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  oxides	
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  Nicola	
  H.	
  Perryc,d,†	
  	
  	
  	
  and	
  Sean	
  R.	
  Bishopc,d	
  	
  

In	
  this	
  work,	
  chemical	
  expansion	
   in	
  perovskite	
  oxides	
  was	
  characterized	
   in	
  detail,	
  motivated,	
   inter	
  alia,	
  

by	
   a	
   desire	
   to	
   understand	
   the	
   lower	
   chemical	
   expansion	
   coefficients	
   observed	
   for	
   perovskites	
   in	
  

comparison	
   to	
   fluorite-­‐structured	
   oxides.	
   Changes	
   in	
   lattice	
   parameter	
   and	
   in	
   local	
   atomic	
  

arrangements	
  taking	
  place	
  during	
  compositional	
  changes	
  of	
  perovskites,	
  i.e.,	
  stoichiometric	
  expansion,	
  

were	
   investigated	
   by	
   developing	
   an	
   empirical	
   model	
   and	
   through	
   molecular	
   dynamics	
   and	
   density	
  

functional	
   theory	
   atomistic	
   simulations.	
   An	
   accurate	
   empirical	
   expression	
   for	
   predicting	
   lattice	
  

constants	
   of	
   perovskites	
   was	
   developed,	
   using	
   a	
   similar	
   approach	
   to	
   previous	
   reports.	
   From	
   this	
  

equation,	
  analytical	
  expressions	
  relating	
  chemical	
  expansion	
  coefficients	
  to	
  separate	
  contributions	
  from	
  

the	
  cation	
  and	
  anion	
  sublattices,	
  assuming	
  Shannon	
  ionic	
  radii,	
  were	
  developed	
  and	
  used	
  to	
  isolate	
  the	
  

effective	
   radius	
   of	
   an	
   oxygen	
   vacancy,	
   rv.	
   Using	
   both	
   experimental	
   and	
   simulated	
   chemical	
   expansion	
  

coefficient	
  data,	
  rv	
  for	
  a	
  variety	
  of	
  perovskite	
  compositions	
  was	
  estimated,	
  and	
  trends	
  in	
  rv	
  were	
  studied.	
  

In	
  most	
  cases,	
  rv	
  was	
  slightly	
  smaller	
  than	
  or	
  similar	
  to	
  the	
  radius	
  of	
  an	
  oxide	
  ion,	
  but	
  larger	
  than	
  in	
  the	
  

fluorite	
  structured	
  materials.	
  This	
  result	
  was	
  in	
  good	
  agreement	
  with	
  the	
  atomistic	
  simulations,	
  showing	
  

contractive	
   relaxations	
  of	
   the	
  closest	
  oxide	
   ions	
   towards	
   the	
  oxygen	
  vacancy.	
  The	
   results	
   indicate	
   that	
  

the	
   smaller	
   chemical	
   expansion	
   coefficients	
   of	
   perovskites	
   vs.	
   fluorites	
   are	
   largely	
   due	
   to	
   the	
   smaller	
  

change	
   in	
  cation	
  radii	
   in	
  perovskites,	
  given	
  that	
  the	
  contraction	
  around	
  the	
  oxygen	
  vacancy	
  appears	
  to	
  

be	
  less	
  in	
  this	
  structure.	
  Limitations	
  of	
  applicability	
  for	
  the	
  model	
  are	
  discussed.	
  

	
  

	
  

	
  

	
  

	
  

	
  

	
  

	
  

Introduction	
  

Perovskite-structured materials display a series of electrical, 
magnetic, piezoelectric, optical, catalytic, and magnetoresistive 
properties, critical to a variety of technological applications, 
such as solar cells 1, fuel cells 2, steam electrolysis 3, resistive 
memories 4–6, and catalysis 7,8. Point defects play an important 
role in influencing the above properties, and “defect 
engineering” provides a way to change/tailor these properties.9 
For example, Sr and Mg are commonly substituted for La and 
Ga in (La,Sr)(Ga,Mg)O3-δ to create oxygen vacancies (δ) by 
charge compensation, thereby dramatically increasing the 
oxide-ion conductivity of this material and making it a usable 
solid oxide fuel cell electrolyte 10–12. In addition to directly 
modifying electrical properties, these point defects also can 

significantly modify the lattice parameter, a phenomenon 
known as chemical expansion 13. As discussed below, chemical 
expansion can lead to mechanical instabilities of the device 
under operation, structural changes, and corresponding indirect 
changes in the electrical and electrochemical properties. In this 
paper, the origins of chemical expansion in perovskite materials 
are examined using empirical relationships applied to available 
experimental data and with aid from atomistic level 
calculations. 
Chemical expansion refers to the spatial dilation of a material 
that occurs upon changes in its composition and can be further 
broken down into two types: (1) stoichiometric expansion 
following a gradual change in lattice parameter with change in 
composition (i.e., stoichiometry) and (2) phase change 
expansion describing a change in phase with change in 
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composition 13. The former case largely impacts materials with 
small changes in ion concentration (e.g. mixed conducting 
electrodes for SOFCs) while the latter occurs for larger changes 
in composition and consequently typically leads to larger 
expansions (e.g. battery electrodes, hydrogen storage materials) 
13. Though often smaller, stoichiometric expansion (which is 
largely the focus of this paper) is usually considered 
detrimental to most technological applications, as it can lead to 
mechanical instabilities as well as small changes in local and 
long range order 13–15. For example, the stoichiometric 
expansion of the mixed conducting (La,Sr)(Co,Fe)O3-δ cathode 
leads to an approximate 50% increase in the total thermo-
chemical expansion coefficient upon heating near the ~ 800 oC 
operating temperature in air 16,17. In this case, a stoichiometric 
expansion coefficient, relating the expansion to the change in 
chemical species content (e.g., δ: oxygen non-stoichiometry), is 
commonly defined, though often generically called the 
chemical expansion coefficient 13,17,18. Throughout this paper 
we will use either term. 
Recently, authors of this paper have performed an in-depth 
study of the atomistic causes of this phenomenon in fluorite-
structured materials. This investigation was achieved by 
combining state-of-the-art computational techniques (Density 
Functional Theory and Molecular Dynamic calculations) with 
new experimental data from dilatometry and high-temperature 
XRD experiments 19–21. Chemical expansion was found to be 
the result of two competing processes: 1) lattice contraction 
around an oxygen vacancy (primarily due to electrostatic 
interactions) and 2) lattice expansion from the change in the 
cation radius (primarily due to steric effects). Often the latter 
quantity is much larger (e.g., reduction of Ce4+ to Ce3+, or Gd3+ 
or La3+ doping in CeO2), thus resulting in a net expansion. To 
describe the vacancy-induced contraction, the radius of a 
vacancy, an empirical parameter describing lattice relaxation, 
was introduced and shown to be smaller than that of an oxide 
ion. Recent studies by other investigators also confirmed this 
finding 22–24. Interestingly, the magnitude of relaxation around a 
vacancy was found to be larger in those materials with a host 
cation that is either significantly smaller (Hf4+ and Zr4+) or 
larger (Bi3+) than cerium, leading to a smaller stoichiometric 
expansion coefficient 25. This effect was used as a novel 
method for reducing the chemical expansion of ceria by partial 
substitution with zirconia 19. 
Chemical expansion in perovskite-based oxides has been 
extensively characterized by means of experiments, as reviewed 
by Atkinson and Ramos 15. One of their interesting findings 
when summarizing the works of Armstrong et al., Mori et al., 
and Larsen et al. 26–29 is that (we paraphrase the authors) the 
chemical expansion [in perovskite-structured materials] per 
oxygen vacancy is intrinsically lower than in the fluorite 
structure. It would be interesting to provide an explanation for 
this observation, as this property could, in principle, be used to 
devise materials with lower chemical expansion. We note that, 
with the exception of one recent work 22 in which the authors 
estimate the vacancy radius in acceptor doped LaGaO3, no 
studies have explicitly addressed this difference. In our paper, 

we examine the origin of stoichiometric expansion in several 
perovskite materials and use DFT calculations to provide an 
atomistic understanding of this phenomenon.  
We suggest six factors that can affect stoichiometric expansion 
coefficients in perovskites as compared to other materials (for 
example, the fluorite oxides mentioned above): 
1) The different crystalline structure. Indeed, as we have shown 
in our previous work, the pattern of ion spatial relaxations 
around a vacancy influences the final expansion of the material 
and this process, in turn, is expected to be different in another 
crystalline structure. For example, in perovskites, usually only 
one of the two cation sublattices hosts cations undergoing a 
radius change, as compared to fluorites with just one cation 
lattice. In the recent work noted above22, those authors 
attributed the different oxygen vacancy radius in perovskites vs. 
fluorites to the “restraining action of A-site lattice on B-site 
expansion and vice versa.” Understanding the nature of these 
relaxations in perovskite structures is one of the focuses of this 
paper. 
2) The different chemical formula. Since perovskites have the 
general chemical formula ABO3±δ, the oxygen vacancies (and 
consequent reduced cations) created per formula unit will be 
more dilute vs. fluorites, and so the volumetric expansion per δ 
will be smaller. In other words, in terms of the volumetric 
concentration of vacancies, δ is defined differently in the two 
crystal structures. This effect can be overcome by expressing 
the volume related property (chemical expansion) as a function 
of number of defects per volume (i.e. concentration) rather than 
δ, as described in ref 30, and included for comparison later in 
this paper. 
3) Subtle symmetry changes during expansion. While 
maintaining the perovskite structure, deviations from cubic 
symmetry – involving tilting of BO6 octahedra, octahedral 
distortions, or cation shifts – could occur as the stoichiometry 
changes, influencing the magnitude of the bulk chemical 
expansion. Such changes, resulting in anisotropic chemical 
expansion 31, have been investigated in another publication 32 
and will not be a focus here. 
4) The degree of electronic charge localization, i.e., whether 
the electrons left behind (when the oxide ions are removed) 
localize on the cations (ionic/polaronic character) or are 
delocalized (metallic character). Previously it was shown that 
charge localization increases the cation radius change upon 
reduction, leading to a larger chemical expansion 21,32,33. This 
paper is mostly limited to materials with a clear ionic character 
and in which oxygen vacancies are introduced by aliovalent 
doping rather than reduction. 
5) The presence of magnetic cations. Spin state impacts local 
structure, e.g., octahedral distortions, and ionic radii, and 
therefore may be expected to affect the chemical expansion 
behavior of perovskites containing magnetic cations that 
undergo valence state or spin state changes.34 In the present 
calculations we limit treatment to non-magnetic cations. 
6) Ordering and defect association at high dopant 
concentrations. The role of ordering and defect association 
should in some cases be considered as another factor affecting 
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chemical expansion in perovskites 23,35–38, though often this 
ordering is also related to structural changes 37,38. In fluorite 
structures, defect association has been implicated in causing 
composition-dependent 19,39,40 and temperature-dependent 23 
chemical expansion coefficients. The present work focuses on 
structures without appreciable ordering. 	
  
In this paper we provide a detailed atomistic understanding of 
the factors affecting the chemical expansion coefficient in 
perovskite-based materials, focusing on factors 1) and 2) above. 
First we study doped LaGaO3, LaAlO3, and SrTiO3 and show 
which atomistic factors are responsible for the chemical 
expansion of these materials. LaGaO3, LaAlO3, and SrTiO3 are 
chosen for study because they are either cubic or close to cubic, 
and the ionic radii are well defined, as opposed to many of the 
multivalent doped materials where aspects such as unknown 
spin state and charge localization can impact the radii 21,32. 
Then we will develop an analytical model that describes the 
chemical expansion coefficient of these materials in terms of 
the radii of the ionic species, including the radius of a vacancy. 
This model will then be applied to data from the literature on a 
variety of pseudo-cubic perovskite systems. 

	
  Methodology	
  

In this work we used both Density Functional theory 
calculations and Molecular Dynamics simulations based on 
dipole-polarizable interionic potentials. The details of these 
techniques have been described in depth in previous 
publications 20,21,25, where we have also shown how these 
techniques can provide complementary information. For this 
reason only a concise description will be given here. 

Density Functional Theory 

Density Functional Theory calculations were performed with 
the Vienna Ab-initio Simulation Package (VASP)41, with the 
Projector Augmented Wave (PAW) method. We used the 
Generalized Gradient Approximation (GGA) with the PBE 
exchange-correlation functional and an energy cut-off of 500 
eV. Relatively large calculations were performed with either 3 
x 3 x 3 or 4 x 4 x 4 perovskite unit cells, corresponding to 135 
and 320 atoms, respectively. The calculations were carried out 
using the Brillouin zone sampled with a (3 x 3 x 3) or (2 x 2 x 
2) Monkhorst-Pack mesh k-points grid. The lattice parameters 
were extracted from the equilibrium volume after a structural 
relaxation run during which the cell shape, cell volume, and 
atomic positions were relaxed. We also performed Birch-
Murnaghan type calculations in which only the atomic positions 
were allowed to relax. The lattice parameters obtained from 
both approaches were almost identical (the difference being less 
than 0.05%), showing that the materials were not undergoing 
any significant phase change (see Supplemental Material).  
 
Chemical expansion coefficients were extracted from the lattice 
parameters of 5 compositions, corresponding to materials with 
0, 1, 2, 3 and 4 oxygen vacancies (i.e. 0, 2, 4, 6, 8 dopant 
cations). The dopant cations and oxygen vacancies were 

introduced at random in the simulation. We performed 
calculations on several random configurations for the same 
vacancy concentration and found that the lattice parameter was 
not influenced by different starting configurations (see 
Supplemental Material). Due to the relatively small changes in 
the lattice parameters vs. dopant concentration, we find a 
significant scatter in our data, which sometimes does not show 
a perfect Vegard-type behaviour. For this reason, we estimate 
an error on the calculated chemical expansion coefficients by 
fitting different compositional ranges and calculating the 
change in the chemical expansion coefficient. 
 

Molecular Dynamics 

The interaction potential used for the molecular dynamics 
simulations of Sr and Mg-doped LaGaO3 is known as the 
DIPole Polarizable Ion Model (DIPPIM) and includes a pair 
potential (a Buckingham-like term plus Coulombic 
interactions), together with an account of the polarization 
effects that result from the induction of dipoles on the ions. A 
potential file is reported as Supplemental Information.  The 
accuracy of this model was found to be similar to that of DFT 
calculation for several oxide materials 42–46, and the lower 
computational cost allows the performance of longer 
simulations on bigger systems. The lattice parameters for the 
studied systems were obtained by performing molecular 
dynamics simulations with 6 x 6 x 6 supercells in an NPT 
ensemble, at the required temperatures. We used an isotropic 
barostat and thermostats as described by Martyna et al 47,48 and 
we set the external pressure to zero. The isotropic barostat 
enforced a cubic perovskite symmetry. The lattice parameters 
were averaged over long trajectories (~ 0.1 ns). All these 
calculations were performed with an in-house code called 
PIMAIM. The DIPPIM potential has been recently 
implemented in the freely available CP2K code. In addition to 
these “realistic” potentials, we also constructed “ideal” systems 
in which the radius of the dopant cation was changed. This was 
done by manually modifying the short-range interaction 
parameters of the potentials, which are directly related to the 
cation size. This allowed us to study systems in which, for 
instance, the dopant cation had exactly the same radius as the 
host cation. This approach has been successfully used in several 
previous studies by authors of this paper 20,25,46,49. 
 

Results	
  

The origin of chemical expansion 

As described in the introduction, substitution of trivalent La 
with divalent Sr results in the formation of charge 
compensating oxygen vacancies through the charge neutrality 
equation 𝑆𝑟!"! = 2 𝑉!∙∙   written in Kröger-Vink notation 9, 
when ionic, rather than electronic, compensation prevails. The 
lattice parameters of both La1-xSrxGaO3-x/2 (LSG) and 
LaGaxMg1-xO3-x/2 (LGM) increase with increasing substitution 
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(x), as shown by the experimental data in Fig. 1 from Huang 
and Goodenough (in which the lattice was treated as cubic, 
though it is worth noting that more recent studies have found it 
to be distorted).11,50,51  The slope of the curve shown in the 
figure is defined as the stoichiometric expansion coefficient, 𝛼!, 
divided by 2. Such expansion vs. composition data are often 
found to be linear (though non-linear behavior has also been 
observed 13) and can therefore be approximated by the 
following equation: 
 
ϵ= a-­‐a0

a0
=αS∆δ=αS

x
2
     (1) 

 
where 𝑎 and 𝑎! are the cubic, or pseudo-cubic, final and initial 
lattice parameters, respectively, Δδ is the change in oxygen 
vacancy content per formula unit, and x is the divalent acceptor 
dopant concentration in e.g. La1-xSrxGaO3-x/2. Alternatively, the 
stoichiometric expansion coefficient can be defined by the 
change in oxygen vacancy concentration (in this case denoted 
as 𝛼!

[  ]), facilitating comparison across different crystal 
structures as discussed in the introduction and ref 30. 

 

 
Figure	
   1:	
   Chemical	
   expansion	
   for	
   A-­‐site	
   (Sr	
   for	
   La)	
   and	
   B-­‐site	
   (Mg	
   for	
   Ga)	
  
substitution	
   in	
   LaGaO3.	
   Experimental	
   data	
   from	
   Huang	
   and	
   Goodenough	
   are	
  
reported	
  as	
  black	
  circles.	
  MD	
  simulations	
  at	
  300	
  K	
  and	
  static	
  DFT	
  calculations	
  are	
  
reported	
   as	
   red	
   squares	
   and	
   green	
   diamonds,	
   respectively.	
   The	
   results	
   of	
   an	
  

equal	
  radius	
  calculation	
  are	
  reported	
  as	
  blue	
  triangles.	
  Solid	
   lines	
  are	
   linear	
  fits	
  
of	
  the	
  data.	
  

The coefficients of stoichiometric expansion for LSG and 
LGM, and other materials for comparison, are summarized in 
table 1. Despite having about a 6% larger ionic radius for Sr 
substitution of La (see table 2), αS values for LSG and LGM are 
relatively small, or even negative! For example, for full 
substitution of La with Sr, in La1-xSrxGa0.8Mg0.2O2.9-x/2 a 
stoichiometric expansion of -0.32% is predicted from 𝛼! (see 
Table 1 in Supplemental Material) hinting that lattice 
relaxations associated with the compensating oxygen vacancies 
play a role in contracting the lattice, as elucidated below. MD 
simulations at 300 K (red squares) and DFT calculations (green 
diamonds) are also reported in Fig. 1. For both Mg and Sr 
doping, DFT calculations overestimate, and MD data 
underestimate, the experimentally measured stoichiometric 
expansion. The difference from theory and experiment appears 
large in the figure due to the small expansions. However, there 
is less than a 0.6% deviation in the calculated values from the 
experimental lattice parameters (not shown), which is generally 
considered an excellent agreement 52. In table 1 we also report 
an estimate of the error associated with the stoichiometric 
expansion coefficients calculated from DFT.  

Table 1: Experimentally determined stoichiometric expansion coefficients 
and corresponding oxygen vacancy radii for different materials together with 
the DFT values obtained in this work. The chemical expansion coefficients 
and rV for A-site and B-site doped LaGaO3 were obtained from averaging 
several experimental values (which we report in the SI) taken from refs. 11,50.  

Material 𝜶𝑺 𝜶𝑺
[  ] 

[cm3 x 
1024] 

𝒓𝑽 
[Å] 

Ref. 

Fixed valence substitution     
𝑳𝒂(𝑮𝒂,𝑴𝒈)𝑶3 (Sr A-site 

substitution) 
0.008 0.48 1.30 11,50 

𝑳𝒂𝟏!𝒙𝑺𝒓𝒙𝑮𝒂𝟎.𝟖𝑴𝒈𝟎.𝟐𝑶𝟑!𝒙/𝟐	
  (DFT)	
   0.026 ± 
0.004 

1.6 1.41 This 
work 

(𝑳𝒂, 𝑺𝒓)𝑮𝒂𝑶𝟑 (Mg B-site 
substitution) 

0.056 3.3 1.29 11,50 

𝑳𝒂𝟎.𝟖𝑮𝒂𝟏!𝒙𝑴𝒈𝒙𝑶𝟑!𝒙/𝟐	
  (DFT)	
   0.057 ± 
0.008 

3.4 1.30 This 
work 

𝑳𝒂𝟏!𝒙𝑺𝒓𝒙𝑨𝒍𝑶𝟑	
   0.017 0.93 1.36 53 
𝑳𝒂𝟏!𝒙𝑺𝒓𝒙𝑨𝒍𝑶𝟑	
  (DFT)	
   0.018 ± 

0.014 
0.98 1.38 This 

work 
𝑺𝒓𝑻𝒊𝟏!𝒙𝑮𝒂𝒙𝑶𝟑	
  (DFT)	
   0.040 ± 

0.021 
2.4 1.57 This 

work 
Multivalent cation     

𝑪𝒆𝑶𝟐!𝜹* 0.10 4.0 1.16
9 

20 

𝑷𝒓𝟎.𝟏𝒁𝒓𝟎.𝟒𝑪𝒆𝟎.𝟓𝑶𝟏.𝟗𝟓!𝜹* 0.046 1.7 0.96
6 

19 

La0.9Sr0.1Ga0.95Ni0.05O3-­‐δ	
  (800-­‐
900	
  °C,	
  oxidizing	
  conditions)	
  

0.040-
0.049 

2.4-2.9 1.24-
1.30 

32 

SrTi0.65Fe0.35O3-­‐δ	
  (700-­‐1000	
  °C,	
  
oxidizing	
  conditions)	
  

0.040-
0.049 

2.38-
2.92 

1.38-
1.43 

54  

*these compounds have the fluorite structure 

In order to extract the role of relaxations around oxygen 
vacancies in the lattice, a substitutional cation equal-radius 
approach was performed (by means of Molecular Dynamics 

0 0.05 0.1 0.15 0.2 0.25 0.3
x in La1-xSrxMg0.2Ga0.8O3-x/2

-0.6

-0.4

-0.2

0

0.2

ε 
(%

)

300 K Experimental
0 K DFT
1273 K Equal Radius
300 K MD

0 0.05 0.1 0.15 0.2 0.25 0.3
y in La0.8Sr0.2MgyGa1-yO3-y/2

-0.4

-0.2

0

0.2

0.4

0.6

 ε
 (%

)

300 K EXP
0 K DFT
1273 K Equal Radius
300 K MD
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simulations) to model the data, as done in a previous work on 
fluorite-structured materials.20 In this case, the stoichiometric 
expansion (or contraction) is computationally predicted when 
the substitutional cation (i.e., Sr or Mg) radius is set equal to 
that of the host cation (i.e., La or Ga). This approach, in effect, 
isolates the role of the other defect, i.e., oxygen vacancies, 
introduced during substitution, on lattice relaxation. The equal-
radius results are shown as blue triangles in Fig. 1. Clearly, 
oxygen vacancies cause the material to contract, a result 
previously found in fluorite oxides 20,22,36, and recently in 
perovskite materials 22.  

Table 2: Shannon radii for the different cations and anions reported in table 1. 
55 The number between parentheses represents the coordination of the ion. 
Where applicable, ions are assumed to adopt the high spin state. 

Ion Radius (Å) 
  

Sr2+ (XII) 1.44 
La3+ (XII) 1.36 
Ce4+ (VIII) 0.97 
Ce3+ (VIII) 1.143 
Mg2+ (VI) 0.72 
Ga3+ (VI) 0.62 
Al3+ (VI) 0.535 
Y3+ (VIII) 1.019 
Zr4+ (VIII) 0.84 
Ti4+ (VI) 0.605 
Ni3+ (VI) 0.60 
Ni2+ (VI) 0.69 
Fe4+ (VI) 0.585 
Fe3+ (VI) 0.645 
O2- (VI) 1.40 

 
In Figure 2, we report DFT calculations for two other 
perovskite-structured materials, Sr doped LaAlO3 (LSA) and 
Ga-doped SrTiO3 (STG), along with experimental data for LSA 
53. It is worth noting that, for the latter, STG, case, only 
computational data from the present work are available, and, as 
performed for the previous materials studied here (LSG and 
LGM), the acceptor dopants (Sr in LSA and Ga in STG) are 
restricted to be charge compensated for by oxygen vacancies, as 
opposed to holes. Experimentally in LSA (as for LSG or LGM), 
the acceptor will be partially compensated for by holes (to a 
small degree), rather than oxygen vacancies 56,57, leading to a 
slight underestimation of αS by the computational approach, in 
which more oxygen vacancies are generated per dopant. The 
stoichiometric expansion coefficients, extracted from the 
slopes, are reported in Table 1. As in the LSG and LGM cases 
above, the lattice expansion, even for large amounts of dopants, 
is small. As before, the scatter in the points shown in Figure 2 
likely arises from the small range of expansion. 
 
 A key advantage of simulations is their ability to provide 
atomistic level visualization of lattice relaxations around 
defects. As shown in Fig. 3, oxide ions relax towards a 𝑉!.. 
leading to a contraction in the LSA system. LSG, which 
exhibits more complicated relaxations (though similar to the 
LSA case) due to a less symmetric perovskite structure 
compared to LSA 58, is shown in the Supplementary 

Information together with STG. In the figure, the grey arrows 
show displacements that are greater than 0.15 Å with a pattern 
of displacements that is reminiscent of that observed in fluorite 
oxides.20,25 All the 8 oxide ions that are nearest neighbor to the 
vacancy move towards it. This leads to a significant tilting of 
the AlO6 octahedra, which in turn displaces some of the next 
nearest neighbor oxide ions (indicated by red circles) away 
from the vacancy. On the other hand, the 4 cations that are 
nearest neighbor to the vacancy are displaced away from it 
(these displacements are of the order of 0.12 Å and therefore 
not shown by the arrows). Overall, it is clear that the magnitude 
of these distortions results in a net contraction of the lattice, 
which explains the equal-radius results of Figure 1. (It is noted 
that the magnitude of this net contractive effect, and the 
corresponding oxygen vacancy radius discussed later, were 
determined from a series of simulations, in many cases where 
the vacancy and dopant were not nearest-neighbor.) As with the 
fluorite structure, it is not only these contractions around the 
oxygen vacancy, but also the cation radii changes that drive 
stoichiometric expansion. In the next section of this paper, an 
analytical model for stoichiometric expansion in cubic 
perovskite materials is developed and applied to the available 
experimental and computational data on these materials. 

 
Figure	
  2:	
  Percentage	
  chemical	
  expansion	
  for	
  A-­‐site	
  (Sr	
  for	
  La)	
  and	
  B-­‐site	
  (Ga	
  for	
  
Ti)	
   substitution	
   in	
   LaAlO3	
   and	
   SrTiO3,	
   respectively.	
   Experimental	
   data	
   are	
  
reported	
  as	
  red	
  circles.	
  53	
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As discussed above, two factors are primarily responsible for 
stoichiometric expansion in the materials studied here: the 
change in lattice parameter associated with substitution of 
differently sized cations and the relaxation around oxygen 
vacancies. Several predictive models of perovskite lattice 
parameters exist based on microscopic parameters (such as 
ionic radii, tolerance factors, valence electrons and 
electronegativity) 22,59–63, with one model including the role of 
oxygen vacancies 22. However, some models are over-
parameterized 59  while others use incorrect coordination 
numbers for the cations 61. Also, some of these models 60, while 
in principle correct, lead to very complicated equations for 𝛼!, 
which can only be solved numerically. Lastly, the model 
considering oxygen vacancies 22 does not take into account the 
fact that the lattice parameter is more responsive to B-site rather 
than A-site substitution, which has been observed 
experimentally 22,59–62 and is also discussed below. For this 
reason, we have decided to develop our own model, which is a 
modified version of that introduced by Jiang et al. 61. 

 
Figure	
   3:	
   Lattice	
   relaxation	
   around	
   an	
   oxygen	
   vacancy	
   (black	
   cube)	
   in	
   LaAlO3-­‐δ	
  
from	
  DFT	
  simulations.	
  Green,	
  dark	
  blue,	
  light	
  blue	
  and	
  red	
  spheres	
  are	
  La,	
  Sr,	
  Ti	
  
and	
  O	
   ions,	
   respectively.	
  We	
  note	
   that,	
   for	
   the	
   sake	
  of	
   clarity,	
   the	
   sizes	
  of	
   the	
  
sphere	
   radii	
   in	
   this	
   figure	
   are	
   not	
   always	
   proportional	
   to	
   the	
   sizes	
   of	
   the	
   ionic	
  
radii	
  	
  	
  	
  

In the present model, the lattice parameter of a perovskite 
material is a combination of the A-O and B-O bond distances, 
where A (B) is the big (small) 12-fold (6-fold) coordinated 
cation. In a perfectly cubic perovskite system, the lattice 
parameter can be written as: 
𝑎 = 2 𝑟! + 𝑟!  or  𝑎 = 2 𝑟!+ 𝑟!     (2) 
where rA, rB, and rX are the average ionic radii for the A-site, B-
site, and anion site, respectively. Clearly, the above equation 
provides two solutions to the lattice parameter, each of which 
will likely be different. Therefore, the following equation, 

which weights the impact of the A and B site radii with 
empirical parameters (A, B, and C) is introduced.  
𝑎 = !

!
𝑟!+ 𝑟! +𝐵 𝑟! + 𝑟! +𝐶    (3) 

The empirical parameters, reported in table 3, were derived by 
fitting a set of 77 experimental lattice parameters for 
stoichiometric perovskite oxides previously gathered from the 
existing literature by Jiang et al 61. We note that we fitted all 
three parameters simultaneously in a multivariable fit 
performed with Gnuplot, while in previous works these 
parameters had been derived from two independent fits 60,61. 
(Note also that our previously reported values for A and B in 
ref. 32 were a result of the preliminary two-stage fitting, 
whereas the values in the present work are considered more 
accurate.) It is noted here that this method for predicting lattice 
parameters is derived from stoichiometric materials (as was 
also done for the derivation of ionic radii by Shannon).55 In this 
work we, as we and others have done in the past, are extending 
these models to defective oxides, and in the process introducing 
an empirical parameter, the oxygen vacancy radius. 
Our model predicts the experimental lattice parameters with an 
average error of 0.83% (see also figure in Supplemental 
Material), slightly better than the 0.89 % obtained from Jiang’s 
model 61 and a significant improvement over the Moreira’s 
model (1.82%) 60. We also point out that B > A, which 
indicates that the lattice parameter is significantly (by almost a 
factor of 2!) more sensitive to changes in the B cation than the 
A cation, as can be easily observed by previous studies of the 
effects of isovalent doping (e.g. SrTiO3 vs. BaTiO3 and SrTiO3 
vs. SrFeO3) 61. 

Table 3: Empirical parameters used in equation 3. 

𝑨 𝑩 𝑪 
0.816 1.437 -0.609 

 

By substituting equation (3) into equation (1), an expression for 
𝛼! is derived. As discussed below, 𝛼! is further broken down 
into components relating the expansion of the lattice to changes 
in radii of the cations and relaxation around oxygen vacancies. 
The former are estimated from published ionic radii 55 and the 
latter are fitted with the aid of the empirical parameters in table 
3. The details of the derivation are reported in the appendix; 
below is a summary. In order to express the stoichiometric 
expansion of a perovskite upon changes in composition, one 
may write the chemical formula as: 
𝐴!!"#𝐴!!!!!"#𝐵!!"#𝐵!!!!!"#𝑂!!!         (4) 
For the aforementioned case of acceptor doping of LaGaO3, 
e.g., its chemical formula is written as: 
𝑆𝑟!𝐿𝑎!!!𝑀𝑔!𝐺𝑎!!!𝑂!!(!!!)/!        (5) 
Similarly, to describe chemical expansion that involves 
reduction of a B-site cation, when multiple cations are present 
on the B-site (as is typically observed in SOFC perovskite 
cathodes, and as has been recently applied to Sr- and Ni-doped 
LaGaO3 32), the chemical formula is written as: 
𝑆𝑟!!!𝐿𝑎!!!!! (𝐺𝑎!!!!! 𝑁𝑖!!!)!(𝐺𝑎!!!!! 𝑁𝑖!!!)!!!𝑂!!!!!"

!
     (6) 

. The stoichiometric expansion in both cases is expressed as: 
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𝜖 = !!!!
!!

= 𝛼!(𝑥− 𝑥!)+𝛼!(𝑦−𝑦!)+𝛼!
(!!!!! !!!! !)

!
     (7) 

where the constant z represents the fraction of the B sublattice 
initially available for substitution. For the case of LSGM in 
equation 5, z is equal to 1 (this is why that constant does not 
appear in equation 5). Equation 7 contains three coefficients of 
expansion terms, which are proportional to the changes in A-
site cation radius (𝛼!), B-site cation radius (𝛼!), and anion 
radius (𝛼!). Here 6-fold coordinated oxygen is used, in 
agreement with Shannon’s treatment for perovskites 55, though 
it is noted that O has also been considered as 2-fold coordinated 
due to the distorted octahedron 59. Following the derivation 
reported in the appendix, making use of the equality of equation 
7 with the derived expansion from equation 3, mathematical 
expressions for the three expansion coefficient terms can be 
obtained and are reported in Table 4. 

Table 4: Mathematical expressions for the chemical expansion coefficients 
used in equation (7). 𝑟!!!"#  and 𝑟!!!"#  are the A-site and B-site host cation 
radii, while 𝑟!!"#  and 𝑟!!"#  are the radii of the substitutional cations. Finally, 
𝑟!  is the oxygen vacancy radius, which is obtained from the expression for 
𝛼! . 

Term Mathematical Expression 

𝛼! 
𝐴
2
𝑟!!"# − 𝑟!!!"#

𝑎!
 

 

𝛼!  
𝐵
𝑟!!"# − 𝑟!!!"#

𝑎!
 

 

𝛼!  
1
3 (

𝐴
2
+ 𝐵)

𝑟! − 𝑟!
𝑎!

 

 

𝑟!  
 

𝑟! =
3𝛼!𝑎!
𝐴
2
+ 𝐵

+ 𝑟!  

𝛼! 	
  
𝛼! + 2𝛼! for A-site substitution 
𝛼! +

!

!
𝛼!  for B-site substitution 

 
The only unknown parameter in Table 4 needed to predict 
expansion coefficients is 𝒓𝑽.  For the particular case where z is 
equal to 1 and for only A site doping, equation (7) becomes: 
!!!!
!!

= (𝑥− 𝑥!) 𝛼!+
!!
!

       (8) 
If the lattice expansion, !!!!

!!
, is plotted vs. the change in A-site 

dopant concentration, 𝑥− 𝑥! , the slope is equivalent to 𝛼!/2 
using the relevant expression for 𝛼! in table 4. A similar 
expression relates 𝛼! to 𝛼! and 𝛼! for B-site doping. Since 𝛼! 
and 𝛼! can be determined from known ionic radii, one can 
derive 𝛼!, and hence, 𝑟! from these relationships. By this 
approach, the data in Table 1 (αS) were used to estimate 𝑟! for 
these materials as also reported in table 1. For LaGaO3 
experimental data, we obtain an average 𝑟! of 1.30 Å and 1.29 
Å for A-site and B-site doping, respectively. In both cases, 𝑟! is 
smaller than the radius of an oxide ion in the perovskite 
structure, equal to 1.40 Å. This result confirms our previous 
observation (see Figures 1-3) that oxygen vacancies lead to a 
contraction of the lattice parameter. However, some of the other 
materials in Table 1 exhibit a vacancy radius similar to or even 
greater than the oxide ion radius. The vacancy radii extracted 

from the DFT calculations are in reasonably good agreement 
with those derived from the experimental data, though for A-
site doping we obtain values that are slightly larger than the 
radius of oxygen. This is a consequence of the overestimate of 
the chemical expansion coefficient from DFT, reported in Table 
1. 
 
Similarly oxygen vacancy radii are determined for materials 
exhibiting stoichiometric expansion upon reduction of a 
multivalent cation. Here, we limit the discussion to those 
multivalent cations that are expected to show ionic/polaronic 
behavior, as described in their respective cited papers. For 
La0.9Sr0.1Ga0.95Ni0.05O3-δ, which changes oxygen stoichiometry 
in response to a valence change of Ni, the oxygen vacancy 
radius is calculated to be 1.24-1.30 Å at 800-900 °C, which is 
similar to the theoretically-derived value for B-site doping of 
LaGaO3 given above. However, for SrTi0.65Fe0.35O3-δ, the 
oxygen vacancy radius (1.38-1.43 Å at 700-1000 °C) is found 
to be almost identical to the oxide ion radius. We note that in all 
cases, the values obtained here are either similar to or larger 
than the vacancy radii calculated for fluorite-structured 
materials, which is in agreement with the recent study by 
Chatzichristodoulou et al. 22 

Discussion  

Having noted the generally smaller αS for perovskites vs. 
fluorites, we investigated the process of perovskite chemical 
expansion through 1) performing atomistic simulations of local 
relaxations and overall expansion/contraction during changes in 
composition, and 2) deriving an empirical model relating 
stoichiometric expansion coefficients and ionic radii, including 
effective oxygen vacancy radii. In this section we turn to 
interpreting the results and discussing the limits of their 
applicability. 

Origin of lower chemical expansion in perovskite oxides as 
compared to fluorite oxides 

One of the motivations of this paper was to understand the 
observation by Atkinson and Ramos that chemical expansion in 
perovskite materials is significantly smaller than in fluorites. 
Indeed, this point can be observed in Table 1, where both 𝛼! 
and 𝛼!

[  ] are often found to be smaller in perovskites. Our results 
can be used to shed some light on this observation. Looking at 
the vacancy radii reported in Table 1, one sees that these are 
larger than the values obtained for fluorites, which implies that 
the lattice contracts less around the vacancy in the perovskite 
structure. This result implies that the origin of the smaller 
chemical expansion observed in perovskite materials cannot be 
explained in terms of a larger contraction around the oxygen 
vacancy. A closer inspection of Table 1 provides an alternative, 
simpler explanation. Indeed, in many cases the low chemical 
expansion coefficient occurs simply because the dopant cation 
has a radius that is close to that of the host, e.g. Sr (1.44 Å) and 
La (1.36 Å). In this case, the lower chemical expansion 
coefficient is largely caused by a small 𝛼! rather than by a large 
(and negative) 𝛼!. In the opposite case, when the dopant cation 

Page 7 of 12 Physical Chemistry Chemical Physics

P
hy

si
ca

lC
he

m
is

tr
y

C
he

m
ic

al
P

hy
si

cs
A

cc
ep

te
d

M
an

us
cr

ip
t



ARTICLE	
   Journal	
  Name	
  

8 	
  |	
  J.	
  Name.,	
  2015,	
  00,	
  1-­‐3	
   This	
  journal	
  is	
  ©	
  The	
  Royal	
  Society	
  of	
  Chemistry	
  2012	
  

is significantly larger than the host (e.g. Mg is 16% bigger than 
Ga, similar to the 18% increase in Ce radius change upon 
reduction), 𝛼!

[  ] is actually quite large (3.3 x 1024 cm3 for 
LaGaO3 with Mg B-site substitution) and comparable to those 
observed in fluorite materials (4.0 x 1024 cm3 for CeO2-δ 
reduction) (see Table 1). Finally, we note that in the work of 
Atkinson and Ramos discussed in the introduction, the 
comparison between fluorite and perovskite oxide 
stoichiometric expansions were based primarily on 𝛼! (and not 
𝛼!
[  ]) of reduction of chromite compounds with and without 

transition metal doping. The different units for stoichiometric 
expansion, the possibility for charge delocalization with 
transition metals, and the small change in Cr radius likely 
explain a large part of their observed differences.21,30,32,33,55 

Discussion of Empirical Model 

In this work we have introduced a new model for the lattice 
parameter in perovskites (see equation 3), which we find 
possesses a series of desirable features. Indeed, despite its 
simplicity and relatively small number of parameters, equation 
3 predicts the lattice parameters of stoichiometric perovskites 
with a higher accuracy than the models by Jiang 61, Moreira 60 
and Chatzichristodoulou 22. Predicting lattice parameters of 
stoichiometric perovskites is an important result, and we hope 
that equation 3 will be used for this purpose in future work. 
A second important point is the use of our model to extract 
vacancy radii for a variety of perovskites. We note that  
Chatzichristodoulou et al. also used a similar approach and that 
their model is actually similar to ours; only the coefficients 
equivalent to A, B, and C are very different (i.e., A ~ B ~1, C = 
0) 22. This difference, however, has important consequences. 
Indeed, their model does not take into account that the lattice 
parameter of perovskite materials is significantly more sensitive 
to changes in the B cation than the A cation, which has been 
observed experimentally 61. This difference is probably a 
consequence of the limited data-set used to fit their parameters 
(they only used data for LaGaO3); incidentally, this also 
explains why their model yields a relatively high error (1.28%) 
when used to predict the lattice parameters of other 
stoichiometric perovskites.  
Finally, on a more technical point, we note the importance of 
fitting all three parameters of equations (3) simultaneously in a 
multivariable fit, rather than in a 2-step fit, as done in refs 60,61. 
Indeed, when a 2-step fitting procedure is used, one obtains a 
model that is not as good at predicting the lattice parameter of 
stoichiometric perovskite compounds (average error of 1.41%) 
than the model obtained from a multivariable fit (0.82% 
average error). Also, the rV values can differ significantly, see 
for instance Table 1 in this paper and Table 2 in ref. 32 (where a 
2-step fitting was used), for La0.9Sr0.1Ga0.95Ni0.05O3-­‐δ, showing 
that the vacancy radius changes by as much as 20%. 

Trends in rV 

In table 1, rv varies from 1.24 Å to 1.57 Å for the perovskite 
materials, equal to ~27% variation. Similarly, rv changes from 
0.99 Å to 1.17 Å for the fluorite oxides, with lattice parameters 

smaller than that of ceria exhibiting smaller rV as noted 
previously 

22,25. Considering only fixed valent doping, a slight 
decrease in rV for the perovskites with increasing lattice 
parameter is found for the data in table 1, however, when 
considering the multivalent and computational data, the 
variation in values makes it difficult to conclusively find a 
trend. One reason why a trend may not be evident is that the 
change in lattice parameter for the studied perovskites here is 
narrower (about 3.4%) as compared to the fluorite case (5.7%) 
25. 
 
In principle, the vacancy radius may also be influenced by the 
magnitude of the expansion of the cations. It is worth 
reiterating that, in the model, rV is related to all lattice 
relaxations not accounted for by the inputted cation radius 
change. This is dominated by relaxations around oxygen 
vacancies (as shown by the DFT calculations in Figure 3), but 
may also include small effects from distortions around cations. 
Figure 4 shows that rV tends to decrease for substitution with 
larger cations, though, if greatest weight is placed on the 
experimental data, the trend is the smallest. For the largest 
lattice mismatch, i.e., largest cation radius change, one would 
expect lattice relaxations, not accounted for by the simple hard 
sphere type model, around cations to be the greatest (i.e., a 
smaller rv). This result highlights that for larger cation radii 
changes, rV may be more sensitive to lattice relaxations 
additional to the contraction around oxygen vacancies. Lastly, 
as discussed in the next section, Frade et al. described an 
increasing trend in stoichiometric expansion coefficient as the 
lattice approached a tolerance factor  of unity (i.e., ideal cubic 
symmetry) 64. In the present case, a plot of rV against tolerance 
factor (calculated based on the initial acceptor dopant and 
vacancy content) did not reveal a trend, which may result from 
a more limited data set here. 
 

 
Figure	
   4:	
   Vacancy	
   radii	
   from	
   table	
   1	
   compared	
   to	
   percent	
   change	
   in	
   cation	
  
radius.	
  rv	
  values	
  for	
  multivalent	
  cation	
  radii	
  change	
  are	
  averages	
  from	
  table	
  1.	
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Limits of Applicability  

As noted in the introduction, the treatment in this work has 
largely been limited to perovskites with near-cubic symmetry, 
ionic cations with localized charge, non-magnetic cations, and 
no appreciable ordering or defect association. Furthermore, the 
Shannon ionic radii and DFT calculations are valid at low 
temperatures. In practical device operating conditions and 
commonly used compositions, many of these neglected factors 
may also influence chemical expansion behavior.  For example, 
in perovskites, a very strong influence of temperature on 
chemical expansion coefficients, e.g., increasing αS by 20% 
over just a 100-300 °C range, has been observed in some cases 
32,33,54,57,65, although the exact reason (e.g., order-disorder 
transitions, symmetry changes, or bond strength effects) 
remains under investigation. In other perovskite systems no 
temperature effect was observed 17. Ideally future work to 
understand perovskite chemical expansion behavior would seek 
to isolate the impact of each of these factors to understand 
which are dominant. On the other hand, many of these 
properties (e.g., temperature, spin state, and symmetry or 
charge localization and symmetry) are coupled in such a way 
that it becomes a complex challenge to attribute chemical 
expansion behavior to any one factor.. 

Conclusions	
  

The origin of stoichiometric expansion in perovskite oxides was 
explored using both empirical modeling of experimental and 
computational data and atomistic simulations. An empirical 
model, based on previous approaches in the literature, was 
developed to predict the lattice constant of perovskite oxides. 
The model indicated that the lattice constant is more sensitive 
to changes of the B site cation radius as compared to the A site 
cation radius, as previously observed 60,61. A mathematical 
expression was formulated to describe the relaxations in the 
lattice due primarily to oxygen vacancies, resulting in the 
derivation of the radius of an oxygen vacancy, rV. Additionally, 
computational results were used to visualize the relaxations 
around the vacancy. In most cases, rV was found to be smaller 
than the radius of an oxide ion, in agreement with prior studies, 
though rV was larger for the perovskites than for previously 
studied fluorites. As a result, the generally larger stoichiometric 
expansion coefficients found in fluorites could not be explained 
by the difference in rV. Instead, the difference is mostly 
attributed to larger changes in the cation radii in fluorite oxides 
as compared to typical dopants/multivalent cation radii changes 
in perovskites and to the different units of the stoichiometric 
expansion coefficient used in previous studies 30. Trends of rV 
with lattice parameter, tolerance factor, and cation radius 
changes were examined. The limitations of the present model 
and an overview of other factors contributing to chemical 
expansion were also discussed. 
 

Appendix:	
  Derivation	
  of	
  Equations	
  Relating	
  Chemical	
  
Expansion	
  to	
  Ionic	
  Radii	
  

This derivation applies to 3-3 or 2-4 perovskites with general 
formula: 
𝐴!!"#𝐴!!!!!"#𝐵!!"#𝐵!!!!!"#𝑂!!!    (A1a) 
e.g., 
𝐿𝑎!!!!! 𝑆𝑟!!!(𝐺𝑎!!!!! 𝑁𝑖!!!)!(𝐺𝑎!!!!! 𝑁𝑖!!!)!!!𝑂!!!!!"

!
 (A1b) 

𝑆𝑟!!!!!𝑀!!!(𝑇𝑖!!!!! 𝐹𝑒!!!)!(𝑇𝑖!!!!! 𝐹𝑒!!!)!!!𝑂!!!!!"
!

  (A1c) 
𝑆𝑟!𝐿𝑎!!!𝑀𝑔!𝐺𝑎!!!𝑂!!(!!!)/!   (A1d) 
In these formulae, x and y represent variable fractional amounts 
of substitution on A and B sites, respectively, relative to the 
host lattice, contributing to chemical expansion. In some cases, 
such as when two types of cations are already present on the B 
site of the host lattice, only a portion of that sublattice may be 
available for substitution; this fraction is described by the fixed 
constant z (see eq. A1b and A1c). Three potential processes 
leading to chemical expansion are therefore described here: 
substitution of a new cation on the A site, substitution of a new 
cation on the B site, and reduction of an existing multivalent 
cation partially occupying the B site. This latter possibility is 
considered in the description of the B site in equations A1b and 
A1c. In those cases, the “substitutional cation” is a mixture of a 
fixed valent and reduced multivalent cation and the “host 
cation” is a mixture of the same fixed valent cation and the 
oxidized multivalent cation. Equation A1d represents the other 
two simpler cases of fixed valent acceptor substitutions on  the 
A and/or B sites. (Note, in the simpler case of eq. A1d, the 
value of z, which appears in eqs. A1b and A1c, can be 
considered 1.) 
As shown in the article, the chemical expansion (eq. A2) can be 
described as three terms, one relating to the expansion 
originating from changes in the A-site cation(s), one relating to 
changes in the B-site cation(s), and one expressing expansion 
originating from changes on the anion site. Each term is 
proportional to the amount (per formula unit) of substitution 
taking place on the corresponding lattice site, as defined by the 
chemical formulas. Recall that a is the pseudo-cubic lattice 
parameter. a0, x0, and y0 represent the initial condition, while a, 
x, and y represent the final condition after expansion. Note that 
the oxygen stoichiometry change depends on the valence states 
of the host and substitutional cations in this model. 
 
𝜖 = !!!!

!!
= 𝛼!(𝑥− 𝑥!)+𝛼!(𝑦−𝑦!)+𝛼!

(!!!!! !!!! !)
!

      (A2) 
 
As described in the article, the lattice parameter in perovskite 
oxides can be described empirically using the following 
formula, in an approach similar to that of Jiang et al 61. 
 
𝑎 = !

!
𝑟!+ 𝑟! +𝐵 𝑟! + 𝑟! +𝐶      (A3) 

 
where A, B, and C are empirical fitting constants determined in 
this work, as described in the supplemental material, and 𝑟!, 𝑟!, 
and 𝑟! are the average of radius for A site cation, B site cation, 
and oxide ion/oxygen vacancy, respectively. Substituting eq. 
A3 into eq. A2: 
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𝛼! 𝑥− 𝑥! +𝛼! 𝑦−𝑦! +𝛼!

𝑥− 𝑥!+ 𝑦−𝑦! 𝑧
2

= 
 !
!
!!!!!!!!!!!!! !!(!!!!!!!!!!!!!)

!!
                       (A4) 

 
For the specific case when only the B-site cation undergoes 
reduction/oxidation/substitution (i.e. change in y but not x): 
𝑥− 𝑥! = 0     
    (A5a) 
𝑟!− 𝑟!! = 0     
    (A5b) 
Equation A4 simplifies to: 
 
𝑦−𝑦! (𝛼! +𝛼!

!

!
) =

!
!
!!!!!

! !!(!!!!!
!!!!!!!

!)

!!
  (A6) 

 
In the special case where there is no change in radius on the B-
site during substitution (i.e., equal radius approximation), rB = 
rB

0, and αB = 0, which results in further simplification of 
equation A6 and, as discussed below, provides an equation to 
estimate the effective radius of an oxygen vacancy, provided αV 
is known: 
 
𝑦−𝑦! (𝛼!

!
!
) =

(!
!
!!) !!!!!!

!!
   (A7) 

 
Next we need to define rX and rX

0. The anion site is occupied by 
oxide ions and oxygen vacancies. The oxygen concentration per 
formula unit is changing from 3-(x0+y0z)/2 to 3-(x+yz)/2, with 
the remainder of the 3 sites occupied by oxygen vacancies. So: 
 
𝑟!! =

!
!

3− !!!!!!
!

𝑟! +
!!!!!!

!
𝑟!    (A8) 

 
𝑟! =

!
!

3− !!!"
!

𝑟! +
!!!"
!

𝑟!    (A9) 
 
𝑟! − 𝑟!! =

!!!!! !!!! !
!

(𝑟! − 𝑟!)   (A10) 
 
As mentioned above, x-x0 is zero for this case where we are not 
changing the A cation site occupancy, so equation A10 
simplifies to: 
 
𝑟! − 𝑟!! =

!!!! !
!

(𝑟! − 𝑟!)   (A11) 
 
Substituting eq. A11 into eq. 7 gives: 
 
𝛼! =

!
!
!! (!!!!!)

!!!
     (A12) 

 
Re-arranging eq. A12 gives the solution for the effective 
oxygen vacancy radius below: 
 
𝑟! =

!!!!!
!
!
!!

+ 𝑟!     (A13) 
 
If we want to determine rV from the measured chemical 
expansion coefficient, αS we need an expression for αV in terms 
of αS.  This expression can be generated from eq. A2, still with 
x = x0 for B-site substitution only: 
 
𝛼! ∙ ∆𝛿 = 𝜖 =

!!!!
!!

= 𝛼! +𝛼!
!
!
(𝑦−𝑦!)  (A14) 

 
The change in oxygen stoichiometry (∆𝛿) is given as (again 
noting x = x0 for only B-site substitution): 
 
𝛿− 𝛿! =

!!!"
!
− !!!!!!

!
= (𝑦−𝑦!)

!
!

  (A15) 
 
Using equation A15, equation A14 becomes: 
 
𝛼!

!
!
= 𝛼! +𝛼!

!
!

    (A16) 
 
which is rearranged as follows: 
 
𝛼! = 𝛼! −

!!!
!

     (A17) 
 
Since 𝛼! is measured experimentally (or determined by 
theoretical calculations of lattice parameter changes upon 
changes in oxygen content), only an expression for αB is needed 
to derive 𝛼!. Therefore, in order to isolate 𝛼! in eq. A6, rX is set 
to be equivalent to rX

0, thus αV = 0. In this case (still for B-site 
substitution, so also rA = rA

0 and x = x0), eq. A6 simplifies to: 
 
𝛼! =

!(!!!!!!)
!! !!!!

     (A18) 
 
Here, we need an expression for the change in average B-site 
radius, rB-rB

0 between the final occupancy 𝐵!!"#𝐵!!!!!"# and initial 
occupancy 𝐵!!

!"#𝐵!!!!
!!"# . 

 
𝑟! − 𝑟!! = 𝑦𝑟!!"# + 1−𝑦 𝑟!!!"# − 𝑦!𝑟!!"# + 1−𝑦! 𝑟!!!"#  
(A19) 
 
Equation A19 simplifies to: 
 
!!!!!!

!!!!
= 𝑟!!"# − 𝑟!!!"#    (A20) 

 
Note that for the case of multiple cations occupying the B-site 
(as in eq. A1b) these substitutional and host B-cation radii are 
averages. An example of calculating these values, using the 
formula in eq. A1b, is given below: 
𝑟!!"# − 𝑟!!!"# = 1− 𝑧 𝑟!"!! + 𝑧𝑟!"!! 𝑦−𝑦!

+ 1− 𝑧 𝑟!"!! + 𝑧𝑟!"!! 1−𝑦 − 1−𝑦!   
= 𝑧 𝑟!"!! − 𝑟!"!!      
   (A21) 
Equation A20 can be substituted into equation A18, yielding 
the final expression for αB, which is useful for estimating αB for 
known B-site cation radii: 
 
𝛼! =

!
!!

𝑟!!"# − 𝑟!!!"#     
   (A22) 
 
Then eqs. A22, A17, and A13 may be used to determine the 
oxygen vacancy radius for the case of B-site substitution. It is 
noted that 𝑟!!"# and 𝑟!!!"# depend on z (see, e.g., eq. A21), so 
that the appearance of z in equation A17 is not unexpected. 
Now we move to consider the case of changes in the A-site 
cation, but not in the B-site cation, to derive equations that 
enable a calculation of the oxygen vacancy radius in this case, 
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following the same approach as above. For A-site substitution 
only, y-y0 = 0. Then equation A2 simplifies to: 
 
𝛼! ∙ ∆𝛿 = 𝜖 =

!!!!
!!

= 𝛼!+
!!
!
(𝑥− 𝑥!)  (A23) 

 
In this case the change in oxygen non-stoichiometry is: 
 
𝛿− 𝛿! =

!!!"
!
− !!!!!!

!
= (𝑥− 𝑥!)

!
!

   (A24) 
 
So equation A23 simplifies to: 
𝛼! = 𝛼! −2𝛼!     
   (A25) 
Then we need an expression for αA. Again we can say that when 
rX = rX

0, αV = 0. Combined with y-y0 = 0 and rB = rB
0 for A-site 

substitution only, eq. A5 simplifies to: 
 
𝛼! =

!
!
!!!!!!

!! !!!!
     (A26) 

 
As before, we can write an expression for rA-rA

0 in terms of the 
host and substitutional radii, 
 
𝑟!− 𝑟!! = 𝑥𝑟!!"# + 1− 𝑥 𝑟!!!"# − 𝑥!𝑟!!"# + 1− 𝑥! 𝑟!!!"#  
(A27) 
 
which, simplified, gives: 
 
!!!!!!

!!!!
= 𝑟!!"# − 𝑟!!!"#    (A28) 

 
Substituting eq. A28 into eq. A26 yields the equation for 𝛼!: 
 
𝛼! =

!
!

!!!"#!!!!!"#
!!

    (A29) 
 
Then eq. A29 can be combined with eq. A25 and the measured 
chemical expansion coefficient to determine 𝛼!. Finally we 
need to derive the expression for oxygen vacancy radius from 
𝛼! for this case of A-site substitution only.  Here again we can 
say that when rA = rA

0, αA = 0. In combination with y-y0 = 0 and 
rB = rB

0 for A-site substitution only, eq. A4 simplifies to: 
 
𝛼!

!!!!
!

=
!
!
!! !!!!!!

!!
    (A30) 

 
Also for A-site substitution eq. 10 simplifies to: 
 
𝑟! − 𝑟!! =

!!!!
!

(𝑟! − 𝑟!)    (A31) 
 
Substituting eq. A31 into eq. A30 yields: 
 
𝛼! =

!
!
!! (!!!!!)

!!!
     (A32) 

 
Eq. A32 is identical to eq. A12, so in the same way rV is 
expressed as in eq. A13. 
Then the oxygen vacancy radius for the case of A-site 
substitution only can be found from equations A13, A29, and 
A25. 
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