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parahydrogen exhibit strikingly different field dependencies. Thermally polarized spin systems
show the well-known roof effect, observed when reducing magnetic field strengths which
DOI: 10.1039/X0XX00000X . . . . . . .

precludes the independent determination of chemical shift differences and J-coupling constants
www.rsc.org/ at low-fields. Quantum mechanical analysis of the NMR spectra with respect to polarization
method, pulsed state preparation, and transition probabilities reveals that spectra of
parahydrogen polarized systems feature an “inverse roof effect” in the regime where the
chemical shift difference dv is smaller than J. This inverse roof effect allows for the extraction
of both J-coupling and chemical shift information down to very low fields. Based on a two-
spin system, the observed non-linear magnetic field dependence of the splitting of spectral
lines is predicted. We develop a general solution for the steady state density matrix of a
parahydrogen polarized three-spin system including a heteronucleus which allows explaining
experimentally observed 'H spectra. The analysis of three-spin density matrix illustrates two
pathways for an efficient polarization transfer from parahydrogen to '*C nuclei. Examination
of the experimental data facilitates the extraction of all relevant NMR parameters using single-
scan, high-resolution 'H and '>C NMR spectroscopy at low fields at a fraction of the cost

associated with cryogenically cooled high-field NMR spectrometers.

magnetic resonance spectroscopy and imaging to ultra-precise
spectral and spatial resolutions [6-13]. These developments are
driven by the prospect of low-cost portable NMR spectrometers

1. Introduction

NMR with thermally polarized spin ensembles is inherently

insensitive because the population differences of nuclear Zeeman
levels are small at room temperature even in strong magnetic fields
of several Tesla. This problem can be overcome by coupling nuclear
spins to a reservoir with higher state purity. Examples include
circularly polarized light used in spin-exchange optical pumping
(SEOP), polarized electron spins at low temperatures and large
magnetic fields (DNP) or the anti-symmetric singlet state of
parahydrogen (Parahydrogen Induced Polarization, PHIP) [1-5]. The
development of hyperpolarization methods, in which the source of
the polarization is not the magnetic field By, has contributed to a new
trend - the exploration of NMR at low-magnetic fields. In contrast to
the increasing acquisition and operating expenses associated with
increasing magnetic field strengths low field NMR technology is
affordable and requires nearly no maintenance. Especially, the
combination of hyperpolarization with alternative and highly
sensitive detection schemes like super-conducting quantum
interference  devices (SQUIDs), atomic-magnetometers, and
nitrogen-vacancy centres has extended the scope of low-field
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which could be made broadly available. In this contribution we
describe inductively detected low-field NMR experiments which
retain the critical NMR parameters used for structure elucidation: J-
coupling and chemical shift. In low-magnetic fields of a few mT, as
used in our experiments, the chemical shift-difference v between
two spins at different positions in a molecule is small compared to
the electron mediated dipole-dipole interaction, the J-coupling
[13,14]. Thus, spin systems at low-fields are typically deemed
“strongly coupled systems”. Normally, strongly coupled spin
systems inhibit the determination of J-coupling and chemical shift
difference from thermally polarized ensembles. However, our recent
experiments show that this no longer holds for parahydrogen
hyperpolarized spin systems [16] where PHIP enables a pure spin
state initialization independent of the external magnetic field [17].
Expanding these ideas, the detection and manipulation of single
spins and hyperpolarized spin systems opens many additional
applications of nuclear magnetic resonance ranging from
biomolecular imaging to quantum computation [18-22]. Additional
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interest in PHIP at low magnetic fields is constituted by the fact that
polarization stored in singlet states on pairs of strongly coupled spins
can be long lived with population lifetimes exceeding minutes and
coherence times in the order of tens of seconds [23,24]. A
fundamental understanding of entangled spin systems and their
decoherence mechanisms is therefore of general interest.

In section two, we present the quantum mechanical
description of a homonuclear J-coupled two-spin system /;/, and a
heteronuclear J-coupled three-spin system /;1,S, both starting from
thermal and parahydrogen induced polarization. In section three a
detailed analysis of the dipole transition moments is given to explain
the phenomena denoted as roof effect and inverse roof effect for 7,7,
systems [16, 25]. Most importantly, the relative amplitudes ratios
observed in PHIP experiments show an inverted field dependence
compared to spectra of thermally polarized spin systems. It is this
phenomenon which allows for simultaneous determination of the
chemical shift and J-coupling information in PHIP experiments
conducted in the inverse weak coupling regime (dv <J) [16]. A
theoretical evaluation of the amplitudes, expressed as signal-to-noise
ratio (SNR), as a function of the external magnetic field elucidates
the striking differences between the two polarization methods.
Section four examines the field dependence of polarization transfer
from the singlet order of hydrogen to a heteronucleus. Subsequently,
the introduced models are compared with experimental spectra of
two- and three-spin systems in the inverse weak coupling regime in
section five. Furthermore, we discuss '*C and 'H spectra of PHIP
hyperpolarized spin systems with more than three J-coupled spins.
The high complexity of the measured spectrum of phenyl acetylene,
for example, gives rise to the question what spectral information can
be obtained from n-spin systems (n > 3). Lastly, details about the
analytical calculations are provided in appendices A-D.

2. Thermal and parahydrogen induced polarization

In order to obtain a detectable NMR signal a spin system is typically
polarized and subsequently subjected to a radio-frequency (rf) pulse
described by a Hamiltonian of the form

Hyp= hBy Zyilix )
7

where h is Planck’s constant, y; is the gyromagnetic ratio of the i-th
spin, B is the resonant magnetic field strength of the rf-wave and /;,
is the x-component of the spin vector operators I;. The pulse angle
0 = y;B;T can be controlled via the pulse duration T or amplitude
B;. Under the influence of 7.5 the initial state of the density matrix
po evolves into p?. The intrinsic interaction Hamiltonian H causes
further evolution of the density matrix. In general the Hamiltonian of
a J-coupled spin system in a static external magnetic field, By, is

defined as

i#j, i<j

B, establishes the z-quantization axis, §; is the chemical shift of the
i-th spin. The spins I; and /; are coupled by the scalar constant J;;. I;
and I; are the spin vector operators of the corresponding nuclei. The
evolution of the prepared state under the intrinsic Hamiltonian #, is
detected in terms of the time dependent expectation value of the
detection operator D (typically I, I, or I+il)) defined as free
induction (D(t)).

®

Ho=hBy ) yi(l+6)l + @
i
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The Fourier transform of expression (3) yields the NMR spectrum
with infinitely small line widths, since decoherence effects are
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neglected. Experimentally, the observed resonances are associated
with characteristic transverse relaxation times 7, resulting in a decay
of the free induction (FID) and finite linewidths.

2.1 Thermal polarization

As described in introductory NMR textbooks [25, 26] the diagonal
elements of the density matrix in the Zeeman basis are populated
according to the Boltzmann distribution if samples are thermally
polarized. In the high temperature approximation, where the thermal
energy kpT is assumed to be larger than the energy of the Zeeman
splitting AByy;, the density matrix pg for a thermally polarized »n-
spin system is approximated by

n
1
PB zz—n<IE+ﬁZIiz) with g =
7

where E is the 2™ X 2™ dimensional unity matrix. The signal strength
is proportional to 8, where f is on the order of 1075 even for nuclei
with large y at magnetic fields strengths of several Tesla. This
results in low nuclear spin polarization and low SNR. Usally, a m/2
pulse is applied to the initial density matrix creating transverse
magnetization. In these experiments the detected resonances appear
in-phase. This is in contrast to experiments with parahydrogen
polarization, where coherences can be phase shifted with respect to
each other.

hBoy;

kgT ° )

2.2. Parahydrogen induced polarization of a homonuclear two-
spin 11/, and heteronuclear 1,1, system

The nuclear spin state of a parahydrogen molecule is the singlet state
|So) and the corresponding initial density matrix p;, on spins I; and
I, is given as

1 1
pp=|50><50|=ZIE_ Il'IZZZIE_IIZIZZ_ZQx )

with zero quantum coherence ZQy = Iyxlox + I1yl5, . The singlet
state is an eigenstate of the J-coupling Hamiltonian H; = 27 J;,1 -
I, but if the symmetry of spins /; and /, is broken by an intrinsic
Hamiltonian H, with a non-zero chemical shift difference in the
form of Eq. (2), the singlet state is no longer an eigenstate and a
detectable magnetization can be generated. Experimentally, a
chemical-shift difference is established by addition of parahydrogen
to an unsaturated bond in a way that the symmetry between both
parahydrogen derived protons is removed in the reaction product.
Explicitly, for a J-coupled spin system of two like spins /;/, the
intrinsic Hamiltonian is

HM2 = h(wyy iy + wop pg) + 21 J1p 11+ 1y, (6)
where v, = w;, /2w =y;Bg(1+6;),i =1,2are the Larmor
frequencies of spins /; separated by their chemical shift difference
v = y;By(6, — 81). For a two-spin system it is convenient to
define the dimensionless parameter x = dv/J;, whose magnitude
defines the following three regimes: the weak coupling regime
(x > 1) which is typically encountered at large magnetic fields, the
strong coupling regime (x =~ 1), and the inverse weak coupling
regime (x << 1) encountered typically at mT fields [27]. To
encompass the effect of many hydrogenation reactions, occurring
over time (for several seconds) on the statistical ensemble, a time
averaged projection of the singlet state onto the product Hamiltonian
H1 from Eq. (6) gives the new populations. We refer to the result

This journal is © The Royal Society of Chemistry 2012
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as the incoherently averaged initial density matrix of PHIP, p,, [17].
Note that in Eq. (7) we just consider terms not proportional to the
identity operator E.

_ 1 x
Pp =10, + 1+xZZQX+2(x2 +1) (Iiz — I2z) ™

Alternatively, the symmetry of the initial singlet state can be broken
by J-coupling to a third spin (or more). In order to elucidate the
fundamental mechanisms we introduce a third spin S=1/2 coupled
differently to the protons initially in the singlet state, and thus
creating a heteronuclear three-spin system /[;5,S [28, 29]. The
Hamiltonian H 125 describes the interaction between the spins of
this three-spin system consisting of two like spins /; and 7, with
similar Larmor frequency w;; = wj, and a different spin species S
with resonance frequency w; # w;. In both high and low magnetic
fields of a few mT it is a valid approximation to consider just the z-
component of heteronuclear J-coupling terms (J15/,.S, and Jys/5.S.).
Note that near zero-field (uT) this approximation is no longer valid,
as the Larmor frequency difference w; — w; becomes comparable to
the heteronuclear J-coupling constant [14]. In the mT regime the
chemical shift difference between like spins /; and I, is typically
<1 Hz and can thus be either comparable to or smaller than their J-
coupling constant J;, which means that all spin components have to
be taken into account.

i 3 oW
H.TracyTHyc, Hy
4 a*\\ TR
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Fig. 1: Transition metal mediated chemical reaction of parahydrogen and a
disubstituted ethyne molecule forming a hyperpolarized pseudo two-spin
system in (z)-configuration after reduction. 3]HaHb is the homonuclear
coupling constant. A naturally abundant heteronucleus, e.g. "*C, either in
position a or b couples differently to protons H, and H, with the coupling

1 2 2 1
constants ]Haca:# ]Hacb or ]Hbca:# ]Hbcb'

Figure 1 shows a 'H two-spin system originating from
hydrogenation of a disubstituted (R;, R;) ethyne molecule. The
introduced protons can couple differently to an adjacent '*C nucleus,
establishing the following Hamiltonian acting on the created three-
spin system.

HS = h(wpli, + wply, + 0sS,) + 21 111+ 1
+ 21 Ji5 11,5, + 21 J55 15, (8)

The resulting time averaged projection of the singlet state under the
influence of #1125 results in expression (9) as derived in Appendix
A.

1 1
Piips = izl + E( )ZQx

1+(y+x)2+
1( y+x y—Xx
2\1+ (@ +x)? 1+ @y —x)?
_IZZ)SZ

14 (y —x)?
)(Ilz

! ZQ,S.
+(1+(y+x)2_1+(y—x)2> xSz

1( y+x y—Xx )(1 1)
4\1+(y+x0?2 1+@-x2) %

= 1112122 +azQ,+ E(Ilz - IZZ)SZ + ZaZQxSZ
+ Ef(llz - IZZ) (9)
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For convenience we introduced the dimensionless parameter
v = (Jis — J25)/2J12 = AJ /2], as a normalized measure of
symmetry breaking mediated by the heteronuclear J-coupling. a, ¢,
d, f are time averaged coefficients (Appendix A). Equation (9) can
be understood as a generalization of the three-spin density matrix
discussed in [30] where only the heteronuclear coupling difference
AJ has been considered as symmetry breaking mechanism.

A detectable magnetization is generated by applying an rf-pulse in x-
direction with flip angle 6 acting on spin species / (see Eq. 1). The
resulting density matrix pz 1, can be used to derive the NMR
spectrum of the /-spins.

P, = sinbcos6 (@—1)(Lyly, + Lizl5y) + sin6 b(I,, — 11,,)S,
+sin@cos @ ¢ (Iiyly, + I1,15y)S,

+sin@ d(Ipy — Ly) (10a)

If, instead, the rf-pulse is chosen to be resonant with spin species S
then the density matrix p? is obtained.

p? = sin6 (b (Ii;~I,,)Sy + € ZQ,Sy) (10b)

We emphasize that in Egs. (10a,b) only the components which have
a nonzero contribution to the expectation value of the density matrix
for spins / or § are given. The detectable FID of the nuclei can be

(hy+lay) = Tr{pf . (hy+ly)for  (5,) =
Tr { o2 Sy}, respectively.

calculated via

In summary, we established the initial density matrices after PHIP
and the action of an rf-pulse with arbitrary flip-angle 8 for both two-
spin and three-spin systems. This description will be used in the
remainder of this article to discuss and predict observed spectral
features such as amplitudes and line splittings.

3. Theory of coupled two-spin systems in the weak,
strong, and inverse-weak coupling regimes

3.1 Eigenvalues

In order to predict the low-field spectra of a homonuclear J-
coupled two-spin system we find the Eigenvalues
characterizing the energy levels in the investigated spin systems
and explore the transitions between these energy levels
resulting in the characteristic frequencies. The general four
energy-level scheme of such a spin system is shown in Fig. 2a.
In high-field NMR, where B, is on the order of several Tesla,
the chemical shift difference 6v (a few ppm for 'H) exceeds the
homonuclear J-coupling constant (x = §v/J;; > 1) and the
Zeeman-effect is the dominating interaction. In this weak
coupling regime, the Zeeman basis (laa),|aB),|Ba), |BB))
adequately describes the eigenstates of the system. For low
magnetic fields up to tens of milli-Tesla, chemical shift
differences and J-coupling are often on the same order of
magnitude (several Hz). Under these conditions the eigenstates
are linear combinations of the Zeeman states and we enter the
highly non-linear regime of strong coupling where x= 1. In
particular, the states |af) and |Ba) mix; |aa) and |BB) remain
eigenstates. In zero magnetic field with By= 0, chemical shift
differences are zero (x = 0) and the eigenstates of a two-spin

system are the degenerate triplet states |aa) ,% [laB) + |Ba)],
and |Bp), and the singlet state %[Iaﬁ) — |Ba)]. We expect

J. Name., 2012, 00, 1-3 | 3
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exactly four dipole transitions at frequencies vq, V5, U3 and v, as
shown in Fig. 2b. The frequency differences between the four
spectral lines provide information about the J-coupling between
both spins as well as their chemical shift difference.
Particularly, the frequency differences v, — v, and vz — v, give
access to both, the chemical shift difference and the J-coupling.

x? x*
=- R) (11)

2 4
vy = = Jop (VI+22 = 1) = 2 (%— ’1‘—6) (12)

v =y =Jia ( 1+x2+1)z2]12<1+

Note that the approximation provided in Eqs. (11) and (12) is the
result of a truncated power series expansion of the square roots given
in the exact solution displayed in the center.

a b [ %
E 1,1, spin system >
20
ST el 8
4L Lo
V4 VZ |V3 V4
e c
£ —— lp3) 1F Vi 2
v lo2) f? %
i, 5 0
Vi 4 g € 1o
|§01) 1k IV3 V4
Vo
Frequency
d S e
10'E
R ;
L gy b 1
=10F 3
> L <
10°
Lt I Ll Ll o]
10 10" 10° 10’ 107
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Figure 2: Energy level scheme of a coupled two-spin system /,/, and its
NMR spectra: (a) Energy level scheme including all allowed transitions
Vi, V2, V3, va for a  parahydrogen polarized 1,5, system. The state
vectors |@1),|¢,),|@3) and |@,) correspond to the Eigenstates of the
Hamiltonian H 22, State |, ) becomes a singlet state in zero field. (b) shows
simulated NMR spectra of a two-spin system in the weak coupling and
inverse weak coupling regime after /4 pulse excitation considering a finite
linewidth of 0.1 Hz. (c) Field dependencies of line splittings for i =4, j =1
(dashed) and i = 3, j = 2 (solid) encoding the chemical shift difference using a
J-coupling constant of 1 Hz according to equation (11) and (12).

In a real spin system decoherence is described by a characteristic
time constant 75, and a line width of w=1/(n T,) is observed in a
spectrum. Below a critical magnetic field the inner lines at
frequencies v, and vz begin to overlap (see Fig 2b). Under the
restrictions imposed by finite linewidths these two lines cannot be
resolved if [z —vy| < w. As a result of Eq. (11) the measurement
of v, — v, for at least two different Larmor frequencies v yields full
spectroscopic information [16, 31]. Furthermore, it is evident that the
splitting is linear in x for x > 1 and highly non-linear for x < 1. In
Fig. 2c the field dependence of v, —v; and vz — v, is depicted.

4| J. Name., 2012, 00, 1-3

However, the amplitude of the peaks at v, and v, will decrease with
decreasing x in particular for thermally polarized spins, because
dipole transitions between states |@;) = |aa)and |@,) as well as
between |@,)and |@4) = |BB) become spin forbidden at zero
magnetic field. The subsequent quantitative analysis of the observed
transition probabilities and differences in initial populations
highlights the stark differences between PHIP and thermally
prepolarized spins.

3.2 Field and pulse dependent line amplitudes.

For a two-spin system /;/, the expectation value of the detection
operator (D,) = (I, + I, ) can be calculated according to Eq. (3)
(neglecting decoherence/relaxation effects). The operator Iy, +
I, enables four transitions (see Fig. 2a) between the eigenstates |¢;)
of the J-coupled two-spin system with energy Eigenvalues E;.
Evaluating the expectation value allows assigning an amplitude 4;
and a relative phase y; to each transition at resonance frequency v;
as defined by

4
Iy + Iy) = Z A;cos[2mu; t+ yil.
=1

(13)

The explicit calculations for amplitudes and frequencies are given in
appendices B and C. For a quantitative comparison of the spectral
structure originating from parahydrogen and thermally polarized
systems we introduce the amplitude ratio R as

|4;] 144l
R=—=— 14

A1 1] )
The amplitudes of transition lines are a result of the product of
transition probabilities with population differences, where only the
latter are influenced by the initial state of the system determined by
the polarization method. The equality of amplitude ratios in Eq. (14)
follows from inspection of the four non-zero transition moments and
populations differences. For PHIP the equality is perfect, for
Boltzmann polarized state populations it holds only within the
boundaries of the high temperature approximation. The amplitude
ratio R may be used to quantify the roof effect, which is an important
phenomenon in NMR spectroscopy for structure determination.

3.2.1 Thermal polarization. With the explicit form of the
amplitudes 4; (Appendix C) the amplitude ratio Rp for a thermally
(Boltzmann) polarized two-spin system can be written as a function
of the coupling parameter x

7|
Ry = W =1

—%(\/Wq), (15)

where A?/ 28 s the amplitude of a transition line at frequency v;
after /2 excitation. As a result of Eq. (15) the two outer transition
lines with amplitudes 4; and A4, vanish for x — 0 due to the
decreasing transition probabilities between states |@1), [¢@,) as well
as |@,), l@s). At high fields, x >> 1, the amplitude ratio Rg
converges to 1. Equation (15) can thus be understood as analytical
expression describing the roof effect for a two-spin system [25]. It
can be seen from Eq. (15) that Rz — 0 for x — 0 rendering J), and
6v unobservable.

This journal is © The Royal Society of Chemistry 2012
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3.2.2 Parahydrogen induced polarization. We limit the discussion
ZpHIP ZpHIP
/ | after /4

A; A;
| after m/2 pulse excitation, as they

of the amplitude ratios to Rgl/ﬁp =
ZPHIP ZPHIP

4| /)4

constitute the most frequently used excitation pulses for PHIP and
Boltzmann polarized spin systems. As shown in Appendix C, a two-
spin system prepared with a m/2 pulse has identical absolute

and Rgl/ﬁP =

amplitudes of all four transition lines (RZI{IZIP =1).

T T s
AE’PHIP _ A?PHIP _ —AT
1 2 3

Z pHIP

PHIP ;
= —AZ
4

(16)

Assuming an infinitely small line width (T, = o) the amplitude
ratio Rgl/ﬁp is independent of x. Therefore, the population
differences of the states compensate the different transition
probabilities for the transitions v, v, and vs, v, (see Fig. 2a). Due to
the anti-Zeeman term (Izy - Ily) of the two-spin density matrix in
Eq. (7) remaining after /2 x-pulse excitation the amplitude pairs 4,
A, and 45 A, are of opposing sign.

When implementing a m/4 excitation pulse the amplitude ratio
RT/*_ remains a function of the coupling parameter x.

PHIP pling p

Rpfis = |1— 2
pHip 1+ (VZ—-1)V1+ 2

a7

Note that expression (17) is zero and has a discontinuity at xp =

/2(1 ++/2). This is caused by a change of sign of the inner two

transition lines v, and vs at xp which corresponds to zero amplitude
of 4, and A;. Irrespective of the applied excitation pulse angle the
amplitudes of the inner lines are phase shifted by m. In the vicinity of
xp the amplitudes 4, and A; are very small compared to 4; and 4, —
as opposed to the roof effect discussed for Boltzmann polarized
spins. Overlap of the inner transition lines occurring in the inverse
weak coupling regime due to finite 7, lifetimes effectively results in
destructive interference of the signals for any excitation pulse (see
Fig. 2b). Quantitatively, this cancelation can be described by
evaluating the integral S,,3 of the superposition of the two central
Lorentz shaped peaks L3 and L, of opposite sign with their
respective center frequencies separated by v,3 = v, —v3. The
superposition integral §,,,3 can be expressed as a function of x.

Sy23 = f (L3 [v;vzﬁ] - L, [v; —UZED dv
0
= ;arctan[rr T, J12 (\/ 1+x2— 1)] (18)

We refer to this inverted behavior of the line amplitudes as inverse
roof effect, which can be written as

RgI{I?P = 5“23_1 (193)
for m/2 x-pulse excitation and
2
Rt = “L (19b)

1- S
1+ (VZ-)Vitaz|

This journal is © The Royal Society of Chemistry 2012
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for /4 pulse excitation. In Fig. 3a the amplitude ratios for thermally
and parahydrogen polarized spin systems are plotted as a function of
X.

In the following we examine the signal-to-noise ratio (SNR) for both
parahydrogen and thermally polarized spins in order to determine a
lower limit of the required magnetic field strength to render the
inverse roof effect observable.

3.3 SNR-Model for PHIP and thermal polarization

For low-field NMR experiments it is appropiate to assume that the
dominating noise source is Johnson noise ~./4 kgT Rg Avj, from the
detection coil with AC-resistivity Rs. The minimal detection
bandwidth Avp needs to cover at least the total spectral width of the
J-coupled  two-spin  spectrum. For pre-magnetized and
hyperpolarized spins with distinct polarization P and using Avp =
J12 (1 +vV1+ xz) (see Eq. (11), Appendix B and C) the SNR model
in [32] can be modified to account for the different origins of the
polarisation P to yield

_ koy;(B1/1)Nshy,BoP _

x
SNR = =aq Z|Ai|. (20)
2V2,[/4 kpT Rs Avp V1i+V1i+x25

A; are the amplitudes of the transitions as derived in Appendix C
[32, 33] and the coefficient

_ hkoyi(By/1)Nsy/ 21 |15 P

a=
V2,[4kpTR (6, — 61)

contains all field independent factors, such as the coil sensitivity B, /
i, the filling factor k,, the number of spins Ny in the sample and the
chemical shift difference (6, — ;). Note that the polarization P is
By-field independent as it may originate from any hyperpolarization
method. In practice there are several additional noise sources which
are mainly caused by peripheral electronics. This is covered by a
constant factor a' which is determined experimentally for each
polarization method.

As a result of the right hand side of Eq. (20) the SNR is linear in x for
x << I and proportional to v/x for x >> 1. This is illustrated in Fig. 3
b where @ ~ 4 covers typical experimental parameters for "H-NMR
experiments with spins prepolarized at 2 T and 7=300 K (P = 6 X
1079).

21D

3.3.1 Thermal polarization without pre-magnetization.
Experiments which do not entail pre-magnetization have a more
pronounced field dependence of the SNR than a PHIP experiment
because the polarization P is a function of the external magnetic
field strength. In the high temperature approximation (kgT >
hy;By) P is linear in x for a given molecule. Using Avp as the

minimal bandwidth and },;|A;| = 1 for Boltzmann polarized spins
(see Appendix C) we get
2
x
SNRp = ap ————, (22)
L +Vit

where the prefactor for Boltzmann-polarization, as well as all
parameters covered by Eq. (21), are included in ag.

3.3.2 Parahydrogen induced polarization. After chemical reduction
of a molecule with parahydrogen the singlet symmetry is broken by
a chemical shift difference and an initial density matrix p,, is formed
according to Eq. (7). This generates a measureable polarization

J. Name., 2012, 00, 1-3 | 5
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expressed as I;,l,, and I, —I,,. In the experiment, the process
takes place with constant parahydrogen pressure as well as fixed
amounts of catalyst and substrate. These conditions allow to
introduce a parameter apy;p Which combines reaction rates in the
initial stages of the chemical reaction and all noise sources. Using
Eq. (7) for the initial density matrix and the minimal bandwidth Av,,
defined above we obtain the SNR after a /2 pulse to

x x2
SNR™? = q™/? ( >< ) 23
PHIP PHIP 1 n m (1 + x2)3/2 ( )

The first bracket on the right hand side of Eq. (23) is in analogy to
Eq. (20) and includes Faraday-detection and Johnson noise with
limited bandwidth Avp. The second bracket is the explicit form of
the sum over transition line amplitudes in Eq. (20) using Eq. (7) (see
Appendix C and D).

4
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Figure 3: Effective amplitude ratio R (a) and SNR (b) of a two-spin system
1L, as a function of x for thermally polarized spins (solid), parahydrogen
polarized spins after /2 (dotted) and /4 (dashed) excitation using 7>= 3 s,
Ji2=8.5Hzand §, — §; =2.46 ppm.

For a m/4 pulse excitation the sign change of the amplitudes A4; at

Xp = /2(1 + V/2) requires the distinction between two regimes of x.

ud 4 x x2
SNR:, . =at
PHIP aPHIP < 1+ m) < 4(1 + xZ) )’

if x> /2(1+x/5) (24a)
z ( x > (1+v2)x?

= @pyip 3 |
14+V1+x%2/ \ 4(1 +x?)2

if x < /2(1 +v2) (24b)

Figure 3b shows the SNR as a function of x using Egs. (23-24) for
PHIP and both pulse excitations (dotted and dashed line). A m/2
pulse yields a 1.6 times higher SNR compared to the /4 pulse for
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x < 1, whereas for x>>1 the SNR is highest for m/4 excitation
pulses. The pronounced maximum of the SNR for m/2 excitation at
x = 2v/2 is a result of the third term on the right hand side of the
density matrix in Eq. (7) [16]. It is immediately evident from Fig. 3b
that for 102 < x < 10° the SNR obtained in an NMR experiment
using parahydrogen polarization is far superior to thermal
prepolarization when assuming feasible magnetic field strengths.

4. Polarization transfer pathways in J-coupled I;1,S
spin systems

Polarization transfer from high y nuclei (e.g. 'H, '°F) to low y spins
of low natural abundance (e.g. *C, #’Si) is of great relevance due to
the significant increase of structural information gained from
coupled and decoupled rare spin spectra. Established methods
making use of high thermal polarization are Hartmann-Hahn Cross-
Polarization (CP) or Insensitive Nuclei Enhancement by Polarization
Transfer (INEPT) [34, 35]. In more recent developments the singlet
spin-order of parahydrogen available in PHIP or SABRE
experiments has been proven to be an ideal source for polarization
which can be transferred to rare spins [36-40].

As aresult of Eq. (8) polarization transfer to rare spins is an intrinsic
property of the spin system when appropriate matching conditions
are met. A non-zero value of the expectation value of the §
magnetization after a w/2 x-pulse results from the third and fourth
term on the right hand side of Eq. (9), giving

(Sy) = Tr[Sy{b U1,—15,)Sy + € ZQ,S, }]. (25)

In order to facilitate discussion of the polarization transfer pathways
we recall that the coefficients b and ¢ are functions of the
parameters X = 6v/J1z and y = (Jis = J25)/2)12 = A/ 2)12.

_ 1 y+x y—x

b(x,y) —5(1+(y+x)2 1+(y_x)2) (26a)

et = - ) e
1+ +x)? 1+ -—x)?

The coefficients b and ¢ depend on the magnitude of the magnetic
field and hetero- and homonuclear J-coupling constants and reflect
the amplitudes of spectral lines of the S-spin spectrum after
polarization transfer from parahydrogen. While the parameter y
depends only on the molecular structure, x varies with the magnetic
field By. Analyzing the dependence of b and ¢ on x, using y as a
fixed parameter as it is constant for a specific molecule, allows to
determine in which magnetic field strength polarization transfer to
heteronuclei occurs with highest efficiency, thereby defining
matching conditions. Figures 4 (a, b) show a contour plot of the
magnitude of coefficients b and ¢ associated with the polarization of
the S-spin, where the coefficient b may take values from {-0.5, 0.5}
and ¢ from {-1, 1}. The plots in Fig. 4 a and b use logarithmic axis
scaling in x and y to allow for identification of extreme values over a
large range of parameter combinations. The contour plot of
coefficient ¢ as a function of x and y in Fig. 4 b shows that for x <<'1
no value of y exists for efficient polarization transfer from
parahydrogen to the S-spin. For x> 1 there is a relative minimum
along x = y with ¢ = -1, defining the first matching condition
¥1Bo(82 — 61) = (Jis — J25)/2. Hence, there is exactly one field B,
for a given chemical compound, identified by exactly one value of y,

This journal is © The Royal Society of Chemistry 2012
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resulting in maximum polarization transfer, which occurs even in
case the chemical shift difference between spin /; and /, is not
negligible.

a
1
=
=
Ig[x]
b
2 05
1
o
20
-1
05
-2
2 e 0 1 2
lg[x]

Fig. 4: (a) Contour plot of coefficient b, associated with term (I, — I,,)S,.
(b) Contour plot for coefficient ¢, associated with ZQ,S,. (a) allows to
identify matching conditions for polarization transfer in low magnetic fields x
<<1 found at y = 1, (b) allows to identify matching condition x = y for high
magnetic fields (see text for explanation). Note the logarithmic scale
covering a large range of x and y.

The dependence of coefficient b on x and y is more complex
(see Fig. 4a). For x >> 1 the value of b changes its sign when
passing the contour line x = y where b = 0. This means that
very slight deviations from x =y will result in observable
polarization transfer. At low magnetic fields, x << 1, a
maximum value of b =0.5 exists at y = 1. This means, that
polarization transfer from parahydrogen to S is maximal and
nearly constant down to zero field if the second matching
condition (J1s — J25)/2 = J12, or y = 1, is fulfilled. The second
matching condition is of special relevance for polarization
transfer experiments in low magnetic fields described in section
V.

5. Experimental studies: Coupled two-spin 1,15,
three-spin I;1,S and four-spin systems I;,15S

The experiments were performed using a home built NMR
spectrometer which operates at variable magnetic flux densities
ranging from 3.9 to 18.8 mT, while maintaining sub-ppm field
homogeneity over the sample dimensions of 0.36 cm® on a timescale
of several minutes. The detections coils are modular and can be
exchanged to obtain maximum SNR at the resonance frequency of
the investigated nucleus at a chosen field strength. Parahydrogen
(92.8%, 32K conversion temperature) is generated using a
commercially available BPHG090 system (Fa. Bruker Biospin).
Samples are prepared using 0.4 mg of the rhodium catalyst ([1,4-

This journal is © The Royal Society of Chemistry 2012

Physical Chemistry Chemical Physics

ARTICLE

Bis(diphenylphosphino)butane](1,5-cyclooctadiene)-
rhodium(I)tetrafluoroborate) and 20 pL of the spin system of interest
dissolved in 340 pL anhydrous acetone-dg. In PHIP experiments the
sample was subjected to 5 atmospheres of parahydrogen and the
solution was shaken (5 - 10 seconds) at the 5 G stray field for 'H
experiments and in a double layered pu-metall chamber (B < 0.002 G)
for 3C experiments. The samples were transferred to the
homogeneous field in the center of the shimmed electromagnet
within a transfer time of 2 s (Fig. 5 a). After excitation with a pulse
of flip angle 6 the free induction decay (FID) was detected with a
coil tuned to the resonance frequency. After preamplification the
FID was amplified with a lock-in amplifier operating close to the
Larmor-frequency and the signal was recorded via a data acquisition
card.

a

essmS s 2T Halbach p-H,
7 . . magnet or |  generator
; pickup coil l E' . 9 g
E excitation coil \ sample tube
\\ Y B o ﬁv preamplifier
NMR
electronics
Ferisisisisississsssssssssisssiisinissssasasied Data
aquisition
Sxcurrent | g ang 4 shimcoils  copper
supply (G G, G, Gz  shielding
b Ph He fo
/ parahydrogen 2 b
T — = =
tert-butyl — Si———O Ph
| Ssi o
Ph / pn \
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3) 4)

Fig.5: (a) Experimental setup including homebuilt NMR spectrometer,
parahydrogen supply and detection electronics. b) Hydrogenation of
ethoxyethyne dervitate (1) to ethylene derivate (2) leads to a homonuclear J-
coupled two-spin system /,/, (H,Hy) and naturally abundant heteronuclear J-
coupled three-spin systems LS (“CH.H, “CyHH, ¥SiHH,). (c)
Hydrogenation of phenylacetylene (3) to styrene (4) leading to three-spin
system /15 and four-spin systems /L3S (13CaHaHbHC, BCyH,HH,).

Experimental studies were performed with a disubstituted ethyne
molecule  1-(fert-butyldiphenylsilyl)-2-(ethoxy)ethyne (1) and
commercially available phenylacetylene (3). The ethyne derivate (1)
was designed to form a model, upon hydrogenation (2) (see Fig. 5b),
for a homonuclear J-coupled two-spin system /;/, with a large
chemical shift difference (HH,: 93.3%). Additionally,
hydrogenation to (2) forms three important heteronuclear J-coupled
three-spin systems 1,1,8 (S = *’Si, °C; I= 'H), present at the natural
abundance of *C and ¥’Si respectively (HaHb29Si: 4.7%, H,H,"*C,:
1%, H,H,*Cy: 1%) [16].

Phenylacetylene (3) is a model for a homonuclear three spin system
IL,I5 and two distinct four spin systems 1,558 (S ="C; I = 'H),
formed after hydrogenation to styrene (4) (see Fig. 5 c). The first
compound provides experimental proof for the spectra derived from
the theoretical description of the three-spin density matrix in Eq. (9),
the second compound provides proof for the matching conditions
defined in equations (26a,b) [16,41].

J. Name., 2012, 00, 1-3 | 7



Physical Chemistry Chemical Physics

a 1n — A 1+ . I —
| H'H, | H, H,~Si |
— 0 0 JAMW
2
g L L 4
g -1 U L I* L -4 L L L
g 1 1
2 I l I I I I ' T 1y, 18
S 1Ha1Hb13Ca Ha Hb Cb
g L i
A | A
0 —N—A——H— 0y Y Y
_1_ | L | L | _1_ | L | L |
-100 0 100 -100 0 100
b Frequency shift v—v, [Hz]
1 . T .
2z
=
]
8
8
(0]
©
2
=
5
1 i Lt ;
-100 0 100

Frequency shift v—v. [Hz]
1 T 7T "

-W‘Ww x10

Amplitude [arb. units] o
o

1 ' L4
-100 0
Frequency shift v-v, [HZ]

Fig.6: (a) Simulated 'H spectra of the pseudo two-spin system consisting of
the four isotopomers lHale, lHale”Si, 'H,H,"C, as well as 'H,'Hy'">Cy. The
complete 'H spectrum is shown in (b) where the isotopmers are weighted by
their natural abundances. Panel (c) shows the experimentally measured
spectrum with ten times magnified insets of the "*C satellites at 500 kHz
proton resonance frequency. The arrows indicate the transition lines v; and

v, of the homonuclear two-spin system.

100

First, we discuss the PHIP spectra obtained with the disubstituted
ethyne molecule (2). The J-coupling constants are >Ji, = 8.5 Hz,
Vica=140.7Hz, 'Jipeo=177.9 Hz, ‘*Jippsi=11.0Hz, “Jipusi=-
0.5 Hz and the chemical shift difference between H, and H, is
6, — 8, = 2.46 ppm. The two-spin system was designed such that at
500 kHz 'H frequency x = 8v/J;, = 0.15, which is sufficiently high
to yield enough SNR to be observable in a single scan (Fig. 4b).
Figure 6a shows simulated 'H-spectra based on the three spin density
matrix (Eq. 9) of all four isotopomers using 7 /4 excitation pulses.
The superposition of the isotopomer subspectra weighted by their
respective natural abundances (Fig. 6b) is in agreement with the
experimentally observed 'H spectrum (Fig. 6¢). The arrows in Fig.
6a,b,c indicate the positions of spectral lines at v; and v,, where we
expect non-linear field dependence on x for the frequency difference
vy — vy in accordance with Eq. (11) [16].
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Fig. 7: Experimental data of hyperpolarized styrene: (a) FID of the proton
signal at 500 kHz Larmor frequency after m/2 excitation pulse. (b)
Corresponding "H spectra with fine structure due to heteronuclear .J coupling.
(c) FID of "*C at 166 kHz Larmor frequency after 1/2 excitation detected in
single shot. Mind that the signal strength is associated with Eq. (10b). (d) '*C
spectrum revealing local spectroscopic information.

Next, we consider PHIP spectra of styrene (4). The 'H PHIP spectra
can be assigned to a three-spin system H,HyH. and two four spin
systems H,H,H,*C, and H,H,H,"*C, if we assume that the observed
polarization stems only from the nuclei close to the double bond.
Figures 7a and b show the FID and the 'H-spectrum of parahydrogen
enhanced styrene NMR signal at 500 kHz resonance frequency after
/2 pulse excitation, where the SNR obtained in a single shot is 285.
The spectrum is dominated by a narrow, high amplitude anti-phase
peak at the center frequency v;y. In addition we observe two groups
of peaks (zoomed-in insert) covering a spectral width of 34 Hz each
and shifted by £77 Hz from the center frequency v;y. They exhibit
an anti-symmetric structure with respect to the center frequency.
These two groups of peaks are caused by the superposition of the
H,H,H."*C, and H,H,H_">Cy subspectra.

The nucleus *C, in the corresponding isotopomer gives rises to a
doublet separated by the heteronuclear coupling constant

This journal is © The Royal Society of Chemistry 2012
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"iaca=154.0 Hz. Homonuclear J-couplings (CJipne= 17.6 Hz,
3 Jqary=11.0 Hz) split each line of the heteronuclear doublet into a
doublet of doublets. The anti-symmetric line structure results mainly
from the term associated with coefficient b in the three-spin density
matrix (Eq. 9) where the signal after a 8 pulse is given by Eq. (10Db).
The dominant structure of the C, isotopomer spectrum consists of
two doublets spaced by Yiber= 160.0 Hz and 'Jygecp= 154.6 Hz. In
this case, the lines associated with H, contribute a doublet of
doublets with >/, = 17.6 Hz and *Jigyp. = 1.0 Hz; likewise the lines
for Hy, are split into a doublet of doublets by *Jium,= 11.0 Hz and
2Javne= 1.0 Hz. The splitting of 1 Hz is poorly resolved due to finite
linewidths of ~1 Hz. All line positions are in reasonable agreement
with simulations based on the superposition of three-spin density
matrices as an approximation to the density matrices of hetero- and
homonuclear J-coupled four spin systems H,H,H.'*C, and
H,H,H."C,. Additionally, the exact values agree with high field
measurements performed at 400 MHz 'H resonance frequency and
the long range coupling constants published in [42]. The structure of
the groups of peaks in a range from -20 to 20 Hz around the centre
frequency vqy can be explained in a similar fashion but
determination of the exact line position is more difficult, as hetero-
and homonuclear coupling constants have similar magnitude
resulting in asymmetric line splitting in the strong coupling limit.
The occurrence of a large central line at v,y in Fig 7b is most likely
a result of 92% of molecules without hetero spins. In the evolution
period at 5 G the homonuclear J-coupling network distributes the
H,Hy singlet over the entire molecule and x < 0.1 for all possible
proton singlet pairs. Upon transfer to the measurement field of 120
G (vig = 500 kHz) x = 0.5 for long range singlets such as H,Hy
(*Jiana = 0.5 Hz and v = 0.25 Hz) using 8y, = 6.89, Syq = 7.45
ppm of styrene [43]. This value of x gives rise to a large SNR and
superposition of spectra associated with all long range singlets
would result in a large peak with anti-phase structure close to the
center frequency, thus accounting for both the large amplitude and
the phase of the dominating peak in Fig. 7b. This point will attract
further investigation in the future, as long range singlet states are of
interest for magnetic resonance imaging and quantum information
processing.

In the following we provide a qualitative explanation of the PHIP
spectrum of °C in styrene based on the analytical form of the three-
spin density matrix introduced above. The polarisation pathways
derived in section IV agree with our experimental results, though the
experimental system consists out of four spins. Figure 7 c,d show
the FID and the "*C spectrum of styrene at 166 kHz Larmor
frequency using a m/2 pulse excitation. Note that a SNR of 15 is
obtained in a single scan, although the reactant phenylacetylene
contains "*C in natural abundance (1%) and the sensitivity of the
NMR setup is lower at 166 kHz. This indicates an efficient
polarization transfer from parahydrogen to the rare spin "C.
Remembering that y = (J15 — J25)/2)12 = AJ/2]1, depends only on
the J-coupling parameters, we introduce y,,. for each isotopomer
identifying the specific nuclei, where indices correspond to the
positions defined in Fig. Sc.

If we approximate the system of four coupled spins by a
superposition of three-spin systems there are six possible values for
the parameter y as defined in Eq. (24): Using the 'H chemical shifts
of 6yg = 6.89, Oyp = 5.39, Sy, = 5.93 allows to calculate
Yeoatib = 7-35 Yovtatie = 445 Yevrvre = 2.7 Yeatanb = 7-0, Yeatane = 4.5
and  ycampae = 2.25. The matching condition responsible for
polarisation transfer at low field is dominated by coefficient b, which
approaches values close to the theoretical maximum of 0.5.
Considering the magnetic field strength of the evolution field, in
which the hydrogenation takes place in case of '*C experiments, is
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B, smaller than 0.002 G, we obtain begypge = 0.44 and bepypre =
0.37 as upper limits and bcpyayp = 0.13 as lower limit. The
crossing condition with y = 1 is best met for the geminal hydrogen
atoms H,, and H, with respect to both '*C positions. The similarity in
areas under the peak structures in Fig. 7 d can be explained by the
similar values calculated for b, where bcapanb = Pcbhan, and
bcanbhc = DcpubHe. Results of prior investigations on the
hydrogenation of phenylacetylene with the catalyst used in our
experiments suggest that rapid hydrogen exchange occurs in the side
chain of styrene [41]. As a result of hydrogen exchange and
exposure to zero field [20] the existence of singlets other than H,Hy,
such as H,H, or H,H,, is also possible as already indicated by the
large central peak observed in 'H spectra.

The main features of the *C spectrum can be described by a triplet
corresponding to the C, isotopomer and a doublet identifying the C,
isotopomer. The groups of lines for both the C, and the C,
isotopomers are separated by heteronuclear J-coupling constants of
150-160 Hz. Close inspection of the spectrum reveals that the center
frequencies of the doublet and the triplet are shifted by
approximately 4 Hz with respect to each other. This is a result of the
chemical shift difference 8¢, — 8¢p = 23.6 ppm between the "*C
positions a and b. The spectral lines of the '*C, isotopomer
subspectrum (doublet, 'Ji,c,=154.0 Hz) are additionally split by
eca= 4.5 Hz (“ipca is negligible and causes no further fine
structure).

For the "C, isotopomer heteronuclear coupling is anisochronous
(ivey £ Viiecs) but the 'H nuclei are nearly isogamous (v(Hy) =
V(H,) - 0.3 Hz) at a ">C resonance frequency of 166 kHz. If J-
coupling constants have similar magnitude ('Jippc, = 160.0 Hz,
"Jieco= 154.6 Hz) the coupling pattern is approximately a triplet, as
observed in the spectrum. The structure close to the center frequency
v = V3¢ is split in two groups of lines separated by about 'Jyuc -
Uhecs = 5.4 Hz. The outer lines are split by +£158 Hz. Note that this
line splitting corresponds to neither een oF Vinew [271.

In this section we demonstrated that the combined 'H and *C
spectra allow for identification of the ethylene group and we
have shown that it is possible to determine J-coupling constants
as well as chemical shifts in good agreement with high field
data. Therefore, our low field apparatus enables identification
of the local chemical structure.

6. Conclusions

In conclusion we have derived the analytic description of symmetry
breaking mechanisms for PHIP at low and high fields for
homonuclear two-spin systems /;/, and heteronuclear three-spin
systems [;,S. The density matrix formalism allows us to extract
amplitudes and phases of transition lines. Furthermore, two
fundamental polarization transfer pathways were identified enabling
NMR spectroscopy on naturally abundant rare spins without using
pulse sequences or field cycling methods [29, 30, 38-41, 44, 45].
Based on the analytical description of the two-spin density matrix an
SNR model as a function of the magnetic field has been developed
for arbitrary excitation pulse angles. This SNR model combined with
a detailed analysis of spin state populations give rise to the inverse
roof effect, which enables determination of chemical shift and J-
coupling constants down to very low magnetic fields. Experimental
data of parahydrogen polarized two-spin, three-spin and four-spin
systems show good agreement with theory. The theoretical
foundations and experimental evidences presented in this article are
a further milestone for low field NMR spectroscopy, which might
lead to low-cost, portable spectrometers for chemical analysis.
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Understanding initialisation and symmetry breaking mechanisms
with many singlets entangled on length scales ranging from
Angstroms to a few nanometers is of general interest for future
developments in quantum information processing. The knowledge of
density matrices of more complex spin systems serves as foundation
for synthesizing molecules optimized for polarization storage in
form of rare spin singlets (*C*C, '"N'N). This will enable
background free imaging even in very low magnetic fields [37],
which is beneficial as some relaxation pathways are less pronounced
[42, 44, 46].
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