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                        Abstract 

A model is developed based on turbidity measurements of 

the nucleation event to correlate the classical nucleation 

theory with the induction time and the metastable zone 

width (MSZW) data, respectively. The induction time or the 

MSZW limit is assumed to correspond to a point at which the 

total projected area density of accumulated crystals along 

the detector direction has reached a fixed (but unknown) 

value, 
Af . By fitting the experimental induction time data 

with the model, the interfacial energy of L-glutamic acid 

is recovered for the system by mixing aqueous sodium 

glutamate solution and sulfuric acid solution. Similarly, 

by fitting the experimental MSZW data with the model, the 

interfacial energy of L-glutamic acid is also recovered for 

cooling the aqueous L-glutamic acid solution at constant 

cooling rates. The results indicate that the effect of the 

minimum detectable size on the recovered interfacial energy 

is nearly negligible. The unique feature of this model is 

that, although 
Af  is unknown, the interfacial energy can 
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still be recovered from the induction time or the MSZW data, 

respectively. However, the kinetic parameter of nucleation 

rate can only be determined if the actual value of 
Af  is 

available.   

 

Keywords: crystallization; nucleation; transport processes; 

metastable zone width; interfacial energy  
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1.Introduction 

Solute molecules in the supersaturated solution can 

aggregate and form clusters. Clusters can further aggregate 

to a bigger size. When the size of a cluster exceeds a 

critical size, it becomes thermodynamically stable and the 

subsequent growth leads to a new nucleus.
1-2

 Nevertheless, 

it is not possible to directly detect critical nuclei 

formation. These nuclei can only be experimentally detected 

after they have grown to a detectable size. Various 

detection techniques have been developed for experimental 

determination of the nucleation event, including the change 

of electrical conductivity,
3
 ultrasound velocity,

4-7
 

turbidity,
4,8-10 

or video imaging
11
 of the solution. Among 

these techniques, turbidity measurement has been most 

commonly used in recent years.  

 

The interfacial energy of a crystalline solid in 

solution is a quantity of considerable importance in 

nucleation. In the classical nucleation theory (CNT), the 
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nucleation rate is expressed in the thermally activated 

Arrhenius form, in which temperature, supersaturation and 

interfacial energy govern the rate of nucleation.
1,2
 

Generally, the higher the value of interfacial energy the 

more difficult it is for the solute to crystallize. Due to 

the strong evidence of stable prenucleation clusters
12
 and 

the differences between experimental nucleation rates and 

theoretical predictions by CNT, various non-classical 

nucleation models have been proposed in recent years.
13-18

 

However, CNT still represents the main framework for the 

understanding of nucleation phenomena and is still widely 

adopted to describe nucleation rates for supersaturated 

solutions.
19-25 

 

The induction period is defined as the time interval 

between the creation of the supersaturation and the 

formation of critical nuclei.
1,2
 Thus, the induction period 

is closely related to the nucleation rate in supersaturated 

solutions and has been frequently used as a measure of the 
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 6

nucleation event to recover the interfacial energy of the 

crystallized substance in the literature.
19-25

 Recently, 

Jiang and ter Horst
26
 has developed a novel method in which 

nucleation rates are determined from cumulative probability 

distributions of induction times in agitated solutions. 

 

Metastable zone width (MSZW) is also an important 

characteristic property of the crystallized substance in 

supersaturated solutions. MSZW is usually determined by the 

polythermal method when the solution is continuously cooled 

at a constant cooling rate.
1,2

 Although the induction period 

and the MSZW of a crystallization system is closely 

related, only a limited number of studies have been 

reported to recover the interfacial energy directly from 

the MSZW data.
10,27

  

 

Experimental studies of various crystallization systems 

have shown that the MSZW generally increases with an 

increase in cooling rate.
3-11

 Nyvlt’s approach
28,29

 has been 
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 7

traditionally adopted to interpret the MSZW at constant 

cooling rates by the polythermal method. Recently, 

Sangwal
30
 proposed the self-consistent Nyvlt-like equation 

using the theory of regular solutions for the temperature 

dependence of solubility. Based on the power-law form of 

the nucleation rate, these models lead to a linear 

relationship of )/log( 0TTm∆  versus Rlog  for the experimental 

data on the maximum supercooling 
mT∆  for solutions 

saturated at a temperature 
0T  as a function of cooling rate 

R . Sangwal
31
 also developed a new approach based on CNT to 

analyze the MSZW determined by the polythermal method. The 

resulting equation yields a linear relationship of 2

0 )/( mTT ∆  

versus Rlog .  

 

Kashchiev et al.
27
 verified based on progressive 

nucleation that the often used semi-empirical Nyvlt 

equation is an approximation which contains only the linear 

terms in the relationship between )/log( 0TTm∆  and Rlog . The 

MSZW limit is assumed to correspond to a point at which the 
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 8

detectable crystallite volume fraction has reached a fixed 

value (but unknown), 
Vf . Kashchiev et al.

32
 also developed 

a more simplified model for instantaneous nucleation, which 

also yields a linear relationship between )/log( 0TTm∆  and 

Rlog . Recently, Camacho Corzo et al.
10
 applied the approach 

developed by Kashchiev et al.
27,32

 to assess the nucleation 

kinetics of methyl stearate crystallized from kerosene 

solutions for the dependence of the critical undercooling 

on the cooling rate. 

 

As MSZW of a system depends on the detection method of 

the first nucleation event, Kubota
33
 proposed a model based 

on progressive nucleation to account for the MSZW limit 

corresponding to a point at which the number density of 

accumulated crystals has reached a fixed (but unknown) 

value, 
Nf , during the cooling process. The simple power-

law form of the nucleation rate is adopted in the Kubota’s 

model,
33-35

 leading to a linear relationship of 
mT∆log  versus 

Rlog . 

Page 8 of 62CrystEngComm

C
ry

st
E

ng
C

om
m

A
cc

ep
te

d
M

an
us

cr
ip

t



 9

 

In this work, a model is firstly developed to correlate 

CNT with the induction period based on turbidity 

measurements of the nucleation event. Secondly, the model 

is extended to correlate CNT with the MSZW. The model is 

then applied to recover the interfacial energy of L-

glutamic acid from the experimental induction period data 

and the MSZW data, respectively.   

 

2.Theory 

When the induction time data or the MSZW data are 

measured by a turbidity meter, the measurements are based 

on the intensity change of the transmitted light along the 

detector direction,
4,8-10

 which is related to 
Af  as the 

intensity decrease of the transmitted light is proportional 

to 
Af . Note that 

Af  depends on the measurement device and 

on the substance. Recently, Parisi and Chianese
36,37 

have 

shown that the nephelometric signal is directly 
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 10

proportional to the overall surface of the suspended solid 

for investigation of nucleation kinetics. 

 

Based on the classical nucleation theory,
1,2

 the 

nucleation rate is expressed as   

]
)(ln3

16
exp[

233

32

STk

v
AJ

B

J

γπ
−=               (1) 

 

where the molecular volume of the solute is defined as 

AN

M
v

C

w

ρ
=  and supersaturation ratio is defined as 

eqC

C
S = .  

 

A model is derived in this work for progressive 

nucleation to determine interfacial energy from the 

induction time and MSZW data, respectively. In progressive 

nucleation, new crystallites are continuously nucleated 

among the already growing ones. In the derivation, it is 

assumed that: (1)detection of the nucleation event is based 

on 
Af ; (2)nuclei are born with a near-zero size; (3) the 

minimum detectable size for the detector is 
dL . Similarly, 
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 11

detection of the nucleation event based on 
Vf  or 

Nf  is 

developed in Appendix A and Appendix B, respectively.  

 

2.1. Model for the induction time 

During the induction time study, the growth time for 

newly born nuclei with a near-zero size grown to 
dL  is 

given by  

G

L
t d
d =∆                    (2) 

 

where G  remains constant as S  and T  is kept unchanged 

during the induction time experiment. In other words, the 

crystals born at 
di tt ∆−  can grow to 

dL  at 
it . Therefore, 

only the crystals born during the time 
di tt ∆−~0  can grow to 

a size greater than 
dL  and be detected at 

it . On the other 

hand, the crystals born during the time 
idi ttt ~∆−  can only 

grow to a size smaller than 
dL  and subsequently cannot be 

detected at 
it .  
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 12

For the nuclei born at time t , they can grow from t  to 

it  and their surface at it  is given by  

22 )();( ttGkttA iAi −=                   (3) 

 

As only the crystals born during the time 
di tt ∆−~0  can grow 

to a size greater than 
dL  and be detected at 

it , the total 

projected area density of these crystals in the detector 

direction at 
it  should correspond to Af  when the induction 

time is detected. Thus, 

12

)(
);(

4

1
332

0

diA

tt

iA

ttGkJ
dtttAJf

di ∆−
== ∫

∆−

         (4) 

 

where the factor 
4

1  is incorporated to account for the 

projected portion of the surface. For example, the surface 

of a sphere with a diameter D equals 2Dπ ; the projected 

area in the detector direction equals 2

4

1
Dπ . Substituting 

Eq.(1) into Eq.(4) and taking the logarithm of the 

resulting equation yields  
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233

32

332 )(ln3

16
)ln(]

)(

12
ln[

STk

v

f

A

ttGk BA

J

diA

γπ
−=

∆−
         (5) 

 

Thus, a plot of ]
)(

12
ln[

332

diA ttGk ∆−
 versus 

23
)(ln

1

ST
 gives a 

straight line, the slope and intercept of which allows to 

determine γ  and 
A

J

f

A
, respectively.  

 

2.2. Model for the MSZW 

During the MSZW study, the time 
mt  at which the MSZW 

limit is detected depends on 
dL . To study the effects of 

dL  on 
mt , there exists a certain time, 

dt , which is defined 

such that  

∫=
m

d

t

t

d dtGL                     (6) 

 

where G  is a function of time as S  and T  varies with time 

during the MSZW experiment. Thus, 
dt  can be determined for 

a given 
dL . Note that 

md tt <<0 . As crystals are born at a 

near-zero size, the crystals born at 
dt  will grow to the 

size 
dL  at 

mt . Therefore, the crystals born during the time 
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 14

dtt ~0=  can grow to a size greater than 
dL  and be detected 

at 
mt . On the other hand, the crystals born during the time 

md ttt ~=  can only grow to a size smaller than 
dL  and 

subsequently cannot be detected at 
mt .  

 

If the solution is cooled at a constant rate dtdTR /−=  

during the time 
mtt ~0= , Eq.(8) reduces to 

∫=
d

m

T

T

d dTG
R

L
1

                   (7) 

 

where 
mT  is the maximum supercooling temperature at 

mt  and 

dT  corresponds to the temperature at 
dt . Note that 

mm TTT −=∆ 0
 and 

md TTT >>0  due to 
md tt <<0 . Thus, 

dT  can be 

determined for a given 
dL  if the growth rate G  is known.  

 

For the nuclei born at time t , they can grow from t  to 

mt  and their surface at 
mt  is given by  

2)();( ∫=
mt

t

Am dtGkttA                   (8) 
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As only the crystals born during the time 
dt~0  can grow to 

a size greater than 
dL  and be detected at 

mt , the total 

projected area density of these crystals in the detector 

direction at 
mt  should correspond to 

Af  when the MSZW limit 

is detected. Thus, 

dtdtG
k

Jdt
ttA

Jf
d md t t

t

m

t

A

2

0

A

0

)(
44

);(
∫ ∫∫ ===              (9) 

 

where the factor 
4

1  is incorporated to account for the 

projected portion of the surface.  

 

As the solution is cooled at a constant rate dtdTR /−=  

during the time 
mtt ~0= , substituting Eq.(1) into Eq.(9) 

yields  

dTdTG
STk

v

R

k

A

f
T

T

T

TB

A

J

A

d m

2

233

32

3
)(]

)(ln3

16
exp[

4

0

∫ ∫−=
γπ

         (10) 

 

As the influence of 
dL  on the measured MSZW is usually 

negligible,
34,35

 
md TT =  is assumed in Eq.(10) for simplicity. 

Then, nonlinear least squares regression is applied in 
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Eq.(10) from the experimental 
mT  versus R  data to 

determine two optimal values of γ  and 
J

A

A

f
 that would 

minimize the quantity 

∑
=

−=
H

j

caljmjm TT
H 1

2

,,exp,, )(
1

ε               (11) 

 

where H  is the number of experimental runs, 
exp,, jmT  is the 

measured MSZW limit at 
jR  for run j , and caljmT ,,

 is the 

calculated MSZW limit at 
jR  for run j . Note that 

2

,,exp,, )( caljmjm TT −  = 2

,,exp,, )( caljmjm TT ∆−∆  due to 
exp,,0exp,, jmjm TTT −=∆  and 

caljmcaljm TTT ,,0,, −=∆ .  

 

The following procedure is adopted to determine two 

optimal values of γ  and 
J

A

A

f
:(a) Guess two values of γ  and 

J

A

A

f
; (b) Calculate 

caljmT ,,
 at 

jR  for run j  for all 

experimental runs by Eq.(10) )~1( Hj = ; (c) Calculate ε  by 

Eq.(11). The same procedure from (a) to (c) is repeated to 

find two optimal values of γ  and 
J

A

A

f
 with the smallest ε .  

 

3.Experimental 
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The experimental apparatus consists of a 250ml 

crystallizer immersed in a programmable thermostatic 

water bath shown in Figure 1. The crystallizer is 

equipped with a magnetic stirrer at a constant stirring 

rate 350rpm. The turbidity probe (Crystal Eyes 

manufactured by HEL limited) is used to detect the 

nucleation event during the induction time and the MSZW 

study.  

 

3.1. The induction time measurements 

As it is usually difficult for the studied system 

rapidly cooled to the desired temperature during the 

induction time study, the supersaturated solution is 

generated by mixing equimolar solutions of the glutamate 

ion and the hydrogen ion. The mixed solution is rapidly 

stirred to reduce the nonhomogeneous supersaturation 

during the mixing process. In each experiment, a 100ml 

aqueous sodium glutamate solution is loaded into the 

crystallizer at the desired temperature. Then a preheated 
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100ml aqueous sulfuric acid solution is added to form the 

desired supersaturation solution of L-glutamic acid for 

the induction time measurements. Sodium L-glutamate 

monohydrate (>99%, TCI), sulfuric acid (97%, SHOWA, Japan) 

and deionized water are used in all experiments.  

 

3.2. The MSZW measurements 

For the MSZW study, the deionized water and L-glutamic 

acid (>99%, Acros) are used to prepare the 

supersaturation solution. In each MSZW experiment, a 

200ml aqueous L-glutamic acid solution with the desired 

supersaturation is loaded into the crystallizer. The 

solution is held at C03  above the saturated temperature 

for min10~5  to ensure a complete dissolution at the 

beginning of the experiment, which is also confirmed by 

the turbidity measurement. Then the supersaturated 

solution is generated by cooling the aqueous saturated L-

glutamic acid solution at constant cooling rates for the 

MSZW measurements. 
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3.3. Determination of the polymorphic forms 

L-glutamic acid has two known polymorphs, the 

metastable granular −α form and the stable plate-like 

−β form. The polymorphic fraction in the crystalline 

phase can be measured with Raman spectroscopy.38 To 

determine the polymorphic forms of the formed L-glutamic 

acid in this study, the final dried crystals are analyzed 

using Raman spectroscopy (P/N LSI-DP2-785 Dimension-P2 

System, 785nm, manufactured by Lambda Solutions, INC.) at 

the end of each experiment. It is confirmed that 

nucleation of −α form occurs dominantly at CC 00 40~35  and 

nearly 100% −α form crystals are obtained at the end of 

the experiments. Then, the nucleation of −β form starts 

to occur and the −α form fraction gradually decreases as 

temperature increases. However, the influence of 

supersaturation ratio on the polymorphic composition is 

not obvious. Note that the transformation from the 

metastable −α form to the stable −β form does not occur 
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in the solid-state.39 Besides, no solution-mediated 

polymorph transformation is observed due to the short 

experimental times.25,40 

 

4.Results and discussion 

As the growth mechanism of small nuclei should be 

surface integration controlled, the growth rate of α  L-

glutamic acid reported by Scholl et al.
41
 based on the 

birth and spread model is adopted here. Thus, 

)
ln

10*42.5
exp()(ln)1)(

10*72.3
exp(10*63.3

2

4
6/13/2

3
4

ST
SS

T
TG

−
−

−
= −      (12) 

 

In the calculations, spherical nuclei are assumed for L-

glutamic acid with π=Ak , 
6

π
=Vk , molkgM w /147.0= , 

3/1460 mkgC =ρ  and 32810*674.1 mv −= .  

 

4.1. The induction time study  

The induction time data of L-glutamic acid measured 

for various supersaturations at CC 00 62~35  are listed in 

Table 1. Note that the supersaturated solution is 
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generated by mixing aqueous sodium glutamate solution and 

sulfuric acid solution. Each data point represents the 

average for three replicate experimental runs. In Table 1, 

it  decreases with increasing S  at each T . Generally, it  

also decreases with increasing T  for each S .  

 

As the minimum detectable size for the detector used in 

the current experiments is unknown, three cases are 

discussed in the followings for 0=dL , mLd µ10=  and 

mLd µ25= , respectively. As calculated by Eq.(2), Tables 2(a) 

and 2(b) list the calculated 
dt∆  for mLd µ10=  and mLd µ25= , 

respectively. Note that for mLd µ28>  some induction time 

data give rise to the unreasonable results of 
id tt >∆  from 

Eq.(2). Figure 2(a)~2(c) show the plots of ]
)(

12
ln[

332

diA ttGk ∆−
 

versus 
23
)(ln

1

ST
 for all the induction time data measured at 

CC 00 62~35  with 0=dL , mLd µ10=  and mLd µ25= , respectively.  

 

Table 3 lists the obtained results from the linear 

regression plots. The obtained γ  is only slightly 
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increases with increasing 
dL  and falls within the range 

2/23.8~03.8 mmJ , which is close to 2/4.10~57.9 mmJ=γ  reported 

by Lindenberg and Mazzotti
25
 for the system by mixing 

aqueous sodium glutamate solution and hydrochloric acid 

solution. Note that hydrochloric acid is replaced by 

sulfuric acid in this work. 

 

Mersmann
42
 correlated the interfacial energy with the 

solubility of the compound as 

)(
ln

1
3/2 TCv

kT
eq

Cρβγ =             (13) 

 

where 514.0=β  for spherical nuclei.
43
 Eq.(13) predicts 

2/4.34~6.29 mmJ=γ  at CC 00 62~35 . Deij et al.
44
 reported 

2/5.26 mmJ=γ  at C027  for homogeneous nucleation of L-

glutamic acid by Monte Carlo simulations. As γ  obtained 

in this work is much lower than that predicted for 

homogeneous nucleation by Mersmann
42
 or Deij et al.,

44
 it 

indicates a heterogeneous nucleation mechanism as similar 

to the study reported by Lindenberg and Mazzotti.
25
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In Table 3, the recovered 

A

J

f

A
 increases with increasing 

dL . The kinetic parameter 
JA  can be determined if the 

actual value of 
Af  is available. Based on the study for 28 

inorganic systems, Mersmann and Bartosch
45
 estimated 

34 10~10 −−=Vf  with a corresponding minimum detectable size 

of mµ100~10 . Thus, it is assumed 410*4 −=Vf  for L-glutamic 

acid in this work. For simplicity, spherical nuclei are 

assumed with mLd µ10= , leading to 31110*64.7 −= mfN
 and 

1210*40.2 −= mf A
. As listed in Table 3, 

JA  falls in the range 

131111 10*8.1~10*1.1 −− sm .  

 

4.2. The MSZW study  

The MSZW data of the aqueous saturated L-glutamic acid 

solution measured for CC 00 55~35  at various cooling rates 

are listed in Table 4. Note that the supersaturated 

solution is generated by cooling the aqueous saturated L-

glutamic acid solution at constant cooling rates. Each 

data point represents the average for three replicate 
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experimental runs. In Table 4, 
mT∆  increases with 

increasing R  for each T  while mT∆  decreases with 

increasing T  for each R .  

 

Figures 3(a)~3(b) illustrate the variations of T , S , 

G  and 
JA

J
 with increasing time during the cooling process 

for the experimental run of CT 0

0 40= , waterkggC /1.150 =  and 

CTm

023=  at sKR /10*5.2 3−= . In Figure 3(a), as the solution 

is cooled at a constant rate, we can derive tRTT −= 0 , 

leading to stm 6800= . As 0C  is assumed unchanged during 

the cooling process, S  is given by 
eqC

C0 , where eqC  is a 

function of T . In Figure 3(b), Eq.(12) is used to 

calculate G  and Eq.(1) is used to calculate 
JA

J
 by 

assuming 
2/5.3 mmJ=γ . Relative nucleation rate can be 

compared from the variations of 
JA

J
 with increasing time 

although JA  is unknown.  

 

As calculated by Eq.(7), Table 5 lists the calculated 

dT  for mLd µ25= . Thus, it is reasonable to assume 
md TT =  
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for mLd µ25≤  in Eq.(10). Table 6 lists the fitted results 

from the nonlinear regression of Eq.(10). Figure 4 shows 

the measured 
mT∆  versus R  data for CCT 00

0 55~35= ; lines 

are the fitted results using the optimal values of γ  and 

J

A

A

f
 in Table 6. For example, the five data points of 

mT∆  

versus R  at CT 0

0 35=  are used to recover the optimal 

values of γ  and 
J

A

A

f
, leading to 2/1.4 mmJ=γ , 

sm
A

f

J

A 2510*0.3 −=  and 2048.1 K=ε . Similarly, spherical nuclei 

are assumed with 410*4 −=Vf  and mLd µ10= , leading to 

31110*64.7 −= mfN
 and 1210*40.2 −= mf A

. As listed in Table 6, 
JA  

falls in the range 1376 10*0.3~10*2.1 −− sm .  

 

As shown in Figure 4, the measured 
mT∆  versus R  data 

for CCT 00

0 55~35=  are fitted well by the present model. 

Table 6 indicates that γ  decreases with increasing 

temperature and falls within the range 2/1.4~6.0 mmJ , which 

also indicates a heterogeneous nucleation mechanism as 

compared to γ  predicted for homogeneous nucleation by 

Mersmann
42
 or Deij et al.

44
 Thus, γ  recovered from the MSZW 
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study by cooling the aqueous saturated L-glutamic acid 

solution is smaller than that obtained from the induction 

time study by mixing aqueous sodium glutamate solution and 

sulfuric acid solution. As a greater interfacial energy 

implies more difficult nucleation, the existence of sodium 

and sulfate ions during the induction time study might 

hinder the binding between glutamate and hydrogen ions 

during the nucleation of L-glutamic acid and subsequently 

leads to a greater interfacial energy.  

 

4.Conclusions 

A model is developed based on turbidity measurements of 

the nucleation event to correlate the classical nucleation 

theory with the induction time and the MSZW data, 

respectively. The induction time or MSZW limit is assumed 

to correspond to a point at which the total projected area 

density of accumulated crystals in the detector direction 

has reached a fixed (but unknown) value.  
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This model is applied to recover γ  from the induction 

time study by mixing aqueous sodium glutamate solution and 

sulfuric acid solution for CC 00 62~35 , leading to 

2/23.8~03.8 mmJ=γ . The results indicate that the effect of 

the minimum detectable size on γ  is nearly negligible. The 

model is also applied to recover γ  from the MSZW study by 

cooling the aqueous saturated L-glutamic acid solution at 

constant cooling rates for CC 00 55~35 , leading to 

2/1.4~6.0 mmJ=γ . As the existence of sodium and sulfate 

ions might hinder the binding between glutamate and 

hydrogen ions during the nucleation of L-glutamic acid, γ  

obtained from the induction time study is greater than that 

obtained from the MSZW study. However, both studies 

indicate that the nucleation mechanism is heterogeneous. 

 

The induction time or the MSZW limit is assumed related 

to the total projected area density of accumulated crystals 

based on turbidity measurements in this work. In reality 

the detection limit on essentially all instruments will not 
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only relate to one factor (volume fraction, projected area 

fraction, or number density of accumulated crystals) but 

will be some complex functions of two or all of these 

factors. Therefore, this model only gives an approximation 

to γ  even though the turbidity measurements are believed 

more related to the total projected area density of 

accumulated crystals than to the volume fraction or number 

density of accumulated crystals. 

 

The growth rate of L-glutamic acid reported by Scholl 

et al.
41
 is adopted in application of the developed model. 

Although the growth rate of a nucleus during nucleation 

might be size–dependent and different from that of a 

microcrystal,
1,2

 this model still provides insight to 

recover interfacial energy of the crystallizing substance 

based on turbidity measurements of the nucleation event. 

The unique feature of this model is that, although 
Af  is 

unknown, the interfacial energy can still be recovered from 

the induction time or the MSZW data, respectively. However, 
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the kinetic parameter of nucleation rate can only be 

determined if the actual value of 
Af  is available. 
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Appendix A. Detection of the nucleation event based on 
Vf   

The nucleation event is assumed to correspond to a 

point at which the total volume density of accumulated 

crystals has reached a fixed (but unknown) value, 
Vf .

22-25
 

For example, some induction time or MSZW data are measured 

by a conductivity meter,
3
 an ultrasound sensor,

4-7
 or a 

densitometer
4
 for the change of solution concentration, 

which is related to 
Vf  as the decrease of solution 

concentration is proportional to 
Vf . Note that 

Vf  depends 

on the measurement device and on the substance. 

 

The induction time study. For the nuclei born at time t , 

they can grow from t  to it  and their volume at it  is given 

by  

33 )();( ttGkttV iVi −=                   (14) 

 

As only the crystals born during the time 
di tt ∆−~0  can grow 

to a size greater than 
dL  and be detected at 

it , the total 
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volume fraction of these crystals at 
it  should correspond 

to 
Vf  when the induction time is detected. Thus,  

4

)(
);(

443

0

diV

tt

iV

ttGkJ
dtttVJf

di ∆−
== ∫

∆−

            (15) 

 

Which reduces to the expression derived by Kashchiev et 

al.
22
 for 0=∆ dt . Substituting Eq.(1) into Eq.(15) and 

taking the logarithm of the resulting equation yields  

233

32

443 )(ln3

16
)ln(]

)(

4
ln[

STk

v

f

A

ttGk BV

J

diV

γπ
−=

∆−
         (16) 

 

Thus, a plot of ]
)(

4
ln[

443

diV ttGk ∆−
 versus 

23
)(ln

1

ST
 gives a 

straight line, the slope and intercept of which allows to 

determine γ  and 
V

J

f

A
, respectively.   

 

The MSZW study. For the nuclei born at time t , they can 

grow from t  to mt  and their volume at 
mt  is given by  

3)();( ∫=
mt

t

Vm dtGkttV                   (17) 
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As only the crystals born during the time 
dt~0  can grow to 

a size greater than 
dL  and be detected at 

mt , the total 

volume density of these crystals at 
mt  should correspond to 

Vf  when the MSZW limit is detected. Thus,  

dtdtGkJdtttVJf
d md t t

t

V

t

mV

3

00

)();( ∫ ∫∫ ==             (18) 

 

As the solution is cooled at a constant rate dtdTR /−=  

during the time 
mtt ~0= , substituting Eq.(1) into Eq.(18) 

yields  

dTdTG
STk

v

R

k

A

f
T

T

T

TB

V

J

V

d m

3

233

32

4
)(]

)(ln3

16
exp[

0

∫ ∫−=
γπ

          (19) 

 

As similar to Eq.(10), two optimal values of γ  and 
J

V

A

f
 can 

be determined from the experimental 
mT  versus R  data if G  

is a known function of T  and S . 

 

Appendix B. Detection of the nucleation event based on 
Nf   

For the simplest case, the nucleation event is assumed 

to correspond to a point at which the total number density 
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of accumulated crystals has reached a fixed (but unknown) 

value, 
Nf .

33-35 For example, some induction time or MSZW 

data are measured by a particle counter for the change of 

particle number density,
47-49 which is related to 

Nf . Note 

that 
Nf  depends on the measurement device and on the 

substance. 

 

The induction time study. As only the crystals born 

during the time 
di tt ∆−~0  can grow to a size greater than 

dL  

and be detected at 
it , the total number density of these 

crystals at 
it  should correspond to Nf  when the induction 

time is detected. Thus, 

)( diN ttJf ∆−=                   (20) 

 

Substituting Eq.(1) into Eq.(20) and taking the logarithm 

of the resulting equation yields  

233

32

)(ln3

16
)ln()

1
ln(

STk

v

f

A

tt
BN

J

di

γπ
−=

∆−
          (21) 
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which reduces to the common expression adopted in the 

literature for 0=∆ dt .
1,50

 Thus, a plot of )
1

ln(
di tt ∆−
 versus 

23
)(ln

1

ST
 gives a straight line, the slope and intercept of 

which allows to determine γ  and 
N

J

f

A
, respectively.  

 

The MSZW study. As only the crystals born during the 

time 
dt~0  can grow to a size greater than 

dL  and be 

detected at 
mt , the total number density of these crystals 

at 
mt  should correspond to 

Nf  when the MSZW limit is 

detected. Thus, 

dtJf
dt

N ∫=
0

                  (22) 

 

As the solution is cooled at a constant rate dtdTR /−=  

during the time 
mtt ~0= , substituting Eq.(1) into Eq.(22) 

yields        

dT
STk

v

RA

f
T

T BJ

N

d

∫ −=
0

]
)(ln3

16
exp[

1
233

32γπ
            (23) 
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which reduces to the expression developed by Shiau and Lu 

for 
md TT =  (i.e. 0=dL ).

51
 As similar to Eq.(10), two 

optimal values of γ  and 
J

N

A

f
 can be determined from the 

experimental 
mT  versus R  data. 
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Notation 

JA   = the kinetic parameter in the nucleation rate )( 13 −− sm  

C  = concentration of solutes )/( 3mkg  

0C  = initial saturated concentration of solutes at 
0T  

)/( 3mkg  

eqC  = saturated concentration of solutes )/( 3mkg  

Af  = the minimum detectable projected area density of 

accumulated crystals in the detector direction 

)/( 132 −mormm  

Nf  = the minimum detectable number density of accumulated 

crystals )( 3−m  

Vf  = the minimum detectable volume fraction of accumulated 

crystals )(−  

G   = growth rate )/( sm  

J  = nucleation rate )( 13 −− sm   

Ak  =  the area shape factor )(−   

Bk  =  the Boltzmann constant )/10*38.1( 23 KJ−=  

Vk  =  the volume shape factor )(−   

dL  =  the minimum detectable size )(m  
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wM  = the molar mass )/( molkg  

AN  = Avogadro number )10*02.6( 123 −= mol   

R  =  cooling rate )/( sK  

S   = supersaturation ratio )(−  

T   = temperature )(K  

0T   = initial saturated temperature )(K  

dT   = temperature at 
dt  )(K  

mT   = temperature at the MSZW limit at 
mt  )(K  

t   = time )(s  

dt   = time defined in Eq.(6) )(s  

it   = induction time )(s  

mt   = time at the MSZW limit )(s  

 

Greek letters  

γ  = interfacial energy )/( 2mJ  

Cρ  = crystal density )/( 3mkg   

v  = volume of the solute molecule )( 3m   

ε  = the deviation defined in Eq.(11) )( 2K  

mT∆   = MSZW )(K  
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Table 1. The measured induction time data at different temperatures for 

various supersaturations. 

 )(sti  

83.1=S  2=S  25.2=S  5.2=S  3=S  4=S  5=S  

C
o

35  5.1032  5.375  2.241  138 5.59  3.36  5.23  

C
o

40  5.993  5.330  166 103 5.72  5.32  1.20  

C
o

45  374 264 5.131  77 66 9.22  9.18  

C
o

55  283 5.165  80 5.66  27 19 13 

C
o

62  316 138 54 48 31 6.12  2.10  
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Table 2(a). The calculated dt∆  by Eq.(2) for mLd µ10= . 

 )(std∆  

83.1=S  2=S  25.2=S  5.2=S  3=S  4=S  5=S  

C
o

35  5.49  9.37  2.28  6.22  3.16  7.10  2.8  

C
o

40  0.39  9.29  4.22  0.18  0.13  6.8  6.6  

C
o

45  0.31  9.23  9.17  4.14  5.10  9.6  3.5  

C
o

55  9.19  5.15  7.11  4.9  9.6  6.4  5.3  

C
o

62  9.14  6.11  8.8  1.7  2.5  5.3  7.2  
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Table 2(b). The calculated dt∆  by Eq.(2) for mLd µ25= . 

 )(std∆  

83.1=S  2=S  25.2=S  5.2=S  3=S  4=S  5=S  

C
o

35  8.123  7.94  5.70  4.56  8.40  9.26  4.20  

C
o

40  5.97  9.74  0.56  9.44  5.32  5.21  4.16  

C
o

45  4.77  6.59  7.44  0.36  2.26  4.17  2.13  

C
o

55  8.49  6.38  2.29  6.23  2.17  5.11  8.8  

C
o

62  2.37  0.29  0.22  8.17  1.13  8.8  7.6  
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Table 3. The obtained results from the linear regression plots in 

Figures 2(a)~(c).  

 
 

)/( 2mmJγ  )( 12 −− sm
f

A

A

J
 )( 13 −− smAJ  )(2 −R  

0=dL  03.8  
8106.4 ×  

11101.1 ×  96.0  

mLd µ10=  04.8  
8108.4 ×  

11102.1 ×  95.0  

mLd µ25=  23.8  
8104.7 ×  

11108.1 ×  94.0  
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Table 4. The measured MSZW data for CC oo 55~35  at various cooling rates. 

 

 

 

 

 

 

 

0671.7593778.51058654.9 23 +−×= − TTCeq
 46 ),//( 3 KinTandwaterkggormkginCeq

 

0T  

)( C
o

 

0C  

)/(
3

mkg  

)( CT o

m
 

4103.8 −×=R

)/( sK  

3107.1 −×=R

)/( sK  

3105.2 −×=R

)/( sK  

3102.4 −×=R

)/( sK  

3100.5 −×=R

)/( sK  

35 2.12  0.23  0.18  8.15  1.14  0.11  

40  1.15  0.29  0.26  0.23  0.21  5.19  

45  5.18  0.36  5.33  0.30  0.28  5.26  

50 3.22  5.42  5.40  0.38  5.37  0.35  

55 6.26  0.49  5.47  5.46  0.45  0.44  
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Table 5(a). The calculated dT  by Eq.(7) for mLd µ10= . 

0T  

)( C
o

 

)( CT o

d
 

4103.8 −×=R

)/( sK  

3107.1 −×=R

)/( sK  

3105.2 −×=R

)/( sK  

3102.4 −×=R

)/( sK  

3100.5 −×=R

)/( sK  

35 1.23  1.18  0.16  4.14  4.11  

40  1.29  1.26  2.23  2.21  8.19  

45  1.36  6.33  1.30  2.28  7.26  

50 7.42  7.40  2.38  8.37  3.35  

55 3.49  8.47  8.46  4.45  4.44  
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Table 5(b). The calculated dT  by Eq.(7) for mLd µ25= . 

0T  

)( C
o

 

)( CT o

d
 

4103.8 −×=R

)/( sK  

3107.1 −×=R

)/( sK  

3105.2 −×=R

)/( sK  

3102.4 −×=R

)/( sK  

3100.5 −×=R

)/( sK  

35 3.23  4.18  3.16  9.14  0.12  

40  2.29  3.26  4.23  6.21  2.20  

45  3.36  9.33  4.30  5.28  1.27  

50 9.42  0.41  5.38  2.38  6.35  

55 9.49  4.48  4.47  1.46  0.45  
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Table 6. The fitted results from the nonlinear regression of 

Eq.(10) in Figure 4. 

)(0 CT o
 )/( 2mmJγ  )( 2sm

A

f

J

A
 )( 2Kε  )( 13 −− smAJ  

35 1.4  5100.3 −×  048.1  6100.8 ×  

40 5.3  5100.4 −×  289.0  6100.6 ×  

45 5.1  4100.2 −×  322.0  6102.1 ×  

50 3.1  5100.4 −×  415.0  6100.6 ×  

55 6.0  6100.8 −×  010.0  7100.3 ×  
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Figure captions 

 

Schematic diagram of the experimental apparatus: (1) 250ml 

crystallizer, (2) magnetic stirrer, (3)constant temperature 

water bath, (4) turbidity probe, (5) temperature probe, 

(6)computer. 

 

Figure 2. ]
)(

12
ln[

332

diA ttGk ∆−
 versus 

23
)(ln

1

ST
 for (a) 0=dL ; 

(b) mLd µ10= ; (c) mLd µ25= . The solid line corresponds to 

the best fit linear regression and the points represent 

the measured induction time data for CC 00 62~35 . 

 

Figure 3. For the experimental run of CT 0

0 40= , 

waterkggC /1.150 =  and CTm

023=  at sKR /10*5.2 3−=  by assuming 

2/5.3 mmJ=γ : (a)The variations of T  and S  with 

increasing time during the cooling process; (b)The 

variations of G  and 
JA

J
 with increasing time during the 

cooling process. 
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Figure 4. The measured mT∆  versus R  data. The solid 

lines correspond to the best fit nonlinear regression of 

Eq.(10) and the points represent the measured MSZW data 

for CC 00 55~35 . 
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Figure 2(a) 
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Figure 2(b) 
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Figure 2(c) 
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Figure 3(a) 
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Figure 3(b) 
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Figure 4 
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A model is developed to recover the interfacial energy from 

the induction time and the metastable zone width data, respectively.  
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A model is developed to recover the interfacial energy from    

the induction time and the metastable zone width data, respectively.  
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