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Cluster (or island) statistics and topological statistical mechanics based properties were employed in the 

analyses of hydrogen bond (H-bond) networks of t-butanol, n-butanol and ammonia aqueous solutions. 

These networks were generated from equilibrated Monte Carlo simulations at mixture compositions 10 

covering the entire range of miscibility and a fine grid of points around the topological transitions. We 

found that these H-bond networks changed from a percolation regime in water rich mixtures to a non-

percolating behavior at non-aqueous component rich compositions. Topological analysis of local 

(clustering coefficients, average degrees) semi-global (path lengths) and global (spectral densities) 

properties indicated the presence of small-world patterns for the H-bond networks in mixtures at mole 15 

fraction compositions larger than ca. 0.6. These small-world patterns are characterized by highly 

clustered networks with small path lengths. Spectral densities show high order moment contributions that 

correlate with small-world patterns, thus corroborating the robustness of these statistical mechanics based 

topological analyses. The degree distributions of these networks were partially rationalized by the 

differences in the water-water and solute-solute H-bonds. 20 

1. Introduction 

 The structures of fluids that interact by hydrogen bond (H-
bond) are fundamental in many scientific, technological and 
natural processes. Water, being the liquid that sustains life and 
employed as green solvent is the most studied fluid containing H-25 

bonds. Alcohols are also H-bonded fluids of interest because of 
their applications as solvents in chemical syntheses and 
separations. In particular, methanol and ammonia are used as 
prototypes for classes of more complex fluids. Most properties of 
H-bonded fluids are dictated by their H-bond networks. The 30 

mixture of two interacting liquids generates a network even more 
complex than their pure fluids. These types of mixtures are 
frequently used in many applications in chemistry and biology, 
especially water-alcohol mixtures, as solvents in various chemical 
and physical processes, whose properties can be adjusted simply 35 

by changing the mixture composition.1,2,3 Thus, for example, it 
can control reaction rates, perform selective solvation, or change 
relative stabilities. Moreover in mixtures of solvents, especially 
when one of the components is water, chemical reactions can be 
strongly influenced by the solvent effects,1,2,3 including the 40 

appearance of nonlinear behaviors.4,5,6,7,8 In addition, mixtures of 
solvents can be used as a model for understanding 
hydrophobic/hydrophilic effects in more complex systems such 
as biomolecules in aqueous environments. 
 The intermolecular interactions (hydrogen bond, dipole-dipole, 45 

dispersion, close range repulsion, etc.) characteristics of liquids 
and solutions are key to understanding of their structures and 
dynamics, which depend mainly on the balance between these 
interactions and can lead to peculiar or anomalous behavior of 
several properties. However, collective and many-body effects 50 

also need to be taken into account for a proper description of 
liquids and mixtures. This can be performed by statistical 
mechanics approaches such as Monte Carlo and molecular 
dynamics for ensemble simulations. Whereas the properties of the 
complex H-bond networks should also be analyzed by statistical 55 

mechanics based methods. 
 Indeed, we have used these approaches to study the topology 
of H-bond networks in several systems. We have found small 
world patterns in supercritical water.9 The H-bond networks of 
pure water and methanol also present a very rich behavior when 60 

the Coulomb contribution for the interaction potential is damped 
by a factor varying from 0 to 1.10 Small-world patterns appear for 
the damping factor in the 0.60–0.75 range for both liquids. These 
patterns were characterized by the local (clustering coefficients, 
average degrees), semi-global (path lengths) and global (spectral 65 

densities) properties of the networks and by island statistics. 
Noteworthy that the small-world regime does not depend on the 
molecular structure of the liquid, which show that this topological 
behavior (small-world patterns) may be universal and it is 
intrinsically related to the networks themselves and not to their 70 

components. In contrast, quite distinct phase transitions of the 
macroscopic properties (mass density and vaporization enthalpy) 
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were obtained for these liquids and the critical values obtained 
from the thermodynamic properties coincide with those obtained 
from the topological analysis. This provides a relationship 
between some macroscopic properties and the topology of the H-
bond networks. We have also investigated water-methanol 5 

mixtures.11 Two distinct behaviors were uncovered from the 
island or cluster statistics, which were related to a change from a 
percolation regime for methanol mole fraction xm < 0.5 to a non-
percolating system for larger xm, in good agreement with results 
available in the literature,12,13,14,15 but obtained by different 10 

approaches. These results corroborated previous proposals based 
on experimental and/or molecular simulation data obtained by 
distinct techniques.12,16 Also small-world patterns appear for xm in 
the range 0.40–0.70, when the properties of the H-bond networks 
are analyzed. The spectral densities show several peaks, which 15 

also correlate well with rings, chains and branched chains 
topological features in water-methanol mixtures. 
 Small-world patterns were initially found in fully connected 
networks that were randomly reconnected (rewiring).17 In a 
certain range of rewiring probabilities, it was uncovered that the 20 

number of connections was small for any given pair of nodes and 
the network presented large clustering coefficients compared to 
random graphs. Indeed, despite their often large sizes, distinct 
networks with clustering coefficients unusually large present a 
relatively short path between any two nodes, that is, small-world 25 

patterns.18 In addition, it has been shown that small-world 
regimes interpolate between the highly clustered regular lattices 
(possibility, percolation regimes) and random graphs.18 Finally, 
important properties of complex networks such as growth 
dynamics, resilience, evolvability, fitness, and robustness with 30 

respect to external fluctuations may be related to their topological 
properties, specially, to the small-world regimes.18 
 In the present work we employed topological analyses to 
characterize H-bond networks in liquids and mixtures (water-t-
butanol, water-n-butanol, and water-ammonia) to evaluate the 35 

robustness and generality of those previous findings.9-11 Thus, 
water-t-butanol and water-n-butanol mixtures are a natural 
extension of the water-alcohol systems for investigating, for 
instance, the effects of increasing bulkiness and of isomerism. 
Whereas studies of water-ammonia mixtures aim at ascertaining 40 

the effects of distinct hydrogen bond behaviors (strength and 
number) on the topological properties of these complex networks. 
More specifically, ammonia can form up to four hydrogen bonds 
(three H-donors/one H-acceptor), compared to two H-donors/two 
H-acceptors of water, and one H-donor/two H-acceptors of 45 

alcohols. In addition, these hydrogen bonds have quite different 
strengths. Thus, these mixtures should provide large variability 
for the H-bond networks and interesting testing grounds for 
topological analyses. 

2. Methodology 50 

Metropolis Monte Carlo simulations at normal conditions (1 atm, 
298.15 K) were performed for water-t-butanol mixtures at 0.00, 
0.10, 0.20, 0.25, 0.28, 0.30, 0.32, 0.36, 0.38, 0.42, 0.50, 0.60, 
0.70, 0.80, 0.90, 1.00 t-butanol mole fraction (xt-but) and for 
water-n-butanol mixtures at 0.00, 0.50, 0.55, 0.60, 0.65, 0.70, 55 

0.75, 0.80, 0.85, 0.90, 1.00 n-butanol mole fraction (xn-but). For 
water-ammonia mixtures, Metropolis Monte Carlo simulations 

were performed at 1 atm and 239.80 K, for 0.00, 0.10, 0.20, 0.25, 
0.30, 0.40, 0.50, 0.60, 0.70, 0.80, 0.90, 1.00 ammonia mole 
fraction (xa). Note that we are only interested in the region of 60 

miscibility with water, that is, the entire region of composition for 
water-t-butanol and water-ammonia mixtures, and for water-n-
butanol mixtures outside the 0.02–0.49 range of n-butanol mole 
fraction. The results are compared with those obtained for water, 
methanol and water-methanol mixtures.11 65 

 The TIP5P model was used for water,19 the six-site united-
atom model (OPLS) for t-butanol and n-butanol20,21,22 and all-
atom model (OPLS-AA) for ammonia,23 all of them at their 
respective molecular structure. The choice of these models is 
related to the sites (oxygen, nitrogen and hydrogen) that may 70 

form hydrogen bonds, namely, O-H in water and alcohols, and N-
H in ammonia. For convenience and easiness of comparisons, the 
methyl groups were treated as united-atom models. The Lennard-
Jones parameters between sites i and j at molecules of different 
types (e.g., water and ammonia) were obtained by the Lorentz-75 

Berthelot combination rules: σij = (σii + σjj)/2 and εij = (εii εjj)
1/2, 

where σii and εii are the Lennard-Jones parameters of site i. For n-
butanol a conformational analysis was performed using the 
RHF/6-311G* method and Monte Carlo search. The three most 
populated conformers for n-butanol were used in the mixtures 80 

with water. The structures of these conformers as well as the 
structure of all other molecules were kept rigid at their respective 
model geometries in all Monte Carlo simulations. This follows 
the Metropolis Monte Carlo simulation protocols used to derive 
the interaction potentials of the TIP5P and OPLS models. In 85 

addition, it avoids introducing unwanted variables in the analyses 
of the networks. 
 The simulations were performed with the DIADORIM 
program24 using a cubic simulation box with 500 molecules. The 
simulation protocol employed periodic boundary conditions, a 90 

cutoff radius of 13 Å, an acceptance ratio of approximately 40%, 
and a trial volume variation was attempted every 2000 molecular 
move trials. For interactions beyond the cutoff radius, the 
reaction field method was used to describe the electrostatic 
interactions with a dielectric constant given by (1 – xs)εwater + 95 

xsεpure, where xs is the solute mole fraction and εpure denotes the 
dielectric constant for the pure liquid, namely, εwater = 80.0, εt-but 
= 10.9, and εn-but = 17.1 at 298.15 K, εwater = 88.0 and εa = 22.0 at 
239.8 K. Equilibration was initially performed in the NVT 
ensemble with 107 configurations followed by 2 × 108 100 

configurations in the NPT ensemble for each mole fraction. 
Averaging for the thermodynamic properties was then performed 
by generating 5 × 107 configurations. 
 The effects of considering the reaction field approach for long-
range interactions and the number of MC steps between samples 105 

(statistically independent) have already been investigated.11 
 H-bonds between butanol molecules were defined by the same 
geometrical criteria used for methanol:11 RO···H ≤ 2.60 Å and 
RO···O ≤ 3.50 Å, whereas between water and butanol molecules: 
ROw···Obut ≤ 3.50 Å and ROw···Hbut or RObut···Hw ≤ 3.10 Å,25 where 110 

Ow, Obut, Hw and Hbut denote the oxygen and hydrogen atoms 
in water (w) and butanol (but) molecules, respectively. For H-
bonds between ammonia molecules the geometric criteria were 
those used by Boese et al.26: RN···N ≤ 5.25 Å and RN···Ha ≤ 2.70 Å, 
while between water and ammonia molecules intermediate 115 
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criteria of water-water and ammonia-ammonia molecules were 
adopted: RO···N ≤ 4.40 Å, RO···Ha ≤ 3.10 Å  and RN···Hw ≤ 3.10 Å, 
with Ha and Hw being the hydrogen atoms in ammonia (a) and 
water (w) molecules, respectively. In addition to these geometric 
conditions it is required that the interaction energy of the pair of 5 

molecules has to be negative (attractive) for the existence of an 
H-bond. 
 The information about which molecules are H-bonded is coded 
into a connectivity matrix that is used in the topological analysis. 
The topological properties18,27 of the H-bond networks were 10 

determined by calculating the clustering coefficient C, the path 
length L, the degree distribution P(k), and the graph spectra ρ(λ) 
as were discussed previously and used for analyzing the water-
methanol mixtures.11 Because it is important to compare 
networks of very distinct origins (Internet, airline routes, electric 15 

power grids, social networks, collaborations, electronic circuits, 
phone call, citation, etc.)18 to explore the universality of observed 
patterns, these topological properties are either dimensionless by 
definition or rescaled quantities. Usually this rescaling is 
performed with respect to the random graphs value or to the 20 

percolated network value. For instance, the path length measures 
the minimum number of connections between two given nodes 
and not the Euclidian or other metric distance. Whereas, spectral 
densities are conveniently rescaled with respect to analytical 
random graphs results to emphasize the differences between the 25 

network topological regimes. 
 The clustering coefficient of site (molecule) i, Ci, is defined as 
the ratio between the number of existing links (H-bonds), Ei, 
among the ki neighbors of i and the total number that they would 
have if they formed a closed circle, i.e., 2)1( −ii kk .18,27 The 30 

clustering coefficient, C , of the entire network (simulation box) 
with N  nodes (molecules) is then the average over all individual 
Ci's, 

 ∑∑
== −

==
N

i ii

i
N

i

i
kk

E

N
C

N
C

11 )1(

211
. (1) 

 The clustering coefficient of a simulated hydrogen-bonded 35 

liquid is obtained as the ensemble average, CC = , calculated 
over a given number (100 in the present case) of uncorrelated 
simulation boxes. For a random graph with N nodes and average 
degree kz = , the clustering coefficient is NzpC ==rand , 
because the links are distributed randomly with probability p.18 40 

According to the above relation for random networks the ratio 
zCrand  scales as 1−N . However, real networks usually do not 

exhibit this dependence and some studies suggest that this ratio is 
independent of the number of nodes (N) in the network, as long 
as N is large enough. This property is characteristic of large 45 

networks whose clustering coefficients depend only on the 
coordination number (z) of the network and not on its size.27 
 The path lengths are determined as the ensemble average 

LL =  over uncorrelated networks, with the path length for a 
given network given by27 50 

 ∑
=

=
N

i

il
N

L
1

)(
1

. (2) 

The path length or chemical distance of a given node i, l(i), is 
determined from the shortest path lengths, lmin(i,j), which are the 

minimum number of edges or links (H-bonds) connecting nodes 
(molecules) i and j within a cluster with Ni-nodes, namely,27 55 

 ∑
=

=
iN

ji

jil
N

il
1

min ),(
1

)( . (3) 

For a random graph, the path length scales logarithmically with 
the size of the network and, for z > 1,18,27 where the average 
degrees (z) are always larger than 1 for all compositions 
analyzed, 60 

 
z

N
L

ln

ln
rand ≈ . (4) 

Therefore, a small-world pattern is characterized by C >> Crand 

and L ≤ Lrand.
18,27-30 

 The topological properties and features explored so far are 
based mostly on local or semi-local type behavior. Whereas, 65 

spectral densities of the networks are based on global properties 
because the eigenvalues characteristic of the network are obtained 
by diagonalizing the N×N adjacency matrix A(G), with N being 
the number of nodes that involves the whole simulation box.18,31 
This matrix has elements Aij = Aji = 1 if nodes i and j are 70 

connected, and 0 otherwise and represents a graph G, whose 
spectrum is given by a set of N eigenvalues, λj, from which the 
spectral density can be obtained, 

 ∑
=

λ−λδ=λρ
N

j

j
N 1

)(
1

)( . (5) 

This spectral density approaches a continuous function as N → 75 

∞.31 The spectral densities of the H-bond networks are averaged 
over an ensemble of uncorrelated simulation boxes to yield the 
spectral density, )()( λρ=λρ . The number of paths returning to 
the same node in the graph is equal to the k-th moment of the 
spectral density, thus yielding a global topological feature of the 80 

network. More specifically, the topological features of graph can 
be directly related to the spectral density because its k-th moment 
can be written as the sum over the number of paths returning to 
the same node in the graph, where these paths may contain nodes 
that were already visited.31 85 

 If a network has N nodes linked randomly with probability p, 
the random graph corresponds to an infinite cluster as N → ∞. In 
this case, the spectral density converges to a semicircular 
distribution given by,18,31 

 







−<λ

−π

λ−−
=λρ

otherwise0

,)1(2  if    
)1(2

)1(4
)(

2

pNp
pNp

pNp

 (6) 90 

which is used to rescale the spectral density (ordinate) as 

 ( )[ ] 2/1
1)()( pNp −×λρ→λρ , (7) 

and eigenvalues (abscissa) of H-bond networks as, 

 ( )[ ] 2/1
1 pNp −λ→λ . (8) 

Networks that are not fully connected and/or have trees are 95 
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characterized by momenta of orders larger than zero, so that 
spectral densities are very useful to characterize and categorize 
networks from many different origins. 
 Clustering coefficients and path lengths are said to describe, 
respectively, local and global behaviors of the networks.27 5 

However, we consider path lengths as a semi-global property of a 
network because it involves the characteristic distance in a graph 
or cluster. In the small-world regime, the number of graphs is 
large and consequently their lengths should yield a semi-global 
description. That is another reason for calculating spectral 10 

densities because we claim that they do provide a global 
description of the network behavior, since the diagonalization of 
the adjacency matrix involves all nodes in the network. 
 The topological properties as well as the histograms in the 
island statistics were obtained as configurational (ensemble) 15 

averages over 100 samples collected every 104 configurations (20 
MC steps). This was the same sampling used in the investigation 
of H-bond bond topological properties of water-methanol 
mixtures.11 It was shown that these structures were statistically 
uncorrelated because when the number of configurations between 20 

the collected samples was systematically increased, the averaged 
topological properties remained unaffected.11 In addition, 
averages over larger samples, e.g. 500, yielded the same results, 
so for practical reason, mainly in the calculation of the spectral 
density, averages over 100 samples were used. 25 

 The computer program11 coded for performing the topological 
analysis was used and performs the following tasks: reads the 
coordinates of the molecules in the simulations boxes, determines 
which molecules (including their type) are connected by 
hydrogen bonds, builds the connectivity matrix (or adjacency 30 

matrix) and then calculates the topological properties and 
performs the island statistics. 

3. Results and discussion 

 The calculated thermodynamic (density, enthalpy of 
vaporization, heat capacity, etc.) and structural properties (radial 35 

distribution functions - RDFs), for the pure liquids and the 
mixtures are in excellent agreement with available experimental 
and simulated values in the literature.9,13,16,19,20,23,25,32-46 These 
results ensure that the simulation protocol used is appropriate as 
extensively checked previously in the simulations of water-40 

methanol mixtures.11 Moreover the RDFs are consistent with the 
distance criteria used for determining the hydrogen bond between 
two molecules. Regarding the dependency of properties such as 
density and vaporization enthalpy with the solute mole fraction, 
xs, we have observed a monotonic decrease for all mixtures 45 

analyzed. In water-t-butanol mixtures, both properties present an 
inflexion (maximum value) at concentration xt-but ≈ 0.05. This 
behavior is characteristic of the presence of clathrates as observed 
in earlier simulations and experimental measurements.45,46 In the 
pure liquids, the average pair interaction energies between 50 

molecules are: for water molecules (–10.16 kcal/mol at 298.15 K 
and –11.43 kcal/mol at 239.80 K), t-butanol molecules (–11.52 
kcal/mol), n-butanol molecules (–12.35 kcal/mol) and ammonia 
molecules (–4.12 kcal/mol). The corresponding values for t- and 
n-butanol molecules are more negative (attractive) than that for 55 

ammonia molecules, which is consistent with the strength and 
number of hydrogen bonds that these molecules are capable of 

forming. As has been pointed out in our previous work for water-
methanol mixtures,11 it should be expected that the structure of 
the first solvation shell remains unchanged at room temperature 60 

for t- and n-butanol (and at 239.80 K for water-ammonia) 
mixtures. 
 The structural features of the pure liquids and the mixtures 
were also in excellent agreement with available experimental 
data16,37,47-50 and computer simulations13,26,32,34,37,39,42 even with 65 

different intermolecular potentials and using a limited number of 
conformers in the simulations of water-n-butanol mixtures and n-
butanol liquid. 

3.1 Numbers and patterns of hydrogen-bonds: island statistics 

 The average degrees, z, for pure liquids (xs = 1 in Figure 1) are 70 

in good agreement with available results, namely, zt-but ≈ 2 and zn-

but ≈ 2 inferred from the work of Ferrari et al.,37. Gao et al.32 and 
Ferrario et al.39 estimated slightly different values for the average 
connectivity of ammonia, 2 and 3 bonds per molecule (za ≈ 2-
342,32,39), from the radial distribution function. 75 

 
Fig. 1 The dependence of the average degree on the solute mole fraction 

xs. The curves represent quadratic fit to the data. 

 Molecular dynamics simulation using different methods,26,51 
found that the ammonia molecules generally accept two 80 

molecules that interact by binding to two hydrogen atoms per 
molecule, which agrees with our results. Fig. 1 shows the average 
degree as a function of mole fraction of solute. For all aqueous 
mixtures studied, this property is a decreasing function of xs. The 
results in Fig. 1, fitted to a quadratic function, show that water-t-85 

butanol and water-ammonia mixtures have larger contribution of 
the quadratic term, namely, 

2
but-tbut-tbut-t 06.142.228.3 xxz +−=  (R2 

= 0.985) and 
2
aaa 58.105.038.3 xxz −−=  (R2 = 0.986), compared 

to water-n-butanol 
2

but-nbut-nbut-n 32.009.241.3 xxz +−=  (R2 = 
0.999) and water-methanol mixtures 90 

2
mmm 55.026.238.3 xxz +−=  (R2 = 0.997) obtained previously.11 

The increase of the relative contribution of the quadratic term 
may be related to a decrease of the interaction strengths of the H-
bonds in the water-ammonia mixtures and to an increase of the 
steric effects in the water-alcohol mixtures. However, the number 95 

H-bond networks analyzed is too small to attach any definitive 
physical-chemical interpretation and/or rationalization to the 
dependence of the cluster statistics on the mole fraction. 
 
 100 
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Fig. 2 Sphere-and-stick representation of the H-bond networks in (a) pure 
t-butanol; (b) pure n-butanol; (c) pure ammonia; (d) pure water; (e) xt-but = 
0.30; (f) xt-but = 0.70; (g) xn-but = 0.50; (h) xn-but = 0.70; (i) xa = 0.30 and (j) 5 

xa = 0.70. All results involving alcohols were obtained at 298.15 K, pure 
water and ammonia at 239.80 K. Each node (sphere) represents one 

molecule and the edges (sticks) the hydrogen bonds. The red and yellow 
balls represent H-bonded water and solute, respectively, whereas isolated 
(non-connected) nodes (molecules) are shown as white (water) and light 10 

blue (solute) spheres. 

 
 
 The networks formed by hydrogen bonds in pure liquids and 
some values of xs for mixtures can be inspected visually by 15 

sphere representations13 or as we prefer the sphere-and-sticks 
representation in Fig. 2. Each molecule (or node) is represented 
by a site of interaction of the network, which is represented in the 
graphs of the figures only by the center of mass of each molecule. 
The existing H-bond interaction between two molecules is 20 

represented by a line (or stick). We have chosen to analyze 
snapshots of the mixtures at mole fractions that were the most 
representative to their topological behaviors. Additional 
snapshots at solute mole fraction of 0.5 are presented in the 
Supplementary Information (Figure S2). Although these 2D 25 

representations are rather limited, some conclusions can be 
inferred from their observations. For example, different 
aggregation modes are observed for the two isomers of butanol. 
In pure t-butanol (Fig. 2a), the H-bond network consists mainly 
of rings of different sizes, with the t-butyl groups (not shown) 30 

pointing away from the rings due to steric hindrance. While in 
pure n-butanol (Fig. 2b), long chains of H-bond interactions are 
formed. Ammonia (Fig. 2c) at 239.80 K has a large number of 
isolated molecules and molecules with one or two connections, 
while the H-bond network in water at the same temperature (Fig. 35 

2d) is highly connected and practically all molecules belong to a 
giant cluster. Previous results11 showed that the network formed 
by water molecules at room temperature is in the percolation 
regime. Whereas previous analyses11 of liquid methanol showed 
aggregates of different sizes, a few isolated molecules and large 40 

void spaces that suggest the formation of hydrophobic pockets 
with the methyl groups filling these. 
 For aqueous mixtures it is observed the presence of highly 
connected clusters and empty regions that increase with the water 
contents. Comparison of the results for water-t-butanol mixtures 45 

with those for water-methanol mixtures11 (Fig. 2e and 2f) shows 
that there is a large difference regarding the homogeneity within 
these networks. It is worth mentioning that both methanol and t-
butanol have the same number of H-bond interaction sites, but 
there is a difference on their clustering coefficients (section 3.2) 50 

obtained for these pure liquids. The water-n-butanol mixtures 
(Fig. 2g and 2h) visually resemble the water-t-butanol. For water-
ammonia mixtures the figures 2i and 2j show that the networks 
are quite connected, making it even more connected as increasing 
the molar fraction of water in the mixture. 55 

 For these mixtures is more difficult to analyze the percolation 
behavior only by visual analyses than for the water-methanol 
mixtures. Thus, the same statistical tools were applied for these 
systems, that is, island statistics28 by analyzing the average sizes 
of the largest islands or clusters (Nli) as a function of 60 

composition, as well as the bin distribution of islands, namely, 
the number of islands, ns, with s components in the interval [2bin – 

1, 2bin – 1]. The average number of components in the largest 
island (cluster), Nli, for all compositions investigated is shown in 
Fig. 3. 65 
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Fig. 3 Average number of components in the largest island (cluster), Nli, 
as a function of the solute mole fraction xs, where the bars indicate the 

standard deviations. All results involving alcohols were obtained at 
298.15 K and ammonia at 239.80 K 5 

 For all mixtures, the number of components in the largest 
island decreases with the solute mole fraction, xs. The water-t-
butanol mixtures show a smoother percolation transition, which 
causes difficulties in determining the critical value. Because n-
butanol is miscible in water only when its mole fraction is larger 10 

than 0.45, the non-percolating regime cannot be determined. The 
water-ammonia mixtures showed that even small quantities of 
water in the mixtures cause the network to percolate, in contrast 
to pure liquid ammonia that has a large number of small clusters 
and monomers. These results were quite different from those 15 

obtained for water-methanol mixtures, where a drastic change in 
the average number of components in the largest cluster was 
observed at methanol mole fraction xm = 0.50, leading to a non-
percolating regime at higher methanol concentrations. 
 Figure 4 presents the quantitative results for the bin size 20 

analysis by plotting the number ns of islands (clusters) with s 
molecules in the range [2bin – 1, 2bin – 1] for several mixture 
compositions of the systems studied. For pure t-butanol (Fig. 4a) 
there is a predominance of aggregates containing 2-7 molecules, 
while for the pure n-butanol (Fig. 4b) there is approximately the 25 

same number of monomers, however with a variety of larger 
aggregates with different sizes. Again, it is observed a clear 
distinction in the aggregation of the molecules of the isomers 
butanol. Liquid ammonia (Fig. 4c) contains about 15% of 
monomers, in agreement with the value obtained by Ibrahim and 30 

Jorgensen42 and 5% of dimers and trimers, the value obtained 
also by Ricci et al.52 In water at normal conditions (Fig. 4a and 
4b) there is a giant cluster with about 99% of the molecules and 
at lower temperatures (Fig. 4c) approximately all molecules 
belong to the large island. The mean values of the sizes of the 35 

largest islands (Table 1) are in agreement with these observations. 
 The island statistics of the mixtures exhibits behaviors 
intermediate between those of the pure liquid constituents. For 
water-t-butanol mixtures (Fig. 4a) as xt-but increases, the 
percolating aggregate in pure water disintegrates in the following 40 

way: i) for xt-but < 0.3 there are a few isolated molecules and small 
aggregates, with most of molecules belonging to the giant 
aggregate; ii) when xt-but ≥ 0.3, it is also observed the formation of 
a giant aggregate containing more than 50% of the molecules, 

however, the number of smaller aggregates becomes greater; and 45 

iii) for xt-but ≥ 0.6, there are aggregates of various sizes, 
containing from 1 to 127 molecules. 

 50 

Fig. 4 Island statistics counts the number of clusters (islands) of sizes s in 
the interval [2bin – 1, 2bin – 1] for each bin. The dependence with the 

mixture composition is shown at several solute mole fraction xs, for (a) s 
= t-butanol at 298.15 K, (b) s = n-butanol at 298.15 K, and (c) s = 

ammonia at 239.8 K. The insets are magnifications of the region around 55 

bin = 9. 
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The water-n-butanol mixtures present similar behavior of the 
water-t-butanol ones, with a peculiar distinction related to the 
formation of clusters containing 4 to 7 molecules of t-butanol at 
high values of the t-butanol mole fraction (Fig. 4b), which may 
be attributed to the formation of rings, as can be seen in Fig. 3a. 5 

At all compositions of water-ammonia mixtures (Fig. 4c) there is 
a large island containing 50-100% of the molecules, whose size 
varies with the composition. Pure liquid ammonia, as discussed 
early, has a variety of islands of different sizes. All these 
observations are directly related to the number of components 10 

found in the largest island (Nli) that decreases with increasing xs 
(Fig. 3). 

3.2 Clustering coefficients and path lengths: small-world 

patterns 

 The intermediate behavior of networks between random and 15 

regular networks may lead to small-world patterns in complex 
networks. Properties such as clustering coefficients and path 
lengths have been used to analyze these behaviors. For example, 
in random networks the clustering coefficients are smaller and the 
path lengths are longer than those in regular networks, which 20 

have large clustering coefficient and path lengths that grow 
linearly with the number of nodes (N). Small-world patterns are 
characterized by an intermediate behavior having large clustering 
coefficients (like regular networks) and smaller path lengths than 
random networks. 25 

 
Table 1 Path length (L), clustering coefficient (C), average degree (z) and 

the number of components in the largest island (Nli) for the pure liquid 

networks and for the corresponding random networks (rand). 
 L Lrand C Crand z Nli 

Water at 298.15 Ka) 17.67 5.06 0.0418 0.0068 3.413 495.84 

Methanol at 298.15 Ka) 5.15 12.30 0.0071 0.0033 1.657 50.37 

t-Butanol at 298.15 K 3.12 9.95 0.2570 0.0037 1.867 12.76 

n-Butanol at 298.15 K 4.61 12.52 0.0473 0.0033 1.642 33.34 

Ammonia at 239.80 K 4.09 12.74 0.0221 0.0033 1.628 201.02 

Water at 239.80 K 17.88 4.99 0.0223 0.0070 3.471 497.95 

a) ref. [11] 30 

 
 Table 1 shows the results of topological properties such as 
chemical distance or path length (L), clustering coefficient (C), 
average connectivity (z) and the number of components of the 
largest island (Nli) in networks of hydrogen bonds formed by pure 35 

liquids. Also reported are the values of the chemical distance 
(Lrand) and the clustering coefficient (Crand) of the corresponding 
random networks, namely, random networks with the same 
number of nodes and average degree. These properties were 
obtained with errors of less than 2%, except for the calculation of 40 

the clustering coefficient due to the great diversity of types of the 
clusters whose deviations were around 10%. 
 The different modes of aggregation for the isomers of butanol 
that were observed qualitatively by viewing equilibrated box 
simulations can be quantified by the clustering coefficient that is 45 

greater for t-butanol (reflecting formation of rings) than for n-
butanol (large number of chains). For the same temperature, pure 
water has clustering coefficients very similar to those in pure n-
butanol and ammonia; however, the water average degrees are 
more than twice of n-butanol and ammonia. This behavior can be 50 

expected since the link (i.e., the interaction by hydrogen bond) 
between neighboring molecules (that defines the clustering 
coefficient) only occur at appropriate distance and orientation 
(which depend on the criteria for determining the hydrogen bond) 
and thus steric effects, the number of sites for the formation of 55 

hydrogen bond per molecule and bond strength are important 
factors. 

 

Fig. 5 Clustering coefficients (C) and path lengths (L) scaled by their 
values at xs = 0.0 as a function of the solute mole fraction, xs: (a) s = t-60 

butanol at 298.15 K; (b) s = n-butanol at 298.15 K; (c) s = ammonia at 
239.80 K. 
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 Also from Table 1 it is observed that in the networks formed 
by the isomers of butanol and ammonia, the values of the 
clustering coefficients (C) is much larger than the corresponding 
ones in random networks (Crand) with the same connecting 
probability (p), that is, C >> Crand. The path lengths have an 5 

opposite behavior, namely, they are smaller for real networks (L) 
than the associated random ones (Lrand), i.e. L < Lrand. These two 
conditions characterize the small-world behavior of these 
networks. Notice that pure water at either temperature as well as 
liquid methanol did not present this small-world behavior of their 10 

H-bond networks. Indeed, only in a certain concentration range of 
methanol-water mixtures a small-world regime was observed. 
 The transition between regular and random networks, namely 
the small-world behavior may be characterized by the clustering 
coefficients, C(xs), and path lengths, L(xs), as functions of the 15 

mixture composition (xs) and scaled by their respective values at 
xs = 0.0, that is, C(xs)/C(xs = 0.0) and L(xs)/L(xs = 0.0), which are 
depicted in Fig. 5. 
 The choice of normalization by the respective values at xs = 
0.0, which correspond to the values obtained for pure water, can 20 

be justified as the only common component in the mixtures to 
allow for comparisons, and also not to display small-world 
patterns. Comparisons with the Watts-Strogatz model17 must be 
performed carefully because the standardization is done in the 
model for the probabilities for reconnection (p) equal to zero and 25 

therefore in this condition, the system corresponds to a regular 
network. Noteworthy that all values of p studied in the Watts-
Strogatz model, the average degree is constant. Thus, to validate 
our choice for the normalization factor, the clustering coefficients 
and the path lengths are compared with the values of the 30 

corresponding random networks (rand). For non-normalized 
values see Fig. S3 in the Supplementary Information. 
 Outside the region of small-world patterns the networks of H-
bonds have L > Lrand and C >> Crand, which suggests that the path 
lengths of the network increase with its clustering coefficients, 35 

characteristic of a giant cluster that percolates the system.18 In the 
region of small-world regime, the opposite behavior is observed, 
where the networks possess much smaller path lengths L < Lrand, 
while the clustering coefficients are still large C >> Crand.

17 These 
regions are detected in either the scaled graphs in Fig. 5 or in 40 

comparisons between the values in real networks and the 
corresponding values for the random networks (Fig. S3 in the 
Supplementary Information). These observations validate our 
choice of the normalization factor. 
 Small-world patterns were found in the H-bond networks of all 45 

aqueous mixtures analyzed at specific intervals of compositions. 
 For the water-t-butanol mixtures, there is a steeply increase of 
the clustering coefficients from xt-but ≥ 0.6, whereas the path 
lengths decrease steadily up to xt-but ≈ 0.6 and remain 
approximately constant beyond this composition. Our results 50 

corroborate previous molecular dynamics simulation results 
obtained by Ferrari et al.37 that observed the formation of t-
butanol dimmers in aqueous t-butanol solutions at high water 
content, namely, the region at which small clustering coefficients 
are obtained. It was also observed that at xt-but = 0.6, the alcohol 55 

molecules form rings instead of chains as the main mode of 

aggregation of the water-t-butanol systems, which is reflected by 
the observed increase in clustering coefficient values for xt-but ≥ 
0.6. The scaled graph obtained by normalizing with the respective 
values of these properties at xt-but = 0.0 (Fig. 6) and comparisons 60 

of these properties with the corresponding values for random 
networks (Fig. 7) show that for this system, only solutions rich in 
t-butanol, as well as pure liquid t-butanol, have small-world 
patterns. Following the same analysis, water-n-butanol mixtures 
also present small-world behaviors for solutions rich in n-butanol 65 

and in pure n-butanol. 
 Water-ammonia mixtures also show small-world patterns, 
although the clustering coefficient presents values up to three 
times higher in the mixtures than in pure water or pure ammonia 
(Fig. 5c). Note that these properties were obtained at 239.80 K 70 

and therefore the value of the clustering coefficient for the pure 
water at this condition, i.e. at xa = 0.0, is different from the value 
at xt-but = 0.0 or xn-but = 0.0 at room temperature. Probably due to 
intrinsic characteristics of the H-bonds in these systems, for 
example, the existence of three different types of interactions 75 

with distinct relative strengths (water-water, water-solute and 
solute-solute), the topological properties did not exhibit a regular 
behavior, as observed previous studies.11 
 The scaled or unscaled clustering coefficients in the pure liquid 
(xs = 1 in Figures 5 and S3) have the following trend: Ct-butanol >> 80 

Cn-butanol > Ca. This trend may be rationalized by inspecting 
Figures 3a, 3b and 3c that show the H-bond networks of pure t-
butanol, n-butanol, and ammonia, respectively. It is clear that 
liquid t-butanol presents many rings of several sizes, whereas 
rings are scarce in pure n-butanol and practically inexistent in 85 

ammonia. Because the clustering coefficients are related to the 
connections between the neighbors of a given site, eq. (1), the 
presence of rings should lead to larger clustering coefficients 
compared to networks where the presence of rings is rare. 
 Combining the results from the island statistics with local 90 

topological properties (path length and clustering coefficient) it is 
possible to infer that transition from the percolation to the small-
world regimes occur at mole fractions larger than ca. 0.6 for the 
water-alcohol mixtures. Interestingly, in water-ammonia mixtures 
highly connected H-bond networks still present for ammonia 95 

mole fraction up to 0.7; however, small-world patterns start to 
emerge at xa ≈ 0.3. Thus, a clear transition from the percolation to 
the small-world regimes in water-ammonia mixtures is difficult to 
pinpoint without a more detailed application of percolation 
theory, which is outside the scope of the present analyses. 100 

3.3 Degree distribution: broad-scale networks 

 The number of neighbors of a given molecule, and thus its 
number of H-bond connections, changes continuously due to the 
thermal motions in the liquids. So, a distribution of the number of 
H-bonds in an instantaneous configuration of the mixture is to be 105 

expected. After normalization, this distribution leads to the 
degree distribution, P(k), which yields the frequency of nodes 
(molecules) that have k connections (H-bonds). As in the case of 
other H-bond network properties, P(k) is also a parametric 
function of the mixture composition, that is, P(k; xs). 110 
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Fig. 6 Degree distribution, P(k), for pure liquids: (a) water at 
298.15 K (xt,n-but = 0.00) and at 239.80 K (xa = 0.00); (b) t-

butanol, n-butanol and ammonia. In (a) the solid and dotted 
curves are Gaussian functions fitted to each data set. 

 Fig.6 presents the degree distribution for selected values of xs. 5 

The networks have degree distributions that deviate significantly 
from a Poisson distribution and as a result, do not show the 
random networks behavior. Pure water at 298.15 K and 239.80 K 
has fully connected networks displaying an approximated single-
scale (Gaussian) distribution, which are similar random graphs 10 

(Fig. 6a). At room temperature, the degree distribution, P(k; xs = 
0), of liquid water is fitted to a Gaussian distribution with a 
slightly better accuracy than water at 239.80 K. These fitted 
functions have an average connectivity of 3.52 and 3.71, and 
widths equal to 2.44 and 1.77 at 298.15 K and 239.80 K, 15 

respectively. In contrast, pure liquid alcohols show a sharp peak 
at k ≈ 2, in agreement with previous simulations carried out for 
the methanol23,41,39 and a fast decay for k > 2 (Figs. 6b, 7a and 
7b). The degree distributions decay as a power law followed by a 
cutoff, that is, P(k) ≈ k−γ f (k/kcutoff), where kcutoff is the cutoff for 20 

the number of connections or hydrogen bonds. The estimated 
values of the exponents γ are 9.46 for t-butanol and 8.66 for n-
butanol, both with kcutoff ≈ 4, with R2 ≈ 0.92-0.97. This behavior 
of the degree distributions is expected for a class of small-worlds 
known as broad-scale networks, which are characterized by a 25 

limiting constraint for the addition of new connections.29 
Ammonia has a degree distribution with a smooth decay (Figs. 6b 
and 7c) with about 15% of the molecules with one connection, 
20% with four or more connections and 65% with two-three H-
bonds, in good agreement with the results obtained by previous 30 

simulations.32 

Fig. 7 Degree distributions, P(k), for selected compositions of water-
solute (s) mixtures (a) s = t-butanol at 298.15 K, (b) s = n-butanol at 

298.15 K, and (c) s = ammonia at 239.80 K. In (c) the solid and dotted 
curves are Gaussian functions fitted to each data set. 35 
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 These distinct behaviors of the pure liquid networks suggest 
that the H-bond networks in the mixtures should present 
composition dependent degree distributions, P(k), as shown in 
Fig.7. For the water-t-butanol mixtures, it was observed that 
regions rich in water present a very wide distribution of 5 

connectivities while for xt-but ≥ 0.6 the distributions become more 
narrow and symmetric. This behavior can be attributed to the 
presence of a large number of rings and because the average 
connectivity of the molecules in a ring is equal to 2, the maxima 
of the distributions also occur at k ≈ 2. Water-n-butanol mixtures 10 

present similar behavior, but in these cases, there are a large 
number of chains, including branched chains (k > 2) that lead to a 
broadening of the distribution for k > 2 as the n-butanol mole 
fraction increases. 
 Similarly to the water-methanol mixtures,11 there are 15 

compositions of water-t-butanol and water-n-butanol mixtures 
where small-world patterns are detected with degree distributions 
that are characteristics of broad-scale networks with a sharp 
cutoff. This is consistent with the conjecture that the broad-scale 
distribution is due to the high cost of connections within a 20 

network,29 as can be seen in the Figs. 7a and 7b at xs = 0.7. The 
formation of networks with this type of degree distribution in a t-
butanol rich environment can be attributed to the large steric 
hindrance of the t-butyl group that leads to smaller number of 
interaction sites for H-bonds and weaker strengths of these 25 

interactions. 
 These behaviors of water-alcohol mixtures, including 
methanol, can be rationalized by the smaller number and the 
weaker interaction of the H-bonds formed by alcohol molecules 
compared to those of water. Therefore, replacing water by alcohol 30 

molecules in H-bond networks causes an abrupt decrease of 
connectivity and a sharp cutoff of the degree distribution. In 
addition, steric effects of the alkyl chains in the alcohol 
molecules hinder the H-bond connections and contribute to the 
sharper cutoff of the t-butanol degree distribution compared to n-35 

butanol mixtures (Figs. 7a and 7b). 
 For water-ammonia mixtures at xa = 0.7 and 0.3 (Fig. 7c), the 
data sets of the degree distributions were fitted to Gaussian 
functions with average connectivities of 2.57 and 3.26, 
respectively. This behavior of the degree distributions is 40 

consistent with small-world networks characterized as single-type 
scale. 

3.4 Spectral densities 

 The rescaled spectral densities of H-bond networks for all 
mixtures were obtained and are depicted in Figs. 8 and 9 for 45 

selected compositions. At both temperatures, pure water presents 
spectral densities dominated by the first moment (Fig. 8a), as 
expected from the observed percolation behavior, that is, the 
formation of a giant cluster that contains most molecules. Similar 
behavior is observed for low values of the solute mole fraction in 50 

which the spectral densities are dominated by the first moment 
(Figs. 9a, 9c and 9e), but the semicircular shape is suppressed 
when the solute mole fraction increases. On the other hand, for 
larger values of xs, including the pure liquids, the spectral 
densities have significant contributions from the second and third 55 

moments (Figs. 8b, 9b, 9d and 9f), which is consistent with the 
small-world behavior of these H-bond networks and the presence 

of a large number of isolated clusters. Notice that the higher 
moments appear only because we employed a cutoff when the 
spectral densities were plotted in order to provide more details. In 60 

fact, the principal peaks reach 0.7 in the scaled spectral density 
axis, so that the observed moments for low solute mole fractions 
are negligible. However, for larger mole fractions these momenta 
are significant. 

Fig. 8 Rescaled average spectral densities of H-bond networks in pure 65 

liquids: (a) water at 298.15 K (xt,n-but = 0.00) and 239.80 K (xa = 0.00); (b) 
t-butanol at 298.15 K, n-butanol at 298.15 K and ammonia at 239.80 K. 

The cutoff value of 0.1 was used in the scaled spectral density in order to 
show more details. The spectral density of water at 239.80 K in (a) was 

shifted by 0.01 for better visualization. The spectral densities of n-butanol 70 

and ammonia in (b) were shifted by 0.01 and 0.02, respectively, for better 
visualization. 

 In summary, cluster statistics, local, semi-global and global 
topological properties clearly show the small-world patterns in 
the H-bond networks of all aqueous mixtures studied in a wide 75 

range of solute concentration. These observations suggest that 
small-world topologies of these networks are common and, 
probably, general, which may be due to the special features of 
small-world networks, namely, fast transport of information and 
communication.18 These features may account for the robustness 80 

and resilience of these H-bond networks with respect to 
perturbation and thus correlated to the miscibility and solution 
stability. 
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Fig. 9 Rescaled average spectral densities of H-bond networks in mixtures at selected compositions of t-butanol at 298.15 K (a) xt-but = 0.30 and (b) xt-but = 
0.70; of n-butanol at 298.15 K (c) xn-but = 0.50 and (d) xn-but = 0.70; and of ammonia at 239.80 K (e) xa = 0.30 and (f) xa = 0.70. A cutoff value of 0.1 was 5 

used in the scaled spectral density in order to show more details.
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Conclusions 

 The hydrogen bond (H-bond) networks generated from 
simulations of t-butanol, n-butanol and ammonia aqueous 
mixtures were analyzed by cluster (or island) statistics and 
topological statistical mechanics based properties. From island 5 

statistics we found that these H-bond networks change from a 
percolation regime for small solute concentrations (water rich 
mixtures) to a non-percolating behavior for non-aqueous 
component rich solutions. Topological analysis of local 
(clustering coefficients, average degrees) semi-global (path 10 

lengths) and global (spectral densities) properties indicated the 
presence of small-world patterns for the H-bond networks in the 
case of mixtures in the rich solute regime. In addition, the global 
features provided by the analysis of number of momenta in the 
spectral densities (number of peaks) correlates quite well with 15 

island statistics (rings, chains and branched chains) and other 
topological analyses performed in the water-alcohol and water-
ammonia mixtures as well as with the observed small-world 
regimes. This corroborates the robustness of the statistical 
mechanics based topological analyses employed. The degree 20 

distributions of these networks were partially rationalized by the 
relative number and strengths of H-bonds formed by the solute 
molecules compared to those of water. 
 The presence of small-world topologies in a wide range of 
solute mole fraction of all mixtures studied suggests that small-25 

world patterns may be common and general in complex H-bond 
networks of aqueous mixtures, probably due to their special 
features such as resilience and fast response to perturbations. This 
feature may be helpful in explaining and interpreting several 
physicochemical properties (thermochemistry, solubility, solute 30 

spectra, preferential solvation, etc.) of aqueous solutions.1-8 
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