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Abstract

The effects of strain and confinement on the energy levels and emission spectra of

dome-shaped, Ge-core/Si-shell nanocrystals (NCs) with diameters ranging from 5 to

45 nm are investigated with atomistic models. For NCs with base diameters ≥15 nm,

the strain-induced increase in the energy gap is ∼ 100 meV. The increase in the energy

gap is primarily the result of the downward shift in the occupied states confined in the

Ge core. The fundamental energy gap varies from 960 meV to 550 meV as the NC

diameter increases from 5 nm to 45 nm. Confinement and strain break the degeneracy

of the lowest excited state and split it into two states separated by a few meV. For

the smaller NCs, one of these states can be localized in the Si core and the other state

can be in the Si cap. For diameters ≥ 20 nm, both of these states are localized in the

Si cap. The electronic states are calculated using an atomistic sp3d5s∗ tight-binding

model including spin-orbit coupling, and geometry relaxation is performed using a

valence force field model.
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Introduction and motivation

Aggressive scaling and the demand for high speed electronic and photonic devices have

resulted in a large effort to understand carrier dynamics in heterostructure based nanos-

tructures, such as InAs/GaAs,1–3 CdTe/CdSe4,5 and Ge/Si.6–18 Ge/Si based nanostructures

are of interest due to their compatibility with the existing silicon-based technology. Fur-

thermore, Ge/Si nanostructures with various shapes (domes, wire, lens, and pyramids) have

been fabricated and integrated in optical and electrical devices using advanced fabrication

techniques such as molecular beam epitaxy (MBE),19 self-assembly,20–22 and chemical vapor

deposition (CVD).8 These devices exhibit size dependent characteristics and show potential

for future devices such as thin-film field effect transistors,7 flash memory,8,10 DotFETs,23

photodetectors,24 solar cells,25,26 and quantum computers.15,16,27,28 Inter-level optical tran-

sitions in Ge/Si NCs have attracted interest due to the TYPE-II band alignment at the Ge

and Si interface causing the holes and electrons to be spatially separated in the Ge and Si

regions, respectively. There is significant effort to exploit these complex nanostructures to

maximize the performance of future devices.29–33

Researchers have recently been successful in fabricating high quality Ge/Si NCs of differ-

ent lateral dimensions and shapes in both single and multiple layers.19,34–37 Of the various

experimentally observed NC shapes, hut-shaped and dome-shaped Ge/Si NCs have unique

electronic and optical properties.38 Dome-shaped Ge/Si NCs with the curved bounding facets

can relieve strain more efficiently compared to the hut, pyramid, or ring shaped NCs.39

Because of the 4.1% lattice mismatch between Si and Ge, the strain plays a key role in

determining the energy levels.40,41 Strain can shift both the conduction and valence states,

alter the energy gap,42,43 change the carrier dynamics,12,14 modulate optical properties, and

modify spin relaxation times.44 In general, the strain distribution in Ge/Si NCs influences

the shape and depth of the potential wells for electronic excitations, charge confinement, and

carrier dynamics.28

Designing optoelectronic devices using Ge/Si NCs benefits from an atomistic model in
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Figure 1: (Color online) One of the simulated Ge/Si dome-shaped NC structures with a 20
nm base diameter (b) and 10 nm overall height (h). a) Front view b) Cross-section view
and c) Extracted Ge-core. The base diameters of the simulated structures varies from a
minimum value of 5 nm to the maximum value of 45 nm. The NC height is fixed at 10 nm.

both the Ge-core and the surrounding Si regions. When evaluating the polarization de-

pendent interlevel transitions, a fully atomistic treatment is necessary to capture atomistic

effects at the Ge/Si interface that can mix electronic levels and modify the polarization.45

Several theoretical works have supported experimental findings,46,47 however, there are few

large-scale, atomistic studies that include strain inhomogeneity while matching experimental

shapes and sizes.48 Lavichieve and et al. observed a huge discrepancy between experimental

and theoretical findings in the optical and electrical properties of dome and pyramid shaped,

Si-capped, Ge NCs embedded in the Si-matrix.49 They attributed this discrepancy to their

model’s inability to realize the atomistic representation of the experimental structure. Re-

cently, Usman et al. published an extensive theoretical study on III-V NCs highlighting

the importance of strain and shape on the overall optoelectronic properties.2,50–52 However,

similar studies of the Ge/Si system are lacking.

The diameter and the aspect ratio (AR), the ratio of the height (h) to the base diameter

(d), determine the overall stability of the NC.30 A decrease in the aspect ratio corresponds

to a morphological transition from a dome to an energetically favorable superdome resulting

from excessive Ge deposition.36,53,54 Recently, good control over the height of a Ge/Si NC

system has been demonstrated with less control over the diameter.55–59 This motivates our

study of the diameter dependent properties of Ge/Si NCs. The atomistic structure of the

3
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20 nm diameter NC is shown in Fig. 1. The NC cross-section in Fig. 1(b) shows the

half-moon like Ge-core sandwiched between the two Si layers. The Ge core is extracted and

illustrated in Fig. 1(c). This crescent shaped Ge-core has been observed experimentally by

Lee et al.53 Experimentally, the Si-capping layer is used not only to prevent Ge atoms from

being oxidized during the control oxide growth,8 but also to preserve the dome shape and

size during growth.60,61 Prior experimental studies of Ge/Si heterostructures demonstrated

sharp interfaces with minimal intermixing.62,63 We leave the investigation of intermixing at

the interface for a future study. The Ge and Si interfaces are inhomogeneously strained due

to the lattice mismatch between Si and Ge.

We present a systematic computational study of the confinement and strain effects on

the electrical and optical properties of Ge/Si dome-shaped NCs with crescent-shaped Ge-

cores. The spatially resolved strain distribution is calculated atomistically throughout the

structure. The strain modulated energy-level and energy gap shifts are determined. Optical

transition rates are calculated. The effect of the lattice strain on the electronic properties of

dome-shaped Ge/Si NCs is analyzed by making one-to-one comparisons of device properties

calculated from strained and unstrained systems. Electronic structure calculations are per-

formed with NEMO3D.64 The accuracy of the models have been verified by comparison with

experimental data in SiGe systems,65 strained InGaAs quantum dots,52 a single impurity in

Si FinFets66–68 and Si-based single electron transistors.69,70

Structure and Method

The growth direction of the NCs is the [001] direction. The heights of all NCs are fixed at

10 nm, and the diameters are varied from 5 nm to 45 nm. The thicknesses of the base, core,

and cap at the center of the NCs are fixed and they taper towards the perimeter as shown

in Figs. 1(b,c). At the NC center, the thickness of the base, core, and cap are 5 nm, 2 nm,

and 3 nm, respectively.

4

Page 4 of 29Physical Chemistry Chemical Physics

P
hy

si
ca

lC
he

m
is

tr
y

C
he

m
ic

al
P

hy
si

cs
A

cc
ep

te
d

M
an

us
cr

ip
t



Geometry relaxation uses an atomistic valence force field (VFF) model with additional

interaction terms included in the Keating model, and the minimization procedure employs

the conjugate gradient technique.64,71–74 This approach has been extensively used to model

strain in complex quantum dots and other nanostructures, and it has qualitatively compared

well with the various experimental data.7,65,67–69 During relaxation, the z-position of the

bottom layer of the Si atoms is fixed, and they are free to move in x and y. Free boundary

conditions are applied at all other surfaces. These boundary conditions approximate those

during growth of a NC on an amorphous SiO2 layer as is done in NC memory applications.8,10

Once the structure is relaxed to its minimum energy configuration, the strain components

for all of the atomic sites are calculated using the formalism introduced by Pryor and co-

workers.71 In the relaxed structure, each atom is surrounded by 4 nearest neighbors at

positionsRj in a strained tetrahedron. The strained tetrahedron edges given by the difference

vectors Ri,j = Rj −Ri are related to the unstrained tetrahedron edges R0
i,j = R0

j −R0
i by

the strain tensor as

[

R1,2 R2,3 R3,4

]

=

[

I + E

] [

R0
1,2 R0

2,3 R0
3,4

]

(1)

where each column Ri,j is a column vector of the x, y, z components of the vector Ri,j. I is

the identity matrix and E is the strain tensor. After solving Eq. (1) for the strain tensor,

the resulting in-plane strains (Exx and Eyy) and the out-of-plane strain (Ezz), at each atomic

site, are used to calculate the hydrostatic strain ǫH = Exx+Eyy +Ezz and the biaxial strain

ǫb = Exx + Eyy − 2Ezz.

The electronic structure is calculated by solving for the eigenvalues and eigenstates of

an atomistic tight-binding Hamiltonian with a 20-band sp3d5s∗ basis including spin-orbit

coupling (SO) as implemented in NEMO3D.75 The SO splitting of the split-off hole band

in bulk Si and Ge is 40 and 300 meV, respectively. Without the SO interaction, the bulk

valence bands have 3-fold orbital degeneracy, with each band at Γ being a pure bonding |px〉,

5
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|py〉, or |pz〉 state. The SO interaction reduces the orbital degeneracy to 2-fold, and it also

mixes the orbitals. Even in bulk, one must include the SO interaction to get a qualitatively

correct valence band for these semiconductors. In our system, the valence band becomes

quantized states localized in the Ge core. The SO interaction qualitatively changes the level

spacing and orbital composition of these levels.

The energies of the dangling bonds at the surface are increased by 20 eV to move the

surface states away from the low-energy interior states of interest around the energy gap.

These boundary conditions mimic the physical passivation of dangling bonds with H atoms,

and they are described in detail in Refs.76,77 They have been used extensively on nanocrystals,

quantum wells, and nanowires.65,66,78 The largest simulated NC contains 745176 atoms. With

20 orbitals per atom (10 orbitals × 2 spins), the total size of the basis is 1.4903×107, however

the Hamiltonian is very sparse. The eigenvalues and eigenstates are solved using the Lanczos

algorithm.64 For the smaller NCs with diameters ≤ 20 nm, a block-Lanczos algorithm was

also used for energies near the energy gap to ensure that no eigenenergies were missed.79

In order to quantify the strain contribution to the electronic and optical properties, the

eigenenergies and wave functions are calculated twice, once using the tight-binding parame-

ters of the relaxed structure, and once using the tight-binding parameters of the un-relaxed

structure. For the un-relaxed structure, bulk Si and Ge tight-binding parameters are used,

and the Si-Ge interface is treated using average values in a virtual crystal type approxima-

tion. Calculations of the electronic states in the un-relaxed and relaxed structures will be

referred to as the un-strained and strained calculations, respectively. The unstrained calcu-

lations used the tight binding parameters for bulk Si and Ge described in Ref.80 Calculations

of the strained structures used modified tight-binding parameters81 that incorporate changes

in the bond length and bond angle on the nearest neighbor matrix elements and also include

modification to the on-site orbital energies that lift orbital degeneracy in the presence of

strain. The resulting wavefunctions and energy levels are used to determine other device

related parameters such as energy gaps, momentum matrix elements, and optical transition

6
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rates.52,82

The spontaneous emission rate Γ(ω) between an excited state and the ground state is

calculated using Fermi’s golden rule,

Γ(ω) =
e2

ǫoh̄
2m2

oπc
3
h̄ωif |〈i|Pν |f〉|

2 (2)

where, e is the electron charge, mo is the bare electron mass, ǫo is the absolute dielectric

permittivity of a vacuum, c is the speed of light, P is the momentum operator, ν is the

polarization, |i〉 is the initial state, |f〉 is the final state, and h̄ωif is their energy difference.

As part of the analysis, we define the envelope function at each atomic site n,

Cn
2 =

20
∑

i=1

|ψn,i|
2 (3)

where |ψn,i|
2 is the probability density of orbital i at atomic site n. The envelope functions

for the initial state C i and final state Cf are then used to calculate the spatial overlap of

the two wavefunctions as,

Overlap =|
N
∑

i=1

Cn
i · Cn

f |2 (4)

where N is the total number of atoms in the structure.

Results and Analysis

Strain characteristics

The strain components at each atomic site are calculated using Eq. (1). The in-plane strain

Exx and the out-of-plane strain Ezz plotted in the [001] direction through the center of the

NC are shown in Fig. 2(a,b) for 3 different diameter NCs. The positive and negative strain

values correspond to tensile and compressive strain, respectively. There is a general trend of

an abrupt change in Exx and Ezz while passing through the Si / Ge interfaces at the bottom
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Figure 2: (Color online) (a) In-plane strain Exx and (b) out-of-plane strain Ezz, plotted
along the [001] direction through the center of the NCs. The white and grey backgrounds
correspond to the Si and Ge regions, respectively. The three different diameters are indicated
in the legends. (c) Average in plane strain 〈Exx〉 of the Ge and Si atoms. (d) Average out of
plane strain 〈Ezz〉 of the Ge and Si atoms. (e) Average biaxial (solid line) and hydrostatic
(dotted line) strain of the Ge and Si atoms, as a function of base diameter.
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and top of the Ge core. Since the Ge lattice constant is greater than the Si lattice constant,

the Ge-core layer is compressed parallel to the interface giving negative values for Exx and

Eyy. Ezz becomes positive in order to maintain the Poisson ratio.

For the smaller NCs, the Ge atoms are, on average, compressed in all 3 directions as

shown in the plots of the average strain in Figs. 2(c,d). In these plots, the values of the

strain have been averaged over all of the Ge atoms and all of the Si atoms in the NC. Because

of the high curvature of the Ge region in the smaller NCs, the physical distinction between

Exx and Ezz becomes blurred since the Ge atoms curve around the Si base. Once the base

diameter becomes larger than 30 nm, the average strain takes on the character expected for

a planar structure with 〈Exx〉 < 0 and 〈Ezz〉 > 0. The average hydrostatic and biaxial strain

in the Ge region is always negative as shown in Fig. 2(e). The average hydrostatic strain is

3.8% for a 5 nm NC and increases to 6% for a 45 nm NC. Due to the relatively large Si base

region, the strain averaged over all of the Si atoms is small.

Iso-surface plots of the hydrostatic and biaxial strain of the Ge/Si NCs are shown for

the smallest (5 nm), medium (25 nm), and largest (45 nm) diameter NCs in Fig. 3. The

cross-sectional plane is taken through the NC center. For the smallest 5 nm diameter NC

with an AR of 2, the local hydrostatic and biaxial strain distribution in the Ge and Si regions

are the most inhomogeneous. The Si base, immediately underneath the Ge core, experiences

the largest hydrostatic strain of 1.2% of all of the NCs. Conversely, the magnitude of the

hydrostatic strain in the Ge core is the least among all of the NCs. In this smallest NC,

the magnitude of the strain is shared most equally between the Si and Ge regions. As the

diameter increases, and the volume of the Si base becomes much larger than the volume of

the Ge core, the NC more resembles a planar heterostructure, and the strain becomes more

localized in the Ge region. The general trend in the strain distribution is consistent with

other theoretical and experimental results for similar lattice mismatched systems.44,60,62
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Figure 3: (Color online) Isosurface plots of the hydrostatic (I) and the biaxial (II) strain in a
(100) plane cross-section through the NC center for the (a) smallest (5 nm), (b) intermediate
(25 nm), and (c) largest (45 nm) dome-shaped Ge/Si NCs. The plane cuts through the Ge/Si
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Electronic Properties

A schematic illustration of the energy levels and their spatial location in the Ge/Si NCs is

shown in Fig. 4. Bulk Si and Ge form a type-II energy level alignment. The valance band

offset of 0.70 eV creates a deep potential well in the Ge-core region which strongly localizes

the occupied valence states of the NC. The unoccupied excited states localize in the Si base

and in the Si cap. Whether an excited state is in the base or the cap depends on the size of

the NC and the strain. The energy splitting of ≤ 15 meV between the three excited states

E0, E1 and E2 is small. Optical transitions that will be analyzed are shown.
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Figure 4: (Color online) Energy levels and optical transitions between the highest occupied
state in the Ge core and the excited states in the Si base and cap.

To obtain insight into the energy and positions of the wavefunctions as a function of NC

diameter and strain, we plot in Fig. 5 the colored iso-surfaces of the probability densities

corresponding to the energies H0, E0, E1, and E2 for both the strained and unstrained NCs.

The magnitude of the momentum matrix elements between the highest occupied level H0

and first three excited states E0, E1 and E2 are a few orders of magnitude larger than those

between the second highest occupied level H1 and E0, E1 and E2. Hence, our study only

focuses on these lowest-energy and more optically favorable transitions. For all of the NCs,

with or without strain, the wavefunction ψH0
of the highest occupied state is localized in the

Ge core. The strain only lowers its energy level. The energy differences between the highest

3 occupied states of the strained (unstrained) NCs are 5 (3) meV for the largest NC and 50

(25) meV for the smallest NC.

The quantum confinement and strain both lift the degeneracy of the lowest excited state.
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In all cases, with or without strain, the lowest excited state is non-degenerate. For the

strained NCs, the first two excited states differ in energy by 2 - 4 meV with the maxi-

mum difference of 4 meV occuring in the 15 nm diameter NC. For the unstrained NCs,

the energy splitting of the two lowest excited states is 1 meV. Thus, the strain enhances

the splitting of the lowest excited state by a factor of 2 to 4. These values are similar

or slightly larger than the splitting in strained GeSi/Si/GeSi QWs,9 GeSi QDs11 and dis-

ordered Si QD’s,18and within the energy resolution limits of the advanced techniques like

photon assisted tunneling.83 This energy splitting of the excited states in a Ge/Si NC was

observed experimentally for a Ge NC of height ∼ 2 nm and base diameter of ∼ 10 nm,

sandwiched between two strained Si-layers.84 The meV energy differences arise from the

breaking of the bulk Si X-valley degeneracy due to the quantum confinement, and they are

consistent with earlier studies of confined Si structures using both atomistic and analytical

models.9,18,65,67,78,85 These small energy level splittings have been of interest primarily for

applications in quantum computing.

As the NC diameter increases from 10 nm to 25 nm, the localization of the excited states

move. Consider the two lowest, nearly-degenerate excited states of the strained NCs. In the

10 nm NC, ψE0
is localized in the Si base, and ψE1

is localized in the Si cap. At 15 nm, ψE0

and ψE1
are both localized in the base, and at 25 nm, they are both localized in the cap.

They both remain localized in the cap for all larger diameters. A similar switching between

cap and base occurs in the unstrained NCs, however, the positions of ψE1 and ψE2 are the

opposite of those in the strained NCs. For both the strained and unstrained NCs, the lowest

two excited states reside in the cap for diameters ≥ 25 nm. The third level is about 7 meV

above the first two for the larger NCs and only 1 meV above the second level for the 10 nm

strained NC. The excited state wavefunctions in the cap have a larger spatial overlap with

the occupied wavefunction in the Ge core than do the excited state wavefunctions in the

base. This property affects the optical matrix elements.

To understand the effects of strain and confinement on the fundamental energy gap, the
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The corresponding energies associated with each state are labeled.
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individual energy levels and the fundamental energy gaps are plotted versus diameter for both

the strained and unstrained NCs. The energy difference between the lowest excited state ψE0

and the highest occupied state ψH0 is defined as the energy gap Eg, and it is plotted in Fig.

6(a) as a function of the base diameter. The change in the Eg with diameter is primarily

the result of the change in the occupied state energy H0 with diameter. Confinement and

compressive strain work together to lower the energy of the occupied state in the Ge core.

For the smaller NCs ≤ 15 nm diameter, the confinement energy is larger than the strain

energy. Beyond 15 nm, the strain energy dominates. The strain induced shift in Eg for the

smallest NC is 35 meV and it reaches a maximum value of 128 meV for the largest NC. The

plot of the strain-induced shifts of the individual energy levels given in Fig. 6b, shows that

the strain-induced increase in the energy gap is dominated by the strain-induced lowering

of the occupied state localized in the Ge core. The strain lowers the eigenenergies of the

highest occupied states H0 by 38 meV in the 5 nm NC and by 120 meV in the 45 nm NC.

These values were compared to the predictions of deformation potential theory using the

average strain components described in the previous section and the deformation potentials

from Ref.86 The deformation potential theory lowers the energies of the highest occupied

states of the 5 nm and 45 nm NCs by 45 meV and 100 meV, respectively, which is consistent

with the above values of 38 meV and 120 meV. The effect of strain on the energies of the

excited states localized in the Si base and cap is relatively small compared to its effect on

the energies of the occupied states localized in the Ge core. For diameters greater than 20

nm, the strain raises the lowest excited state energy E0 by about 10 meV.

Optical Properties

The closely spaced excited states with energy spacing less than 15 meV can all contribute

to the overall optical emission intensity.2 The interlevel emission transition rate Γ(ω) is

a function of the transition energy and the momentum matrix element. Since the initial

and final wavefunctions are localized in different regions of the NC, some of the diameter
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Figure 6: (Color online) Electronic states of dome-shaped Ge/Si NC as a function of base
diameter, (a) Energy gap (Eg) for unstrained (solid line) and strained (broken line) case,
and (b) Strain induced shift in the occupied state (H0) and the excited state (E0) energies.

dependent trends of Γ(ω) can be understood by considering the overlap of the occupied and

excited state wave function envelopes. Fig. 7(a) shows the wave function overlap between

the occupied state (ψH0
) and first three excited states (ψE0

, ψE1 and ψE2
) for the strained

NCs calculated from Eq. (4). The wave function overlaps for the smallest Ge/Si NC are

around 0.1. For the smallest NCs, ψE0
is localized in the Si base. As the base size increases,

ψE0
moves away from ψH0

in the Ge core, and the overlap decreases. At 20 nm, ψE0
shifts

from the Si base to the Si cap where it stays for all larger diameters. Therefore, as the

diameter increases from 20 nm, the overlap is a smooth function of diameter and slightly

decreases. The abrupt jumps in the wavefunction overlap moving from one diameter to the

next result from the electronic state switching from the base to the cap or vice-versa. This

also explains why, in the 15 nm NC, the overlap of ψE2
with ψH0

is larger than that of ψE0

or ψE1
with ψH0

. This is the one diameter where ψE2
is localized in the cap and ψE0

and

ψE1
are localized in the base.

The transition rates Γ(ω) between the first three excited states, E0, E1 and E2, and
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Figure 7: (Color online) Optical Properties of dome-shaped Ge/Si NCs as a function of base
diameter (a) Wave function overlap between first three excited states (E0, E1, and E2) and
the ground state (H0), and (b) Optical intensities between the the ground state H0 and
the excited states E0, E1, and E2. For all the calculated transition intensities, Lorentzian
broadening functions with the width of 10 meV are applied.
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the ground state H0 for in-plane polarization are calculated using Eq. (2). The discrete

spectrum is convolved with a 10 meV Lorentzian broadening function and plotted in Fig.

7(b). For the smallest 5 nm NC, the rate between the highest occupied state and the lowest

excited state dominates, and the peak energy (wavelength) associated with this transition

lies at 960 meV ( 1292 nm). As the diameter is increased, the transition spectrum red-

shifts following the trend in the energy gap and reaches a minimum of approximately 550

meV for NC diameters ≥ 25 nm. For these larger NCs, the magnitude of the emission rate is

approximately two times larger than that of the 5 nm NC. This enhancement results from an

increased magnitude of the momentum matrix elements between the initial and final states.

Conclusion

Dome-shaped Ge-core/Si-shell nanocrystals with crescent shaped Ge cores and base diame-

ters ranging from 5 nm to 45 nm have been simulated atomistically to determine the effect

of quantum confinement and strain on the electrical and optical properties. Strain and con-

finement work together to lower the occupied state energies in the Ge core. Strain increases

the energy gap by approximately 100 meV for NCs with base diameters greater than 15

nm, and the increase is a result of the downward shift of the occupied state in the Ge core.

Confinement and strain break the degeneracy of the lowest excited state and split it into two

states separated by a few meV. In the smaller NCs with base diameters below 15 nm, one

of the states can be in the base and the other in the cap. For diameters ≥ 20 nm, the two

lowest excited states are localized in the Si cap for both the strained and unstrained NCs.

The fundamental energy gap and emission spectrum varies from 960 meV for the 5 nm NC

to 550 meV for the largest NC with most of the variation occurring between 5 nm and 20

nm.
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