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Stress engineering is becoming an increasingly important method for controlling electronic, optical, and magnetic properties
of nanostructures, although the concept of stress is poorly defined at the nanoscale. We outline a procedure for computing
bulk and surface stress in nanoparticles using atomistic simulation. The method is applicable to ionic and non-ionic materials
alike and may be extended to other nanostructures. We apply it to spherical anatase nanoparticles ranging from 2 to 6 nm in
diameter and obtain a surface stress of 0.89 N/m, in agreement with experimental measurements. Based on the extent that stress
inhomogeneities at the surface are transmitted into the bulk, two characteristic length-scales are identified: below 3 nm bulk
and surface regions cannot be defined and the available analytic theories for stress are not applicable, and above about 5 nm the
stress becomes well-described by the theoretical Young-Laplace equation. The effect of a net surface charge on the bulk stress
is also invesigated. It is found that moderate surface charges can induce significant bulk stresses, on the order of 100 MPa, in
nanoparticles within this size range.

1 Introduction

Stress is a physical quantity that expresses the forces that
neighbouring atoms exert on each other. It is well-defined in
continuum mechanics but loses its rigour in the atomic limit.
Nevertheless, stress is very important at the atomic scale and
plays an essential role in the properties of nanomaterials.

Stress modifies the electronic band structure of materials1–5

which, in turn, modifies the electronic, optical, and magnetic
properties. This behaviour has wide-ranging applications. For
example, lattice mismatches are often exploited in the design
of semiconductor heterostructures6–8. The lattice mismatch
produces strain that either alters the band gap directly or, if
the stresses are too large to be tolerated, results in the gen-
eration of misfit dislocations to ease the strain5. The optical
properties of silicon nanoparticles have also been engineered
through strain by embedding them in a host matrix9.

Many of the exceptional properties of decahedral gold
nanoparticles are attributed to the large stresses that result
from the disclination intrinsic to their five-fold structure10,11.
The strain energy is also believed to play an important part in
their poorly-understood stability and morphology12,13.

It has even been reported that the surface stress intrinsic
to metal nanowires can be sufficiently large to induce phase
transformations in the bulk14,15.

A continuum-based approach to stress in nanomaterials
will often be inadequate, omitting details that only emerge in
an atomistic treatment16. However, despite the importance
of stress in nanomaterials design, there have been no pre-
vious atomistic studies of stress in nanostructures of multi-
component materials, such as metal oxides. This is not due
to a lack of theoretical groundwork17–25 but is likely due to

the challenges of computing local stress in such materials.
When the standard techniques for computing local stress are
applied to multi-component materials they produce unphysi-
cal answers. Indeed, the only atomistic studies that we are
aware of that investigate local stress in nanostructures have all
been limited to one-component metals (e.g., Refs26–32). It was
only in a recent paper by Branicio and Srolovitz that a set of
methods for handling atomic-level stress specifically in multi-
component materials were outlined33. One of the easier-to-
implement and more versatile of these methods, and that re-
fined in this work, combines the standard virial stress compu-
tation with Hardy’s34 idea of locally smearing the atoms in
space. To our knowledge, the present work provides the first
practical application of this method.

Titania nanoparticles are one of the most ubiquitous
nanomaterials, with several important technological appli-
cations35, including photocatalysis, sensors, solar cells,
and memory devices. Accordingly, their size-dependent
stress/strain properties have received a considerable amount
of experimental attention36–41. Of particular interest is the pa-
per of Zhang, Chen and Banfield36 in which X-ray diffrac-
tion was used to determine the size-dependent lattice param-
eters of nanoparticles as small as 4 nm (a size readily ac-
cessible to simulation). From the lattice parameters the bulk
strain and stress, and thence the surface stress, were deter-
mined. The nanoparticles were of the anatase polymorph and
were shown using transmission electron microscopy to be very
nearly spherical, a consequence of the high temperatures at
which they were grown. In the present paper we outline a pro-
cedure, applicable to any material, for computing both bulk
and surface stress in nanoparticles. When applied to anatase
we achieve excellent agreement with the measurements of
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Fig. 1 The 1
3 Tr(ΠΠΠ)-stress in bulk titania averaged over all titanium ions for a range of Gaussian sizes. Without the stoichiometric correct,

Equation (1) is used, and with, Equation (3). In (a) the titania is unstrained, and in (b) the titania was strained by 5% in the [001] direction.

Zhang et al36. Further to this, the effect of charge on the bulk
stress of nanoparticles is investigated. An example application
of charged nanoparticles is in the construction of thin films via
the self-assembly of nanoparticles that have been oppositely
charged (e.g., through amine-functionalisation)42,43.

2 Results and Discussion

2.1 Atomic-level stress

A continuous atomic-level stress field Παβ (rrr) can be com-
puted through local spatial averaging of the atomic virials.
Branicio and Srolovitz33 proposed to achieve this by convo-
luting the atomic virial tensors W αβ

i with a normalized local-
isation function P(rrr), viz.

Π
αβ (rrr) = ∑

i
P(rrr−〈rrri〉)〈W αβ

i 〉 (1)

where we sum over each atom i in the system, and 〈·〉 denotes
time-averaging. A justification for this equation and the ex-
pression for W αβ

i are both provided in the Methodology sec-
tion below. In this work we employ a Gaussian localisation
function

P(rrr) =
27

α3(2π)3/2 exp(−9r2/2α
2) (2)

where α parametrizes the size of the Gaussian and is equiva-
lent to three standard deviations.

In multi-component materials the atomic virials exhibit
large, unphysical, species-dependent modulations. In which
case, too small a choice of α will result in large and unphysi-
cal variations in the stress field that obfuscates the true Cauchy

stress field, while too large a value will impede the resolution.
The ideal choice of α would therefore be the smallest value
that achieves a smooth, converged stress field.

Convergence of the stress field occurs at any given point
once the virial contributions from the local ions approach the
correct stoichiometry. Generalising Eq. 12 of Ref33, we pro-
pose a modification to Equation (1) that involves scaling the
ionic contributions so as to artificially achieve the correct sto-
ichiometry for smaller choices of α ,

Π
αβ (rrr) = ∑

X
SX(rrr)∑

i∈X
P(rrr−〈rrri〉)〈W αβ

i 〉 (3)

where we sum over all species X and all atoms i ∈ X belong-
ing to species X, and have introduced the stoichiometric cor-
rection

SX(rrr) =
∑ j P(rrr−〈rrr j〉)

∑ j∈X P(rrr−〈rrr j〉)
nX

∑Y nY
(4)

where nX equals the number of atoms X in the material for-
mula (e.g., for TiO2, nTi = 1 and nO = 2).

To identify an appropriate α and test the efficacy of
the stoichiometric correction, we averaged the hydrostatic
( 1

3 Tr(ΠΠΠ(rrr))) stress at the sites of the titanium ions within a
bulk slab of anatase for α ∈ (0,1) nm, with and without the
stoichiometric correction, and for two cases: i) unstrained
anatase, and ii) anatase that had been strained by 5% in the
[001] direction. The results are plotted in Figure 1(a) and
(b), respectively. In both cases the stoichiometric correction
accelerates convergence, although not as significantly in the
strained case. Clearly for anatase a suitable, and somewhat
conservative, Gaussian size would be α = 0.5 nm with the
stoichiometric correction included. We note that this Gaus-
sian size is also suitable for studying the other polymorphs of
titania.
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Fig. 2 The derivative of the bulk stress as a function of the ‘surface
thickness’ λ for all twenty-one nanoparticles. Those with diameters
below 3 nm have been distinguished from the rest.

2.2 Bulk and surface stress

Twenty-one charge-neutral nanoparticles ranging from 2 to
6 nm in diameter were constructed and then relaxed using
molecular dynamics simulation. The details of the simulation
method are presented in the Methodology section below.

To compute the bulk and surface stress of the nanoparticles
it is necessary to identify the region where the surface ends
and the bulk begins. Let us suppose that this delimitation oc-
curs at a distance λ from the outermost atoms, then the bulk
stress for a nanoparticle of diameter D, denoted B(λ ;D), is
obtained by averaging 1

3 Tr(ΠΠΠ(rrr)), the hydrostatic stress field,
over a concentric sphere of diameter D−2λ . The choice of λ

is somewhat arbitrary but an ideal choice would be one where
the measure of the bulk stress is insensitive to small varia-
tions in λ , i.e. dB(λ ;D)/dλ ≈ 0. This derivative is plotted
in Figure 2 as a function of λ for each nanoparticle. Curves
for the nanoparticles with diameters D≤ 3 nm have been dis-
tinguished from the rest to illustrate that they do not level
off to (approximately) zero whereas nanoparticles with D > 3
nm do. In particular, the curves corresponding to the larger
nanoparticles begin to level off in the range 0.5≤ λ ≤ 0.9 nm.
We have therefore computed the bulk stress B(λ ;D) of each
nanoparticle for multiple λ within this interval, specifically
λ = 0.5,0.55, . . . ,0.9 nm, and present the results in Figure 3
(the plus symbols).

It can be seen that below 3 nm the bulk stresses are scattered
and therefore highly sensitive to λ , whereas we obtain fairly
consistent measures above this range. This result can be ex-
plained in light of Figure 2 which suggests that it is not mean-
ingful to distinguish the bulk from the surface in nanoparticles
with diameters smaller than 3 nm. In other words, below this
size, a nanoparticle is essentially just a surface.

Experimental measurements
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Fig. 3 The bulk stresses for all twenty-one nanoparticles. The
measurements for different surface thicknesses (λ ) are shown with
plus signs, while the best-guess λ = 0.7 nm is shown with circles.
The experimental measurements were taken from Zhang et al36.

In the case of a continuous spherical nanoparticle, the bulk
stress is described by the Young-Laplace equation

B(λ ;D) =−4τ(λ )

D
(5)

where τ(λ ) is the surface stress and will depend upon the
choice of λ . We fit this equation to our B(λ ;D) data points
for the aforementioned range of λ but restricted the analysis
to nanoparticles larger than 3 nm. The value λ = 0.7 nm was
found to give the smallest variance with respect to the theoret-
ical curve and is thus taken as the appropriate surface thick-
ness. The corresponding surface stress is τ(0.7nm) = 0.89
N/m which agrees with the experimental value of 0.85±0.15
N/m, validating our approach.

We wish to emphasize that our ‘surface thickeness’ λ is
merely a parameter of the analysis, chosen in order to max-
imize agreement with the theoretical curve. It will inevitably
be larger than the actual physical thickness of the surface layer
due to the fact that we are blurring the stress field (by convolut-
ing the atomic virials with Gaussians) and thus the stress from
the surface will manifest itself slightly beyond any physical
strain. However, Figure 2 does provide a means of approxi-
mating the physical surface thickness: a reasonable point of
demarcation between the surface and bulk would correspond
to zero curvature of the stress B(λ ;D), i.e. d2B(λ ;D)/dλ 2 =
0, which corresponds to the minima that occur at approxi-
mately 0.3 nm (for D> 3 nm) in Figure 2. This value is consis-
tent with previous estimates of surface thickness in nanoparti-
cles38,44,45.

As shown in Figure 3, in the interval 3 < D < 5 nm,
the bulk stresses are widely scattered about the theoretical
curve. Above this range, however, the data points converge
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Fig. 4 The three columns each correspond to a nanoparticle, shown in the top row (a)-(c). Row (d)-(f) shows a cross-sectional plot of the
stress. Rows (g)-(i) and (j)-(l) show equal-area projections of the stress on the surface of a sphere of diameter D and D/2, respectively. The
colours correspond to the legend at the bottom.

towards the theoretical curve. This implies that the atomistic-
continuum threshold for describing spherical titania nanopar-
ticles is about 5-6 nm. We can rationalize this transition by
considering the distribution of stress in the nanoparticles.

2.3 Stress distribution

Figure 4 shows three nanoparticles, (a)-(c), of respective di-
ameters 2, 4, and 6 nm. Each column depicts the correspond-
ing stress field. Figures (d)-(f) show cross-sectional plots of
the stresses, while the remaining two rows are Mollweide
equal-area projections of the stress on the surface of concen-
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tric spheres of diameters D and D/2, respectively. In other
words, they show the equiradial stress distribution ((g)-(i)) on
the surface, and ((j)-(l)) in the core, of each nanoparticle. It
is important to note that one can only speak very loosely of
“stress” in the vicinity of the surface (or any other inhomo-
geneity). Nevertheless, as is expected from the virial defi-
nition itself, and as will be demonstrated in this section, the
“stress” in the surface region does provide qualitative infor-
mation regarding the magnitude and nature of the forces (e.g.,
compressive or expansive).

The surfaces can be seen to display significant stress inho-
mogeneities that include substantial patches of negative sur-
face stress. Such inhomogeneities are, of course, expected
given the large structural variations on the surface. The bulk
stresses, on the other hand, also exhibit surprisingly large in-
homogeneities. These must be a consequence of the surface
inhomogeneities. Indeed, a surface-bulk stress correlation can
be identified quite easily by comparing the equiradial stress at
the surface (h) with that in the core (k) for the 4 nm nanopar-
ticle. For this purpose, we have traced a contour in (k) and
superimposed it upon the surface (h). In the core (k), the con-
tour primarily encloses regions of positive stress, with the neg-
ative stress excluded. In contrast, at the surface, the patches
of negative surface stress fall almost invariably within the cor-
relative region of the contour. It follows that the negative re-
gions of the surface must undergo local expansion which re-
sult in the local bulk being stretched, thus generating positive
stress. We conclude that, around this particle size (roughly
3 < D < 5 nm), surface distortions induce large bulk inhomo-
geneities that cause the continuum model to fail.

Finally, we note that in the smallest (2 nm) nanoparticle
(d), it is visually apparent that there is no meaningful way to
delimit the bulk from the surface. This explains why we could
not quantify the bulk stress with any consistency below 3 nm.

The visualisation of stress showcased here may prove valu-
able given recent advances in experimental methodologies
that enable the imaging of strain distribution in nanomateri-
als46–50.

2.4 Charge-induced stress

We can predict the bulk stress induced by a surface charge
in a continuum model by considering a continuous spherical
particle for which the bulk stress is zero at a diameter D0 and
the equilibrium diameter is D. By minimising the energy of
such a particle it can be shown that

κ

(
D3

D3
0
−1
)
=−4τ

D
+

1
2ε0

(
Q

πD2

)2

(6)

where τ is the surface stress, Q the net surface charge, κ the
bulk modulus, and ε0 the permittivity of free space. This equa-
tion describes the balancing of stress in the particle, with the

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 10 20 30 40 50

Net charge (elementary)

C
ha

rg
e-

in
du

ce
d 

st
re

ss
 (

G
P

a)

D
 =

 2
 n

m

D
 =

 3
 n

m

D =
 4 

nm

D = 5 nm

D = 6 nm

Fig. 5 The change in bulk stress due to an excess charge adsorbed
on the surface. The measurements were made for a 4 nm
nanoparticle (circles). The corresponding theoretical predictions are
shown with the solid line.

term on the left-hand side being equal to the bulk stress. The
first term on the right-hand side is the stress exerted by the sur-
face on the bulk, in accord with the Young-Laplace equation,
and the final term is, effectively, the stress exerted on the bulk
by a net and uniform surface charge Q.

To test the validity of this simple model in describing dis-
crete charges distributed almost uniformly across a nanopar-
ticle, we placed an excess number of oxygen ions onto the
surface of the 4 nm nanoparticle. At sufficiently high temper-
atures the surfaces of such nanoparticles would reconstruct to
minimize the electrostatic energy but this option is inhibited
at low temperatures due to high activation barriers. In the ab-
sence of reconstruction the nanoparticles expand to reduce the
electrostatic self-interaction of the surface charge. We there-
fore relaxed the charged nanoparticles at 10 K to inhibit re-
construction and investigate the bulk stress induced by surface
charge. We believe such simulations are relevant to the sce-
nario of charged organic molecules adsorbed on the surfaces
of nanoparticles since, in these cases, reconstruction would be
unlikely to occur.

The resultant changes in bulk stress for varying charge den-
sities are presented in Figure 5 (circles) along with the theo-
retical curves (Equation (6)). For the smaller charge densities
the data points do not follow the predicted trend, which is not
surprising since they fall far short of the assumption of unifor-
mity. However, for the larger charge densities, where the as-
sumption of uniformity is more legitimate, the stresses agree
reasonably well with the theory, giving very similar magni-
tudes and displaying the correct charge-dependence. The dis-
crepancy between the data points and the theoretical curve is
likely due to the assumptions of uniformity, continuity, and
perfect sphericity. Another cause could be the effect that the
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added ions have on surface structure which will affect the sur-
face stress, and therefore the bulk stress.

In any case, the magnitude of the charge-induced stress is
surprisingly large (up to 1 GPa). An excess charge could there-
fore reduce or even eliminate the compression caused by the
surface stress in nanoparticles, and may therefore provide a
means of engineering strain at the nanoscale.

3 Conclusions

We have introduced a method for studying stress in nanopar-
ticles of both single- and multi-component materials and ap-
plied it to titania.

We have demonstrated that the surface stress induces a
stress in the interior of the nanoparticle, the magnitude of
which increases as the diameter of the particle decreases. For
particles with diameters larger than 5 nm the calculated bulk
stresses agree well with experimental measurements. Fitting
the results to the Young-Laplace relationship gives a value of
0.89 N/m for the surface stress, in agreement with the exper-
imental value of 0.85 ± 0.15 N/m. This agreement validates
the use of atomistic simulation as an alternative to experimen-
tation for studying stress and strain in nanoparticles.

Adding discrete charges to the surface of the nanoparticles
induces an additional stress as the particle expands in order to
decrease the Coulomb interaction, and can be reasonably well
described by a continuum electrostatic/elasticity model. This
charge-induced tensile stress can more than compensate for
the compressive stress induced by the surface stress and sug-
gests that the adsorption of charged molecules on nanoparticle
surfaces may prove to be a viable technique for stress-induced
band structure engineering.

Thus our investigation has provided new insight into the ef-
fects of surface stress at an atomic level. It could easily be
applied to other important technological nanostructured mate-
rials and make a real contribution to stress/strain-induced band
gap engineering in quantum dots and semiconductor devices.

4 Methodology

4.1 Atomic-level stress: basic theory

The total stress tensor of an atomic system of volume Ω is
equal to the volume-average of the constituent atomic virials,

Π
αβ =

1
Ω

∑
i

W αβ

i (7)

where, for the two-body interatomic potentials φi j(r), the i-th
atomic virial is

W αβ

i =−mivα
i vβ

i −
1
2 ∑

j 6=i

(
− 1

ri j

∂φi j(ri j)

∂ r

)
rα

i jr
β

i j + . . . (8)

where rrri and vvvi are the position and velocity vectors of atom
i respectively, and rrri j = rrri− rrr j. The superscripts denote the
Cartesian components and the ellipsis represents the higher-
order atomic virial contributions that may arise in molecular
simulation, such as three- and four-body interactions and a k-
space term from long-range electrostatics.

For an appropriate atomic volume ωi, such as the Wigner-
Seitz/Voronoi volume, the atomic virial stress of the i-th atom
can be defined thus, π

αβ

i = W αβ

i /ωi. This quantity is taken
to be a measure of the stress contributed by, and therefore in-
cident upon, the i-th atom. At any instant in time it can be
decomposed into three parts

πππ i = πππ
cauchy
i +πππ

thermal
i +πππ

unphysical
i (9)

The first term is the Cauchy stress tensor which is the
physically-meaningful component that we are interested in
computing. The second term is noise caused by thermal
fluctuations: as the atoms oscillate they produce momen-
tary strains and thus stresses. These thermal stresses can
be eliminated through temporal averaging. The remaining—
unphysical—term is essentially a mathematical artifact. In
single-component materials it is zero due to symmetry. In
ionic materials, however, this species-dependent term is typ-
ically on the order of 10 GPa and therefore obfuscates the
Cauchy stress. Fortunately though, by definition, the unphys-
ical terms must cancel and disappear when averaged over a
sufficiently large volume, i.e. they can be eliminated through
local spatial averaging.

If we define a continuous, non-negative function P(rrr) such
that

∫
Ω

P(rrr)drrr = 1, then the total stress tensor of Equation (7)
can be rewritten as follows

Π
αβ =

1
Ω

∑
i

(∫
Ω

P(rrr−〈rrri〉)drrr
)
〈W αβ

i 〉 (10)

=
1
Ω

∫
Ω

(
∑

i
P(rrr−〈rrri〉)〈W αβ

i 〉

)
drrr (11)

from which a continuous Cauchy stress field is recovered

Π
αβ (rrr) = ∑

i
P(rrr−〈rrri〉)〈W αβ

i 〉 (12)

where 〈·〉 denotes time-averaging and is performed to elim-
inate the thermal stress field. This expression matches that
presented in Ref33 and forms the basis of our stress calcula-
tions.

4.2 Constructing spherical nanoparticles

Spherical nanoparticles were constructed by cutting spheres of
the desired diameters from an infinite lattice of anatase. This
straightforward method of constructing spherical nanoparti-
cles is common in atomistic studies of nanoparticles (e.g.,
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Refs51–54). We neutralized each nanoparticle by randomly re-
moving any excess ions from their surfaces.

4.3 Molecular dynamics simulations

The molecular dynamics simulations were performed using
DL_POLY Classic 1.955 that was modified to compute and
output the atomic virials of Equation (8). Each nanoparticle
was relaxed for 0.1 ns at 300 K to allow the surfaces to recon-
struct. They were then quenched at 10 K and equilibrated for
1 ns, allowing mechanical equilibrium to be achieved while
minimising thermal fluctuations. This was followed by a fur-
ther 0.1 ns production period during which time the atomic
virials and coordinates were averaged.

The simulations were performed in the canonical ensem-
ble. Each nanoparticle was in a non-periodic (infinite) volume
and the electrostatics were computed directly with a 7 nm cut-
off. In the bulk simulations, the long-range electrostatics were
handled by the Ewald summation. The Nosé-Hoover thermo-
stat maintained the desired temperature with a relaxation con-
stant of 0.5 ps. The leapfrog Verlet algorithm with a time-step
of 4 fs was used to integrate the equations of motion. The tita-
nia was modelled using the force field of Matsui and Akaogi56

which is considered the most suitable titania force field for use
in molecular dynamics simulations57–59, and consists of pair-
wise Buckingham and Coulomb potentials.
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The size-dependent surface and bulk stresses intrinsic to titania nanoparti-
cles are investigated using atomistic simulation. Surface charge is also shown to
induce a significant tensile stress.
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