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The well-known single parabolic band (SPB) model has been 

useful in providing insights into the understanding of 

transport properties of numerous thermoelectric materials. 

However, the conduction and valence bands of real 10 

semiconductors are rarely truly parabolic which limits the 

predictive power of the SPB model. The coincidence of the 

band edges of two parabolic bands, a situation arising in 

Mg2Si1-xSnx solids solutions when x ~ 0.7, naturally makes 

applicable the SPB approximation to evaluate all transport 15 

parameters. We demonstrate this on the case of Bi-doped 

Mg2Si0.3Sn0.7 where the minima of the two conduction bands 

at the X-point of the Brillouin zone coincide. The combination 

of a large density-of-states effective mass m* ~ 2.6 me arising 

from the enhanced valley degeneracy Nv, high mobility µd due 20 

to low deformation potential Ed (8.77-9.43 eV), and ultra-low 

alloy scattering parameter Ea (0.32-0.39 eV) leads to an 

outstanding power factor, PFmax ∝∝∝∝ (m*)
3/2µd, of up to 4.7 mW 

m-1 K-2 around 600 K. The specification and improved 

understanding of scattering parameters using the SPB model 25 

are important and instructive for further optimization of the 

thermoelectric performance of n-type Mg2Si0.3Sn0.7.  

 

Broader context  

Thermoelectric materials can recover waste industrial heat (such 30 

as generated by cars and trucks) and convert it to electricity as 
well as provide efficient local cooling of electronic devices. Such 
purely solid state energy conversion assures not only an 
exceptionally reliable operation but also an environmentally 
responsible technological approach. Unlike the currently most 35 

highly developed thermoelectric materials based on PbTe and Bi2-

xSbxTe3 that use expensive (Te) and environmentally harmful 
(Pb) chemical elements, Mg2Si1-xSnx - based solid solutions are 
prepared from inexpensive, earth-abundant, and environmentally 
harmless raw materials. Their low density and promising 40 

thermoelectric performance bode well for large scale commercial 
applications. In this work we show that the excellent electronic 
properties (the power factor reaching 4.7 mW m-1 K-2) of n-type 
Bi-doped Mg2Si0.3Sn0.7 come from the increased valley 
degeneracy and enhanced density-of-states effective mass that is 45 

augmented by the low deformation potential and alloy scattering 
parameter. The convergence of the two parabolic conduction 
bands in the Mg2Si0.3Sn0.7 band structure plays a pivotal role in 
this process and impels the use of the Single Parabolic Band 

model to accurately predict the thermoelectric performance of 50 

this material. Primarily due to its outstanding power factor, Bi-
doped Mg2Si0.3Sn0.7 achieves the highest dimensionless figure of 
merit ZT of 1.3 at around 700 K.  
 

Main Text 55 

 Efficiency of a thermoelectric material is evaluated based on 
its dimensionless figure of merit defined as ZT = S2σT/κ, where S 
is the Seebeck coefficient, σ is the electrical conductivity, κ is the 
thermal conductivity, and T is the absolute temperature. Since 
transport parameters are interdependent, it is a challenging task to 60 

maximize the figure of merit. In the theoretical evaluation of 
transport properties, a variety of models are used, among them 
the most popular one is the single parabolic band (SPB) model.1-3 
Its appeal stems from its mathematical simplicity and readily 
available relevant formulae, offering an excellent initial 65 

evaluation of electronic properties of thermoelectric materials.4-6 
However, applying the SPB model in more quantitative studies 
often requires extra attention and care because the band structure 
of the existing materials is rarely strictly parabolic.  
 Among the most prospective novel thermoelectric systems7, 8 70 

are Mg2Si1-xSnx solid solutions that are environmentally friendly, 
inexpensive, and do not contain harmful and scarce lead and 
tellurium. The coincidence of the two parabolic conduction band 
minima (CBM)9-11 when x = 0.7 (Mg2Si0.3Sn0.7), a situation rarely 
encountered in other promising thermoelectric material systems 75 

such as Bi2Te3,
12-15 PbTe,4, 16, 17 skutterudite, 18-20 half Heusler 

compounds, 21, 22 and highly mismatched alloys, 23, 24 offers a 
unique opportunity to evaluate transport phenomena using the 
SPB model that should be rigorously applicable in this case. 
Forcing the SPB model on clearly non-parabolic band structures 80 

is unlikely to result in a meaningful agreement with experimental 
transport parameters, hence no useful predictive power can be 
expected. In this research, Bi-doped Mg2Si0.3Sn0.7 solid solutions 
are adopted to evaluate the predictive power of the SPB model. In 
addition, the excellent electronic properties of Mg2(Si0.3Sn0.7)1-85 

yBiy, having the origin in the conduction band convergence,10, 11 
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are analyzed systematically.  
 Mg2(Si0.3Sn0.7)1-yBiy (0 ≤ y ≤ 0.04) solid solutions were 
prepared using high-purity elemental powders via a two-step 
solid state reaction (SSR) method25, 26 (carried out at 873 K and 
973 K for the first and second step, respectively), followed by a 5 

spark plasma sintering (SPS) process (at 953 K under the pressure 
of 30 MPa). An 8% Mg excess over its stoichiometric amount in 
Mg2Si0.3Sn0.7 was chosen to compensate for the evaporation loss  
 

 10 

Fig. 1 Electronic properties of Mg2(Si0.3Sn0.7)1-yBiy. (a) Temperature 
dependent electrical conductivity σ. (b) Experimental data (symbols) and 
theoretical results (lines) based on the single parabolic band (SPB) model 
for the Seebeck coefficient S. Excellent agreement between the data and 
the theory in the extrinsic range is evident. (c) The Pisarenko plot (S vs. 15 

Hall density nH) at 300 K with a fixed density-of-states effective mass m* 
reflects a single parabolic nature of the band structure invariant of doping 
and temperature (see Fig.1 b). (d) First Brillouin zone showing the three- 
fold degenerated (Nv = 3) electron pockets at X. (e) Schematic 
representation of the band structure (electron energy ε vs. wave vector k). 20 

The valence band (VB) is at Γ while the convergence of the light and 
heavy conduction bands (LCB and HCB) located at X point results in the 
doubled valley degeneracy (Nv = 6) at all temperatures of interest.  

 
of Mg during the synthesis, as well as to offer an optimized 25 

carrier density and electrical performance. Ingots, following SPS 
processing, showed a very high density of nearly 99% of the 
theoretical value. These dense bulk ingots were then cut into 
suitable size for transport measurements. X-ray diffraction 
patterns of these solid solutions were measured on finely ground 30 

powders using a PANalytical X'Pert Pro type x-ray diffractometer 
with Cu Kα radiation. The actual composition was obtained from 
well-polished crystalline samples by a JXA-8230 SuperProbe 
Electron Probe Microanalyzer equipped with wavelength 
dispersive x-ray spectrometers (WDS). The electrical 35 

conductivity and the Seebeck coefficient in the range of 300-773 
K were acquired on a commercial ZEM-1 apparatus (Ulvac 
Sinku-Riko) by a standard four-probe dc configuration. The 
thermal conductivity κ of samples above room temperature was 
obtained through the formula of κ = λCpρ, where the thermal 40 

diffusivity λ was measured by the laser flash technique using a 
Netzsch LFA-457 instrument, the heat capacity at constant 
pressure Cp was obtained in a Q20 differential scanning 
calorimeter (TA Instruments), and the sample density ρ at room 
temperature was determined by the Archimedes’ method. 45 

Differential scanning calorimetry (DSC) measurements were 
performed in the Q20 differential scanning calorimeter. The high 
temperature Hall coefficient was measured from 290 K to 780 K 
using a homemade Hall probe system in an oven inserted in a 9 T 
Oxford air-bore superconducting magnet. The data were recorded 50 

using a Linear Research AC Resistance Bridge (LR-700) 
operated with a 16 Hz excitation frequency at magnetic fields of 
±1 T. Hall coefficient and electrical conductivity in the range of 
10-300 K were obtained in a Quantum Design PPMS-9 system. 
The overall uncertainty of the electrical conductivity, the Seebeck 55 

coefficient and the thermal conductivity were estimated to be 
about ±3%, ±2% and ±5%, respectively. The room temperature 
longitudinal sound velocity vl was measured by an ultrasonic 
pulse echo method (Panametrics 5072PR) with a fundamental 
frequency of 20 MHz.  60 

 

 
Fig. 2 Temperature dependent (a) Hall density nH and (b) Hall mobility µH 
of Mg2(Si0.3Sn0.7)1-yBiy in the range of 10-773 K. The symbols in the inset 
of (a) illustrate the relationship between nH and the actual Bi 65 

concentration, while the dashed line presents the theoretical prediction 
assuming that one Bi atom donates one electron to the structure. (c) The 
theoretical fitting of µH for the y = 0.010 and 0.025 samples indicates that 
acoustic phonon (AP) scattering dominates at high temperatures over 
alloy scattering (AS). (d) Plots of µH verse nH at 295 K, 473 K and 673 K, 70 

respectively. The µH data show no significant deterioration upon 
increasing nH, implying an excellent electronic performance. 

 
 The temperature dependent electrical conductivity σ of 
Mg2(Si0.3Sn0.7)1-yBiy (0 ≤ y ≤ 0.04) is shown in Fig. 1a. While the 75 

y = 0 sample behaves as a typical intrinsic semiconductor, Bi-
doping drives the system into a highly degenerate semiconducting 
regime for y ≥ 0.010, with the Hall density nH on the order of 1020 
cm-3 (see Table 1 and Fig. 2a). As shown in Fig. 1b and Table 1, 
the gradually decreasing magnitude of the Seebeck coefficient S 80 

with the increasing content of Bi maps well with the evolution of 
σ, reflecting the movement of the Fermi level EF well into the 
conduction band (CB).  
 In the SPB model, all galvanomagnetic transport coefficients 
can be obtained (see Supplementary) assuming an energy 85 

dependent relaxation time rεττ 0= . The calculated m* at 300 K 
using a combination of the experimental S and nH have shown 
little variation among the samples (see Table 1). The y = 0 sample 
is understandably different as a result of its intrinsic transport 
nature. As illustrated in Fig. 1c at 300 K, all Bi-doped samples 90 

(and also Sb-doped n-type Mg2Si0.3Sn0.7) have fallen on the same 
Pisarenko line calculated using a fixed m* (= 2.6 me), which 
confirms that the converged CBs can be viewed as a doubly 
degenerate SPB with Nv = 6 (see Fig. 1d and 1e).  
 Furthermore, the temperature dependence of S (lines in Fig. 95 

1b) predicted using the fixed room temperature value of the 
density-of-states effective mass m* (= 2.6 me) shows an excellent 
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agreement with the experimental data at all temperatures. The 
deviations at the highest temperatures between the data and the 
SPB model are the consequence of the onset of intrinsic 
excitations. The essentially constant value of m* at all 
temperatures and carrier densities verifies that the SPB model 5 

truly captures the key features of the CBs and can be used to 
characterize and predict all transport properties of n-type 
Mg2Si0.3Sn0.7 solid solutions.  

Table 1 Transport parameters of Mg2(Si0.3Sn0.7)1-yBiy (0 ≤ y ≤ 0.04) at 300 
K: Seebeck coefficient S (µV K-1), Hall density nH (1020 cm-3), Hall 10 

mobility µH (cm2 V-1 s-1), reduced Fermi level η (= EF/kBT), Hall factor rH, 
and the density-of-states effective mass m* (in units of the electron rest 
mass me).  

y Actual Composition S nH µH η rH m* 
0 Mg2.10Si0.29Sn0.71 -447 0.03 64 -3.17 1.18 2.25 

0.005 Mg2.09Si0.29Sn0.71Bi0.005 -211 0.66 59 -0.10 1.14 2.62 
0.010 Mg2.12Si0.28Sn0.71Bi0.010 -150 1.65 58  1.03 1.10 2.74 
0.015 Mg2.08Si0.26Sn0.73Bi0.014 -130 2.05 61  1.50 1.09 2.58 
0.020 Mg2.08Si0.28Sn0.70Bi0.014 -120 2.27 64  1.76 1.08 2.49 
0.025 Mg2.07Si0.28Sn0.70Bi0.019 -115 2.72 57  1.93 1.08 2.64 
0.030 Mg2.10Si0.24Sn0.73Bi0.025 -114 2.78 60  1.94 1.08 2.67 
0.040 Mg2.07Si0.25Sn0.71Bi0.034 -103 3.17 53  2.33 1.07 2.54 

 

 15 

Fig. 3 (a) Temperature dependent power factor (PF) of Mg2(Si0.3Sn0.7)1-

yBiy. (b) The predicted PF based on the single parabolic band (SPB) 

model, in agreement with the experimental data. 

 
 The SPB nature of the n-type Mg2Si0.3Sn0.7 thus offers a 20 

canonical testing ground for the transport study, which has rarely 
been so neatly accessible elsewhere. The carrier density as a 
function of Bi doping is depicted in Fig. 2a. A rather weak 
temperature dependence of the carrier density attests to a highly 
degenerate semiconductor. At low doping levels, see the inset in 25 

Fig. 2a, Bi is a single electron donor, specifically when the actual 
Bi content y is lower than 0.02. However, the doping efficiency 
of Bi drops down rapidly with the further increase of Bi content 
which is associated with the limited solubility of Bi, indirectly 
confirmed by the indistinct lattice thermal conductivity κL for y ≥ 30 

0.020, seen in Fig. 4b. As shown in Fig. 2b, at high temperatures, 
acoustic phonons (AP) dominate the transport behavior, leading 
to a temperature dependence of 2/3−∝ TAP

Hµ , while around 
ambient temperatures, alloy scattering (AS, 2/1−∝TAS

Hµ ) appears 
to contribute relatively more significantly to the overall µH.27 35 

Indeed, as illustrated in Fig. 2c, typical weight of acoustic phonon 
scattering defined as )/1/()/1( H

AP

H

AP µµ=Ω has increased from 
~ 60% at 295 K to ~ 80% at 673 K. The µH can be decomposed 
into its chief components (AP and AS) via the Matthiessen’s 
rule:28  40 

 .
111
AS

H

AP

HH µµµ
+=  (1) 

The mobility appropriate for acoustic phonon scattering is given 

by29  
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where e is the elementary charge, h is the reduced Planck 
constant, kB is the Boltzmann constant, ρ is the density, vl 
(5.29×103 m s-1) is the longitudinal velocity of sound, and Ed is 45 

the deformation potential describing the strength of the electron-
phonon interaction. The single valley effective mass ∗

sm  is 
related to m* via ∗∗ = sv mNm 3/2 . Regarding alloy scattering, the 
relevant formula for the mobility is30  

 50 

 
Fig. 4 Temperature dependent (a) thermal conductivity κ, (b) lattice 
thermal conductivity κL and (c) dimensionless figure of merit ZT of 
Mg2(Si0.3Sn0.7)1-yBiy. (d) The predicted ZT based on the SPB model (lines) 
are in accord with the experimentally determined ZT (symbols). Note the 55 

significant bipolar effect at elevated temperatures, especially for samples 
with low doping levels. 
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where N0 is the number of atoms per unit volume, x (= 0.7) is the 
Sn fraction in the solid solution of Mg2Si0.3Sn0.7, and Ea is the 60 

parameter characterizing the alloy potential fluctuation. The 
common factor ( )ηrΨ is a scattering-mechanism-specific term 
(Supplementary Eq. S10) determined by the reduced Fermi level 
η (= EF/kBT) through a combination of the Hall factor rH and 
Fermi-Dirac integrals )(ηnF and is taken to be identical for both 65 

AP and AS scattering processes (r = -1/2 as the mean-free path is 
assumed energy independent in both cases31).  
 According to Eq. 2 and Eq. 3, AP

Hµ and AS

Hµ  have a similar 
dependence on ∗

sm  and the characteristic potentials Ed and Ea. 
Fitting of µH vs. T for our n-type Mg2Si0.3Sn0.7 samples indicates 70 

(see Fig. 2c and 2d) that the model including AP

Hµ and AS

Hµ

quantitatively characterizes the experimental µH and its 
temperature dependence. The values of Ed (8.77-9.43 eV) and Ea 
(0.32-0.39 eV) were then obtained. Literature values for 
potentials Ed and Ea for a range of semiconductors including n-75 

type Mg2Si1-xSnx
32,33, the III-V compounds34-37, n-type Si1-xGex

38, 
n-type PbS27, PbSe1-xTex

39,40, and n-type Cd1-xZnxTe41 are in the 
range of 5-35 eV and 0.6-2.0 eV, respectively. While the 
parameter Ed of our n-type Mg2Si0.3Sn0.7 is comparable to the 
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lowest reported values, the alloy fluctuation parameter Ea is 
apparently much smaller than the reported literature values. 
Although our n-type Mg2Si0.3Sn0.7 possesses a much larger ∗

sm  (≈ 
0.79 me) compared to the effective mass (0.07-0.60 me) for most 
of the above mentioned semiconductors, its reasonably large 5 

room temperature mobility of ∼ 60 cm2 V-1 s-1 is primarily due to 
the weak electron-phonon interaction (low Ed) and the rather 
limited effect on the mobility from the alloy disorder (ultra-low 
Ea). According to Brooks30,38, the parameter Ea evaluates 
potential fluctuation in alloys caused by the alloy disorder, which 10 

is generally believed to be related to the band gap difference ∆Eg 
or the band edge difference (or the electron affinity difference ∆χ 
in n-type materials) between the two end members in the alloy 
series. However, there are semiconductors such as the III-V 
compounds, n-type Si1-xGex and n-type Cd1-xZnxTe where the 15 

discrepancy between Ea and ∆Eg (∆χ) is large, probably due to 
the fact that the band edges of these semiconductors do not have 
strictly the SPB character. In our research, the values of Ea (0.32-
0.39eV) for n-type Mg2Si0.3Sn0.7 are quite comparable to ∆Eg (∼ 
0.42 eV),8-10  and/or ∆χ (∼ 0.19 eV)42, 43 between Mg2Si and 20 

Mg2Sn. We ascribe such good agreement between Ea and ∆Eg 
(∆χ) to the fact that the electronic transport is very precisely 
described by the SPB model in the entire temperature range 
investigated. Roughly twice the value of Ea (∼ 0.7 eV) reported 
for Mg2Si0.45Sn0.55 in the Ref. 33 should be attributed to a non-25 

uniform distribution of Si/Sn atoms (and thus extra scattering 
among different phases) as this composition falls in the range of 
the miscibility gap of the pseudo-binary phase diagram of Mg2Si-
Mg2Sn.8,26,44  Moreover, a contributing factor to the low value of 
Ea in our n-type Mg2Si0.3Sn0.7 is a zero band offset between the 30 

light and heavy conduction bands (band convergence) while 
Mg2Si0.45Sn0.55 has a finite offset (~ 0.1 eV) that may result in a 
certain amount of interband scattering.9, 10  
 Thus, low values of Ed and Ea, as well as the high Seebeck 
coefficient due to the conduction band convergence, lead to an 35 

outstanding power factor in Mg2(Si0.3Sn0.7)1-yBiy above 400 K, 
where values as high as 4.7 mW m-1 K-2 have been recorded for 
carrier concentrations of 2.05×1020 ≤ nH ≤ 2.78×1020 cm-3, as 
shown in Fig. 3a. Figure 3b displays plots of PF vs. nH calculated 
based on the SPB model at typical temperatures of 300 K, 500 K 40 

and 700 K. The agreement with the experimental data is good and 
even improves at high nH above 1.65×1020 cm-3, where the 
bipolar contribution interferes less with the data.  
 The temperature dependent thermal conductivity κ and the 
lattice thermal conductivity κL (obtained by subtracting κe = LσT 45 

from κ using the Wiedemann-Franz law, where L is the Lorenz 
number) are shown in Fig. 4a and 4b, respectively. The κL derived 
in this way inevitably includes a contribution from the bipolar 
thermal conductivity κb at high temperatures (sharp upturn on 
both κ and κL). The κe amounts for a large fraction of the total 50 

thermal conductivity as well as for its dependence upon doping 
by Bi. Bi-doping significantly decreases the κL via strengthened 
point defect phonon scattering. This trend continues for samples 
with Bi content up to 0.02 at which point the lattice thermal 
conductivity of solid solutions becomes independent of the 55 

content of Bi. This reflects the limited ∼ 2% solubility of Bi in the 
matrix. The lattice thermal conductivity κL exhibits a nearly T-0.5 
temperature dependence for all samples before the bipolar 

contribution κb becomes significant. The deviation from the 
classical T-1 dependence, expected from the usual phonon 60 

Umklapp interactions, indicates that point defects scattering still 
plays an important role in shaping the temperature profile of κL at 
high temperatures.45 The ultimate value of ZT (= S2σT/κ) of 
Mg2(Si0.3Sn0.7)1-yBiy ~ 1.3 is limited by the intrinsic excitation 
processes which make a notable contribution above 700 K, see 65 

Fig. 4c. The averaged ZT value in the range of 300-800 K is ~ 
0.9. As shown in Fig. 4d, the predicted ZT values (lines), 
calculated using the SPB model with κL being an experimental 
parameter, are in excellent agreement with experimental results, 
especially at 300 K and 500 K. Deviations observed at 700 K or 70 

in the low nH region between the theory and the experiment are 
due to the interference of the bipolar effect which was not 
considered in the SPB model.  
 Thus, it has been established that n-type Mg2Si0.3Sn0.7 can be 
regarded as a canonical example of the SPB model, a case rarely 75 

demonstrated in other material systems. The effort in determining 
the two key scattering parameters Ed and Ea, as well as the clear 
physical interpretation of the scattering process at and above 
room temperature, is important and instructive for enhancing the 
carrier mobility of this material in the future. Moreover, the 80 

attempt to suppress the bipolar effect and further reduce the κL 
through various routes, such as increasing the m* of the valence 
band edge2 and introducing in-situ formed nanostructures in the 
matrix of the bulk material,17, 46-49 will be critical for further 
optimization of the figure of merit of n-type Mg2Si0.3Sn0.7. 85 

 

Conclusions 

 This research has shown that Mg2Si0.3Sn0.7 with converged 
conduction bands is an excellent testing ground for the SPB 
model. It offers an opportunity to precisely characterize and 90 

account for all thermal and electronic transport properties of n-
type Mg2Si0.3Sn0.7. The experimental study and theoretical 
modelling of Bi-doped Mg2Si0.3Sn0.7 have revealed that the 
enhanced m* (due to doubled number of the carrier pockets Nv) 
together with the high µH (as a result of the low values of Ed and 95 

Ea) yield an outstanding PF and ZT of ~ 1.3 at 700 K. Small 
values of Ed of 8.77-9.43 eV in this work indicate that the 
electron-phonon coupling is weak in n-type Mg2Si0.3Sn0.7. In 
addition, a small Ea of 0.32-0.39 eV in n-type Mg2Si1-xSnx attests 
to its physical interpretation as being related to either the indirect 100 

band gap difference (∼ 0.42 eV) or the electron affinity difference 
(∼ 0.19 eV) between Mg2Si and Mg2Sn. Further improvements in 
ZTs of n-type Mg2Si0.3Sn0.7 are expected to be achieved by 
suppressing the bipolar effect and reducing the lattice thermal 
conductivity.  105 
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Enhanced thermoelectric performance of Bi-doped Mg2Si0.3Sn0.7 with conduction band convergence has been 
successfully interpreted using the single parabolic (SPB) model. The improved understanding of scattering 

parameters is important and instructive for further optimization of n-type Mg2Si0.3Sn0.7.  
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