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Phosphorene, the single layer counterpart of black phos-

phorus, is a novel two-dimensional semiconductor with

high carrier mobility and a large fundamental direct band

gap, which has attracted tremendous interest recently.

Its potential applications in nano-electronics and thermo-

electrics call for fundamental study of the phonon trans-

port. Here, we calculate the intrinsic lattice thermal con-

ductivity of phosphorene by solving the phonon Boltz-

mann transport equation (BTE) based on first-principles

calculations. The thermal conductivity of phosphorene

at 300K is 30.15Wm−1K−1 (zigzag) and 13.65Wm−1K−1

(armchair), showing an obvious anisotropy along differ-

ent directions. The calculated thermal conductivity fits

perfectly to the inverse relation with temperature when

the temperature is higher than Debye temperature (ΘD =
278.66K). In comparison to graphene, the minor contri-

bution around 5% of the ZA mode is responsible for the

low thermal conductivity of phosphorene. In addition, the

representative mean free path (MFP), a critical size for

phonon transport, is also obtained.

Black phosphorus (BP) has a puckered layered honeycomb

structure with layers held together by van der Waals forces,

which is similar to graphite.1–3 Few-layer BP has been suc-

cessfully mechanically exfoliated4,5 and attracted tremendous
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interest recently.4–18 Phosphorene, the single layer counter-

part of BP, is a novel anisotropic two-dimensional (2D) semi-

conductor with high carrier mobility4–6 and a large fundamen-

tal direct band gap ∼ 1.5eV,10 promising its potential applica-

tions in nano-electronics besides already known 2D semicon-

ductors such as graphene, germanane, silicene and transition

metal dichalcogenides (TMDCs).3 There have already been a

lot of theoretical and experimental works exploring the pos-

sible applications of phosphorene as nano-electronic devices,

such as field-effect transistors and photo-transistors.4–9 De-

spite of extensive studies on its electrical properties, there are

also a lot of theoretical explorations on its potential applica-

tions in thermoelectrics.13–15 Phosphorene is found possess-

ing a high ZT value, implying it a potential good thermoelec-

tric material.14,15

All these electrical and thermoelectrical applications of

phosphorene are closely related to its thermal properties.

However, the thermal conductivity of bulk BP was only

roughly measured about fifty years ago19 and the thermal con-

ductivity of phosphorene is just simply estimated theoretically

recently15. Considering the potential valuable applications of

phosphorene as nano-electronic and thermoelectric devices, it

is necessary to fundamentally study the thermal conductivity

and phonon transport in this new 2D material from first prin-

ciples.

In this paper, we calculate the intrinsic lattice thermal con-

ductivity of phosphorene by solving the phonon Boltzmann

transport equation (BTE) based on first-principles calcula-

tions. The thermal conductivity of phosphorene is found

anisotropic, and the calculated thermal conductivity fits per-

fectly to the inverse relation with temperature when the tem-

perature is higher than Debye temperature. Furthermore,

we extract the contribution and the relaxation time of each

phonon branch to investigate the underlying mechanism be-

hind the low thermal conductivity of phosphorene compared

to graphene. At last, we get the representative mean free path

(MFP) of phosphorene that is important for the study of size

effect and nano-engineering.

All first-principles calculations are performed based on the

density functional theory (DFT) as implemented in the Vi-
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enna ab-initio simulation package (VASP)20. The Perdew-

Burke-Ernzerhof (PBE)21 of generalized gradient approxima-

tion (GGA) is chosen as the exchange-correlation functional.

The kinetic energy cutoff of wave functions is set as 700eV,

and a Monkhorst-Pack22 k-mesh of 10×8×1 is used to sam-

ple the Brillouin Zone (BZ), with the energy convergence

threshold set as 10−8 eV. A large vacuum spacing of at least

15Å is used to hinder the interactions between periodic layers

arising from the employed periodic boundary conditions. All

geometries are fully optimized until the maximal Hellmann-

Feynman force is no larger than 10−4 eV/Å.

Fig. 1 (Color online) (a) Top view and (b) side view of the

monolayer phosphorene. The unit cell is marked with dashed line.

The zigzag and armchair directions are indicated with arrows.

As shown in Fig. 1, the optimized structure of phosphorene

possesses a hinge-like structure along the armchair direction,

which is distinctly different from the flat graphene and buck-

led silicene13,23–26. The obtained lattice constants (zigzag:

3.32Å, armchair: 4.58Å) are in good agreement with previ-

ous studies2,27. In one unit cell, there are two atoms per layer

and four atoms in total, which means 3 acoustic and 9 optical

phonon branches.

In the calculation of phonon dispersion, the 5× 5× 1 su-

percell containing 100 atoms is constructed to ensure the

convergence.† The Monkhorst-Pack k-mesh of 2 × 2 × 1 is

used here to sample the BZ. The harmonic second order in-

teratomic force constants (IFCs) are obtained within the linear

response framework by employing the density functional per-

turbation theory (DFPT) as implemented in the VASP code20.

Then we could get the phonon dispersion of phosphorene us-

ing the PHONOPY package28 based on the harmonic second

order IFCs. The obtained phonon dispersion, as shown in

Fig. 2, is in consistent with other works15,16.

Similar to graphene and silicene23–26, phosphorene also has

a quadratic flexural phonon branch (z-direction acoustic mode,

Fig. 2 (Color online) Phonon dispersion along the path passing

through the main high-symmetry k-points in BZ of phosphorene.

The acoustic phonon branches (ZA, TA and LA) and three optical

phonon branches (B1u, B1g and B1
3g) are indicated with different

colors. The BZ with high symmetry k-points indicated and the

vibrational direction of the ZA mode are shown in the insets.

ZA) near the Γ point, which is a typical feature of 2D mate-

rials24. The vibrational direction of the ZA mode is exactly

perpendicular to the plane, i.e. along the z direction, which is

similar to graphene but different from silicene whose flexural

phonon mode is not purely out-of-plane vibration25,26. Based

on the slopes of the longitudinal acoustic (LA) branch near Γ

point, we could get the group velocities along Γ-X (zigzag)

and Γ-Y (armchair) as 7.83km/s and 4.01km/s, respectively,

which are in good agreement with previous results16. With

the highest frequency of normal mode vibration (Debye fre-

quency) νm = 5.81THz, the Debye temperature (ΘD) could be

calculated: ΘD = hνm/kB = 278.66K, where h is the Planck’s

constant and kB is the Boltzmann constant.

For the calculation of lattice thermal conductivity, anhar-

monic third order IFCs are also necessary besides the har-

monic second order IFCs obtained above. The same 5×5×1

supercell and 2× 2× 1 Monkhorst-Pack k-mesh are used to

get the anharmonic third order IFCs, and interactions are

taken into account up to the fourth nearest neighbors29,30.

We additionally obtain the dielectric tensor and Born effec-

tive charges† based on DFPT for taking into account long-

range electrostatic interactions. As a thickness is necessary

for the calculation of thermal conductivity for 2D materi-

als, we choose the half of the length of bulk lattice constant

along z direction as the thickness of phosphorene, which is

5.36Å.13,31 Only considering the phonon-phonon scattering

processes, the intrinsic lattice thermal conductivity could be

obtained by solving the phonon BTE as implemented in the

SHENGBTE code32. It yields predictive parameter free esti-

mate of thermal conductivity using only basic information of
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Fig. 3 (Color online) Calculated lattice thermal conductivity (κ) of

phosphorene along zigzag (red diamond) and armchair (blue circle)

directions as a function of temperature ranging from 200K to 800K.

The thermal conductivity fitted by the inverse relation with

temperature (κ ∼ 1/T ) is plotted with dot lines.

the chemical structure. Detailed information on the workflow

could be found in the Supplemental Material.†

The intrinsic lattice thermal conductivity (κ) of phospho-

rene, as shown in Fig. 3, is obviously anisotropic that the ther-

mal conductivity along the zigzag direction is generally twice

the thermal conductivity along the armchair direction, which

coincides with the previous expectation15. The anisotropy lies

in the asymmetry of group velocities along the Γ-X (zigzag)

and Γ-Y (armchair) directions, which may be due to the

anisotropic hinge-like structure of phosphorene11,13. Simi-

lar anisotropy of thermal conductivity is also found in SnSe,

which possesses almost the same hinge-like structure as phos-

phorene.33

The thermal conductivity of phosphorene at 300K is

30.15Wm−1K−1 (zigzag) and 13.65Wm−1K−1 (armchair).

Note that the calculated thermal conductivity along the arm-

chair direction is close to the reported experimental value

(12.1Wm−1K−1, with no direction information) of bulk BP19

while being a little larger, which may be due to the effect

of interlayer interactions. The effect of long-range electro-

static interactions introduced from dielectric tensor and Born

effective charges is also examined. It is found that the lack of

long-range electrostatic interactions would only make the cal-

culated thermal conductivity around 4% smaller. Furthermore,

we fit the calculated thermal conductivity along zigzag and

armchair directions, respectively, and find that they both sat-

isfy an inverse relation with temperature, i.e. κ∼ 1/T . The fit-

ted thermal conductivity is also plotted with dot lines in Fig. 3.

It is obvious that the fitted thermal conductivity coincides per-

fectly with the calculated thermal conductivity. The inverse

relation of thermal conductivity with temperature that also lies

in other materials such as PbSe and Mg2(Si,Sn)34,35 has been

often observed when the temperature is higher than Debye

temperature (ΘD), which could be explained by the phonon

scattering mechanism in pure semiconductors36.

Fig. 4 (Color online) The percentage contribution of each phonon

branch to thermal conductivity along (a) zigzag and (b) armchair

directions as a function of temperature. Those optical phonon

branches contributing less than 1% are not shown.

The thermal conductivity of phosphorene is on

the same order of magnitude as that of silicene

(5 − 65Wm−1K−1)25,26,37,38, while at least two or-

ders of magnitude lower than that of graphene

(3000 − 5000Wm−1K−1)23,31. In order to understand

the underlying mechanism, we examine the contributions

of different phonon branches to the thermal conductivity of

phosphorene in both zigzag and armchair directions, as shown

in Fig. 4. The contribution of the ZA mode is around 5% at

room temperature, which is close to that of silicene (7.5%)

but much smaller than that of graphene (75%)31,38. Hence,

the reason for the low thermal conductivity of phosphorene

might be the same as silicene that is assumed to be due

to a small contribution of the ZA mode. Comparing with

graphene and silicene, the symmetry-based phonon-phonon

scattering selection rule23 is broke by the puckered hinge-like

structure of phosphorene, resulting in a large scattering rate

of the out-of-plane ZA mode, which thus leads to its small

contribution to the thermal conductivity. Note that when

temperature increases, the contributions of optical phonon

branches increase while the contributions of acoustic phonon

branches decrease, which might be due to the fact that a high

temperature can excite high frequency optical phonon modes

that represent the collective opposite vibrations of atoms.

To gain more information on the contributions of different

phonon branches to the thermal conductivity, we extract the
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Fig. 5 (Color online) Phonon relaxation time of each phonon

branch as a function of frequency.

relaxation time of each phonon branch as a function of fre-

quency, as shown in Fig. 5. The relaxation time of ZA mode

is shorter than that of LA mode and TA mode, which is due

to the large scattering rate of ZA mode as discussed above.

Thus the ZA mode contributes little to the thermal conductiv-

ity, leading to the low thermal conductivity of phosphorene

compared to graphene. It can also be seen that the relax-

ation time of LA mode is the longest among the three acoustic

phonon branches, especially for phonon frequency between

2 and 4THz. Together with its highest group velocity, it is

understandable that the LA mode contributes the most to the

thermal conductivity as shown in Fig. 4. Note that the contri-

bution of TA mode is rather large along the armchair direction

as shown in Fig. 4(b), which is due to almost the same group

velocity of TA mode as LA mode along the Γ-Y (armchair)

direction as shown in Fig. 2. Considering the very long re-

laxation time of the optical phonon branch B1g, the B1g mode

contributes much more than other optical phonon branches to

the thermal conductivity.†

The cumulative thermal conductivity (κ) with respect to the

phonon MFP at 300K for both zigzag and armchair directions

are plotted in Fig. 6. We fit the data to a single parametric

function32

κ(l ≤ lmax) =
κ0

1+ l0/lmax

,

where κ0 and lmax are the ultimate cumulated thermal conduc-

tivity and the maximal MFP concerned, respectively, and l0
is the parameter to be evaluated. The fitted curves, as plotted

with dot lines in Fig. 6, reproduce the calculated data quite

well and yield the parameter l0 as 66nm and 83nm for zigzag

and armchair directions, respectively, which could be inter-

preted as the representative MFP of phosphorene. The rep-

resentative MFP is helpful for the study of the size effect on

Fig. 6 (Color online) Cumulative lattice thermal conductivity of

phosphorene along zigzag (red) and armchair (blue) directions as a

function of the phonon MFP at 300K. The curves fitted by the

function presented in text are plotted with dot lines.

the ballistic or diffusive phonon transport. A related quantity

is the ratio of thermal conductivity to the thermal conductiv-

ity per unit of MFP in the small grain limit, which is an esti-

mate of the characteristic size below which the nanostructur-

ing induced phonon scattering dominates over the anharmonic

phonon-phonon scattering. This is critical to thermal design

with nanostructuring in that the thermal conductivity could be

modulated effectively by nanostructuring when the nanostruc-

ture size below the characteristic size. The obtained values for

phosphorene are 17nm (zigzag) and 15nm (armchair).

In summary, we have calculated the intrinsic lattice ther-

mal conductivity of phosphorene from first principles. The

thermal conductivity of phosphorene at 300K is found to be

30.15Wm−1K−1 (zigzag) and 13.65Wm−1K−1 (armchair),

which is anisotropic along different directions. The calculated

thermal conductivity fits perfectly to the inverse relation with

temperature when the temperature is higher than Debye tem-

perature (ΘD = 278.66K). Comparing with graphene, the mi-

nor contribution around 5% of the ZA mode is responsible for

the low thermal conductivity of phosphorene, which might be

due to the fact that the symmetry-based phonon-phonon scat-

tering selection rule is broke by the puckered hinge-like struc-

ture of phosphorene. In addition, the representative MFP, a

critical size for phonon transport, is also obtained along zigzag

and armchair directions.
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