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Clusters of coupled nuclear spins may form long-lived

nuclear spin states, which interact weakly with the en-

vironment, compared to ordinary nuclear magnetization.

All experimental demonstrations of long-lived states have

so far involved spin systems which are close to the con-

dition of magnetic equivalence, in which the network of

spin-spin couplings is conserved under all pair exchanges

of symmetry-related nuclei. We show that the four-spin

system of trans-[2,3-13C2]-but-2-enedioate exhibits a long-

lived nuclear spin state, even though this spin system is

very far from magnetic equivalence. The 4-spin long-lived

state is accessed by slightly asymmetric chemical substi-

tutions of the centrosymmetric molecular core. The long-

lived state is a consequence of the locally centrosymmetric

molecular geometry for the trans isomer, and is absent for

the cis isomer.

A general group theoretical description of long-lived states

is presented. It is shown that the symmetries of coherent

and incoherent interactions are both important for the ex-

istence of long-lived states.

1 Introduction

Clusters of coupled nuclear spins may form long-lived states

(LLS) with decay time constants TLLS much longer than the

conventional spin-lattice relaxation time T1
1–22. Such long-

lived states have been used to enhance the study of slow pro-

cesses such as diffusion and flow by NMR, and to enhance

the contrast in ligand binding investigations21,22. Long-lived

states hold particular promise for extending the range of nu-

clear hyperpolarization experiments23–28, in which the small

(∼ 10−5) thermal polarization of nuclear spins is temporarily

enhanced by many orders of magnitude.

In the case of spin systems containing only two nuclear

spins-1/2, the long-lived state is known as singlet order10.

This represents the difference in population between the sin-

glet state of the spin-1/2 pair, which is antisymmetric with re-

spect to spin exchange, and the mean population of the triplet

states, which are symmetric with respect to exchange. Singlet

order is immune to intra-pair dipolar relaxation, which is of-

ten the dominant mechanism for the T1 process. Singlet order

lifetimes TLLS exceeding ∼ 60T1 have been reported13. Long-

lived singlet order may also be observed for spin-1/2 isotopes

of different type (heteronuclear singlet order).29

In systems of more than two coupled spins-1/2, the exis-

tence of long-lived singlet order (and LLS in general) depends

strongly on the geometrical arrangement of the nuclei, and the

relative magnitudes of spin-spin couplings and chemical shift

differences. This problem was examined both theoretically14

and numerically30. Multiple-spin states that are protected

against intramolecular relaxation mechanisms were predicted

to exist, in the case that the rigid geometrical arrangement

of nuclei displays local inversion symmetry30. However, no

experimental demonstrations of such geometrically imposed

long-lived states were provided.

The absence of local geometrical centrosymmetry does not

preclude the existence of long-lived spin orders when either

the geometrical remoteness of the central spin pair from the

other members of the spin system is provided16–19,25–27, or in

the presence of fast intramolecular dynamics31.

In the following discussion, we provide a clear experimental

demonstration of a geometrically-imposed long-lived nuclear

spin state in an asymmetrically substituted derivative of 13C2-

fumarate (trans-[2,3-13C2]-but-2-enedioate). As discussed be-

low, this system exhibits local centrosymmetry but is far from

the regime of magnetic equivalence. The confirmed existence

of a long-lived state in this system verifies the analyses in

refs.14,30, and shows that near-magnetic-equivalence is not a

necessary condition for generating and observing long-lived

nuclear spin states.

A theoretical framework accounting for the symmetry prop-

erties of the coherent and fluctuating terms in the hamiltonian

is introduced for predicting the existence of long-lived spin

order. This theory emphasizes the interlocking symmetries

of both the coherent and fluctuating parts of the nuclear spin

Hamiltonian, as opposed to recent work which only takes the

coherent spin interactions into account16–19.

2 Near Magnetic Equivalence

Consider a pair of nuclei denoted I j and Ik, with chemical

shifts δ j and δk, so that their chemical shift frequencies in
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4 THEORY 4.2 Symmetry of the Fluctuating Hamiltonian

BST p(23) p(14) p(14)(23) M

|T23
1 T14

1 〉 g g g 2

|T23
0 T14

1 〉 g g g 1

|T23
1 T14

0 〉 g g g 1

|T23
1 T14

−1〉 g g g 0

|T23
0 T14

0 〉 g g g 0

|T23
−1T14

1 〉 g g g 0

|T23
0 T14

−1〉 g g g -1

|T23
−1T14

0 〉 g g g -1

|T23
−1T14

−1〉 g g g -2

|S23
0 S14

0 〉 u u g 0

|T23
1 S14

0 〉 g u u 1

|T23
0 S14

0 〉 g u u 0

|T23
−1S14

0 〉 g u u -1

|S23
0 T14

1 〉 u g u 1

|S23
0 T14

0 〉 u g u 0

|S23
0 T14

−1〉 u g u -1

Table 3 The first column lists the components of the basis set BST in

equation 11 used for describing both 13C2-AFD, 13C2-AMD. Each

ket is classified according to its parity under exchange of the two 13C

nuclei, exchange of the two 1H nuclei, and simultaneous exchange of

both homonuclear pairs. The last column indicates the total magnetic

quantum number.

In the absence of any symmetry breaking interactions, the

NMR spectral peaks are generated by transitions within the Ag

or Bu manifolds.

4.1.1 Singlet-Triplet product basis

We follow Warren et al.16 by considering a basis set which is a

direct product of the singlet-triplet bases formed by homonu-

clear spin pairs:

BST = {ST}23 ⊗{ST}14 (11)

A permutation (i j) acting upon a ket belonging to {ST}i j

gives:

(i j) |ψi j〉= p(i j) |ψi j〉 (12)

|ψi j〉 is said to be symmetric or gerade (g) when p(i j) =+1;

antisymmetric or ungerade (u) when p(i j) =−1.

As different spin permutations may be multiplied, a four-spin

state can be either symmetric (g) or antisymmetric (u) under

the homonuclear spin permutation (i j)(kl), that is p(i j)(kl) =
+1 (for g) or p(i j)(kl) =−1 (for u).

States belonging to BST can be classified (see Table 3) accord-

ing to the magnetic quantum number M and their parities un-

der the homonuclear spin permutations:

(I1z + I2z + I3z + I4z)(|ψ14〉⊗ |ψ23〉) = M(|ψ14〉⊗ |ψ23〉)
(14)(|ψ14〉⊗ |ψ23〉) = p(14)(|ψ14〉⊗ |ψ23〉)
(23)(|ψ14〉⊗ |ψ23〉) = p(23)(|ψ14〉⊗ |ψ23〉)

(14)(23)(|ψ14〉⊗ |ψ23〉) = p(14)p(23)(|ψ14〉⊗ |ψ23〉) =
p(14)(23)(|ψ14〉⊗ |ψ23〉)

(13)

The 16 states reported in Table 3 form an othonormal basis

set and are classified according to their symmetry with respect

to the permutation (14)(23) into irreducible representations

Ag and Bu:

Γspin = 10Ag ⊕6Bu (14)

4.2 Symmetry of the Fluctuating Hamiltonian

Consider now the fluctuating spin interactions which cause

relaxation. An example of such interactions is given by the

dipole-dipole interaction between the nuclei, which may be

written as follows:

HDD(t) = ∑
{i, j}

+2

∑
m=−2

√
6bi jD

2
0m(Ω

i j
PL(t))T

i j
2m (15)

where the dipole-dipole coupling constant between a pair of

nuclei is bi j =−(µ0/4π)γiγ jh̄r−3
i j , D2 is a second-rank Wigner

rotation matrix, Ω
i j
PL represents the set of three Euler angles

defining the orientation of the internuclear vector between I j

and Ik in the laboratory frame, and T
i j

2 is a second-rank irre-

ducible spherical tensor.

At an arbitrarily time point t, molecular vibrations distort

the molecular geometry away from its equilibrium configu-

ration, breaking the geometrical symmetry. Hence, in gen-

eral, the instantaneous value of HDD(t) (and other fluctuating

terms) does not display symmetry. However, since rapid vi-

brations are usually too fast to cause significant NMR relax-

ation, the relevant spin Hamiltonian for relaxation purposes

may be locally averaged over molecular vibrations (typically

on the sub-picosecond timescale), denoted here
〈

HDD(t)
〉

vib
.

This vibrationally averaged spin Hamiltonian reflects the geo-

metrical symmetry of the equilibrium molecular structure, and

displays the corresponding spin permutation symmetry.

In general,
〈

HDD(t)
〉

vib
may be calculated from equation 15

by using nuclear coordinates from the equilibrium molecu-

lar geometry, but with small adjustments to the interaction

strengths caused by vibrational averaging.

As previously done for Hcoh we will consider in this section

the nuclear spin permutations that are symmetry operations for
〈

HDD(t)
〉

vib
in both molecular systems.
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REFERENCES

when θ = 180◦, which is the geometric equilibrium configu-

ration for 13C2-AFD.

4.5 Symmetry Breaking

Since applied fields are symmetric for all spins, the LLS de-

scribed by equation 22 can only be accessed by breaking the

idealized Liouvillian symmetry G0
L . In the current case, the

symmetry-breaking occurs naturally through the term H
′

coh,

which is associated with the asymmetric ester substituents.

The true symmetry group of the coherent Hamiltonian is there-

fore given by Gcoh = {E}, instead of the idealized group G0
coh

in equation 10. The true Liouvillian group is given by

GL = Gcoh

⋂
Gfluc (27)

which in the current case is simply GL = {E} for both

molecular systems. In the case of 13C2-AFD, the symmetry-

breaking perturbation generates terms connecting the irre-

ducible representations of G0
L , allowing experimental access

to the LLS, through pulse sequences such as M2S, S2M, and

relatives8,9,20. In the study described here, the symmetry-

breaking perturbation induced by the asymmetric ester sub-

stituents is large enough to provide experimental access to the

LLS, but sufficiently small that a theoretical description based

on the idealized Liouvillian group G0
L provides a good approx-

imation.

Following the notation used throughout the script where 1H

nuclei are labelled 1 and 4, and 13C nuclei are labelled 2

and 3, the theory developed could be also applied to the

molecular AA’XX’ 4-spin systems discussed for example in

refs17,18,25–27. The coherent spin Hamiltonian displays near-

magnetic-equivalence, and the central spin pair is sufficiently

remote from other participating spins that the symmetry group

{E,(14),(23),(14)(23)} is a reasonable approximation for

both the coherent and the fluctuating Hamiltonians. This

group has four irreducible representations, leading to three

non-trivial long-lived states. Two of these may be accessed

without breaking the chemical equivalence.

5 Conclusions

We have demonstrated the existence of a long-lived nuclear

spin state in a multiple spin system, far from the usual condi-

tions of near magnetic equivalence. A state of this kind is only

supported by molecules with centrosymmetric local molecular

geometry, such as fumarate. A group theoretical description

of the conditions leading to long-lived states in multiple spin

systems has been given. This theoretical approach is likely

to be useful for understanding a variety of related problems,

such as long-lived states in chemically equivalent spin sys-

tems16–19,25–27 and long-lived states in rapidly rotating methyl

groups31.

The existence of long-lived states in fumarate derivatives

may also have practical relevance to hyperpolarized NMR

studies of fumarate metabolism, in the context of in vivo can-

cer detection41,42. We are currently exploring the possibility

of generating the long-lived population imbalance between the

Ag and Bu manifolds directly through solid-state dynamic nu-

clear polarization (DNP), as has been demonstrated for singlet

order in spin-pair systems43.
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