
This is an Accepted Manuscript, which has been through the 
Royal Society of Chemistry peer review process and has been 
accepted for publication.

Accepted Manuscripts are published online shortly after 
acceptance, before technical editing, formatting and proof reading. 
Using this free service, authors can make their results available 
to the community, in citable form, before we publish the edited 
article. We will replace this Accepted Manuscript with the edited 
and formatted Advance Article as soon as it is available.

You can find more information about Accepted Manuscripts in the 
Information for Authors.

Please note that technical editing may introduce minor changes 
to the text and/or graphics, which may alter content. The journal’s 
standard Terms & Conditions and the Ethical guidelines still 
apply. In no event shall the Royal Society of Chemistry be held 
responsible for any errors or omissions in this Accepted Manuscript 
or any consequences arising from the use of any information it 
contains. 

Accepted Manuscript

Energy &
Environmental
 Science

www.rsc.org/ees

http://www.rsc.org/Publishing/Journals/guidelines/AuthorGuidelines/JournalPolicy/accepted_manuscripts.asp
http://www.rsc.org/help/termsconditions.asp
http://www.rsc.org/publishing/journals/guidelines/


 

 

 

Thermodynamic Limits of Extractable 

Energy by Pressure Retarded Osmosis  

 

 
 
 

Energy and Environmental Science 
 

Revised: May 19, 2014 

 
 
 
 

Shihong Lin, Anthony P. Straub and Menachem Elimelech* 
 

 
Department of Chemical and Environmental Engineering 

Yale University 

New Haven, Connecticut 06520-8286 

 

 

 

 

 

 

*Corresponding author: email: menachem.elimelech@yale.edu; Tel. +1 (203) 432-2789;  

  

Page 1 of 29 Energy & Environmental Science

E
ne

rg
y

&
E

nv
ir

on
m

en
ta

lS
ci

en
ce

A
cc

ep
te

d
M

an
us

cr
ip

t



1 

 

Abstract 1 

Salinity gradient energy, which is released upon mixing two solutions of different 2 

concentrations, is considered a promising source of sustainable power.  Of the methods 3 

available to harvest salinity gradient energy, pressure retarded osmosis (PRO) has been one 4 

of the most widely investigated.  In this study, we identify the thermodynamic limits of the 5 

PRO process by evaluating the obtainable specific energy, or extractable energy per total 6 

volume of the mixed solutions.  Three distinct operation modes are analyzed: an ideal case 7 

for a reversible process, and constant-pressure operations with either co-current or 8 

counter-current flow in a membrane module.  For module-scale operation, counter-current 9 

flow mode is shown to be more efficient than co-current flow mode.  Additionally, two 10 

distinct thermodynamically limiting operation regimes are identified in counter-current flow 11 

mode  the draw limiting regime and the feed limiting regime.  We derive analytical 12 

expressions to quantify the maximum specific energy extractable and the corresponding 13 

optimal feed flow rate fraction and applied pressure for each operation mode.  Using the 14 

analytical expressions, we determine that maximum extractable energy in constant-pressure 15 

PRO with seawater (0.6 M NaCl) as a draw solution and river water (0.015 M NaCl) as a feed 16 

solution is 0.192 kWh per cubic meter of mixed solution (75% of the maximum specific 17 

Gibbs free energy of mixing).  Considering this is the theoretical upper bound of extractable 18 

energy by the PRO process, we discuss further efficiency losses and energy requirements 19 

(e.g., pretreatment and pumping) that may render it difficult to extract a sizable net specific 20 

energy from a seawater and river water solution pairing.  We analyze alternative source 21 

waters that provide higher salinity difference and hence greater extractable specific energy, 22 

such as reverse osmosis brine paired with treated wastewater effluent, which allow for a more 23 

immediately viable PRO process. 24 

  25 
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Broader Context 26 

The concept of harnessing the energy released when two solutions of different salinities are 27 

mixed has been proposed as a promising source of clean energy. Pressure retarded osmosis 28 

(PRO) has been identified as one of the furthest developed methods to extract this energy of 29 

mixing and many studies have looked at the performance of small-scale membrane coupons 30 

in PRO.  However, these coupon-sized experiments cannot give insight into the amount of 31 

energy extractable in the full-scale PRO process since, in practice, it is operated with 32 

membrane modules at a constant applied hydraulic pressure.  We theoretically evaluate the 33 

PRO process to understand flow and concentration behavior in constant-pressure modules.  34 

Using this analysis, we establish the thermodynamic limit of extractable energy at the module 35 

scale.  For river water mixing with the sea, one of the most widely considered source water 36 

pairings, we identify the maximum extractable energy in the process is 0.192 kWh per cubic 37 

meter of mixed total solution. Even though this is only 25% less than the Gibbs free energy of 38 

mixing, we discuss additional efficiency losses and energy costs that may substantially 39 

reduce the net specific energy available from the river water and seawater.  We highlight 40 

other source water pairings for the PRO process which, in some cases, can circumvent the 41 

need for pretreatment and still offer relatively high efficiencies in a constant-pressure 42 

module. 43 

  44 
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Introduction 45 

The quest for renewable energy has been accelerated in recent years by the urgent need to 46 

reduce greenhouse gas emissions and mitigate global warming.
1
 In consequence, a variety of 47 

engineered systems have been conceived and developed to harness the energy constantly 48 

provided by nature. Salinity gradient energy, which is released upon mixing two solutions of 49 

different salt concentrations,
2
 is considered a promising renewable energy source with an 50 

estimated global power potential of 1.4-2.6 TW.
3
 In addition to its large potential, salinity 51 

gradient energy also has the theoretical advantage of relatively high volume power density.  52 

For instance, in a reversible thermodynamic process, the energy released from mixing a cubic 53 

meter of fresh water into the sea is estimated to be about 0.8 kWh,
4
 which is equivalent to a 54 

hydraulic water head of ~290 meters.  55 

Pressure retarded osmosis (PRO), reverse electrodialysis, and capacitive mixing are 56 

emerging processes to harvest salinity gradient energy.
3,5-10

 Of these, PRO is the most widely 57 

investigated. In the PRO process, the chemical potential difference drives water from a 58 

low-salinity feed solution across a semipermeable membrane into a high-salinity draw 59 

solution. A hydraulic pressure lower than the osmotic pressure difference is applied to the 60 

draw solution and the incremental increase in volume (or flow rate) of the pressurized draw 61 

solution is used to drive a hydro-turbine and generate power.
11-14

  62 

Most existing PRO studies were carried out at the scale of a membrane coupon with 63 

the goal of understanding the local mass transfer kinetics and membrane power density. 
15-19

 64 

However, information from coupon level analysis cannot be used to predict the performance 65 

of the PRO process because, in practice, a PRO system comprises membrane modules and is 66 

operated at a constant applied hydraulic pressure
20
. In this operation mode, salt buildup in 67 

the feed solution and dilution of salts in the draw solution impose a thermodynamic limit on 68 

the extractable energy that is considerably lower than the efficiency of a reversible process.  69 

Similar thermodynamic limitations have been demonstrated for separation processes 70 

involving high salinity feed solutions, such as reverse osmosis
21,22

 and direct contact 71 
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membrane distillation,
23

 but PRO modeling at the module scale to establish the 72 

thermodynamic limits of the process has not been conducted yet.  This type of analysis is 73 

critical to understand the efficiency of the process as well as to determine the optimal 74 

module configuration and operation conditions.  75 

When quantifying energy efficiency of a PRO process, it is necessary to consider the 76 

method used to normalize the extractable energy.  Previous analyses on salinity gradient 77 

energy mainly focused on the extractable energy per volume of feed (low salinity) solution, 78 

with the goal of evaluating the limit of available energy assuming fresh water as the scarce 79 

resource.
4,24,25

 A straightforward conclusion with this approach is that the energy extractable 80 

per volume of feed solution will be maximized if the feed volume fraction (i.e. the initial 81 

volume of feed divided by the total volume of mixed solution) approaches zero. However, 82 

feed volume fraction approaching zero for maximizing the energy per volume of feed 83 

solution is an impractical operation condition in PRO, which provides no realistic rationale 84 

for process optimization with respect to feed volume fraction. In addition, while fresh water 85 

is indeed the limiting resource compared to the virtually inexhaustible seawater, Post et al. 86 

identified that there are economic costs associated with pretreating and transporting both the 87 

feed and draw solutions.
26

 Therefore, from a practical point of view, a more reasonable 88 

metric is the extractable energy normalized by the total volume of the mixed solutions, 89 

which is hereby defined as specific energy.   90 

In this paper, we evaluate the thermodynamic limits of the maximum specific energy 91 

extractable in a PRO process and determine the corresponding optimal operating conditions.  92 

Three different operation modes are analyzed: an ideal case for a reversible process, and 93 

constant-pressure operations with either co-current flow or counter-current flow in a 94 

membrane module. Our module-scale analysis identifies two distinct thermodynamically 95 

limiting operation regimes in counter-current flow operation: the draw limiting regime and 96 

the feed limiting regime. We also derive analytical expressions to quantify the optimal 97 

operating conditions and the corresponding maximum specific energy extractable in the 98 
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5 

 

different operation modes. Practical implications for potential applications of PRO are 99 

discussed based on the theoretical limits of the maximum specific energy.  100 

 101 

Thermodynamically Reversible PRO Process 102 

The Gibbs free energy of mixing is the thermodynamic upper bound of the energy extractable 103 

by mixing two solutions of different salinities and can be attained only via a 104 

thermodynamically reversible process. In PRO, a thermodynamically reversible process can 105 

be realized in a batch mode by keeping the applied pressure infinitesimally smaller than the 106 

osmotic pressure difference throughout the entire process. It has been proven that the energy 107 

generated in such a reversible PRO process exactly equals the Gibbs free energy of mixing.
4
 108 

In this section, we discuss the Gibbs free energy of mixing per volume of mixed solution, 109 

∆��� (i.e. the specific Gibbs free energy of mixing), as a function of feed volume fraction, 110 

�, with the goal of identifying the optimal � that yields the maximum specific Gibbs free 111 

energy of mixing.  112 

 113 

Specific Gibbs Free Energy of Mixing 114 

The molar Gibbs free energy of mixing, ∆����,
�, is defined as the energy per mole of 115 

mixed solution generated from mixing two solutions of different salinities in an isothermal 116 

and isobaric process.
27,28

 It can be evaluated as the difference between the molar entropy after 117 

and before mixing:
26 118 

− ∆�
�� = � ��,�
�

ln���,���,�� − ���� � ��,�
�

ln���,���,�� − ���� � ��,�
�

ln���,���,�� (1) 

Here, � is the ideal gas constant;  is the absolute temperature; ��, ��, and �� are the 119 

total amount (in moles) of mobile species (i.e. solvent molecules, dissociated ions from 120 

solutes, and, if present, neutral solute molecules) in the mixed, feed, and draw solutions, 121 

respectively; ��,�, ��,�, and ��,� are the mole fractions of species “�” in the mixed, feed, and 122 
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draw solutions, respectively; and ��,�, ��,�, and ��,� are the activity coefficients of species 123 

“�” in the corresponding solutions.  124 

For dilute solutions, the activity coefficients can be approximated as unity.
29

 Further, 125 

assuming negligible contribution of solute to the volume of the solution, the ratio of total 126 

moles in the feed and draw solutions to the total moles in the mixed solution (i.e. ��/�� 127 

and ��/�� , respectively) can be approximated by the corresponding volume fractions: 128 

��/�� 	 ≈ � and ��/�� ≈ 1 − � .
4
 Applying these simplifications to eq 1 leads to an 129 

expression for the specific Gibbs free energy of mixing, ∆���, as a function of the molar 130 

concentrations of the feed, draw, and mixed solutions (�� , ��,	and ��) as well as the feed 131 

volume fraction,
4

 �: 132 

∆���!� = �� ln"��# − ��� ln"��# − "1 − �#�� ln"��# (2) 

where ! is the van’t Hoff factor for strong electrolytes (e.g., ! = 2 for NaCl).  133 

Fig. 1 presents the specific Gibbs free energy of mixing as a function of the feed 134 

volume fraction, �, as predicted by the more precise eq 1 (open symbols) and the simplified 135 

eq 2 (dashed lines). The simplified equation (eq 2) always overestimates ∆��� as compared 136 

to eq 1. The absolute deviation is more significant when ∆��� is higher, but is always less 137 

than 10% of ∆���. The optimal feed volume fractions are very similar from the predictions 138 

by both the precise and simplified equations. Therefore, hereafter we will only use the 139 

simplified equation (eq 2) for the convenience of derivation. 140 

FIGURE 1 141 

Optimal Feed Fraction and Maximum Specific Energy 142 

In a thermodynamically reversible PRO process, the feed volume fraction, �, is the only 143 

operational parameter. The maximum ∆��� occurs when its derivative with respect to � is 144 

zero: 145 
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%�∆����
%� = 0 (3) 

Solving eq 3 using the simplified expression for ∆��� (eq 2) leads to the critical feed 146 

fraction, �'(,∆), with which the specific Gibbs free energy of mixing is maximized: 147 

�'(,∆) = *�+ ,�� ln"��# − �� ln"��#�� − �� − 1- − ��
�� − ��  

(4) 

Combining eq 2 and eq 4 yields the maximum specific Gibbs free energy, ∆���,�.�:  148 

∆���.�.�!� = ������ − ��
"ln"��# − ln"��## − *�+ 0�� ln"��# − �� ln"��#

�� − �� − 11 (5) 

Both �'(,∆) and ∆���.�.� are simply functions of the feed and draw concentrations, �� 149 

and �� , respectively. Thorough inspection of calculated �'(,∆)  over a wide range of 150 

reasonable feed and draw concentrations reveals that �'(,∆) is mostly centered around 0.6 151 

and decreases slightly for higher feed concentrations (Fig. S1). 152 

 153 

Module-Scale PRO Analysis 154 

While the Gibbs free energy of mixing represents the theoretical upper bound of extractable 155 

energy, it is difficult to approach in practice, as it requires a thermodynamically reversible 156 

process where the applied pressure always equals the varying osmotic pressure difference 157 

between the feed and draw solutions. A full-scale PRO process operates with membrane 158 

modules under constant pressure. In this section, we describe the mass transfer in a PRO 159 

module that is of either counter-current or co-current flow configuration. The goal is to 160 

understand the impacts of two major operation parameters — the applied hydraulic pressure, 161 

∆2, and the feed flow rate fraction, � — on the performance of PRO at the module scale. 162 

Because we are interested in understanding the thermodynamic limits of system 163 

performance, we deliberately ignore non-idealities in conducting our system scale analysis.  164 

Specifically, the idealizing assumptions include (i) absence of reverse draw salt flux, which 165 

implies a membrane with perfect selectivity, and (ii) absence of internal and external 166 
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concentration polarizations, which is equivalent to having a membrane with a negligible 167 

structural parameter and operating the PRO process with perfect hydrodynamics (i.e., 168 

complete mixing). As will be shown in the subsequent sections, ignoring non-idealities 169 

enables the derivation of simple analytical expressions for the upper bound of extractable 170 

energy and the corresponding operating conditions. With these underlying assumptions, the 171 

ideal trans-membrane water flux, 34,�, can be related to the bulk concentration difference by 172 

the following equation: 173 

34,�"�� , ��# = 567"��# − 7"��# − ∆28 (6) 

where 5 is the pure water permeability of the PRO membrane and 7"�# is the osmotic 174 

pressure of a solution of molar concentration �. To further simplify our analysis, we assume 175 

the osmotic pressure as a function of molar concentration following the van’t Hoff equation: 176 

7"�# = !�� (7) 

We note that predictions based on this equation deviate slightly from the actual osmotic 177 

pressure when the solution is highly concentrated.
30
 178 

 179 

Mass Transfer in Counter-current Flow  180 

The mass balance of water and of draw solute in a counter-current flow module is given by: 181 

%9�%: = 34,�"��":#, ��":## (8A)  

%9�%: = 34,�"��":#, ��":## (8A) 

��":# = ��,;9�,;9�":#  (8C) 

��":# = ��,;9�,;9�":#  (8D) 

Specifically, eqs 8A and 8B quantify the mass transfer of water across the semi-permeable 182 

membrane, and eqs 8C and 8D describe the mass balance of draw solute in the draw and feed 183 

solutions, with the assumption that the membrane perfectly rejects the draw solute. The 184 
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9 

 

position in the module is represented by the normalized membrane area, :, which is defined 185 

as the membrane area between the entrance of the draw solution stream (as the convention in 186 

this paper) and the position being described, normalized by the total membrane area in the 187 

module. Using : to quantify the relative position in the module eliminates the need to 188 

specify the configuration of the cross section and the membrane area per unit length of 189 

module, and thus renders the analysis generally applicable. 190 

For module-scale operation in counter-current configuration with a total membrane 191 

area, 	< , the boundary conditions are ��"0# = ��,;  and 9�"0# = 9�,;  (i.e. : = 0 192 

corresponds to the draw solution entrance), and ��"<# = ��,;  and 9�"<# = 9�,;  (i.e. 193 

: = < corresponds to the feed solution entrance). 194 

 195 

Mass Transfer in Co-current Flow  196 

The mass balance of water and of draw solute in a co-current flow module is given by 197 

%9�":#
%: = 34,�"��":#, ��":## (9A) 

%9�":#
%: = −34,�"��":#, ��":## (9B) 

��":# = ��,;9�,;9�":#  (9C) 

��":# = ��,;9�,;9�":#  (9D)    

Note that these equations that describe the mass balance in a co-current flow module are 198 

almost the same as those for the counter-current flow module (eq 8), except for eq 9B due to 199 

the different flow direction. The boundary conditions for the co-current flow operation are 200 

��"0# = ��,;  and 9�"0# = 9�,; , and ��"0# = ��,;  and 9�"0# = 9�,;  (i.e. : = 0 201 

corresponds to the entrances for both the feed and draw solutions). 202 

 203 

  204 
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Operation Regimes in the PRO Module 205 

Solving the mass balance equations (eqs 8 and 9) yields the flow rate and solute 206 

concentration distributions along the modules. The solute concentration distributions for both 207 

counter-current (dashed curves) and co-current (solid curves) configurations are presented in 208 

Fig. 2C and 2D for different initial feed flow rate fractions, �. To be more general, instead of 209 

showing the flow rate distributions, Fig. 2A and 2B show the distribution of flow rate 210 

fractions which are independent of the absolute flow rates of the system. In Fig. 2, the 211 

membrane area, σ, pure water permeability, A, and feed flow rate, 9�,;, are deliberately 212 

chosen so that mass transfer can proceed to the thermodynamic limit. The extent of mass 213 

transfer is characterized the by the parameter = = 5</9�,;. Note that for a given feed 214 

concentration, draw concentration, and applied hydraulic pressure, the flow rate fraction and 215 

solute concentration distribution profiles will remain identical as long as the = value is 216 

unchanged. Completion of mass transfer in Fig. 2 is indicated by the existence of a portion of 217 

the membrane module where both the flow rate fractions and solute concentrations remain 218 

constant. In such portions of the membrane module, the driving force for mass transfer (i.e., 219 

the difference between the osmotic pressure difference and the applied hydraulic pressure) 220 

vanishes so that the trans-membrane water flux given by eq 6 becomes zero. 221 

FIGURE 2 222 

For co-current flow operation, both the draw solute concentration decreases and the 223 

feed concentration increases considerably along the module with a small feed flow rate 224 

fraction � = 0.3 (Fig. 2C). However, with � = 0.8, a relatively large value, the feed 225 

concentration barely changes (Fig. 2D) because only a small fraction of the water from the 226 

feed solution transfers across the membrane before the draw concentration decreases to the 227 

level that the condition for zero driving force is reached. For counter-current flow operation, 228 

there are two distinct operation regimes, depending on the initial feed flow rate fraction, �. 229 

When �  is small (e.g. � = 0.3 ), the feed concentration increases to a critical feed 230 

concentration, ��∗  (Fig. 2C), which is dependent on the initial draw concentration,	��,;, and 231 

the applied hydraulic pressure, ∆2: 232 
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��∗ ≡ ��,; − ∆2
!� (10) 

The driving force vanishes when �� reaches ��∗ , as the osmotic pressure difference is equal 233 

to the applied hydraulic pressure. A counter-current flow PRO operation with its effluent feed 234 

concentration, ��,B, reaching the critical feed concentration, ��∗ , is considered to be in the 235 

feed limiting regime (FLR). In contrast, when �  is large (e.g. � = 0.8 ), the draw 236 

concentration, �� , decreases to a critical draw concentration, ��∗  (Fig. 2D), which is a 237 

function of the initial feed concentration,	��,;, and the applied pressure, ∆2: 238 

��∗ ≡ ��,; + ∆2
!� (11) 

Eq 11 corresponds to a thermodynamic equilibrium in which the osmotic pressure difference 239 

between the solutions of ��∗  and ��,;  is equal to the applied hydraulic pressure. 240 

Analogously, we identify a PRO operation in which the effluent draw concentration, ��,B, 241 

reaches the critical draw concentration, ��∗ , as an operation in the draw limiting regime 242 

(DLR). We note that similar concepts of thermodynamically limiting regimes have been 243 

identified in module scale operation of reverse osmosis
21
 and direct contact membrane 244 

distillation, 
23
 in which the driving force for mass transfer decreases as the process proceeds. 245 

Regardless of the flow configuration and operation regime, the specific energy of the 246 

operation, D, is always defined as the power extractable from the system, EF , normalized by 247 

the total flow rate,	9GHI: 248 

D = EF
9GHI = J2J9

9�,; + 9�,; = J2��"J2, �# (12) 

where J9 is the trans-membrane flow rate (i.e. the integral of water flux with respect to the 249 

membrane area for the entire module) and � is the feed recovery rate, defined as the ratio of 250 

J9	over the initial feed flow rate 9�,;. For a given PRO system, the feed recovery rate, �, is 251 

a function of both the applied pressure, J2, and the initial feed flow rate fraction, �. It is 252 

worth noting that in both cases presented in Fig. 2 (� = 0.3 and � = 0.8), the feed recovery 253 
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rates are very similar for co-current and counter-current operations, which, as we will show 254 

later, is not necessarily the case with an intermediate �. 255 

The specific energy normalization shown above assigns equal value to feed and draw 256 

solutions, an assumption that has been made previously
25

 and allows for the derivation of 257 

simple analytical equations.  However, in reality, the normalization should take into account 258 

the difference between the feed and draw solutions in their relative energetic cost of 259 

procurement, pretreatment, and pumping.  This type of extensive analysis, while useful, is 260 

beyond the scope of this work. 261 

 262 

Thermodynamic Analysis of Limiting Regimes 263 

From the numerical solution of eq 8, as presented in Fig. 2, we have identified two distinct 264 

regimes (FLR and DLR) for PRO operation with counter-current flow configuration. It 265 

appears that as long as the membrane area is sufficiently large so that these thermodynamic 266 

limiting regimes are reached, the performance of the system can be analytically determined 267 

based on simple mass balance with eqs 10-12.  268 

When the PRO operation is in FLR, mass balance and the condition ��,B = ��∗  dictate 269 

the feed recovery rate, ��KL: 270 

��KL = 1 − ��,;��∗
 (13) 

The specific energy in FLR is then given by 271 

D�KL = ∆2���KL = ∆2� 01 − ��,;��∗
1 (14) 

In FLR, both the boundary conditions ��,B = ��∗  and ��,B ≥ ��∗  should be satisfied, which 272 

leads to the necessary operation condition: 273 

� ≤ ��KL = ��∗��,; + ��,; (15) 

We note that ��∗  and ��∗  are both functions of ∆2, and therefore, ��KL is a function of 274 

��,;, ��,; , and ∆2. 275 
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Analogously, when the PRO operation is in DLR, the feed recovery rate, ��KL, can be 276 

readily determined by mass balance and the condition ��,B = ��∗ :  277 

��KL = 1 − �
� 0��,;��∗

− 11 (16) 

The specific energy in DLR is then given by 278 

D�KL = ∆2���KL = ∆2"1 − �# 0��,;��∗
− 11 (17) 

The necessary conditions for a PRO to operate in DLR can be determined by the boundary 279 

conditions that ��,B = ��∗  and ��,B ≤ ��∗ : 280 

	� ≥ ��KL = ��∗��,; + ��,; (18) 

Comparing eqs 15 and 18 reveals that under the same applied pressure as well as feed 281 

and draw concentrations, ��KL is exactly equal to ��KL, which means that such a critical 282 

initial feed flow rate fraction, �∗ (�∗ = ��KL = ��KL), demarcates operation in both FLR 283 

and DLR as long as there is sufficient membrane area for the operation to reach the 284 

thermodynamic limiting regimes. If the membrane area is insufficient, the condition of zero 285 

driving force will not be reached anywhere in the module. Consequentially, the effluent feed 286 

concentration will always be lower than ��∗ , and the effluent draw concentration will always 287 

be higher than ��∗ . 288 

Finally, it should be noted that the above analysis on thermodynamic limiting regimes 289 

is only applicable for counter-current flow operation, in which the equilibrium condition can 290 

occur on either end of the module. In the special case of � = �∗, the equilibrium occurs on 291 

both ends of the module simultaneously.  In a co-current flow operation, although the 292 

concentration distributions seem to be very different between the case when � is small and 293 

that when � is large, there is no distinctive operation regime that can be defined in a way 294 

similar to that of the counter-current flow operation, because the equilibrium condition can 295 

only occur at the exit of the module. 296 

 297 

Optimal Conditions for Module Operation 298 
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The analysis of thermodynamic limiting operation regimes presented above is important for 299 

understanding the behavior of a counter-current flow PRO process at a module scale. In 300 

addition, eqs 14 and 17 allow us to evaluate the specific energy of the process, which, for 301 

given sources of feed and draw solutions, is dependent on the applied pressure, ∆2, and the 302 

initial feed flow rate fraction, �. In this section, we will identify the optimal operation 303 

conditions and the corresponding maximum specific energy for both counter-current and 304 

co-current flow operation. 305 

 306 

Counter-Current Flow Operation  307 

Because the specific energy in FLR, D�KL"�#  (eq 14), is a monotonically increasing 308 

function, and the upper bound of � in FLR is ��KL (eq 15), the optimal � in FLR is 309 

��KL, and the maximum specific energy is D�KL"��KL#. Analogously, since the specific 310 

energy in DLR, D�KL"�# (eq 17), is a monotonically decreasing function, and the lower 311 

bound of � in DLR is ��KL (eq 18), the optimal � in DLR is ��KL, and the maximum 312 

specific energy is D�KL"��KL#. However, it has been shown that ��KL is exactly equal to 313 

��KL for a given applied pressure and a given set of working concentrations (��,; and ��,;). 314 

Therefore, the optimal initial feed flow rate fraction in a counter-current flow operation 315 

(�HOI,PG) is the critical feed flow rate (�∗) that divides the FLR and DLR: 316 

�HOI,PG"∆2# = ��∗��,; + ��,; = ��,; − ∆2/"!�#
��,; + ��,;  (19) 

The corresponding maximum specific energy is then given by either D�KL"�∗#  or 317 

D�KL"�∗#, with both yielding the same analytical equation: 318 

D�.�,PG"∆2# = ∆2 ��,; − ��,; − ∆2/"!�#
��,; + ��,;  (20) 

The optimal initial feed flow rate fraction and the corresponding maximum specific energy 319 

are plotted in Fig. 3 as functions of the applied pressure, ∆2.  320 

FIGURE 3 321 
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The blue dashed curve in Fig. 3 gives the maximum specific energy extractable for a 322 

given applied hydraulic pressure, which can be considered as the local maximum attainable if 323 

the initial feed flow rate fraction is optimally tailored to a given pressure. However, there also 324 

exists an optimal applied pressure that leads to a global maximum of the specific energy. 325 

From observing the maximum specific energy curve (Fig. 3) and also inspecting the structure 326 

of eq 20, it is evident that the global maximum of specific energy occurs when the applied 327 

pressure is half of the osmotic pressure difference (i.e. J2 = !����,; − ��,;�/2). This is 328 

also well known as the condition for achieving a maximum power density for a small 329 

membrane coupon (i.e. not at the module scale)
15
. However, it should be emphasized that the 330 

underlying principles behind these two optimal conditions are totally different.  331 

When the applied pressure is half of the osmotic pressure difference, the 332 

corresponding optimal initial feed flow rate fraction is �QRS,TU"∆π/2# = 0.5. In other words, 333 

the conditions leading to a global maximum of specific energy are J2 = ∆7/2 and � =334 

0.5. Applying these conditions to either eq 14 or 17 yields the expression for the maximum 335 

specific energy of PRO in counter-current flow configuration, D�.�,PG∗ : 336 

D�.�,PG∗ = D�.�,PG ,∆7
2 - = !�

4
"��,; − ��,;#X
"��,; + ��,;#  (21) 

As a global maximum, D�.�,PG∗  is simply a function of the initial feed and draw 337 

concentrations as well as the working temperature. 338 

 339 

Co-Current Flow Operation  340 

For co-current flow operation, no distinct operation regimes can be defined as in 341 

counter-current flow operation. The specific energy for a module scale constant pressure 342 

PRO operation, regardless of operation mode, is always given by eq 12. In a co-current flow 343 

operation, the feed recovery, �PY, can be determined from 344 

J2 = !� , 1/� − 1
1/� − 1 + �PY ��,; − 1

1 − �PY ��,;- (22) 
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The analytical expression of �PY as a function J2 and � based on eq 22 is too 345 

complicated to derive a simple analytical expression for an optimal initial feed flow rate 346 

fraction, �HOI,PY, as a function of the applied pressure, J2. However, the specific energy as 347 

defined by eq 12 can be readily solved numerically with different J2 and �. From the 348 

numerical results shown in Fig. 4, the global optimal operation conditions for co-current flow 349 

PRO operation are identified as J2 = ∆7/2 and � = 0.5, which are exactly the same as 350 

those for counter-current flow operation. The global maximum of specific energy, D�.�,PY∗ , 351 

under these optimal operation conditions is given by 352 

D�.�,PY∗ = DPY"∆2 = ∆7
2 , � = 1

2# = !�
4 �Z��,; − Z��,;�X

 (23) 

FIGURE 4 353 

It can be readily proven, by comparing eq 21 and 23, that under optimal conditions, 354 

operation in counter-current flow mode always yields a higher specific energy than that in 355 

co-current flow mode: 356 

D�.�,PG∗ ≥ D�.�,PY∗  (24) 

The only condition for the equality to hold is that ��,; = ��,;, which is a trivial condition as 357 

no mixing energy is extractable from the system with two streams of equal salinity. 358 

 359 

Implications 360 

Based on our preceding analysis, the analytical expressions for the optimal operating 361 

conditions and the corresponding maximum specific energy in the three different operation 362 

modes are summarized in Table 1. The optimal operating conditions and the maximum 363 

specific energy are both functions of the initial feed and draw concentrations as well as the 364 

working temperatures, and are independent of any properties of the module, except for the 365 

assumption of having sufficiently large membrane area. The expressions summarized in 366 

Table 1 can be used for facile evaluation of the maximum specific energy in different 367 

operation modes for given sources of water.  368 
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TABLE 1 369 

Comparisons between the maximum specific energy at different operation modes 370 

using the expressions in Table 1 are presented in Fig. 5A for different combinations of feed 371 

and draw solutions. Depending on the specific combinations, a counter-current flow PRO 372 

process can yield a maximum specific energy that is about 70-90% of the specific Gibbs free 373 

energy of mixing, ∆���,�.�, and a co-current flow PRO process can, at best, harvest 50-60% 374 

of ∆���,�.�. 375 

FIGURE 5 376 

For constant pressure PRO with seawater (SW) as draw solution and river water (RW) 377 

as feed solution (Fig. S2), the theoretical maximum specific energy is 0.192 kWh/m
3
 (i.e. 378 

75% of the maximum specific Gibbs free energy of mixing, 0.256 kWh/m
3
) with the chosen 379 

concentrations (0.015 M for RW and 0.6 M for SW). This theoretical maximum is predicted 380 

by assuming the absence of detrimental effects, such as reverse draw flux as well as internal 381 

and external concentration polarizations, which would further reduce the maximum specific 382 

energy. In addition, a PRO system will require pretreatment to mitigate fouling that would, in 383 

the long run, undermine membrane performance. While the extent of pretreatment is 384 

dependent on a variety of factors, the energetic cost may be as high as conventional water 385 

treatment
31
 or seawater RO pretreatment,

32
 making it comparable to, if not more than, the 386 

maximum specific energy of the PRO process. From this perspective, the energy loss from 387 

constant-pressure PRO operation may have a significant impact on the net specific energy 388 

obtainable in the process.  This energetic loss in conjunction with the pretreatment 389 

requirements, pumping energy costs to circulate the feed and draw solutions, inefficiencies in 390 

the hydroturbine and pressure exchanger, and the aforementioned losses due to non-ideal 391 

membranes may render it very challenging to harvest a sizable amount of energy in river 392 

water and seawater PRO. However, with significant advances in the understanding of 393 

pretreatment requirements and innovative systems designed to minimize efficiency losses, a 394 

viable net energy output may still be achieved.  395 

Page 18 of 29Energy & Environmental Science

E
ne

rg
y

&
E

nv
ir

on
m

en
ta

lS
ci

en
ce

A
cc

ep
te

d
M

an
us

cr
ip

t



18 

 

While harvesting the energy of mixing between SW and RW using PRO may be 396 

difficult with current technologies, alternative salinity gradients may offer greater immediate 397 

potential in PRO (Fig. 5A). For example, Great Salt Lake water (~27% salinity in its highest 398 

concentration region, approximately equal to 4.6 M NaCl) has been proposed as draw 399 

solution to work with river water (~0.015 M NaCl) as feed solution,
33

 which can yield 400 

theoretical maximum specific energy of ~1.6 kWh/m
3
 with counter-current flow PRO (eq 21, 401 

with � = 0.5 ). Another potential combination entails using Dead Sea water (~33.7% 402 

salinity, approximately equivalent to ~5.7 M NaCl) as draw solution and RO brine as feed 403 

solution (~1.2 M NaCl),
34

 which can yield a maximum ideal specific energy of about 1.0 404 

kWh/m
3
 using counter-current flow PRO (eq 21, with � = 0.5). Note that pretreatment is not 405 

necessary in the second case for the RO brine feed solution, as it has been pretreated prior to 406 

the RO process. In both cases, sizable net energy output per volume of mixed solution can be 407 

attained even after considering the non-idealities that significantly reduce the specific energy. 408 

Fig. 5B shows the maximum specific energy in counter-current flow mode as a function of 409 

draw and feed solution concentrations and can be used to evaluate additional solution 410 

pairings.  Tapping into energy sources of high salinity requires PRO operation under high 411 

pressure that has been experimentally demonstrated to be feasible.
35

 412 

Beyond harnessing energy from natural salinity gradients, PRO shows promise as an 413 

energy recovery component in hybrid engineered systems. For example, the Mega-ton project 414 

in Japan uses PRO to recover energy from mixing RO brine (draw solution) and treated 415 

wastewater effluent (feed solution) to supplement the energy input for the RO process 416 

(maximum specific energy of ~0.4 kWh/m
3
 with counter-current flow as shown in Fig. 5).

36
 417 

Extensive pretreatment is unnecessary in this case, because the draw and feed solutions have 418 

been treated in the preceding processes. Furthermore, the system has the added benefit of 419 

abating the environmental impact of the discharged RO brine. 420 

 421 

  422 
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FIGURE CAPTIONS 

Fig. 1.  Specific Gibbs free energy of mixing (i.e. the reversible energy of mixing per 

volume of mixed feed and draw solutions) for waters of different sources as a function of the 

feed volume fraction, �, defined as the ratio of feed solution to the mixed solution that 

includes both the feed and draw solutions. The following sources of waters were considered: 

seawater (SW, 0.6 M NaCl), river water (RW, 0.015 mM NaCl), brackish water (BW, 0.05 M 

NaCl), wastewater effluent (WW, 0.015 mM NaCl), and brine (1.2 M NaCl). The dash and 

dotted curves were obtained using the simplified molarity based equation (eq 2), whereas the 

open symbols are calculated using the more precise equation (eq 1). 

 

Fig. 2.  Distribution of flow rate fractions along a membrane module for feed (black) and 

draw (red) in counter-current flow mode (solid curves) and co-current flow mode (dashed 

curves) with (A) � = 0.3 and (B) � = 0.8, and corresponding distributions of solute 

concentrations of feed (black) and draw (red) in co-current flow mode (dashed curves) and 

counter-current flow mode (solid curves) with (C) � = 0.3 and (D) � = 0.8. The feed 

solution is river water (0.015 M) and the draw solution is seawater (0.6 M). The feed flow 

rate ,9�,;, membrane total area, σ, and pure water permeability, 5, satisfy the condition that 

= = 5</9�,; = 0.2	bar
-1
.  Note that = characterizes the extent of mass transfer. 

 

Fig. 3.  Optimal feed flow rate fraction, �, (red solid line, left axis) and the corresponding 

maximum specific energy (blue dashed curve, right axis) at different applied hydraulic 

pressures, J2, for PRO in counter-current flow mode under constant pressure. The black 

dotted line indicates the global optimal specific energy and operating conditions (� = 0.5, 

Δ2 = 7/2). The feed solution is river water (0.015 M) and the draw solution is seawater (0.6 

M). It is assumed that membrane area is sufficiently large so that the mixing proceeds to 

completion. 
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Fig. 4.  Specific energy as a function of applied pressure, J2, and feed flow rate fraction, 

�, for PRO in co-current flow mode under constant pressure. The feed solution is river water 

(0.015 M) and the draw solution is seawater (0.6 M). It is assumed that membrane area is 

sufficient so that the mixing proceeds to completion. The optimal applied pressure for a given 

feed flow rate fraction,	�, is shown with a dotted line. The white star indicates the global 

optimal condition that leads to the highest specific energy. 

 

Fig. 5.  (A) Maximum specific energy obtainable in PRO for three different cases: 

thermodynamically reversible PRO process (red), constant-pressure PRO in counter-current 

flow mode (blue), and constant-pressure PRO in co-current flow mode (green). The 

percentages of the maximum specific energy obtained in counter-current (blue) and 

co-current (red) modes (with reference to the ideal thermodynamically reversible PRO 

process, red bars in kWh/m
3
) are indicated for each pairing of source waters. (B) Maximum 

specific energy in counter-current flow mode as a function of draw and feed solution 

concentrations. The salinities of seawater (SW), river water or wastewater (RW or WW), 

seawater reverse osmosis brine, Dead Sea water, and Great Salt Lake water are specified to 

be 0.6, 0.015, 1.2, 5.7, and 4.6 M NaCl, respectively. The temperature used in modeling was 

25°C. 
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Table 1.  Summary of analytical expressions for optimal operation conditions and the corresponding 

maximum specific energies in different operation modes. 

 

 Optimal Operation Conditions 
Maximum Specific Energy 

(ν�) 
Reversible 

Process 

�

= *�+ ,�� ln"��# − �� ln"��#�� − �� − 1- − ��
�� − ��  

*�+ 0�� ln"��# − �� ln"��#
�� − �� − 11 

− ������ − ��
"ln"��# − ln"��## 

Constant 

Pressure 

Counter  

-Current 

� = 1/2 
∆2 = ∆7/2 

1
4

"�� − ��#X
"�� + ��#  

Co-Current 
� = 1/2 

∆2 = ∆7/2 
"√�� − √��#X

4  

Note: For simplicity, the initial draw and feed concentrations in this table are expressed as �� and 

��, respectively (instead of ��,; and ��,; as in the main text). 
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