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Quantum rules for planar boron nanoclusters 

Athanasios G.Arvanitidis,a Truong Ba Tai, a Minh Tho Nguyen, a  and Arnout 
Ceulemans a 

This article presents the use of free particle models to obtain quantum rules for planar boron 
clusters, with nuclearities in the range from seven to twenty. The information obtained from 
the models is being compared with electronic structure calculations based on the DFT 
method. Separate rules for in-plane and out-of-plane bonding are derived. In-plane bonding 
is precise on the cluster boundary and forms a network of alternating triangular 3c-2e bonds 
on the inside. The out-of-plane bonding is strongly delocalized and only depends on the 
global shape and size of the cluster.  
 

 

1. Introduction 

In quantum systems boundary conditions are responsible for 
quantization of eigenenergies. In the case of lattice structures 
periodic boundaries apply, but in the case of nanoscopic 
systems the actual physical boundaries, determined by the 
shape and size of the system, are of paramount importance. In 
the present contribution we overview a family of boron 
nanoclusters, Bn, with n ranging from 7 to 20(1–4). These 
clusters exhibit a planar structure and a circular or elongated 
shape(5–8). They have been the subject of extensive quantum 
chemical computations(9–16) and are claimed to correspond to 
the principal peaks in the mass spectra obtained by laser 
evaporation of a boron target. Evidence from photo-electron 
spectra(17,18) has allowed to confirm the planar structures for the 
mono-anions of B19 and B16

(19–22). In previous papers the 
concept of disk aromaticity(23,24) was introduced to explain the 
electronic structures of these nanoclusters. This approach 
compares the molecular orbitals of the clusters with the 
eigenfunctions of a particle in a circular box. We extend here 
this comparison to an entire series of boron clusters. The 
comparison also includes elongated shapes which often 
compete with circular shapes. So far clear quantum rules for the 
prediction of the bonding in these families of clusters are 
lacking. The aim of our comparison is to find answers to two 
essential questions on the structure and bonding of these 
nanoclusters: 
i) What is the relative importance of out-of-plane or π-bonding 

versus in-plane or σ-bonding?  
ii) What is the difference between bonding in clusters with 

elongated shapes versus disk-like clusters? 
 

aDepartment of Chemistry, University of Leuven, Celestijnenlaan 200F, 
B-3001 Leuven, Belgium, Fax: (+32)16-327992) 

E-mail: arnout.ceulemans@chem.kuleuven.be 

2. Computational Methods 

Electronic structure calculations are carried out using the 
Gaussian09(25) suite of programs. Geometry optimization and 
calculation of the harmonic vibrational frequencies are  
performed using density functional theory (DFT) with the 
hybrid functional B3LYP, in conjunction with the 6-
311+G(d,p)(26,27) basis set. The MO shapes of boron clusters 
are plotted by using the B3LYP/6-311+G(d,p) densities. 

3. The particle on a disk model 

The quantum mechanical model of a particle confined to a 
circular disk(28) is solved by the well known cylindrical Bessel 
functions. The solutions are characterized by two sets of 
quantum numbers: a radial quantum number, n = 1,2,3 … , 
referring to the order of the Bessel function, and a ring quantum 
number, m = 0,±1,±2 …, corresponding to the angular 
momentum in the plane of the disk. The ring quantum levels are 
usually denoted by the symbols  σ, π, δ, ϕ…. The eigenenergies 
are given by: 

( )22

,

2
, with: 1, 2, 3, ...   0, 1, 2, 3, ...

2

m n
a

E n m
Rμ

= = = ± ± ±


 

where μ is the electron mass and R is the radius of the disk. The 
dimensionless am,n parameters are the zeroes of the Bessel 
functions. The sequence of these zeroes dictates the Aufbau 
order of the disk waves. This order is independent of the disk 
radius. Table 1 reproduces a list of the lowest roots. 
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Table 1: The lowest n,m roots of Bessel functions 

n σ π δ φ γ η 

1 2.4048 3.8317 5.1356 6.3802 7.5883 8.7715 

2 5.5201 7.0156 8.4172 9.7610 11.0647 12.3386 

3 8.6537 10.1735 11.6198 13.0152 14.3725 15.7002 

4 11.7915 13.3237 14.7960 16.2235 17.6160 18.9801 

5 14.9309 16.4706 17.9598 19.4094 20.8269 22.2178 

The assignment of the molecular orbitals of the disk-like 
clusters under consideration is simply based on counting the 
radial and angular nodes. The number of times a function 
changes sign along the radius corresponds to n-1, while the 
number of times the sign changes upon completing a full 
rotation along the perimeter is equal to 2m.  In this way most of 
the MO’s of our clusters could be identified unequivocally.  As 
a result of the planar geometry of most of the structures under 
investigation, the MO's are divided into two separate series: in-
plane (σ) and out-of plane (π) orbitals. The out-of-plane orbitals 
are based on the atomic 2pz functions on boron, while the in-
plane orbitals are based on 2s, 2px, 2py atomic basis functions. 
Both series follow the particle-on-a-disk Aufbau,  implying that 
not only the order but also the actual energy values of DFT 
orbitals correlate well with the eigenenergies of the box model. 
The two separate series are modeled by the following parameter 
expressions: 

( )

( )
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The plots of the calculated DFT orbital energies versus the 
corresponding 

,n mEσ and 
,n mEπ are adjusted to a straight line by a 

least square fit, and subsequently the slope of this line is 
adjusted to 45° by adopting effective radii, labeled as Rσ and Rπ. 
These effective radii are larger than the radius of the outer 
boron ring, indicating that the actual boundary of the particle 
waves lies beyond the outer ring.  
The σ-orbital series starts at lower energy in view of the partial 
2s character. The E0 parameters are an offset which must be 
chosen in such a way that the 1σ ground level of the σ-series in 
the model coincides with the DFT result. This starting point is 
taken as the zero-point of energy. The E0

π parameter adjusts the 
1σ ground level of the π-series to the corresponding DFT result.  
 
 
 
 

4. The particle on a rectangle model 

As mentioned planar boron clusters can also adopt a triangular 
array with an elongated shape. A crude but efficient quantum 
mechanical model for these structures is offered by the model 
of a particle confined to a rectangle. The solutions are 
characterized by two sets of quantum numbers: nx and ny,  with 
nx, ny = 1,2,3, … . The eigenenergies are given by: 

2 22 2

, 2 2
+ 

8 8x y

yx
n n

h nh n
E

a bμ μ
=

 

As before μ is the electron mass. The x-direction is taken as the 
longitudinal direction, with a long-axis length a. Similarly the 
short-axis length along the transversal y-direction is denoted as 
b. Again both σ- and π-series occur. Approximate values for the 
effective length parameters are be obtained from the main 
longitudinal and transversal sequences: 
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where energy differences are expressed in Hartree, and a0 is the 
Bohr radius. 
 

5. Results 

5.1 Electronic structure of small disk-like boron clusters. 
Boron clusters with numbers of atoms ranging from seven to 
twenty have been investigated. The number of the electrons – in 
-plane and out-of-plane – for the cluster series are shown in 
Table 2. Nearly for all the valence structures of σ-type, radial 
and angular disk quantum numbers can be assigned 
unequivocally on the basis of the orbital plots. The complete 
list of orbital plots for all clusters is provided in the Supporting 
Information. The assignments create the basis for a comparison 
between the particle-on-a-disk states to the orbital energies 
obtained from DFT calculations. 
  
The boron clusters that will be discussed as representative 
examples are: B7(0), B13(+) (for B18(0),B20(-) see 
supplementary material). For each system we compare the σ- 
and π-orbital energies to the scaled eigenvalues of the particle-
on-a-disk model, and show the corresponding correlation 
diagram. We also show MO plots of the occupied orbitals with 
the maximum number of cylindrical and radial quantum 
numbers. 
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5.1.1 B7(0):   

For  this system the resulting energies (in Hartree), relative to 
the ground root are given in Tables 3 and 4 for σ and π orbitals 
respectively. 
 
Table 3.Correlation of DFT σ-orbital energies and particle-on-
a-disk spectrum. 

 

 
 
 
The correlation between DFT and scaled model energies is 
shown in Figure 1, while Figure 2 provides orbital plots of the 
orbitals with maximal numbers of nodes.  
 
Table 4.Correlation of DFT π-orbital energies and particle-on-
a-disk spectrum 
 

B7(0) MO DFT Particle in a 

circular box 

  Label E(Ha) Label E(Ha) 

17 HOMO 1π 0.5321 1π 0.5321 

12 HOMO-5 1σ 03874 1σ 0.3874 

 
 

Table 2. Electron distribution of valence electrons over σ and π 
orbitals, symmetries and energy in a.u. 

 
Boron 
cluster 

In-plane 
orbitals(Nr

of 
Electrons) 

 
Out-of-
plane 

orbitals(Nr. 
Electrons) 

 
Sym
metry 

 
Energy(au) 

 
E(au)/Nr 

Boron 
atoms 

 

      
B7(0) 9(18) 2(3) C2v -173.71022 -24.81574 
B7(+) 9(18) 1(2) C2v -173.79753 -24.82821 
B7(-) 9(18) 2(4) C2v -173.41786 -24.77398 
B8(0) 9(18) 3(4) D7h - 198.59679 -24.82459 
B8(+) 11(22) 2(3) C2v -198.59619 -24.82452 
B8(-) 10(20) 3(5) C2v -198.69938 -24.83742 
B9(0) 11(21) 3(6) C2v -223.41003 -24.82333 
B9(-) 11(22) 3(6) D8h -223.53574 -24.83730 
B12(0) 15(30) 3(6) C3v -298.02690 -24.83557 
B12(+) 15(29) 3(6) Cs -297.70655 -24.80887 
B12(-) 15(30) 4(7) Cs -298.10203 -24.84183 
B13(0) 16(32) 4(7) C2v -322.59506 -24.81500 
B13(+) 16(32) 3(6) C2v -322.85432 -24.83494 
B14(0) 16(32) 4(8) C2v -347.70072 -24.83576 
B14(+) 16(34) 4(7) C2v -347.41429 -24.81530 
B14(-) 16(35) 4(8) C1 -347.72691 -24.83763 
B15(0) 19(37) 4(8) C1 -372.54513 -24.83634 
B15(+) 18(36) 4(8) Cs -372.22778 -24.81518 
B15(-) 19(38) 4(8) C1 -372.66170 -24.84811 
B18(0) 23(46) 4(8) C3v -446.95953 -24.83108 
B18(-) 23(45) 5(10) C3v -447.23286 -24.84627 
B19(0) 23(45) 6(12) Cs -471.95082 -24.83951 
B19(-) 24(46) 6(12) C2v -472.10126 -24.84743 
B20(-) 25(49) 6(12) C2v -496.91257 -24.84562 
B20(2-) 25(50) 6(12) C2v -496.90977 -24.84548 

B7(0) MO DFT Particle in circular 
box 

  Label E(Ha) Label E(Ha) 

16 HOMO-1 2π 0.4885 2π 0.4364 

15 HOMO-2 2π 0.4831 1φ 0.3509 

14 HOMO-3 2σ 0.4350 1φ 0.3509 

13 HOMO-4 1φ 0.4241 2σ 0.2179 

11 HOMO-6 1δ 0.3638 1δ 0.2068 

10 HOMO-7 1δ 0.3493 1δ 0.2068 

9 HOMO-8 1π 0.1706 1π 0.0774 

8 HOMO-9 1π 0.1505 1π 0.0774 

7 HOMO-10 1σ 0.0000 1σ 0,0000 

Page 4 of 10Physical Chemistry Chemical Physics



AR
 

4 | 

 
The
nod
Fig
not
cen
cor
per
 
 
5.1

The
by 
Ha
for
  
 
 
 
 
 

RTICLE 

PCCP, 2014, 00

Figure 1

e highest occu
de, between t
gure 2). On th
ted which is d
ntral atom. 
rresponds to t
rfect sign alter

1.2 B13(0):   

e neutral B13 c
an outer rin

rtree), relative
r σ and π orbita

 

B7(0) 

 

B13(0) 

 

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.00

E
D

FT

0, 1-3 

: B7(0): DFT v

upied nσ-orbita
the central at
he central ato
due to a sligh
The maxima
three in the 

rnation in ever

cluster consist
g of ten atom

e to the ground
als respectivel

Max num
or rin

2σ 

3σ 

0.10 0.20

σ

ersus disk mod

al is the 2σ-orb
om and the o

om some furth
ht out-of-plane
al number o
1π orbital, w

ry atom of the 

ts of an inner t
ms. The ener
d root are give
y. 

mber 
ngs 

Ma

 

 

0 0.30 0.4
EDISK

B7(0)

σ MOs π MOs

del energies. 

bital with one 
outer hexagon
her 2pz-charac
e movement o
of angular 

which consists
outer ring. 

triangle, surrou
rgy correlation
en in Tables 5 

ax number of 
nodes 

1φ 

 

1η 

y = 1.0001x + 0
R² = 0.850

40 0.50 0.

s
 

radial 
n (see 
cter is 
of the 
nodes 

s of a 

unded 
ns (in 
and 6 

 

Fig

 
Table
a-dis

B13

3
3
2
2
2
2
2
2
2
2
1
1
1
1
1
1

 
 
Table
a-dis

B13(0

 

33

30

29

15

The e
featu
the B
0.30 
orbita
predo
discu

0.095
07

60

T

B18(-) 

 

B20(-) 

 

gure 2. B7(0), B

e 5.Correlation
k spectrum. 

3(0) MO

 

2 HOMO

1 HOMO
8 HOMO
7 HOMO
6 HOMO
4 HOMO

3 HOMO-

2 HOMO-

1 HOMO-

0 HOMO-

9 HOMO-

8 HOMO-

7 HOMO-

6 HOMO-

5 ΗΟΜΟ-

4 ΗΟΜΟ-

e 6.Correlation
k spectrum. 

0) MO 

 

ΗΟΜΟ

ΗΟΜΟ-3

ΗΟΜΟ-4

ΗΟΜΟ-8

energy correla
ure of this plo
B7 cluster (Fig

Hartree. This
als that are pre
ominant 2p ch
ussion of the ra

This journal is © 

3σ 

3σ 

13(0), B18(-),B20(
maxim

n of DFT σ-o

D

Label 
-1 2δ 
-2 2δ 
-5 3σ 
-6 2π 
-7 2π 
-9 1η 
10 1γ 
11 1γ 
12 1φ 
13 1φ 
14 2σ 
15 1δ 
16 1δ 
17 1π 
18 1π 
19 1σ 

n of DFT π-or

DFT

Label 

1δ 

3 1π 

4 1π 

8 1σ 
 

ation plot is pr
t, which could
gure 1), is the
s change refle
edominantly o
haracter. We w
adial scaling fa

The Royal Socie

 

 

(-): orbitals with
mal m 

orbital energies

DFT 

E(Ha) L
0.4975 
0.4775 
0.4411 
0.4198 
0.4029 
0.3828 
0.3789 
0.3786 
0.3136 
0.2847 
0.1875 
0.1785 
0.1745 
0.0796 
0.0693 
0.0000 

orbital energies

T Part

E(Ha) La

0.5563 1

0.4634 1

0.4623 1

0.4010 1

resented in Fi
d also already
e change of th
ects roughly 

of 2s character
will return to t
factors. Figure 

PC

ty of Chemistry 2

1ι 

 

1ι 

 

h maximal n an

s and particle-

Particle in circula
box 

Label E(Ha
1η 0.453
3σ 0.440
2δ 0.414
2δ 0.414
1γ 0.330
1γ 0.330
2π 0.276
2π 0.276
1φ 0.222
1φ 0.222
2σ 0.138
1δ 0.131
1δ 0.131
1π 0.049
1π 0.049
1σ 0.000

s and particle-

ticle in a circula

box 

abel E(Ha)

1δ 0.5563

1π 0.4634

1π 0.4623

1σ 0.4010

igure 3. A typ
y be observed
he slope at ab
a transition fr

r to orbitals wi
this feature in
2 displays the

CCP 

2014 

d 

-on-

ar 

a) 
34 
03 
46 
46 
00 
00 
67 
67 
25 
25 
82 
12 
12 
91 
91 
00 

-on-

r 

 

 

 

 

pical 
d for 
bout 
from 
ith a 

n the 
e 3σ 

Page 5 of 10 Physical Chemistry Chemical Physics



Jou

This

orb
res
 
 

5.2

As 
the
mo
out
for
alw
ext
as c
 
 
 
 
 
 
 
Tab
the

urnal Name 

s journal is © Th

bital and 1η or
p. 

Figure 3. B13(0

 Rescaled radi

we explained
e DFT results r
odel treatment
ter ring. This 
r the σ and π se
ways increase 
tension in the 
compared to th

ble 7.Rescaled
e π band of clu

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.00

E
D

FT

e Royal Society o

rbital, having t

0): correlation b
particle-on-a

ii 

d in the sectio
required a resc
t, as compare
rescaling had
eries. The resu
as compared 
table indicate

he actual clust

d radii (Å) and
usters 

0.10 0.20

B

σ M

of Chemistry 201

two radial and

between DFT or
a-disk spectrum

n on the disk 
caling to an ef
ed with the a
d to be carried
ults are listed i
to the actual 

ed the increase
ter radius.  

d extension (Å

y = 

0.30 0.40
EDISK

B13(0)

MOs π MOs

12 

d five angular 

rbital energies a
m 

model, the fit
ffective radius 
ctual radius o

d out independ
in table 7. The
cluster radius

e of the disk r

Å) for the σ an

0.9792x + 0.051
R² = 0.8858

0.50 0.60

nodes 

 
and 

t with 
in the 

of the 
dently 
e radii 
s. The 
radius 

nd for 

 
This 
radiu
expec
electr
than 
radia
is ba
comp
Acco
exten
which
exten
are m

5.3 E

For 
struc
elong
triang
electr
B19(-
mode
plana
some

Elong

7

0

Cluster 

B7(0) 

B7(-) 

B8(0) 

B8(+) 

B8(-) 

B9(0) 

B9(-) 

Β12(0) 

B12(+) 

Β12(-) 

Β13(0) 

B13(+) 

B14(0) 

B14(+) 

B14(-) 

B15(0) 

B15(+) 

B15(-) 

B18(0) 

B18(-) 

B19(0) 

B19(-) 

B20(-) 

B20(-2) 

result shows s
us increases w
cted for elec
rons. Also the
the extension

al extension of 
ased on the 2p
pared to the 
ording to the
nsion of the b
h for a typic

nsions are larg
mostly somewh

Electronic st

many cluster
tures with elon
gated shapes 
gles, with a ca
ronic levels 
) clusters as c
el. The actua
arity. Both clu
e residual σ-π h

gated B19(-):  

Rσ Extensi

7.94 4.54 

7.11 3.71 

7.06 3.66 

6.83 3.43 

7.18 3.78 

7.34 3.94 

7.31 3.91 

6.45 3.05 

6.25 2.85 

6.85 3.45 

6.30 2.90 

6.20 2.80 

6.13 2.73 

6.18 2.78 

6.28 2.88 

6.19 2.80 

5.88 2.48 

6.27 2.87 

5,50 2.10 

5.60 2.20 

5.90 2.50 

6.10 2.70 

5.99 2.59 

5.85 2.45 

several interes
with increasing
ctron clouds 
e extension of
n of the σ-clo
f the correspon
pz orbitals with

2px, 2py orb
 quantum pa

box usually co
cal BB bond 
ger than this d
hat smaller.  

ructure of el

rs one finds
ngated and cir
correspond t

ap at each end
of the B16(0)

compared to th
al structures 
usters were m
hybridization. 

PCCP

ion Rπ E

4 5.81 

 6.79 

6 5.56 

 4.97 

 6.08 

4 5,88 

 5,86 

 4,92 

 4.68 

 3.81 

0 5.81 

0 4.70 

 5.67 

 6.36 

 5.52 

0 5.99 

 5.99 

7 6.30 

0 4,52 

0 4.72 

0 4.81 

0 6.22 

9 4.79 

 5.33 

sting features. 
g cluster char

with increa
f the π-cloud 
oud. This can 
nding basic orb
h a smaller ra

bitals involved
article in a 
orresponds to 

length of 1.
distance, while

longated clu

s competing 
rcular shapes. 
to a double 

d. We have stu
)(supplementa
he particle in 
show small 

made planar in
 

ARTI

P, 2014, 00, 1-3

Extension 

2.41 

3.39 

2.16 

1.57 

2.68 

2.48 

2.46 

1.52 

1.28 

0.41 

2.41 

1.30 

2.27 

2.96 

2.12 

2.59 

2.59 

2.90 

1,12 

1.32 

1.40 

3.40 

1.39 

1.93 

In most cases
rge, as should
asing number 
is always sma
be linked to 

bitals. The π-b
adial extension
d in the σ-ba
box models 
one bond len
6-1.7 Å. The

e the π-extensi

usters 

minimal ene
The most reg
stripe of bo

udied in detail
ary material)
a rectangular 
deviations fr

n order to rem

ICLE 

3 | 5 

s the 
d be 

of 
aller 

the 
band 
n as 
and.  
the 

ngth, 
e σ-
ions 

ergy 
gular 
oron 
l the 
and 
box 

from 
move 

Page 6 of 10Physical Chemistry Chemical Physics



AR
 

6 | 

In T
He
but
two
be 
HO
 
Tab
num

H
H
H
H
H
H
H
H
H
H
H
H
Η
Η
H
H
H
H
H
H
H
H
H

 
In 
the
The
can
les
the
act
tha
π-p
the
2px

In F
the
 
Tab
com
 

 

A

 

RTICLE 

PCCP, 2014, 00

Table 8, we pr
re the highest
t the short-axis
o orbitals with
assigned with

OMO-4 and HO

ble 8.Orbital e
mbers  

B19(-) 
σ Lab

HOMO-2 3
HOMO-4 ?
HOMO-5 ?
HOMO-6 2
HOMO-8 7
HOMO-9 6
HOMO-10 1
HOMO-12 4
HOMO-13 3
HOMO-14 7
HOMO-15 2
HOMO-17 1
ΗΟΜΟ-18 5
ΗΟΜΟ-19 4
HOMO-20 6
HOMO-21 5
HOMO-22 3
HOMO-23 2
HOMO-24 4
HOMO-25 1
HOMO-26 3
HOMO-27 2
HOMO-28 1

Figure 4, we 
e principal ser
e plots are sur
n be seen from
s pronounced 

e effective rad
tual atomic len
at the σ-fit hig
parameters it is
e mixed orbita

x and 2py orbit
Figure 5 orbit

e (nx,1) and (1,

ble 9. Effect
mpared to the 

 

σ 

π 

 

Actual sizes 

0, 1-3 

rovide the orbi
t value for the
s quantization 
h strong locali
h rectangular q
OMO-5.   

energies (Hartr

 
abel E(Ha)  
,4 0.58643 
? 0.52649 
? 0.50234 
,4 0.46257 
,2 0.39228 
,2 0.39037 
,4 0.32676 
,3 0.25920 
,3 0.26929 
,1 0.26905 
,3 0.23978 
,3 0.23270 
,2 0.22623 
,2 0.21467 
,1 0.20637 
,1 0.18097 
,2 0.17731 
,2 0.16142 
,1 0.15832 
,2 0.13871 
,1 0.12752 
,1 0.09924 
,1 0.09435 

plot for both 
ries, E(nx,1) –E
rprisingly linea

m the figure th
than for the 

dii as given in
ngths of the lo
hly overestim
s rather the op

al character of 
tals with intrin
tal plots are pr
,ny) principal s

tive radii (in 
atomic distanc

B16(0)

<a> 

16.56 

7.37 

a 

7.92 

ital energies fo
e long-axis qua

remains 4. As
ization on the 
quantum num

ree), and rectan

  
 π 
 HOMO 
 HOMO-1
 HOMO-3
 HOMO-7
 HOMO-1
 HOMO-16
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

clusters the e
E(1,1), in the 
ar in spite of t

he slopes for th
π-band. This 
n Table 9. In 
ng and short a
ates the actua

pposite. This is
f the σ-orbitals
nsic nodal prop
rovided for the
series. 

Ǻ) for elon
ces along the l

 

<b> <

9.06 1

3.66 7

b 

3.32 9

or the B19(-) cl
antum number
s in B16(0) the
caps which c

mbers. These a

ngular quantum

 
Label E(

2,2 0.6
1 4,1 0.6
3 1,2 0.5
7 3,1 0.4
1 2,1 0.3
6 1,1 0.2

energy differen
σ- and the π-

the crude mod
he σ-band are 
is also reflect
comparison t

axis it is remar
l size, while f

s probably rela
s which conta
perties. 
e highest orbit

ngated cluster
long and short 

B19(-) 

<a> <b

9.21 9.5

7.38 3.6

a b

9.47 3.1

luster. 
r is 7, 

ere are 
cannot 
are the 

m 

(Ha) 
65794 
62174 
54019 
45739 
30093 
23353 

 

nce in 
-band. 

del. As 
much 

ted by 
to the 
rkable 
for the 
ated to 
ain the 

tals of 

rs, as 
axis 

b> 

55 

67 

b 

12 

Figur
the π
 
 

B

B

Figur
 (1,ny

6. Di

6.1 M

 
Plana
two t
is tem
the e

0

0

0

0

0

0

ΔΕ

T

re 4. Energy d
-band for both

B16(0) 

 

B19(-) 

 

re 5. Terminal
y) 

iscussion 

Molecular struc

ar and quasipl
types of geom
mpting to rela
xistence of tw

y = 0.0459x - 0
R² = 1

.00

.10

.20

.30

.40

.50

0 10

B16
B16

This journal is © 

ifference, ΔE 
h elongated str

6,1 

 

7,1 

orbitals of the

ctures 

lanar oligome
etries: circular

ate the growth 
wo kinds of lar

y =

0.1266
y = 0.0265

R² = 0

0 20

ΔΕ

6 σ series α valu
6 π series α valu

The Royal Socie

= E(nx,1) –E(
ructures.  

 

 

e principal ser

ers of boron e
r disks and elo

h patterns of th
rger 3D cluste

= 0.0044x + 0.00
R² = 0.9694

y = 

5x - 0.0299
0.9933

30 40
n2

x

Ε <-> n2
x

ue B19 σ s
ue B19 π s

PC

ty of Chemistry 2

1,1), in the σ-

1,4 

1,4 

ies (nx,1) and

essentially pre
ongated stripe
hese two kind
ers: the disks m

002

0.0035x - 0.001
R² = 0.9815

50 6

series α value
series α value

CCP 

2014 

 

and 

 

 

sent 
es. It 
ds to 
may 

18

60

Page 7 of 10 Physical Chemistry Chemical Physics



Jou

This

be 
wh
Mo
ma
ring
con
n a
8 w
Exa
and
pre
sha
tria
a g
a r
non
tria
by 
stab
 

Fig
num
rela
 

6.2

 
For
orb
mo
wh
For
a) T
dep
is e
cos
orb
fun
non
tan
ato

urnal Name 

s journal is © Th

curved to form
hile the stripes 
ost of the clus
ay be viewed 
g of nearest n
ntains 9 atoms
atoms is surrou
we apply this 
amples which 
d B18. Larger
esence of open
ape with an o
angulated strip
geometry with 
ing of 10, but
n-planar isom
angulated shap
an 11-ring is 
ble than an elo

gure 6. Triang
mber of inne
ation. 

 Quantum rule

r ideal planar 
bitals on the 
olecular plane.
hich specific qu
r the σ subban
The modes wi
pend on the nu
equal to 2m, 
s(mφ). If this n
bitals, transfor
nctions thus h
netheless bon

ngential 2p orb
omic position

0

2

4

6

8

10

12

14

16

0

O
ut

er
 R

in
g

e Royal Society o

m calixarenes 
may roll up to

sters display a
as tessellation

neighbours enc
s. The general 
unded by an ou
rule to the pl
 strictly obey 

r clusters are 
n faces: as an 
open pentagon
p. For B14 the 
an inner rhom

t this compete
mer. A similar
pe with an inne
expected for B
ongated form. 

gulated disks:
er atoms. Th

es for the σ sub

structures ther
basis of re

. Each kind th
uantum rules c

nd, there are tw
ith the highest 
umber of atom
there is one o
number is odd
rming as cos(
have a total o
nding combina
bitals. These b
ns, but form 

2

of Chemistry 201

and eventuall
o form cylinde
a triangulated 
ns of the trian
circling a trian

rule applies t
uter ring of n+
lanar structure
this geometric
frequently ch
example B34 

n in the middl
minimal energ

mbus with 4 ato
es with an elo
r situation oc
er part of 5 ato
B16, but again 

 number of o
e line corres

bband 

re is a strict se
flection symm

hus forms a se
can be express

wo maximal no
value for the 

ms in the outer 
occupied orbi
d, 2m+1, there
(mφ) and  sin
of  2m angul
ations, becau

basis functions
bonding co

4

Inner Ring

12 

ly boron fulle
ers.  

disk structure
ngulated plane
ngle in such a 
that an inner ri
+6 atoms. In F
es we have stu
cal rule are B8

haracterized b
has a coronen
le, surrounded
gy search gen
oms, surround
ngated shape 
ccurs for B16

oms and surrou
such a shape i

outer atoms v
sponds to the

eparation of σ 
metry through
eparate subban
sed. 
ode principles:
angular mome
ring. If this nu

ital transformi
e is a pair of 
n(mφ). While 
lar nodes, the
se they cons
s change sign 
mbinations a

6

erenes, 

e, and 
e. The 
plane 

ring of 
Figure 
udied. 

8, B12, 
by the 
ne-like 
d by a 
nerates 
ded by 
and a 

6. The 
unded 
is less 

 

versus 
e n+6 

and π 
h the 
nd for 

: 
entum 
umber 
ing as  
cyclic 
these 

ey are 
ist of 
at the 

at the 

intera
mode
node
b) V
witho
rings
As a
triang
rings
 
Both 
deloc
one s
these
defic
four 
two-e
partit
concl
boron
alway
interi
2e bo
comp
defic
squar
cluste
altern
triang
the B
of wh
not le
hexag
can a
of in
in th
break
The 
featu
hypo
atom
highe
conn
on th
electr
highe
comb
Such
on th
out-o
consi
comb
rule t
 
 
 

8

atomic positio
es is equal to 
s. 
ice-versa the 
out angular n
 plus one. An 

an example fo
gle surrounde
. The highest n

these orbital 
calized over th
should make th
e boron com
ient' in the se
valence orbita
electron bond
tioning metho
luded a locali
n disk, based 
ys completely
ior of the disk
onds. The latte
pounds as we
iency of bor
res in the inter
er series, it ca
nating networ
gles are cover

B7
+ cation. Thi

hich belong to
ess than 12 ar
gon with six 2
account for th
terior triangle

he interior in 
king, giving ris
existence of 

ure of these bo
thesis that for

mic boundary i
est angular no
ecting all the o
he peripheral 
ron precise bo
est radial no
bination of 2s
h an orbital can
he inner part to
of-phase orbita
ists of one ato
bination would
that an atom in

ons. The radi
one (n=1) ind

highest radial
odes is equal
atom in the c

or a structure 
d by a nonag
nσ orbital thus

characteristic
he disk. In ord
he comparison

mpounds. The 
ense that it ha
als. As a resul
ding. Using 
od (ANDP)(2
ized descriptio
on two bond-

y bonding with
is held togeth

er bonding typ
ell and directl
ron. Remarka
rior are never f
an be inferred 
rk, so that ap
red. As a sim
is cluster cont
o the π-band. 
re invested in 
2c-2e bonds. T
ree triangular 
s in this struc
a sense corres
se to resonanc
a fully bondi

oron clusters. 
r these small c
s the dominan
de orbital whi
outer atoms th
atoms and is

onding around
ode of nσ-typ

and radial 2p
n be combined
o form an in-p
al with a radi
m, this is not 

d not have an i
n the center do

PCCP

ial quantum n
dicating that th

l quantum nu
l to the numb
center should n
e such as B12

gon, there ar
s has n = 2 + 1

cs refer to mo
der to understa
n with a valenc
e boron elem
as only 3 vale
ult it must recu

the adaptive 
29–31), Boldy
on of the val
-types: i) the 
h localized 2c
her by distribu
pe is characteri
tly follows fr
ably 4-centre 
found. From a
that the triang

pproximately 
mple example 

tains 20 valen
Of the remai
forming a fu

Then six electr
bonds; this is

cture. This dist
sponds to a K

ce delocalizatio
ing perimeter
It directly co

clusters the co
nt feature of t
ich is present i
hrough the tang
s a direct con
d the outer ri

ype realizes 
p  orbitals of 
d with a simil

phase all bond
ial node. If th
possible since
interior bondin

oes not count. 

ARTI

P, 2014, 00, 1-3

number for th
here are no ra

umber for orbi
ber of concen
not be counted
, consisting o
e two concen

1= 3. 

des that are f
and these featu
ce bond model

ment is 'elect
ence electrons
ur to multi-ce

natural den
yrev et al. h
ence bond in 
peripheral rin
-2e bonds, ii) 

uted triangular 
istic of the bor
om the electr
bonds on o

an overview of
gle bonds form
only half of 
we may cons

nce electrons, 
ning 18 electr
lly bonding o
ons remain wh
s half the num
tribution of 3c
Kekule symm
on. 

is a remarka
onfirms our in
onfinement by
the structure. 
in all structure
gential 2p orbi
nsequence of 
ing. Likewise 
a fully bond

f the outer ato
lar bonding m
ing orbital and

he inner part o
e the out-of-ph
ng part, hence

ICLE 

3 | 7 

hese 
adial 

itals 
ntric 
d in. 
of a 
ntric 

fully 
ures 
l for 
tron 
 for 
nter 

nsity 
have 

the 
ng is 

the 
r 3c-
rane 
ron-

open 
f the 
m an 

the 
ider 
two 
rons 
uter 
hich 

mber 
c-2e 

metry 

able 
nitial 
y the 

The 
es is 
itals 
the 
the 

ding 
oms. 

mode 
d an 
only 
hase 
e the 

Page 8 of 10Physical Chemistry Chemical Physics



ARTICLE PCCP 
 

8 | PCCP, 2014, 00, 1-3 This journal is © The Royal Society of Chemistry 2014 

6.3 Quantum rules for the π subband 

 
It seems that the formation of the in-plane σ-frame is the 
determining step for the allocation of the number of σ-
electrons. The surplus is then assigned to the π subband. One 
indication for this hypothesis is that the HOMO frequently (but 
not always) is of π-type. The number of occupied levels of the π 
subband is a slowly but steadily rising function of nuclearity 
(see Table 1). It is clear that this subband consists of highly 
delocalized orbitals which are distributed over the framework 
and form a slowly increasing series, which basically only 
depends on the shape and size of the cluster, and not on the 
detailed structure. This explains why an analogy could be 
drawn with conjugated planar carbon systems, which are not 
isoelectronic but only analogous as far as shape and size are 
concerned. For circular shapes the π-orbitals are close to the 
solutions of the disk model, while for elongated shapes the 
simple model of a particle in a narrow rectangular box is 
already sufficient. 
 

6.3 Elongated structures 

A crude rectangular box model was found to be able to 
rationalize the orbital shapes in the elongated structures, except 
for a pair of orbitals which were strongly localized on the 
capping regions, at both ends of the longitudinal axis. For the σ 
subband the maximal number of nodes in the transversal 
direction cannot be greater than four. This corresponds to three 
nodal planes which are coincident with the three arrays of the 
nuclear positions. These modes are indeed realized by 
combinations of the 2py-orbitals which define nodal planes 
through the nuclear positions. In the longitudinal direction the 
highest quantum number is 6 for B16 and 7 for B19. This count 
depends on the number of atoms along the perimeter, not taking 
into account the capping atoms. In this way one counts 10 
perimeter atoms for B16, and 12 for B19. Combinations of in-
plane orbitals which are nodal at these atoms indeed yield the 
(6,1) and (7,1) orbitals shown in Figure 5. 

7. Conclusions 
In this article free-particle models have been considered in 
order to obtain quantum rules for boron clusters with 
nuclearities from seven to twenty. In view of the near-planarity 
of the clusters the electronic structure separates into σ and π 
subbands. These incorporate different bonding rules.  
As for the in-plane σ-bonding, since boron is electron deficient 
it cannot form electron-precise bonds. Quite remarkably it 
nevertheless invests sufficient electron pairs to form a closed 
ring of electron-precise bonds around the full perimeter of the 
cluster. The remaining σ-orbitals form a triangulated network of 
3c-2e bonds corresponding approximately to half the number of 
triangles inside. As an example, in B20(2-), there are 25 
occupied σ-orbitals, 13 of which are needed for the perimeter 
bonding. The inner structure contains 23 triangles and one 
square. The remaining 12 orbitals will form delocalized bonds 

over this inner network, in approximate agreement with half the 
number of triangles. This bonding scheme is confirmed by the 
particle-on-disk model in that the highest angular momentum 
mode is dictated by the number of bonds in the outer ring. If 
this number is even, 2m, there is one occupied orbital 
transforming as cos(mφ). If the number is odd, 2m+1, there is a 
pair of cyclic orbitals transforming  as cos(mφ) and sin(mφ). 
Moreover, the highest radial quantum number is equal to the 
number of concentric rings plus one (atoms in the center should 
not be counted in). The remarkable feature of the disk model is 
that it not only accounts for the Aufbau of the σ-subband, but 
that there is also a semi-quantitative correspondence. This is the 
more remarkable, since the orbital basis consists of 2s and 2px,y 

orbitals with different nodal characteristics. However both 
orbital types hybridize so as to form the waves that are 
characteristic for a particle in a disk. Of course towards the 
frontier region of the band, the actual molecular geometry 
becomes more important and deviations from the model start to 
show up.  
The π subband has different characteristics. The orbitals are 
much more delocalized, forming shells which principally 
depend on the overall size of the system. As can be seen the 
electron counts corresponding to the quantum rule for this 
subband tend to comply with the shell structure of the disk 
model, and are to be considered as the magic numbers of disk 
aromaticity. The smaller clusters in Table 2 often have 6 π-
electrons corresponding to the usual aromatic (1σ)2(1π)4 sextet, 
while larger clusters have a preference for 12 π-electrons, 
occupying (1σ)2(1π)4(1δ)4(2σ)2. 
In conclusion our systematic study of planar boron clusters at 
low nuclearities has provided rules that apparently dictate the 
bonding. They provide an answer to the first question in the 
introduction, concerning the relationship between the in-plane 
and out-of-plane subbands. In contrast the second question on 
the relationship between elongated and circular isomers does 
not seem to receive a clear answer, since both alternatives can 
be very close in energy, and the boron valence shell shows 
enough flexibility to adapt to both bonding topologies. 
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