
cw0[3κg

2(∆2
M + κ2

M/4) + κMβ2(∆2
n + κ2/4)]

+4Ω2
cw0Γ2(∆

2
M + κ2

M/4)(∆2
n + κ2/4) = 0. (11)
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For the equation set of small fluctuation, we make the ansatz [28]

⟨δO⟩ = O+e
−iδt +O−e

iδt, O = Sz, S−, f , a. (12)

Solving the equation set and working to the lowest order in Es but to all orders in Ec, we

can obtain the linear susceptibility as χ
(1)
eff (ωs) = µS+(ωs)/Es = (µ2/~Γ2)χ

(1)(ωs), where

χ(1)(ωs) is given by

χ(1)(ωs) =
[(d∗4 − h2d

∗
3)d1h3 − iw0d

∗
4] Γ2

d2d∗4 − h1h3d1d∗3
, (13)

where b∓ = β/[i(∆M ∓ δ) + κM/2], c∓ = −ig/[i(∆n ∓ δ) + κ/2], h1 = [−ig(S−∗
0 c− − a∗0) −

β(f ∗
0 + S−∗

0 b−) − iΩc]/(Γ1 − iδ), h2 = [−ig(a0 − S−
0 c

∗
+) − β(S−

0 b
∗
+ + f0) + iΩc]/(Γ1 − iδ),

h3 = iS−∗
0 /(Γ1− iδ), d1 = 2(iga0− iΩc+βf0), d2 = i(∆c− δ−w0gc−)+(Γ2−βb−w0−d1h1),

d3 = 2(iga0 − iΩc + βf0), d4 = i(∆c + δ − w0gc+) + (Γ2 − βb2w0 − d3h4) (ℜ∗ indicates

the conjugate of ℜ). The imaginary and real parts of χ(1)(ωs) indicate absorption and

dissipation, respectively. The quantum Langevin equations of the normal electrons coupled

to CNT have the same form as MFs, therefore, we omit their derivations and only give the

results in the following section.

III. NUMERICAL RESULTS AND DISCUSSION

For illustration of the numerical results, here we use the realistic parameters [20, 22]:

κ = 0.05MHz, Γ1 = 0.1MHz, Γ2 = 0.05MHz, and g = 2π × 0.56MHz. For MF, there are

no experimental values for the lifetime of the MFs and the coupling strength between the

electron spin and MF as far as we know. However, according to a few reports [6–10, 12], we

expect that the decay rate of the MF is in the range of megahertz and κM = 0.1MHz. For

the coupling strength between the electron spin of CNT and nearby MF is related to their

distance, we expect the coupling strength β = 0.2MHz via adjusting the distance between

the CNT and the hybrid structure. The single electron spin in CNT couples to the nearby

MF and produces the coupled states |e, nM⟩ and |e, nM + 1⟩ (nM denotes the number states

of the MFs).

The distinct difference between our work and the previous schemes to detect MFs via

electrical measurements is the optical detection. Here we employ the single electron spin in

CNT to detect MFs. Single electron spin behaved as ultrasensitive probe is beneficial for

identifying the Majorana signature. We first radiate a strong pump field and a weak probe

7
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field on the single electron spin in CNT. Once the single electron spin of CNT coupled to

the nearby MF, the signature of MFs can be detected via the probe absorption spectrum.

Figure 2 shows the absorption spectrum of the probe field (i.e., the imaginary part of the

dimensionless susceptibility Imχ(1)) as a function of the probe-spin detuning ∆s (∆s =

ωs−ωe) with two different coupling strengths β = 0 and β = 0.2MHz. The black solid curve

is the result when no MFs in the nanowire. As the MFs appear at the ends of the nanowire,

the electron spin in CNT will couple to the nearby MF, which induces the upper level of the

state |e⟩ to split into |e, nM⟩ and |e, nM + 1⟩. The two peaks presented in Fig.2 with a given

coupling strength β indicate the spin-MF interaction. As shown in the low two insets of

Fig.2, the left peak signifies the transition from |g⟩ to |e, nM⟩ while the right peak is due to

the transition of |g⟩ to |e, nM + 1⟩. To determine this signature is the true MFs that appear

in the nanowire, rather than the normal electrons that couple with the single electron spin

in CNT, we give the numerical results of the normal electrons in the nanowire that couple

with the single electron spin as shown in the upper right inset of Fig.2. In order to compare

with the MF, the parameters are chosen the same as MFs’ parameters. We find that there

is no signal in the probe absorption spectrum (see the red solid line in the inset of Fig.2)

which means that the splitting of the probe absorption spectrum is the true signature of

MFs. Therefore, our result here reveals that the splitting in the probe absorption is a real

signature of MF.

With increasing the coupling strength β of single electron spin and MF, the distance of

the splitting becomes larger and larger, and the stronger coupling strength induces the wider

and deeper dip, which obviously reveals the spin-MF coupling. Figure 3 shows the probe

absorption spectrum as a function of detuning ∆s with three spin-MF coupling constants.

We find that the distance of the splitting is twice times larger than the spin-MF coupling

strength, which provides a straightforward method to measure the spin-MF coupling strength

in this coupled system. The inset of Fig.3 indicates a linear relationship between the distance

of the peak splitting and the spin-MF coupling strength. Therefore, the coupling strength

can be obtained immediately by directly measuring the distance of two peaks in the probe

absorption spectrum.

In order to demonstrate the function of the CNT that enhances the sensitivity for de-

tecting MFs, we should consider the vibration of CNT. Figure 4(a) presents the absorption

spectrum of the probe field as a function of the probe detuning ∆s with several spin-phonon
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coupling strengths. In Fig.4(a), three coupling strengthes (g = 0, 0.2MHz, and 0.56MHz)

are considered. g = 0 means that there is no spin-phonon coupling in the suspended CNT,

there are still two sharp peaks in the absorption spectrum which has been demonstrated in

Fig. 3 indicated the the spin-MF coupling. However, once the spin-phonon coupling turns

on, more obvious splitting of the curves can be observed in the absorption spectrum. Here,

we consider increasing the coupling strength to the realistic value such as g = 0.56MHz

[20], the two peaks of the absorption spectrum become more significant than that without

the spin-phonon coupling in CNT. This result demonstrates that the vibration of CNT will

enhance the probe spectrum and make the MFs more sensitive to be detected. This ”phonon

cavity” enhanced effect is analogous to the optical cavity enhanced effect in quantum optics

[39].

In Fig.4(b), we take the spin-phonon coupling into consideration (the red curve), in

which the spin-MF coupling β = 0 and the spin-phonon coupling g = 0.56 MHz. Compared

with the condition that the spin-MF coupling β = 0.2 MHz and the spin-phonon coupling

g = 0.56 MHz, the spin-MF coupling indeed induces the larger splitting. Return to the

quantum Langevin equations, we see that Eqs.(8) and (9) are symmetric with respect to

the MFs and the single electron spin. As a consequence, the enhanced effect between the

spin-MF coupling and the spin-phonon coupling in the probe absorption spectrum is mutual.

Here it should also be noted that in our theoretical model the nanotube resonator is not

embedded in the bulk superconducting substrate, so the effect of coupling of the nanotube

resonator to the bulk superconducting state should not be considered in the present work.

The other effects such as surface electric dipole effects and Stark effects can be neglected in

the present calculations due to the ultraclean sample and the very weak interactions in the

present experiments [4–10].

IV. CONCLUSION

We have proposed an optical method to detect the Majorana fermions in hybrid semicon-

ductor nanowire/superconductor heterostructures via a suspended carbon nanotube with

a single electron spin. Based on this scheme, the coupling strength between the spin and

nearby Majorana fermions can be determined via the probe absorption spectrum. Due to

the CNT’s vibrations, the Majorana fermions become more sensitive to be detectable. The
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optical scheme may provide another supplement for detecting Majorana fermions. Finally

we hope that our proposed scheme can be realized experimentally in the near future.
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Figure Captions

Fig.1 Schematic diagram of the proposed setup for optically detecting Majorana fermion-

s. An InSb semiconductor nanowire (SNW) with strong spin-orbit interaction (SOI) in an

external aligned parallel magnetic field B is placed on the surface of a bulk s-wave super-

conductor (SC). The two yellow stars at the ends of nanowire represent a pair of Majorana

fermions. The nearby Majorana fermion is coupled to a single electron spin of suspended

carbon nanotube (CNT) under a strong pump laser and a weak probe laser simultaneously.

The inset is an energy-level diagram of the spin coupled to Majorana fermion and the CNT

resonator.

Fig.2 The probe absorption spectrum as a function of detuning ∆s without (black curve)

and with (blue curve) spin-MF coupling strengths (β = 0 MHz and β = 0.2 MHz). The

upper right inset is the normal electrons in the nanowire that couple with the spin at the

coupling strength λ = 0.2 MHz. The low two insets represents the energy level transitions

of the left peak and right peak presented in the absorption spectrum. The parameters used

are Γ1 = 0.1 MHz, Γ2 = 0.05 MHz, κM = 0.1 MHz, κ = 0.05 MHz, g = 0 MHz, ∆M = −0.1

MHz, Ω2
c = 5× 10−4(MHz)2 and ∆c = ∆n = 0.

Fig.3 The probe absorption spectrum as a function of detuning ∆s with several spin-MF

coupling strengths (β = 0.1 MHz, 0.2 MHz, 0.3 MHz). The inset shows linear relationship

between the distance of peak splitting and the coupling strength of spin-MF. The other

parameters used are the same as in Fig.2.

Fig.4 The probe absorption spectrum as a function of detuning ∆s. (a) The spin-phonon

coupling strengths g = 0MHz, 0.2 MHz, and 0.56 MHz at the spin-MF coupling β = 0.2MHz.

(b) The spin-MF coupling β = 0 MHz and 0.2 MHz at spin-phonon coupling strength

g = 0.56 MHz. The other parameters used are the same as in Fig.2.
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FIG. 1: Schematic diagram of the proposed setup for optically detecting Majorana fermions. An

InSb semiconductor nanowire (SNW) with strong spin-orbit interaction (SOI) in an external aligned

parallel magnetic field B is placed on the surface of a bulk s-wave superconductor (SC). The two

yellow spots at the ends of nanowire represent a pair of Majorana fermions. The nearby Majorana

fermion is coupled to a single electron spin of the suspended carbon nanotube (CNT) under a

strong pump field and a weak probe field simultaneously. The inset is an energy-level diagram of

the spin coupled to Majorana fermion and the CNT resonator.
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FIG. 2: The probe absorption spectrum as a function of detuning ∆s without (black curve) and with

(blue curve) spin-MF coupling strengths (β = 0MHz and β = 0.2MHz). The upper right inset is the

normal electrons in the nanowire that couple with the spin at the coupling strength λ = 0.2 MHz.

The low two insets represents the energy level transitions of the left peak and right peak presented

in the absorption spectrum. The parameters used are Γ1 = 0.1MHz, Γ2 = 0.05MHz, κM = 0.1MHz,

κ = 0.05MHz, g = 0MHz, ∆M = −0.1MHz, Ω2
c = 5× 10−4(MHz)2 and ∆c = ∆n = 0.
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FIG. 3: The probe absorption spectrum as a function of detuning ∆s with several spin-MF cou-

pling strengths (β = 0.1MHz, 0.2MHz, 0.3MHz). The inset shows linear relationship between the

distance of peak splitting and the coupling strength of spin-MF. The other parameters used are

the same as in Fig.2.
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FIG. 4: The probe absorption spectrum as a function of detuning ∆s. (a) The spin-phonon coupling

strengths g = 0 MHz, 0.2 MHz, and 0.56 MHz at the spin-MF coupling β = 0.2 MHz. (b) The

spin-MF coupling β = 0 MHz and 0.2 MHz at spin-phonon coupling strength g = 0.56MHz. The

other parameters used are the same as in Fig.2.
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