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Abstract

A main advantage for applications of Graphene and related 2-dimensional materials is that they
can be produced on large scales by liquid phase exfoliation. The exfoliation process shall be

exfoliated objects will influence significantly fragmentation dynamics as compared to standard
materials. Here, we used automatized image processing of Atomic Force Microscopy (AFM)
data to measure, one by one, the exact shape and size of thousands of nanosheets obtained by
exfoliation of an important 2D-material, Boron Nitride, and used different statistical functions to
model the asymmetric distribution of nanosheets sizes typically obtained. Being the resolution of
AFM much larger than the average sheet size, analysis could be performed directly at the
nanoscale, and at single sheet level. We find that the size distribution of the sheets at a given
time follows a Log-normal distribution, indicating that the exfoliation process has a “typical”
scale length that changes with time and that exfoliation proceeds through the formation of a
distribution of random cracks that follow Poisson statistics. The common validity of this model
implies that size distribution does not depend on the different preparation methods used, but is a
common feature in the exfoliation of this material.
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considered as a particular fragmentation process, where the 2-dimensional (2D) character of the
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The huge scientific and technological interest for graphene has triggered in last years the
development of a wide range of techniques to produce and process nanosheets that, having
nanometric thickness and mesoscopic lateral size, shall be considered as quasi 2-dimensional
(2D) objects. Besides their novel properties, even the way these 2D sheets are produced in

The exfoliation of a 2D object from a 3D bulk material is a process spanning from nano- to
meso-scale due to bubble cavitation, intercalation and disruptive fragmentation, as we described
in recent work.2 Exfoliation always yields a poly-dispersed range of nanosheets thickness and
lateral size. When characterizing these 2D sheets solutions, their average size and size standard
deviation are commonly reported, in this way assuming that their size follows a “Gaussian”
(a.k.a. “normal”) distribution. Conversely, the experimental data show that the size distribution
of these materials is highly asymmetric and non-Gaussian.
Noteworthy, this asymmetry in size distribution shall be observed in very different systems
such, as example, the distribution of chemical elements in rocks, the species abundance in
biology, the lengths of latent periods of infectious diseases in medicine, the distribution of
galaxies in astronomy (Fig. 1).3, 4
A better modelling of the size distribution of 2D materials is needed both from a fundamental
point of view (to understand the exfoliation mechanism) and a technological point of view (to
improve the metrology of 2D materials for applications and quality control).
Here, we used image processing of Atomic force Microscopy (AFM) images to study the
exfoliation and fragmentation process of a well-known 2D material, Boron Nitride (BN, Fig. 2)
exfoliated in solution with two technologically relevant techniques: ultrasonication and ball
milling. Exfoliated BN nanosheets are deposited on silicon and their size distribution is measured
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solution, by exfoliation, 1 is an original process, still not completely understood.
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by AFM and an image analysis software, performing in this way statistics on all the sheets
present on the surfaces, for a total of >6000 sheets, as compared to the tens of sheets analysed by
manual TEM statistics typically used for this task.5 Being the resolution of AFM much larger
than the average sheet size, the exact shape of each sheet shall be included in the statistics,

By using a large statistical population we are confident to discriminate the most suitable
analytic function able to reproduce the achieved fragment size distribution. As example, studying
the galaxy distribution Brown et al. demonstrated that the universe underwent a single
fragmentation event, separating into protogalactic volumes at a relatively early stage after the
Big Bang.7
As test material, we chose not to use the well-known graphene but used Boron Nitride, a
relatively less studied 2D material which has anyhow huge scientific and industrial interest,
because it can be used as a monoatomic insulating layer for graphene-based electronic devices,8, 9
or as a bulk additive in polymers.10

Fig. 2 shows Scanning Electron Microscopy (SEM) images of typical BN flakes, and solutions
obtained from such flakes by sonication or ball milling in isopropyl alcohol (IPA). The solutions
obtained are stable for more than 6 months. BN solutions show a whitish colour and a strong
light scattering (Fig. 2b), due to the presence of the BN nanosheets. Details of the different
exfoliation procedures used are reported in the supporting information (SI). After exfoliation, the
nanosheets were spin coated on silicon and measured by AFM (Fig. 2c,d).
To quantify the sheet size obtained with different techniques, we used an image analysis
software able to detect automatically individual sheets and measure their area and lateral size
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allowing to cross-relate the length, the area and length/width ratio of each sheet in each sample.6
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(Fig. 2e).11 While AFM can easily give high-resolution images of the flakes and allow manual
measurements of their size, several steps (image flattening, threshold selection, etc.) and careful
analysis are required to obtain quantitative results, as detailed in SI.
By using this approach, we could detect and digitalize hundreds of flakes having thickness

Definition of sheet size
A particular issue in characterizing 2D nanosheets is to define the “size” of the sheets, because
they have highly irregular shapes; we shall define for each sheet a given length L, measured
along the main axis, and a width W measured perpendicular to it (Fig. 2d).
For perfectly rectangular sheets the area A would be simply L ⋅ W . This is not true for
irregular shapes such as the ones typically obtained by exfoliation of 2D materials. However, the
image analysis software allows to measure pixel by pixel the area of each sheet, and use this as
the relevant parameter to monitor exfoliation.
To have a reliable parameter, not depending on a particular shape, we thus used as relevant
“size” of the sheets the square root of the sheet area, measured pixel by pixel: s =
case of perfectly rectangular shapes, this would be simply s =

Areameas . In

L ⋅ W ; for irregular sheets, this

has the same dimensionality but is a more reliable parameter than length L. Differently from L, s
does not depend on sheet shape, but only on the exact area.

Modelling of fragmentation processes
Fig. 3 shows that the statistical distributions of sheet sizes obtained with either sonication or
ball milling do not follow a Gaussian (a.k.a. “normal”) distribution, but are strongly asymmetric
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down to 1 nm, deposited on areas of 1 - 400 µm2.
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and positively skewed, with a tail due to the presence of larger sheets in all samples. All the
physical dimensions of the exfoliated sheets (length, width, area, thickness) show the same
asymmetric, non-Gaussian distribution (some examples are shown in fig. S1 in SI).
In general, skewed functions are the most general case to describe the asymmetric distribution

of the most used distribution is the Poisson one, a discrete distribution that estimates the
probability of a given number of events occurring in a fixed interval of space (distance, area or
volume) and/or time if these events occur with a known average rate and independently from
each other.12 Poisson distribution is asymmetric and represents a very general case containing the
well know and commonly used Gaussian distribution which is obtained as a limit of the Poisson
one in the case of the total number of events N → ∞.
The Gaussian is a continuous symmetric distribution with the domain defined at all ℜ ; in
particular the position of the peak (mode) coincides with the mean value (µ) and the median and
the peak width are directly correlated with the standard deviation (σ); for these reasons, the
Gaussian function is widespread and is commonly used to model several kinds of real
distributions.
Given a distribution f ( µ ,σ ) , where µ is the distribution average and σ the distribution
standard deviation, the Gaussian is a good approximation for µ / σ >> 1 . This condition is not
satisfied for the measured length, width and size distribution of the BN sheets, as clearly shown
in Fig. 1,3 and Fig. S1. Moreover, the studied observables cannot be negative and the Gaussian
distributions cannot be used to reproduce the measured ones.

6
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of a physical observable (e.g., the size particle in powders or polymer blends). As example, one
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For exfoliated 2D nanosheets the mean value will not correspond to the median or to the
highest peak of the size distribution, and the standard deviation will not be proportional to the
half width of the distribution peak.
On the mathematic side, the importance of the Gaussian function is due to its role in the

quantities tends to have a Gaussian form, independent of the probability distribution of the
individual measurements. This is the case, as example, of the distribution of the x,y,z coordinates
of particles diffusing in a solvent, coming from the sum of random scattering events.
When, instead, the final size is the result of the product of many independent, identically
distributed actions, the final result is a highly skewed Log-normal distribution. The skewed
shape obtained in all exfoliation processes can thus be explained as the result of a more general
fragmentation process,3 where the size s of a sheet changes at each “cutting” event i as
si = si −1 / c .

In order to find the most appropriate analytic function to model exfoliation, we compared three
continuous probability distributions commonly used to study the fragmentation processes: (LN)
Log-normal, (W) Weibull and (G) Gamma function. A comparison of the properties of these
functions is reported in Table S1 in SI.
LN represents the distribution of a random variable whose logarithm is normally distributed. If
the random variable x is Log-normally distributed, then X = log(x) has a Gaussian distribution.
LN is characteristic of a random multiplicative process, and has previously been used to describe
many rock crushing processes.
Weibull function was the first function applied by Rosin & Rammler in 1933 to describe a
particle size distribution.13 W function describes the size distribution given by a series of

7
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fragmentation events which are not constant and whose rate is proportional to a power of size:
τ = s k , where k is the exponent of the power law.

Gamma Function is the generalization of the Maxwell-Boltzmann distribution and it is used to
study the collisional fragmentation problem.14 Moreover, G distribution functions are known to

partitioned Euclidean spaces).15
Fig. 3 shows the measured size distribution of sheet size f(s), obtained by sonication and ball
milling with high and low power (see SI for details). To avoid any artefacts we used for the fit
only sheets having s>50 nm, significantly larger than AFM resolution. Experimental data have
been fitted using different statistical distributions: LN (black line), W (blue line) and G (green
line). In general, it is difficult to discriminate between the Log-normal, Weibull and even
Gamma distributions in particle size distribution curves as evident from the figure; the
coefficient of determination (R2) is 0.93 – 0.94 for all the three curves (the closer is R2 value to 1,
the better is the fitting).
In order to overcome this well-known problem (see16 as example), we studied the
complementary cumulative distribution functions: N(s) = N(sTOT ) −

s

∫ f (x)dx

, calculated by the

0

best fits of three curves. Given a size s, N(s) function indicates the number of sheets larger than
s, for this reason it’s also called survival or reliability function.
The measured distribution and the calculated curves are displayed in Fig. 4 using a semi-log
scale visualization. The comparison between all the curves shows clearly that the experimental
distribution N(s) of sheet sizes follows a Log-normal curve. Sheet distribution obtained with very
different methods (sonication and ball milling) can thus be fitted using the same model,
suggesting that the sheet size distribution does not depend on the details of the preparation
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provide a very good fit to the distribution of cell sizes in Voronoi textures (i.e area in 2D
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methods, but is instead a common feature in the exfoliation of 2D materials. This kind of
“universal behaviour” is not surprising, and has been observed in different disciplines.3 The
presence of Log-normal behaviour is characteristic of a random multiplicative process; it
indicates that exfoliation follows a linear fragmentation model, i.e. a process where the

where the repeated collisions between fragments can be neglected. 17According to Kolmogorov
theory18 the LN distribution represents the final size distribution in the limit of small BN
fragments originated by a “mother cluster” which broke into random-sized fragments through a
stochastically determined process (Markov process). The regime of limit of small fragments
corresponds to the case in which the fragmentation is completely described by rupture-like
breakup events while the erosion-like events (described by a size distribution with bimodal
shape) can be completely neglected.
Not only many different variables distributions follow a Log-normal behaviour, but even the
width of these Log-normal distributions (calculated as the variance of the normalized unit
S = ln s smode ) range from about 0.2 to 0.5 in several different cases in literature.19

We calculated the effective distribution widths VEff for all our samples (fig. 5); while, as could
be expected, variance increases slightly with processing time, all values found lay within the
range 0.2-0.5 indicating that the fragmentation event is nearly binary, i.e., one flakes is divided
in two flakes, with no “multiple fragmentation” events.19 In simpler words, in the assumed
fragmentation si = si −1 / c we have c≈2.
Last but not least, it can be seen that the distribution decay is linear for large s, indicating that
the exfoliation proceeds through the formation of a distribution of random cracks that follows
Poisson statistics.7, 20

9
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Shape analysis of the exfoliated sheets
Using image processing of the AFM images, we could also calculate the length/width aspect
ratio for all the samples. We found that, even if the sheet’s size spans over nearly two orders of
magnitude (within the range between 30 and 1000 nm), the overall length/width (L/W) ratio is

the data points analysed are shown in Fig. S2). Summarizing, (L/W) ratio only depends on the
fragmentation technique, but doesn’t show any appreciable variation on the processing time
and/or processing conditions.
To check if this ratio is simply due to a random distribution of sheets’ shape, we compared it
with the L/W ratio of artificial, computer-generated rectangles having random sides a and b
spanning the same size range observed for real nanosheets. Fig. 6 shows length vs. width plots
obtained from experimental data (Fig. 6a) or from computer-generated rectangles with random,
uncorrelated length and width (Fig. 6b).
The experimental data in Fig. 6a were obtained from the AFM analysis of more than 1400
sheets produced by sonication and ball milling at different times. The artificial data in Fig. 6b
were instead obtained generating rectangles were the sides of each rectangle are uncorrelated,
even if having a Log-normal distribution with the same mean values and standard deviation of
the experimental ones.
The calculated distribution in Fig. 6b clearly shows different behaviour respect to the measured
ones and has a L/W ratio = 4.0±0.1, significantly larger than that obtained from the
measurements. The experimental length and width of sheets are thus correlated, as visible in Fig.
6a and Fig. S2, and their ratio is not a random value. This suggests that the shear stress of 2D
sheets along different directions yields fracture probability of sheets having a preferred L/W
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fairly constant, being ≈2.8 for sonication and ≈2.6 for milling (see Fig. 6a; all graphs showing
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aspect ratio. This ratio is slightly larger for sonication (L/W≈2.8, likely due to the aligning effect
of collapsing cavitation bubbles21) than in ball milling, (L/W≈2.6), where shear force can cleave
the BN flakes from their outer surfaces, while the compression force can crush and delaminate
thin nanoplatelets acting on their edge.22 Scanning Electron microscopy (SEM) images of BN

compression action of the milling spheres is visible on several flakes, with BN stacks shifted
over each other, showing folds not only on the surface of the platelets, due to the shear force of
balls rolling over the top surface of the particle, but also inside the platelets due to the
compression force of milling balls colliding with the edge of the particles.23

Sheet size evolution with time
We studied the evolution of average size at increasing processing times, that we call smean (t).
As mentioned above, we should keep in mind that this average value will not correspond to the
median or to the highest peak of the size distribution N(s), because it is not Gaussian.
The AFM size analysis, performed on surfaces at the nanoscale, gives similar results to
macroscopic DLS measurements performed in solution, but with an offset (DLS gives an
estimated size that is larger than the AFM measured one of ca. 20%, see SI for more details).
LN distribution is observed for all the used fragmentation procedures and for different times.
Hansen et al.24 observed that the size scales with time as an inverse power-law: smean ∝ t −1/ λ (Fig.
S3) where λ (a.k.a. homogeneity index) is the exponent of the overall rate of breakup a( s ) ∝ s λ .
According to this model, higher values of λ indicate that fragmentation speed is strongly
dependent on sheet size.
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In our sonication experiments, the value of λ (homogeneity index) goes from 8±1 to 4.5±0.6
by increasing sonication power, suggesting that in high power sonication, with high shear rates,
the probability of breaking is more uniform for sheets of different sizes.
A similar inverse power-law dependence (with λ=2) as been recently reported by Khan et al.25

nanotubes21 to model the size reduction of sonicated graphene sheets.
We note that the application of models developed for 1D objects to 2D shapes is not
straightforward. A 1D nanotube can be defined with a single dimension L and can broken in just
one direction, perpendicular to its long axis; conversely, a 2D sheet can be broken in different
directions, shall have different length/width ratio, and thus have a different evolution of the
average area or average lateral size with processing time. Moreover, the power law should
depend on the power dissipated during the fragmentation events.
Finally, the statistical procedure described here was used to compare the average size of BN
sheets obtained by high sonication and milling. The asymptotic values are 105±7 nm and 100±8
nm, for high and low power sonication, while for milling we obtain 142±8 nm and 136±4 nm,
respectively for high and low power. We underline that (differently from size distributions
discussed above) these numbers are not universal results but depend on the exfoliation conditions
used such as processing conditions, time, solvent, etc.
To test the processability of the obtained materials, we used them to produce BN paper
membranes by filtering the solution on filter paper. Upon removal of the filter, we obtained
uniform membranes of BN, robust enough to be handled and further processed (Fig. S5).

12
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exploiting a theory previously involved to reproduce the length distributions of sonication of 1D

Page 13 of 23

Nanoscale

In conclusion, we characterized the size distribution of BN nanosheets produced in solution by
sonication and ball milling. In all the different samples tested, the cumulative size distribution of
the sheets at a given time follows a Log-normal distribution.
We did not observe a power-law distribution of sizes that would imply a scale-invariant

not follow fractal law, but rather has a “typical” sheet scale length.
The Log-normal best-fit curves obtained show a very good linearity in semi-log scale (black
lines in Fig. 4) within the data range (R2 = 0.9936) This behaviour corresponds to the simplest
case of the empirical Rosin-Rammler equation,26 indicating that for both sonication and ballmilling techniques, exfoliation proceeds through the formation of a distribution of random cracks
that follow Poisson statistics.7, 20 The fragmentation can be simply described as process mainly
driven by external source and completely described by rupture-like breakup events.
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Fig. 1 Comparison of the typical size distribution obtained by exfoliation with other distributions observed in 2D
materials, geology and biology. a) Histogram of length distribution of BN nanosheets length obtained by liquid
phase exfoliation. b) Distribution of potassium in mineral rock.4 c) content of hydroxymethylfurfurol in honey.3
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Fig. 2 a) SEM image of the pristine BN flakes used for exfoliation. b) Exfoliated solutions of BN in isoproanol,
showing strong scattering due to the dispersed flakes. c) AFM image of BN nanosheets spin coated on silicon oxide
substrates. d) Zoom-in of a single nanosheet, showing the typical, non exact way to estimate of its length and width.
e) Histogram distribution of sheet size obtained instead measuring precisely the area of each sheet.
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Fig. 3 Nanosheet size distribution obtained with sonication and ball milling, using different preparation conditions.
A fit of the experimental data using Log-normal, Weibull or Gamma distributions is also reported in black, blue,
green lines respectively.
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Fig. 4 Survival distribution functions (empty squares) corresponding to the data shown in fig. 3. A fit of the
experimental data using Log-normal, Weibull or Gamma distributions is also reported in black, blue, green lines
respectively.
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Fig. 5 Effective variance of the Log-normal distribution observed for all samples. The shaded area indicates the 0.20.5 “universal” variance observed in several different cases in literature.19
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Fig. 6 Length/width plots of BN sheets (a) measured in the case of High power Sonication and (b) calculated by
random distributions, plotted in Log-log scale. Blue dash-dot line represents the case of aspect ratio = 1. (c,d)
Corresponding L/W ratio distributions (red bars) (c) measured in the case of High power Sonication and (d)
calculated by random distributions. Blue vertical lines show the mean values.
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Fig. 7 SEM images showing the effect of different forces in BN exfoliation by milling and sonication
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