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Quantum effects should be considered in the thermal vibrations of carbon nanotubes (CNTs). To this end,
a molecular dynamics based on modified Langevin dynamics, which accounts for quantum statistics by
introducing a quantum heat bath, is used to simulate the thermal vibration of a cantilevered single-walled
CNT (SWCNT). A nonlocal elastic Timoshenko beam model with quantum effects (TBQN), which can
take the effect of microstructure into consideration, is established to explain the resulting power spectral
density of the SWCNT. The root of mean squared (RMS) amplitude of the thermal vibration of the
SWCNT obtained from the semiquantum molecular dynamics (SQMD) is lower than that obtained from
the classical molecular dynamics, especially at very low temperature and high-order modes. The natural
frequencies of the SWCNT obtained from the Timoshenko beam model are closer to those obtained from
molecular dynamics if the nonlocal effect is taken into consideration. However, the nonlocal Timoshenko
beam model with the law of energy equipartition (TBCN) can only predict the RMS amplitude of the
SWCNT obtained from classical molecular dynamics without considering quantum effects. The RMS
amplitude of the SWCNT obtained from the SQMD and that obtained from the TBQN coincide very well.
These results indicate that quantum effects are important for the thermal vibration of the SWCNT in the

S

&

20 case of high-order modes, short length and low temperature.

1. Introduction

Thermal fluctuations are very closely related with the resonance
properties of low-dimensional structures as they serve as
nanoscale devices'™. The thermal vibration problems of a carbon
»s nanotube (CNT), which can be used as a nanoelectronic
component™ ° and AFM tip” ®, have attracted much research
interest. Transmission electron microscopy is used to estimate the
Young’s modulus of the CNTs by measuring the amplitude of
their intrinsic thermal vibrations” '°. Recently, Moser et al.
studied CNT mechanical resonators at a cryostat temperature of

2

1.2 K and 30 mK using an ultrasensitive method based on cross-
correlated electrical noise measurements, in combination with
parametric downconversion'"" 2. In addition to experiment
methods, molecular dynamics (MD) and continuum models'*
35 are very important tools to study thermal vibration in CNTs.
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However, in classical molecular dynamics (CMD), which does
not allow for the description of quantum effects, each dynamical
degree of freedom possesses the same average kinetic energy
k,T/2 at thermal equilibrium, where k, is the Boltzmann
4 constant and T is temperature. The pure quantum method is
difficult to model in detail for the dynamics of many-body
systems because of its complexity. However, some studies have
shown that the quantum effects should be considered when the
CNT vibrates at a low enough temperature’ *'. To overcome
45 these obstacles, different semi-classical methods, which can
include quantum effects into the dynamics of nano-systems, have
been proposed”>?. Dammak et al.’® presented a semiquantum
molecular dynamics (SQMD) that accounts for quantum statistics
by introducing a quantum heat bath. In this approximation, both a
so dissipative force and a Gaussian random force having the power
spectral density given by the quantum fluctuation-dissipation
theorem™ are introduced into a Langevin-type approach. Very
recently, Wang and Hu®' studied the thermal vibration of a
singled-walled CNT (SWCNT) using classical beam theory with
ss quantum effects taken into consideration instead of the law of
energy equipartition. It shows that the root of mean squared
(RMS) amplitude of thermal vibration of a SWCNT predicted by
the quantum theory is lower than that predicted by the law of
energy equipartition. However, the effect of the microstructure of
0 SWCNTSs, which has a significant influence on the vibrations and
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FIG. 1. Molecular structure model for an armchair (5, 5) SWCNT. Atoms in red are fixed, trajectories of the blue ones are recorded
during simulations.

wave propagation of SWCNTs™, is not included in the beam
models. In order to understand the influence of quantum effects
to thermal vibrations of CNTs, a recent developed SQMD method
is used to simulate free thermal vibration of a cantilevered
SWCNT. The thermal vibrational spectrum of the SWCNT with
quantum effects is presented first in this paper. Moreover, a
10 nonlocal elastic beam theory with quantum effects taken into
consideration is established to explain the resulting power
spectral density of the SWCNT.

This paper is organized as follows. In Section 2, the SQMD
method based on Langevin dynamics, which will be used to
calculate the RMS amplitude spectrum, is presented. In Section 3,
the nonlocal Timoshenko beam model with quantum effects is
established. Section 4 outlines a comparison between the
resulting power spectral density of the SWCNT calculated by
SQMD and CMD. The natural frequency and RMS amplitude of
20 thermal vibration of the SWCNT obtained from the nonlocal

elastic Timoshenko beam model with quantum effects (TBQN)

and the nonlocal Timoshenko beam model with the law of energy
equipartition (TBCN) are listed for analysis. Finally, the paper

ends with some conclusions in Section 5.

w

Iy

» 2. MOLECULAR DYNAMICS MODEL

Here, the CMD and the SQMD methods used to study thermal
vibrations of SWCNTs are briefly presented. The dynamic
equation of each atom in the molecular dynamics simulation is
based on the Langevin equation. The dynamics equation of the n-
th atom with mass M, and position r, is

2

Mni;”:FIn_Mnyl.‘n-i_En’ (1)
where F, is the force caused by the interaction with all the other

atoms, y is the effective frictional coefficient, and =, = {gm}3

a=1

are random forces with the Gaussian distribution. In the CMD,
55 &, and y are related by the fluctuation-dissipation theorem at
temperature 7'

(€ (1)8,(0)) =2M 1k, T5,,5,5(1) &)
where J,, and §,, are the Kronecker symbol, while &(r) is the
Dirac delta function.

To include quantum features into molecular dynamics, for an
oscillator with frequency v at temperature 7, the power spectral
density of the random forces is given by the quantum fluctuation-
dissipation theorem®

(.85) =2M,yk,T5,,8,,p(v.T), 3)

4

45 where

holk,T

1 hv
Ny + ok 1" Q)

2 k,T
Different from the white noise generated by Equation (2) in
CMD, the stochastic force spectrum is a color noise®’. In this
paper, a technique proposed by Savin er al.* is used to generate
random forces.

The dimensionless power spectral density in Equation (4) can
be expressed as

p(v.T)=

5

_ 1_ )
== _ 5
p(0) 20+e”—1’ 3)

where 0 =ho/k,T is a dimensionless frequency.

3

ss The dimensionless random vector functions S, (7)= {Sa n} ,
P

=5,,(r)+S,,(r) of the dimensionless time 7=tk,T/h are

constructed to generate the color noise. The power spectral
density of random forces in Equation (3) is given as:

(£080) = 2M 1k, T(S,,S,,) (6)
0 and
<SanSﬁm>E = <SOanS0ﬁm>E + <SlanSlﬁm>E : (7

Here, the random functions S, (7) and S,,(z) are uncorrelated,

1_
and S,,(7) will generate the power spectra 50, while S, (7)

o 1 in Equation (5). The first term in Equation

will generate

v

s (7) gives the contribution of the zero-point oscillations to the
power spectral density of random forces, and it does not need to
be taken into account during the CNTs thermal-vibration
simulations.

The random function Slm,(r) can be approximated by a sum
70 of two random functions with relatively narrow frequency spectra

Slan(f):Cl an1(7)+cz anZ(T)' (®
In this sum, the dimensionless random functions ¢, (r) , =1, 2,
satisfy the equations of motion as

()= (0) -0, (1) -Fln(5). ©
7s where 7,,,(7) are & — correlated white-noise functions
<’7am' (7)1 (T)> = Zl:iéaﬂﬁnkéﬁé(r) > (10)
where ¢, =1.8315, ¢, =0.3429 , Q,=27189 , Q,=12223,
[1=5.0142, [ =3.2974 are dimensionless parameters. S, (7)

can be generated by solving numerically Equation (8),

0 B =1& ) in Equation (1) can be obtained b
,={£.}  inEq y

(1)=&, (71 KT )=k, T2M y 1 1S, (7). (11)
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For a single-walled armchair (5, 5) CNT shown in Fig. 1, the
first four rings of atoms at one end of the tube are fixed to
simulate a cantilever boundary condition. To avoid the possible
boundary effect of the last layer at the free end, the tip position u
is the average position of the third last ring of 10 atoms. The
molecular dynamics simulations are carried out based on
Brenner’s second-generation reactive empirical bond order
(REBO) potential®®, which has been widely used in many studies
on the mechanical behavior of carbon materials. The long-range
van der Waals interaction is calculated by the Lennard-Jones 12-6
potential. >’ The velocity verlet formulation of the BBK
integrator®® with time step 1 fs is used during the simulations.

The canonical ensemble is often used as initial conditions for
trajectories with constant energy dynamics'® ' to calculate the
RMS amplitude of the thermal vibration of the CNT. This method
can be used for the case in which heat bath follows the law of
equipartition. However, for the system in the color-noise heat
bath, the energy will transfer from the low-frequency modes to
the high-frequency ones in the micro-canonical ensemble®. To
avoid this problem, the systems are simulated by Langevin
equations with very small friction coefficients for 10 ns at a
constant temperature to generate thermal-equilibrium states. The
tip displacement u(t) is sampled at 10 fs intervals during the last
2 ns. The RMS amplitude spectrum of the free tip of the SWCNT
is

s (v) =S u(0) (12)

where u(v) is the Fourier transform of u(r), and the one-sided
spectrum type is selected during the transform. To increase the
accuracy of the calculations, the final result is the averaging of 60
independent simulations.

3. NONLOCAL TIMOSHENKO BEAM WITH
QUANTUM EFFECTS

To predict the mechanical behavior of CNTs with small-scale
effects, nonlocal continuum theory, such as the nonlocal
Timoshenko beam model has been widely used to study wave
propagation and vibration of CNTs™*. This section starts with
the dynamic equations of a nonlocal Timoshenko beam of
uniform cross-section with length L placed along direction x in
the (x,y,z) coordinate system. The dynamic equations of the

beam are
2 2
pA{l—rozaiz}a + BA G(a@—‘;ﬁ”]_o, (13a)
8* a% ow o
I1-7— GA EI—-=0, (13b
L { o 6x2} or’ v ( Gx} ox* (130)

where w(x,t) is the displacement of section x of the beam in
direction y at the moment ¢, ¢ is the slope of the deflection curve
of the beam when the shearing force is neglected, A is the cross

section area of the beam, I = _[ysz is the moment of inertia for

the cross section of the beam, S is the form factor of shear
depending on the shape of the cross-section. E, 0, G are Young’s
modulus, mass density and shear modulus of the beam,
Iy is a small-scale parameter with length unit

describing effects of the microstructure on elastic behavior. In
many research works, it has been revealed that the small-scale

respectively.

effect is significant on wave propagation and thermal vibration in
CNTs**. However, no experiments have been conducted to
55 predict the magnitude of 7, for CNTs. Wang and Hu obtained 7
by a comparative study of the gradient method with atomic lattice
dynamics and it yields*
p d
0 \/E ’
where d is the axial distance between two particles in the
% materials. For the armchair SWCNT, d is the axial distance
between two rings of carbon atoms.
The boundary conditions of a cantilever beam are

o*w(L,t) O*p(L,t)
2 ox*

(14)

w(0,t)=0, ¢(0,1)=0, =0, =0. (15)

The dynamic deflection and slope can be given by

/'[ut’ ¢ ¢e/[ut (16)
where w represents the deflection amplitude of the beam, ¢ is

65 w=we’

the slope amplitude of the beam due to bending deformation
alone, and j = J=1. Let
E=x/L. a7
70 Substituting Equations (16), (17) into Equation (13), one obtains
8(p W prle’ W

b’s*W-L—— — =0, (18a)
05 o8 BG og
(b2r2s2 )(p_‘_laiw 28(/’ pZIr() a (P =0, (18b)
Lo 08>  I’BGA 0&*
where
4 2
b2=w’ ”2=Lz’ 2=L2. (19)
EI AL PAGL
75 Eliminating @, Equation (18) becomes
Bl i (BD+ 12 40 2c)a +’Div=0.  (20)
0¢ og*
where
p[|_ P
PG
2.2
c=|ps - LIe @1
PGA

D= (bzrzs2 —1).

In the case of

12
~(BD+ > +b*5°C) + [(BD + L +05°C) — 4BCDb2s2}
>0

80 y

2BC
the solutions W, @ of Equation (20) read™
w=C, cosha,& +C,sinhe &+ C,cosa, & +C,sina, & , (22a)
p=C,sinhe,& + C)cosha & + C;sina,é + Cycosa,é , (22b)
where
V2

F(BD+L + b2s2C) +
a, 1

=— 12
a, +2BC [(BD + L +b75°C) - 4BCDb2s2}

In Equation (22), only one half of the constants are
independent because they are related by Equation (18) as follows:

2.2
[lfsz +[1—”2’G“’]a]2]cl /(La))=C]=AC,, (24a)

» (23)

85
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2.2
(bzsz+(l—pr° @ ]af]cz/(ml):c; =AC,. (24b)

2 2
(bzsz—[l—"”(’é" ja;JQ/(Laz):c; =AC,, (240

2 2
—(bzf - (1 - prﬂOG‘”]aj]q /(La,)=C) =—-A,C,. (24d)

The natural frequencies of the cantilever beam can be obtained
s by solving the following equation

1 0 1 0
0 A 0 -A,
2 2. 2 2. =0.(25)
a, cosha, a; sinhg, -a,cosa, —a,sina,

2 B 2 2 B 2
a;A;sinha,  aAjcosha, —a,A,sina, a;A,cosa,

The natural modes ( w, , ¢, ) of the n-th order for the

cantilever Timoshenko beam yield _
coshea, & +——sinha, &
Wn = anw” (5) = Dn 1] ’ s (26a)
—cos,,& +—sina,,&
L A, J
coshe, & - A, sinhe, &
10 ¢, =D, 1, (&)=H, o . (26b)
_—cos a,,é+ A—4 sine,,& |
where
(—‘22 o sinha, + @, sin az]
A= ! , (27a)
’ (0:12 cosha, +a,’ cos az)
1
A, =—), 27b
T (27b)
H, = (A2 /AS)D" . 27¢)
15 In the case of
) /2
~(BD+ L +b°5°C) + [(BD + D +b’s°C) - 4BCDb2s2]
<0 .

2BC
The solutions W, @ of Equation (20) read™
w=C, cosa& + jC,sina & + C,cosa,& + C,sina,& , (28a)
¢ = jC/sinajé + Cycosa & + Cysina,& + C cosa, &, (28b)

20 where
1/2

X (BD + L+ bzszc) -

o =——— e . (29)
J2BC [( BD+ 12+ bzszc)2 - 4BCDb2s2]

Similar to Equation (22), in Equation (28), only half of the
constants are independent,

2.2
[bzsz - (1 - p,;ﬂca’]a;z]/ Lia/C,=C/=AC,,  (30a)
2.2
2 —[bzsz - [1 - ”%’J ja{zJ/ LalC, =C, =A,C,, (30b)

2 2
[bzsz —(1 —p%)]a;)/ La,Cy=CL=NC,,  (30c)

2 2
—[bzs2 —(1 —p%’}azzj /La,C,=C,=N,C,. (30d)

The natural frequencies of the cantilever beam yield the
following equation:

1 0 1 0
0 A 0 Al
30 ” ' N T 2 2. =0. 3D
a,” cosa Jjoy sing a; cosa, a; sina,

Alja’sing] Al cosa] Aaisina, Ala;cosa,
The natural modes ( w, , @, ) of the n-th order for the
cantilever Timoshenko beam yield:

cosa, &+ j———sina, &
Ww,=D,f, (£)=D, L . (32a)
_—cosanzf—A—gsinaﬂf |
- N
cosa, &+ jiA'/l\' sina,, &
¢, =D,f, (&)=H, L . (32b)
_—cosanzf—A—,ﬁsinanzf |
35 where
. A,
(azz sina, — A? ja)’sin a,J
(a, cosa, —a, cosaz)
Af
Ay =—1, (33b)
A5A3
H =(A,/A)D, . (33¢)
n 4 5 n

The total energy E, contained in the n-th vibration mode can
40 be found by calculating the kinetic energy at the instant of
equilibrium position of the beam

1L ow Y anz
E =— Al —* | +pl| —* dx +
" 2I0|:P (azJ p(at

2
1 5t o’w o’p
1 Al L | g pr| S
2" Io{p (&v@t} p(axaz

_pLDw

O LA ) 1 (£ () Jag+

pLD 0 i 1 A(af”’" (f)JZH[afW(f)JZ ac.
2 T e o¢

The expression for mean energy contained in n-th vibration mode
with quantum effects is*" !

z
1=
@y
2
=

dx

z (34)

hv,
45 <E> = hv, 1k ; >
e'n'ts _1

where v, =®,/2n . The Boltzmann constant and the Planck’s

ky =138x10JK™" | h=6.626x10"J-s ,

(35)

constant  are
respectively.
Let the total energy in Equation (34) equal the mean energy in

so Equation (35), it is easily obtained
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FIG. 2. The thermal vibrational spectra for a 9.84 nm (5, 5) SWCNT at (a) 7=30K and (b) at 7=5K.

Table. 1. Frequencies (GHz) of (a) 2 9.84 nm (5, 5) CNT at different temperatures predicted by beam theory and MD simulations.

TBCN/  TBCN/
vy TBON  TBOQN CMD  SQMD  CMD  SQMD CMD  SQMD

=06  p-og GOOK)  GOOK) (G0K)  (0K)  (K)  (5K)
1 2778 27.89 2850 2650 2850 2650  28.50 2650
2 1634 166.3 166.5 160.5 1625 1605 1605 160.5
3 4233 436.9 4395 4355 4320 4275 4300 4275
4 7582 793.3 8015 7975 7910 7855 7910 7855
5 1143 1210 1229 1223 1219 1211 1217 1211
6 1561 1668 1699 1693 1691 1683 1689 1683
7 1999 2154 2191 2186 2190 2180 2185 2180

Table. 2. RMS amplitude (nm) of (a) a 9.84nm (5, 5) CNT at different temperatures predicted by beam theory and MD simulations,

where f=0.8.
T N TBCN TBOQN CMD SQMD
300K 1 1.7687x10" 1.7667x10" 1.8457x10" 1.6563x10!
2 2.7061x1072 2.6881x107 2.7426x107  2.6009%x107

This journal is © The Royal Society of Chemistry 2014
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3

4

5

6

7

30K 1
2

3

4

5

6

7

5K 1
2

3

4

5

6

7

9.2135x1073
4.7024x10°°
2.4120%107
1.8183x107
9.8717x10™

5.5930x1072
8.5573%107
2.9136x107
1.4870x107
7.6274x10
5.7501x10™
3.1217x10*

2.2833x1072
3.4935%107
1.1895x107°
6.0707x10™
3.1139%x10™*
2.3475%10
1.2744x10™*

9.0530x1073
4.5540x10°°
2.2962x107
1.6984x107
9.0346x10™

5.5305x1072
7.9948x1073
2.4218x1073
1.0474x1073
4.3571x10™
2.5640x10™
1.0517x10*

2.1317x102
2.2251x107
3.0155%10™
3.7202x107
3.1829x10°°
3.1314x107
1.8800x10°®

8.8051x107
4.0666x10°
2.3652x107
1.3801x10°°
8.8298x10™*

5.8560x1072
8.8158x107
2.7904x107
1.2791x10°?
7.4650x10™
5.2534x10™*
2.7725%10*

2.4481x1072
3.6359x107
1.1309x1072
5.0417x10*
2.9253%x10*
1.6552x10™*
1.0432x10™*

8.5099%107
4.0665x10°
2.1466x107
1.2087x107°
7.5817x10™

5.4011x1072
8.1759%x107
2.3305x107
9.3402x10™*
4.5071x10™
2.2357x10*
1.3188x10™*

2.1172x102
2.3263x107
3.2326x10™*
8.1970x107
4.3226x107
3.0395%107
2.3644x107

Table. 3. Frequencies (GHz) of (a) a 19.68 nm (10, 10) CNT at different temperatures predicted by beam theory and MD simulations.

TBCN/ TBCN/
Ny TBON TBON CMD SQMD CMD  SQMD
£-06 £-08 (300K)  (300K)  (30K) (30K)
1 1331 13.36 1400  13.00 1350 13.00
2 78.81 80.07 7850 7500  77.50 75.00
3 205.6 2117 2100 2070 207.0 198.5
4 370.9 386.9 3790 3770 3765 3715
5 562.7 593.7 5780 5765 5745 562.0
6 771.9 822.5 7950 7920 7915 778.0
7 992.7 1066 1021 1018 1016 1004

Table. 4. RMS amplitude (nm) of (a) a 19.68nm (10, 10) CNT at different temperatures predicted by beam theory and MD simulations,

where =0.6.

T

N

TBCN

TBQN

CMD

SQMD

300K

30K

1
2
3
4
5
6
7

NN R W -

1.8767x10"
2.9908x107
1.0556x1072
5.6195%107
2.9976x107
2.3943x107
1.3511x10

5.9347x1072
9.4579%x107
3.3381x107
1.7771x1073
9.4793x10™*
7.5715x10™
4.2727x10™

1.8757x10
2.9814x10
1.0469%x107
5.5364x107
2.9304x1073
2.3208x107
1.2979%10°°

5.9030x107
9.1609%x107
3.0677x107
1.5208x10°°
7.4430x10™
5.3887x10™
2.7283x10™

1.8870x10"
2.8582x107
1.0429%x1072
5.0083x107
3.2253%107
2.0962x1073
1.4386x10°°

5.9588x107
9.2849%107
3.7827x107
1.6963x107°
9.9591x10™
7.4592x10™
4.5831x10™

1.6833x10!
2.8375%1072
9.9678x107
5.0005x107
3.1182x107
1.9721x1073
1.3520x107°

5.7219x10°2
9.0482x1073
2.8741x1073
1.3802x107°
7.4916x10™
4.4723%x10™
3.6986x10™
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FIG. 3. The RMS amplitude of a 9.84 nm (5, 5) SWCNT at (a) 7=1K (b) 7=3K and (c) 7=5K.
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" For the case of hv << k,T , Equation (36) becomes
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Then, the RMS amplitude of the thermal vibration of the n-th
mode for the beam at x reads
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As the natural modes are independent of one another, their
contributions can be added incoherently. To average coherently

over all the modes, the variances Wg,s (x) can be added to

obtain the other Gaussian distribution with the standard deviation

given by
‘:{/RMS (x) 4 zwim‘” (x) . (39)
n=1

Hence, the RMS amplitude of thermal vibration of a SWCNT at
any point can be obtained via the model of nonlocal Timoshenko
beam model.

4. RESULTS AND DISCUSSION

Figures 2(a) and 2(b) show thermal vibrational spectra of a 9.84
nm armchair (5, 5) CNT at 7=30K and at 7=5K, respectively. The
solid line and dotted line are vibrational spectra calculated by
s CMD and SQMD methods, respectively. All spectra clearly have
distinct peak, every distinct peak of the spectra represents one
natural frequency of the SWCNT, and they are listed in Table 1.
It shows that natural frequencies obtained by SQMD are very
close to those obtained by CMD, which means quantum effects
have little effect on the resonance frequency of SWCNT.
Furthermore, Figure 2 shows that the RMS amplitude spectrum
calculated by SQMD method is much lower than that calculated
by CMD in the high-frequency range. The reason should be that
the mean energy <E> of every vibrational mode in SQMD is
much lower than that in CMD when the frequency is high
enough. Thus, vibration of the high-frequency mode is frozen if
the white noise is replaced by the color noise with quantum
fluctuation-dissipation theorem.

To make a quantitative comparison of the Timoshenko beam
30 theory with the MD results, it is necessary to know Young’s
modulus E and the shear modulus G or Poisson’s ratio . The
previous studies®® based on the REBO potential gave a great
variety of Young’s moduli and Poisson’s ratios of SWCNTSs. The
molecular dynamics simulation of pure bending was carried out
to obtain material parameters. The Young’s modulus is £=0.740
TPa and the Poisson’s ratio x#=0.254 for the armchair (5, 5)
SWCNTs, and £=0.798 TPa, £ =0.317 for the armchair (10, 10)
SWCNTs when the thickness of the SWCNTs was chosen as 0.34
nm.

Furthermore, Table 1 lists the frequencies obtained by
Timoshenko beam theory. The shear coefficient S in the
Timoshenko beam theory is related to the cross-section of the
beam. In fact, the equivalent beam model of an armchair (5, 5)
SWCNT is a thick-walled tube if the wall is chosen as 0.34 nm.
Table 1 shows that the shear coefficient has a strong effect on
high-order frequencies. By comparison with the results of the MD
simulations, the Timoshenko beam models produce better
predictions when the shear coefficient is taken as 0.8, which is
close to the suggested value given by Cowper™.

The total intensity of each spectrum peak corresponding to the
RMS amplitude of thermal vibration of the SWCNT, can be
calculated by summing the square of the RMS amplitude
spectrum between the midpoints to the two adjacent peaks'®. The
RMS amplitude of the first seven modes is displayed in Figure 2.

S

G

3

ss It can be found that the RMS amplitude obtained by SQMD is

lower than that obtained by CMD. Table 2 shows that the
difference between the RMS amplitude obtained from these two
MD methods becomes more obvious in the case of higher-order
modes and lower temperatures. TBCN give good predictions for
the RMS amplitude obtained from CMD. Furthermore, RMS
amplitude obtained from TBQN are close to that obtained from
SQMD.

The natural frequencies and RMS amplitude of the thermal
vibrations of a 19.68 nm armchair (10, 10) SWCNT are shown in
Table 3 and Table 4. Compared with the armchair (5, 5) SWCNT,
the value of the wall thickness divided by the diameter becomes
smaller. Table 3 shows that the Timoshenko beam models
produce better predictions when the shear coefficient is taken as
0.6 for the armchair (10, 10) SWCNT. The RMS amplitude data
listed in Table 2 and Table 4 shows that quantum effects have a
greater effect on the SWCNT with smaller scale. For example,
the seventh-order RMS amplitude of the (5, 5) SWCNT obtained
by TBQN is 33.7% of that obtained by TBCN when the
temperature is 30K. The corresponding value of the (10, 10)
SWCNT is 63.9%. Moreover, some similar conclusions can be
gotten by analyzing the RMS amplitude obtained from CMD and
SQMD.

Figure 3 shows the RMS amplitude at different sections of a
9.84 nm long (5, 5) SWCNT at 7=5K, 7=3K and 7=1K. The
RMS amplitude can be obtained by

amrvanlt (40)

where N is the total recorded steps of the molecular dynamics. As
one can see from Figure 3, the difference between the CMD and
SQMD methods becomes more significant at lower temperature.
The RMS amplitude obtained from Timoshenko beam models
gives the same tendency as well. These results means the
quantum effect is more important for thermal vibration of the
SWCNT at lower temperature.

For the difference between Timoshenko beam model and MD,
the use of shear coefficient of Timoshenko beam may cause the
error. More accurate models, such as higher-order shear
deformation theory®**® and shell model together with the
quantum effect may give a better prediction to the natural
frequency and RMS of CNTs.

5. CONCLUSIONS

In summary, a detailed study is herein presented on the thermal
vibrations of cantilever SWCNTSs using molecular dynamics with
a quantum heat bath. The thermal vibrational spectrum of a
SWCNT cantilever obtained from SQMD is much lower than that
obtained from CMD. The natural frequency and RMS amplitude
of thermal vibrations of the SWCNT obtained from the SQMD
are very close to those obtained from TBQN. Nevertheless, the
TBCN model can only give prediction for the results obtained by
CMD. The results obtained from the CMD and SQMD methods
indicate that quantum effects are important for the thermal
vibrations of the SWCNTs in the case of high-order modes, small
scale and low temperature.
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