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Modeling the photovoltaic characteristics of
Zr-doped TiO2 dye-sensitized solar cells by
incorporating CNT@TiO2

Mohammad Reza Mohammadi, *a Masoumeh Khamehchib and
Aida Mohammadic

Using a diffusion differential model, this paper presents models that have been developed to predict the

photovoltaic characteristics of Zr-doped TiO2 dye-sensitized solar cells (DSSCs) by incorporating a CNT–

TiO2 core–shell (CNT@TiO2) with mono- and double-layer photoanode configurations. The monolayer

cells are composed of Zr-doped TiO2 nanoparticles with different molar concentrations of Zr, while the

double-layer devices are composed of Zr-doped TiO2 nanoparticles with optimum Zr content (i.e., 0.025

mol%) as the under-layer and CNT@TiO2, with varying CNT weight content, as the over-layer. The model

evaluates the impact of critical parameters, including Zr concentration, CNT@TiO2 content, operating tem-

perature, and photoanode thickness, on the photovoltaic characteristics of the devices. The model predic-

tions are validated, demonstrating their capability to accurately represent the photocurrent density–voltage

behavior of the devices. Results indicate that the photocurrent density of monolayer DSSCs increases with

increasing Zr content up to 0.025 mol% and then decreases with further increases in Zr molar percentage.

Moreover, both photocurrent density and open-circuit voltage of the double-layer devices first increase

with the introduction of CNT@TiO2 and then decrease, reaching the highest value at 0.025 wt%. It is found

that high operating temperatures lead to a decrease in the open-circuit voltage for all photoanode thick-

nesses, while the photocurrent density first increases with an increase in operating temperature and then

decreases with a further temperature increase, reaching a maximum at 30 1C. For monolayer DSSCs,

photocurrent density increases with electrode thickness up to 15 mm, after which it declines. These findings

present essential knowledge for optimizing the design and efficiency of DSSCs.

1. Introduction

Solar energy is a key solution for sustainable and eco-friendly
development, playing a vital role in curbing the excessive use of
fossil fuels. Traditional solar cells exhibit high efficiency; how-
ever, their production process is labor-intensive and costly, limit-
ing their widespread adoption. To overcome these challenges,
numerous studies have focused on developing cost-effective and
efficient alternatives, such as dye-sensitized solar cells (DSSCs).
The first DSSCs were developed by O’Regan and Grätzel1, achiev-
ing a record energy conversion efficiency of 14.7%.2 Improving
energy conversion efficiency is critical for the successful com-
mercialization of DSSCs. One effective strategy involves enhan-
cing electrical properties of TiO2 by selective doping, which can

significantly boost the photovoltaic performance of DSSCs. Sev-
eral studies have investigated the doping of TiO2 with transition
metals such as Ta, Nb, Li, Ni, Zr, and W.3–5 These modifications
aim to enhance the electrochemical characteristics and charge
transport. Liu et al.6 investigated the application of doped TiO2

electrodes in quantum dot solar cells. TiO2 sols were doped with
antimony and zirconium. It was observed that the doping of TiO2

with Sb and Zr enhanced the charge transport of the electrodes,
potentially enhancing the efficiency of the cells. The impact of W
doping in TiO2 for DSSCs, with doping levels ranging from 0.1%
to 5% was examined by Zhang et al.3 Doping improved the
material’s electronic properties, reducing charge recombination
and enhancing electron lifetime, which significantly increases
the short-circuit current density (JSC). The greatest efficiency
(9.1%) was also achieved with 0.2% W doping, resulting in a
17% increase in JSC and a 20% improvement in efficiency
compared to undoped DSSCs.

Light scattering is another method utilized in DSSCs to
enhance optical absorption. Because they trap incident light
inside the electrode, double-layer structures, which incorporate
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a second light-harvesting layer, are frequently used to improve
photocurrent density and boost cell performance. 1D nanos-
tructures, including nanorods, nanotubes, and nanofibers, are
widely employed as light-scattering materials to accomplish
this. Furthermore, they show effective electron transport and
lessen photo-injected electron recombination. At the same time,
multi-walled carbon nanotubes (MWCNTs) have garnered a lot
of interest due to their huge surface area and quick electron
transfer kinetics, which may be useful in solar cell applications.
It has been highlighted that by bridging nanoparticles, one-
dimensional nanostructures such as CNTs can function as light-
scattering components, improving electron transport inside the
photoelectrode sheet.7,8 Jung et al.8 studied the impact of
incorporating single-wall carbon nanotubes (SWCNTs) into
TiO2 film electrodes. The modified cells exhibited an increase
in JSC and a slight decrease in open-circuit voltage (VOC). This
improvement in JSC is linked to improved light scattering and
electrical conductivity, as well as to a high concentration of
electrons in the conduction band. It has been reported that
photoconversion can be doubled by incorporating SWCNTs into
photoelectrochemical cells composed of TiO2.9 In comparison
to pristine TiO2, the observations showed a shift in the Fermi
level upon the introduction of SWCNTs. Jang et al.10 studied the
effects of anchoring dye molecules on the photocurrent–voltage
characteristics of devices by integrating acid-treated SWCNs–
TiO2 films. The modified cells exhibited a 25% increase in JSC

compared to unmodified cells. Kim et al.11 reported that the
photocurrent–voltage properties of DSSCs were greatly
enhanced by the addition of rutile-TiO2-modified MWNTs. In
comparison to cells with pure TiO2 films, the JSC increased by
35%, while VOC remained constant.

Park et al.12 investigated sol–gel derived Zr/N-doped TiO2

photoelectrodes for DSSCs. A red shift in the absorption into the
visible spectrum was a characteristic of all the doped nano-
particles. Due to increased dye loading, reduced charge recom-
bination, and increased charge transport, it was shown that the
DSSCs composed of 0.01 molar Zr/N-doped TiO2 had an effi-
ciency of 12.62%. Many dopants, including Zr, alter the absorp-
tion and band edge of TiO2, resulting in DSSCs with enhanced
efficiency. Despite having a similar valence shell structure to Ti,
Zr-doped TiO2 has garnered considerable interest in DSSCs due
to its ability to improve light absorption and charge transport
efficiency. In another study, Moradzaman et al.13 reported that
Zr-doping improves dye adsorption by increasing porosity,
shifts light absorption to longer wavelengths by reducing the
band gap, and enhances electron injection, resulting in a PCE of
6.81% for Zr-doped TiO2 compared to 6.17% for pure TiO2.
Incorporating the CNT–TiO2 core–shell into the top layer of a
double-layer electrode further improves light scattering and
electron transport, achieving a maximum PCE of 8.19%, thereby
demonstrating significant efficiency gains through optimized
material design.

Although numerous experimental studies have investigated the
photocurrent density behavior of DSSCs, there remains a need for
a comprehensive prediction model specifically tailored to DSSCs
incorporating both CNTs and Zr-doped TiO2 nanoparticles, a gap

this work aims to fill. The previously reported models predomi-
nantly focus on DSSCs based on pristine TiO2 photoanodes.14–18

For instance, Aboulouard et al.18 proposed a diffusion model
based on the diffusion of electrons within a porous TiO2 thin
film. This model was used to evaluate the impact of operating
temperature on the performance of DSSCs. The findings revealed
that temperature significantly influences the solar cells’ open-
circuit voltage (VOC) and overall efficiency. An equivalent circuit
model for DSSCs has been developed by Warepam et al.19, provid-
ing an accurate representation and a good fit for the experimental
J–V curves and Nyquist plots. Tayeb et al. presented a simulation
model with the MATLAB/SIMULINK interface for photovoltaic
systems.20 The model simulates the I–V and P–V characteristics
of solar cells under various environmental conditions by incorpor-
ating the basic circuit equations of PV cells, taking into considera-
tion temperature fluctuations and solar radiation. These
characteristics were obtained for TiO2-, ZnO-, and SnO2-based
DSSCs using N3 dye molecules as the sensitizer. According to
the simulation data, several elements, such as semiconductor type
and environmental conditions, have an impact on the maximum
working performance of the PV modules.

In this work, a diffusion differential model presented
previously14,16,17 is developed to predict the photovoltaic perfor-
mance of mono- and double-layer Zr-doped TiO2 nanoparticle
DSSCs using CNT@TiO2. Moreover, the results of the developed
model are compared with those obtained experimentally.13 Finally,
the impact of CNT@TiO2 content, Zr molar percentage, operating
temperature, and photoanode thickness on the photovoltaic char-
acteristics of devices is investigated. While this work does not
present new materials or record-breaking efficiencies, it introduces
a validated, lightweight modeling framework that accurately pre-
dicts the photovoltaic performance of Zr-doped TiO2/CNT@TiO2

DSSC architectures across a range of design parameters. This tool
may accelerate experimental optimization and support rational
photoanode design in applied DSSC research.

2. Theory
2.1. Diffusion differential model for monolayer DSSCs based
on pristine TiO2

In order to provide a precise expression for the photocurrent
density, this mathematical model was presented under steady-
state conditions with an emphasis on electron diffusion within a
porous TiO2 thin film.17 This model is instrumental in under-
standing the operational mechanisms of DSSCs. Several authors
have utilized this model14,16 to investigate VOC as a function of
thickness and light intensity. In addition, it was applied to study
the impact of photoanode thickness on the maximum power
point. The following diffusion differential equation describes
the model:

D
@2nðxÞ
@x2

� nðxÞ � n0

t
þ Fae�ax ¼ 0 (1)

where n(x) represents the additional concentration of photo-
generated electrons at position x, measured from the TiO2/
substrate interface, and n0 denotes the equilibrium electron
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concentration in the dark (n0 = 1016 cm�3).21 The electron lifetime
t is about 10 ms,14,22 D is the diffusion coefficient of electrons
(D = 10�4 cm2 s�1),16 F represents the light intensity (F = 1 �
1017 cm�2 s�1)14,23 and a is the coefficient of light absorption of
the electrode (a = 5000 cm�1).23

The trapping and de-trapping of electrons were not accounted
for in eqn (1), as this effect is only significant under non-steady-
state conditions.24 Under short-circuit conditions, electrons are
efficiently collected as photocurrent, with no direct transfer to the
Pt counter electrode. The boundary conditions are established as
follows:

n(0) = n0 (2)

dn

dx

� �
x¼d
¼ 0 (3)

where d denotes the photoanode thickness. JSC can therefore be
calculated as:

Jsc ¼
qFLa

1� L2a2
�Laþ tanh

d

L

� �
þ Lae�da

cosh
d

L

� �
0
BB@

1
CCA (4)

where q represents the electron charge, valued at 1.60218 �
10�19 C, and L is the length of electron diffusion, expressed as:

L ¼
ffiffiffiffiffiffi
Dt
p

ð5Þ

The electron density at the TiO2/substrate interface rises to n,
when the DSSC functions with a potential difference V between
the Fermi level of TiO2 and the redox potential of the electrolyte,
establishing a boundary condition:

n(0) = n (6)

Eqn (1) shows that another boundary condition at x = d stays
constant. Eqn (1) can be solved to determine J in terms of V.

V ¼ KTm

q
ln

L Jsc � Jð Þ

qDn0 tanh
d

L

� �þ 1

2
664

3
775 (7)

where m is the ideality factor, being 4.5, and K is the Boltzmann
constant, being 1.38066 � 10�23 J K�1.14

Fig. 1 illustrates a schematic of the device with the boundary
conditions of the workflow.

2.2. Developing the diffusion differential model for
monolayer Zr-doped TiO2 DSSCs

Since the photovoltaic performance of Zr doped-TiO2 DSSCs
depends on Zr content,13 a model to predict the current
density–voltage (J–V) properties of these devices is presented.

The diffusion differential model considers different external
and internal factors and can also predict J–V of a DSSC based
on pristine TiO2. Herein, this model is developed for the
photocurrent density of the DSSCs based on Zr-doped TiO2

nanoparticles. To achieve this, eqn (4) is modified as follows:

Jsc ¼
qFLa

1� L2a2
�Laþ tanh

d

L

� �
þ Lae�da

cosh
d

L

� �þ j

0
BB@

1
CCA (8)

The function j is in this form:

j = aebntanh(n) (9)

where n is the content of Zr in molar percentage, and a and b
are the empirical parameters calculated by fitting the experi-
mental data with eqn (7).

2.3. Developing the diffusion differential model for
double-layer Zr-doped TiO2 DSSCs containing a CNT–TiO2

core–shell

We introduce a model to predict the photocurrent density of
double-layer DSSCs made of CNT@TiO2 as the over-layer and
0.025 mol% Zr-doped TiO2 nanoparticles as the under-layer. In
the following, the developed diffusion differential model in the
previous section is redeveloped for the photocurrent density of
these devices. To do this, substituting eqn (9) in eqn (8) for n =
0.025 mol%, eqn (8) is modified as follows:

Fig. 1 DSSC schematic with the boundary conditions.

Jsc ¼
qFLa

1� L2a2
�Laþ tanh

d

L

� �
þ Lae�da

cosh
d

L

� �þ ae0:025b tanh 0:025ð Þ þ j0

0
BB@

1
CCA (10)
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The function j0 is expressed in this form:

j0 = a0eb0n0tanh(n0) (11)

where N0 is CNT content in wt%, and a0 and b0 are the empirical
parameters calculated by fitting experimental data using eqn (7).

Eqn (9) and (11) appear to be suitable choices for two
reasons. First, when n(n0) = 0, the developed model simplifies
to the original model. Second, this developed model is well-
defined for various values of n(n0).

Although the double-layer photoanode architecture consists
of two distinct functional regions, a Zr-doped TiO2 under-layer
and a CNT@TiO2 over-layer, the present modeling framework
adopts an effective single-layer approximation to maintain
tractability in the absence of layer-resolved experimental para-
meters. In the reference study by Moradzaman et al.,13 the total
photoanode thickness is reported as approximately 14 mm, but
the individual thicknesses of the under- and over-layers are not
specified. Consequently, a fully resolved two-domain diffusion
model with explicit internal boundary conditions would intro-
duce significant uncertainty due to underdetermined transport
parameters (e.g., layer-specific diffusion coefficients, electron
lifetimes, and absorption profiles). To circumvent this limita-
tion while preserving predictive accuracy, we retain the same
diffusion differential equation (eqn (1)) and global boundary
conditions (eqn (2)–(3)) applied at the FTO/TiO2 interface (x = 0)
and the electrolyte/porous film interface (x = d) but incorporate
the structural and functional effects of the bilayer design
through the empirical correction functions j and j0 (eqn (9)
and (11)). These functions are calibrated against experimental
J–V data, and effectively encapsulate the combined influence of
enhanced light scattering, improve electron percolation via
CNT networks, and modify recombination dynamics intro-
duced by the CNT@TiO2 over-layer. While a more rigorous
treatment would involve solving separate diffusion equations
in each sublayer with continuity of electron concentration and
flux at the internal interface (x = d1), such an approach requires
detailed knowledge of interfacial energetics and layer-specific
transport properties that are not available in the current experi-
mental dataset. Nevertheless, our effective-medium strategy is
physically justified under the assumption that the Zr-doped
TiO2 and CNT@TiO2 layers are sintered into a continuous,
electronically connected network without insulating barriers,
allowing the internal interface to behave as a smooth composi-
tional transition rather than a sharp discontinuity. The model’s
high fidelity, demonstrated by a prediction error of only 3.7%
against independent experimental data, validates this simplifi-
cation as a pragmatic and effective means of capturing the
essential physics of the double-layer architecture. Future work
will aim to refine this approach by implementing a true two-
region diffusion model once layer-resolved characterization data
become accessible.

Although the model does not explicitly incorporate optical
scattering physics, the empirical correction functions j(n) and
j0(n0) implicitly account for the net enhancement in photocurrent
due to light scattering, increased dye loading, and improved
charge collection in the double-layer architecture, as these effects

are inherently embedded in the experimental J–V data used for
calibration.

3. Results and discussion
3.1. Photovoltaic characteristics of monolayer Zr-doped TiO2

DSSCs

We employ the developed diffusion differential model to pre-
dict the photocurrent density of DSSCs based on Zr-doped TiO2

nanoparticles. To achieve this, the experimental database
reported by Moradzaman et al.13 is divided into two data sets:
the training data set presented in Table 1 and the test data set
shown in Table 2. The training data set is used to estimate the
unknown parameter in eqn (8), and the test set is used to verify
the developed model. All simulations were performed using
Wolfram Mathematica 13 through the least squared method.

Moradzaman et al.13 prepared five different monolayer
photoanode films, with an average thickness of 14 mm and
various Zr mol% (i.e., 0, 0.25, 0.05, 0.075 and 0.1 mol%) and
studied the impact of Zr dopant concentration on the photo-
voltaic performance of DSSCs. The devices were designated as
ZT0, ZT25, ZT50, ZT75, and ZT100. The photovoltaic character-
istics of the devices were measured at room temperature.

Based on the above information and the training data set
presented in Table 1, the values of j were determined by fitting
the experimental data using eqn (8). Table 3 shows the j values
corresponding to each experimental dataset.

Considering Table 3 and eqn (9), the expression for j as a
function of the Zr-dopant percentage is derived as:

1.12e30.543ntanh(n) (12)

It is seen that for n = 0, the developed model is simplified to
the original model. Moreover, this function is well-defined for
various n values.

Table 1 Training data set13

DSSC
Voltage
(V)

Photocurrent
density
(mA cm�2) DSSC

Voltage
(V)

Photocurrent
density
(mA cm�2)

ZT25 0.1 15.55 ZT25/CNT10 0.6 9.32
ZT25 0.3 15.46 ZT25/CNT10 0.7 0
ZT25 0.4 15.37 ZT25/CNT25 0.1 19.49
ZT25 0.6 9.43 ZT25/CNT25 0.4 18.76
ZT25 0.7 1.004 ZT25/CNT25 0.6 10.53
ZT50 0.0 14.06 ZT25/CNT25 0.7 0
ZT50 0.2 14.06 ZT25/CNT50 00.0 17.7
ZT50 0.4 13.71 ZT25/CNT50 0.2 17.6
ZT50 0.6 8.7 ZT25/CNT50 0.4 16.97
ZT75 0.1 13.71 ZT25/CNT50 0.6 10.79
ZT75 0.3 13.71 ZT25/CNT75 0.1 16.97
ZT75 0.5 10.22 ZT25/CNT75 0.3 16.65
ZT100 0.0 11.44 ZT25/CNT75 0.5 13.09
ZT100 0.2 11.53 ZT25/CNT75 0.7 0
ZT100 0.3 11.53 ZT25/CNT100 0.0 16.55
ZT100 0.5 9.61 ZT25/CNT100 0.2 15.92
ZT100 0.6 5.35 ZT26/CNT100 0.4 14.45
ZT25/CNT10 0.0 18.33 ZT25/CNT100 0.6 6.8
ZT25/CNT10 0.2 18.33 ZT25/CNT100 0.67 0
ZT25/CNT10 0.4 17.7
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The test dataset from Table 2 was employed to verify the
model developed in the present study. Fig. 2 compares the
predicted photocurrent density values with the corresponding
experimental data from Table 2. It is evident that the proposed
developed model can perfectly predict the photocurrent density
of Zr-doped TiO2 DSSC, with an error of 4% compared with the
test data set presented in Table 2.

In the following, the impact of Zr content, operating
temperature, and electrode thickness on the photocurrent

density–voltage of monolayer DSSCs is evaluated based on the
developed diffusion differential model.

Fig. 3 illustrates the impact of Zr molar percentage on the
photocurrent density–voltage (J–V) characteristics of the DSSC
based on Zr-doped TiO2 nanoparticles. We observe that JSC

increases with an increase in Zr molar percentage up to 0.25 mol%
and then decreases with further increase in Zr content. Therefore,
the ZT25 cell demonstrates the highest JSC of 15.24 mA cm�2

among all the fabricated solar cells. This is due to the reduction in
electrical resistance by modification of the electron/hole concen-
tration and the formation of new energy levels within the TiO2

band gap upon Zr doping. However, doping Zr at more than
0.25%mol may cause defect formation due to the substitution of
large Zr ions, resulting in decreasing JSC. Furthermore, the VOC of
the cells composed of Zr-doped TiO2 nanoparticles is lower than
that of pure TiO2. This can be explained by the difference between
the redox potential of the electrolyte and the Fermi level, which
decreases by doping Zr into TiO2 nanoparticles, resulting in
increased recombination for Zr-doped TiO2 devices. Such a differ-
ence can be assigned to the crystal structure of the nanoparticles;
the pure anatase structure for pure TiO2 and a combination of
rutile and anatase phases for Zr-doped TiO2. These results are
consistent with those reported by Moradzaman et al.13

The photovoltaic parameters of monolayer Zr-doped TiO2

DSSCs obtained by the presented model are listed in Table 4 along
with their experimental results. It is evident that the ZT25 cell
exhibits the greatest power conversion efficiency (Z) of 6.17%. The
enhanced efficiency can be explained by the fact that the introduc-
tion of Zr creates extra energy levels within the TiO2 bandgap,
resulting in enhanced photoresponse. By creating acceptor levels in
the bandgap, the Zr dopant changes the electronic structure of
TiO2, changing the concentrations of electrons and holes and
lowering the internal electrical resistance.13

Fig. 4 presents the current density–voltage behavior of
0.025 mol% Zr-doped TiO2 DSSCs at various operating tem-
peratures in the range of 10–40 1C and various photoanode
thicknesses between 1 mm and 20 mm. We observed that, for all
photoanode thicknesses, JSC slightly increased up to 30 1C and
then decreased with further increase in operating temperature,
while VOC decreased with increasing operating temperature. An

Table 2 Test data set13

DSSC
Voltage
(V)

Photocurrent
density
(mA cm�2) DSSC

Voltage
(V)

Photocurrent
density
(mA cm�2)

ZT0 0 14.67 ZT100 0.1 11.62
ZT0 0.1 14.67 ZT100 0.4 11.27
ZT0 0.2 14.94 ZT25/CNT10 0.1 18.33
ZT0 0.3 14.67 ZT25/CNT10 0.3 18.33
ZT0 0.4 14.41 ZT25/CNT10 0.5 14.8
ZT0 0.5 12.23 ZT25/CNT25 0 19.39
ZT0 0.6 8.3 ZT25/CNT25 0.2 19.39
ZT25 0 15.37 ZT25/CNT25 0.3 19.28
ZT25 0.2 15.55 ZT25/CNT25 0.5 16.47
ZT25 0.5 13.8 ZT25/CNT50 0.1 17.7
ZT50 0.1 14.15 ZT25/CNT50 0.3 17.28
ZT50 0.3 13.98 ZT25/CNT50 0.5 15.19
ZT50 0.5 12.58 ZT25/CNT75 0 17.07
ZT50 0.7 0.873 ZT25/CNT75 0.2 16.86
ZT75 0 13.71 ZT25/CNT75 0.4 15.9
ZT75 0.2 13.71 ZT25/CNT75 0.6 8.38
ZT75 0.4 12.75 ZT25/CNT100 0.1 16.34
ZT75 0.6 5.35 ZT25/CNT100 0.3 15.4
ZT75 0.68 0 ZT25/CNT100 0.5 12.78

Table 3 Optimized j function for the monolayer Zr-doped TiO2 DSSCs

DSSC n (mol%) j

ZT0 0 0
ZT25 0.025 �0.696
ZT50 0.050 0.040
ZT75 0.075 1.136
ZT100 0.100 2.325

Fig. 2 Experimental values compared to the model predictions for the
photocurrent density of the monolayer Zr-doped TiO2 DSSCs with differ-
ent Zr content.

Fig. 3 The impact of the Zr content on J–V curves of monolayer DSSCs
based on the Zr-doped TiO2 nanoparticles.
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increase in the JSC up to 30 1C can be related to the enhanced
reaction kinetics of the electron injection and the improved
diffusion rate of electrons and ions. The decrease in JSC at
higher temperatures may be attributable to increased recombi-
nation, thermal degradation of materials, and loss of photo-
generated electrons. The dependence of VOC on temperature
can be attributed to the potential difference between the quasi-
Fermi level, eF, at the FTO/Zr-doped TiO2 interface and the
redox potential, eredox, at the counter electrode:

VOC = eredox � eF (13)

where eF is expressed by:

n ¼ Ne exp �
e eF � ecð Þ
akBT

� �
(14)

By substituting eF in eqn (13), VOC is determined by:25

VOC ¼ eredox � ec �
akBT
e

ln
Ne

n

� �
(15)

where Ne is the density of states at the conduction band of Zr-
doped TiO2, T is the temperature, n is the electron density, kB is
the Boltzmann constant, and a is a characteristic constant of Zr-
doped TiO2 tailing states. Therefore, VOC decreases with
increasing operating temperature. The results also reveal that
VOC decreases as the electrode thickness decreases, a phenom-
enon that can be related to the electron dilution.14 As light
penetrates deeper into the electrode, its intensity gradually
diminishes, resulting in a reduced excess electron density
and a corresponding decrease in VOC.

Furthermore, JSC increases with photoanode thickness up to
about 15 mm, indicating that the optimal thickness is about 15
mm. Beyond this point, JSC begins to decrease. The observed
variation in JSC can be attributed to electron photogeneration. For
specific porosity and pore size, increasing the thickness of the

electrode enhances the surface area, which, in turn, allows for
greater dye sensitization. As a result, thick electrodes can absorb
more photons, resulting in an increase in JSC. When the thickness
exceeds the light penetration depth, the photons available for
electron generation reach a saturation point, preventing further
increases in JSC. Beyond this threshold, additional thickness
introduces more recombination sites, which promote electron
loss and consequently lead to a gradual decline in JSC.16

3.2. Photovoltaic characteristics of double-layer Zr-doped
TiO2 DSSCs using a CNT–TiO2 core–shell

We redeveloped the diffusion differential model for double-
layer DSSCs based on predicting their photocurrent density
behavior. To do this, the training data set presented in Table 1
was used to estimate the unknown parameter in eqn (10), and
the test set in Table 2 was used to evaluate the predictions of
the developed model.

Moradzaman et al.13 fabricated five different double-layer
photoanode electrodes, composed of ZT25 (v = 0.025 mol%) in
the under-layer and mixtures of CNT–TiO2 core–shell and ZT25
with various CNT contents (0.01, 0.025, 0.05, 0.075 and 0.1 wt%) in
the top-layer, and studied the impact of CNT content on the
photovoltaic performance of DSSCs. The cells were designated as
ZT25/C10, ZT25/C25, ZT25/C50, ZT25/C75, and ZT25/C100. The
photovoltaic characteristics of devices were measured at room
temperature.

Based on the above information and the training data set
presented in Table 1, the values of j0 were determined by fitting
the experimental data using eqn (10). Table 5 presents the j0 values
corresponding to each experimental dataset based on the CNTs
content.

Based on Table 5 and eqn (11), the explicit expression for j0

as a function of CNT@TiO2 content is determined as follows:

�322.650e�47.222n0tanh(n0) (16)

Table 4 Comparison of the model’s photovoltaic characteristics of the monolayer Zr-doped TiO2 DSSCs with those measured experimentally in ref. 13

DSSC JSC,exp (mA cm�2) JSC,model (mA cm�2) VOC,exp (mV) VOC,model (mV) FFexp (%) FFmodel (%) Zexp (%) Zmodel (%)

ZT0 14.6 14.98 732 696 57.6 57.5 6.17 6.01
ZT25 15.5 15.24 712 692.3 62.6 58.5 6.81 6.17
ZT50 14.2 14.06 706 690 62.4 58.4 6.21 6.03
ZT75 13.7 14.13 688 683 56.2 58.2 5.27 5.62
ZT100 11.5 11.91 680 663 61.7 57.1 4.80 4.51

Fig. 4 J–V characteristics of the 0.025 mol% Zr-doped TiO2 DSSCs (ZT25) under different operating temperatures and various photoanode thicknesses:
(a) 10 mm, (b) 15 mm and (c) 20 mm.
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For n0 = 0, the model reduces to the developed model in
Section 3.1 for 0.025 mol% Zr-doped TiO2. Furthermore, this
function is well-defined for a range of n0 values.

The model developed in this study was validated using the
test dataset presented in Table 2. Fig. 5 compares the predicted
photocurrent density values and the corresponding experi-
mental data from Table 2.

The proposed model shows excellent agreement, predicting
the photocurrent density of the DSSC with only 3.7% error
compared to the test dataset in Table 2. Using the redeveloped
diffusion differential model, the following analysis evaluates
the impact of CNT content and operating temperature on the
photocurrent density–voltage of the double-layer DSSCs.

Fig. 6 illustrates the effect of CNT@TiO2 content on the J–V
characteristics of the double-layer DSSCs. It is observed that
double-layer DSSCs incorporating CNT@TiO2 and Zr-doped
TiO2 nanoparticles exhibit higher JSC and VOC than the monolayer
ZT25 device. For example, in comparison to ZT25, the photo-
current density increases by approximately 22.2%, 27.4%, 16.8%,
7.7%, and 3.1% for ZT25/CNT10, ZT25/CNT25, ZT25/CNT50,
ZT25/CNT75, and ZT25/CNT100, respectively. Moreover, both
the VOC and JSC of the DSSCs increase when the CNT@TiO2

content is increased to 0.025 wt%. However, a further increase in
CNT@TiO2 content leads to a reduction of VOC and JSC. Conse-
quently, the ZT25/CNT25 cell demonstrates the highest JSC, VOC

and Z of 18.82 mA cm�2, 0.712 mV and 7.96%, respectively,
among all the double-layer cells. The photovoltaic enhancement
of the double-layer DSSCs can be attributed to the enhanced
visible-light scattering by the top layer film containing clusters
formed due to the incorporation of CNT@TiO2 as well as to the

improved electrical conductivity resulting from enhanced inter-
connectivity between the CNT@TiO2 and TiO2 particles.

Table 6 lists the photovoltaic parameters of the double-layer
DSSCs along with their experimentally measured values. We
found that the proposed model shows excellent agreement with
the experimental measurements, accurately predicting the
photovoltaic parameters of the double-layer DSSCs with low
errors. For example, the conversion efficiency of the ZT25/
CNT25 cell, which exhibits the highest value among all the
double-layer devices, is predicted to be 7.96% by the proposed
model and measured at 8.19% experimentally, with an error of
less than 3%. This improvement in cell efficiency is attributed
to the designed architecture of the double-layer photoanode.
The under-layer, composed of Zr-doped TiO2, exhibited low
internal resistance and good porosity, enhancing dye sensitiza-
tion. Furthermore, the CNT@TiO2 in the over-layer improved
electron transport and light scattering, increasing the optical
path length and providing a more direct electron pathway.13

Fig. 7 shows the J–V characteristics of the double-layer
DSSCs based on CNT@TiO2 and Zr-doped TiO2 nanoparticles
under different operating temperatures ranging from 10 1C to
40 1C for a photoanode electrode with a thickness of 14 mm. It is
realized that the JSC slightly increased up to 30 1C and then
decreased with further increases in operating temperature,
while VOC decreased with an increase in operating temperature.
Basically, the short-circuit current density initially increases
with temperature up to 30 1C due to enhanced charge mobility.
However, as the temperature continues to rise beyond 30 1C,
the increase in recombination and the potential degradation of
the electrolyte cause JSC to decrease. Moreover, the open-circuit
voltage decreases with an increase in operating temperature
because higher temperatures reduce the energy difference
between the electrons in the conduction band and the redox
potential of the electrolyte, leading to a lower VOC.

Based on Fig. 1–7, we concluded that the developed model
presented in this study effectively predicts the J–V character-
istics of the mono- and double-layer DSSCs.

Overall, using Mathematica as a powerful computational
tool, this study introduces a novel DSSC modeling framework
that surpasses existing diffusion models through two distinct

Table 5 Optimization of the j0 function for the double-layer Zr-doped
TiO2 DSSC using CNT@TiO2

DSSC n0 (wt%) j0

ZT25/CNT10 0.010 �2.220
ZT25/CNT25 0.025 �2.108
ZT25/CNT50 0.050 �1.902
ZT25/CNT75 0.075 �0.791
ZT25/CNT100 0.100 0.249

Fig. 5 Experimental values compared to the model predictions for the
photocurrent density of the double-layer Zr-doped TiO2 DSSCs using
CNT@TiO2.

Fig. 6 The impact of the CNT@TiO2 content on the J–V curves of the
double-layer Zr-doped TiO2 DSSCs using CNT@TiO2.
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device architectures: monolayer DSSCs composed of Zr-doped
TiO2 nanoparticles and double-layer Zr-doped TiO2 DSSCs incor-
porating a CNT–TiO2 core–shell. The findings provide a validated
theoretical basis for DSSC optimization, bridging the gap
between computational predictions and experimental perfor-
mance. A systematic comparison between monolayer and
double-layer DSSCs was also conducted under various condi-
tions. The developed model predicts the photovoltaic character-
istics of both device architectures with much greater precision
than numerical simulations previously reported by SCAPS,
AMPS, and COMSOL.26,27 It also predicts the impact of different
key parameters, including Zr concentration, CNT@TiO2 content,
operating temperature, and photoanode thickness on the photo-
voltaic behavior of Zr-doped TiO2 DSSCs by incorporating
CNT@TiO2. Having considered the pitfalls when reporting cal-
culated photovoltaic parameters presented by Morales-
Acevedo,26 it is found that our model explicitly considers various
parameters, including the concentration of photo-generated
electrons, equilibrium electron concentration in the dark, elec-
tron diffusion coefficient, light intensity, electrode light absorp-
tion coefficient, photoanode thickness, and electron diffusion
length. In addition, unlike the previous model reported by
Kuddus et al.,27 our approach, which incorporates experimental
measurements in the calculations, indirectly accounts for the
synergistic effects of Zr doping and CNT integration on charge
transport, as well as the impact on recombination dynamics. The
developed model demonstrates enhanced predictive accuracy
when validated against experimental data, achieving an error
of less than 4%. Moreover, the predicted photovoltaic para-
meters are compared with experimental data measured in the

lab, showing that the developed model not only achieves good
agreement with existing data but also successfully predicts the
photovoltaic characteristics of the devices within the limits
established by the Shockley–Queisser theory.28

It should be noted that the primary objective of this study is
to develop a predictive diffusion-based model for the J–V
characteristics of mono- and double-layer Zr-doped TiO2 DSSCs
incorporating CNT@TiO2, with a focus on reproducing experi-
mentally observed trends in JSC, VOC, FF, and efficiency under
variations in Zr content, CNT loading, temperature, and thick-
ness. While parameters such as reverse saturation current (J0),
maximum power point coordinates, and interfacial resistances
are valuable for detailed device diagnostics, they are not
explicitly calculated in this framework, as the model is empiri-
cally calibrated to match full J–V curves rather than extract
diode or impedance parameters. The high accuracy of the
model (o4% error vs. experiment) confirms that the essential
physics governing performance trends are captured effectively
through the correction functions j(n) and j0(n0), without
requiring additional fitting or assumptions about recombina-
tion kinetics or equivalent circuit elements.

4. Conclusions

In this study, a previously proposed diffusion differential model
is developed to predict the J–V characteristics of Zr-doped TiO2

DSSCs with incorporated CNT@TiO2. While the Zr-doped TiO2

and CNT@TiO2 materials used in this study are based on
established experimental systems, the contribution of this work
is methodological: we present and validate the first analytical
diffusion model that accurately predicts the photovoltaic per-
formance of mono- and double-layer DSSC architectures under
multiple parametric variations, enabling rapid design iteration
and performance optimization. This study presents the first
analytical diffusion model capable of accurately predicting the
photovoltaic response of both mono- and double-layer config-
urations, offering a practical tool for virtual optimization with-
out the need for complex optical or impedance modeling. The
impacts of CNT@TiO2 content, Zr molar percentage, operating
temperature, and photoanode thickness on photovoltaic per-
formance of devices are investigated. The results of the devel-
oped model are compared to those obtained experimentally
and published previously. It is found that the results achieved
from the presented model are consistent with those measured
experimentally, with an overall variation of coefficients of 4%
and 3.7% for monolayer and double-layer cells, respectively. For

Table 6 Comparison of the model’s photovoltaic characteristics of the double-layer Zr-doped TiO2 DSSCs using CNT@TiO2 with those measured
experimentally in ref. 13

DSSC JSC,exp (mA cm�2) JSC,model (mA cm�2) VOC,exp (mV) VOC, model (mV) FFexp (%) FFmodel (%) Zexp (%) Zmodel (%)

ZT25 15.5 15.24 712 692 62.6 58.5 6.81 6.17
ZT25/CNT10 18.3 18.15 725 716 57.3 59 7.49 7.62
ZT25/CNT25 19.4 18.82 699 712 60.2 59.07 8.19 7.96
ZT25/CNT50 17.8 17.44 715 715 59.6 58.9 7.57 7.27
ZT25/CNT75 17.0 16.25 692 699 56.1 58.77 6.89 6.67
ZT25/CNT100 16.6 15.65 663 694 57.0 58.70 6.30 6.37

Fig. 7 The photocurrent density–voltage characteristics of the double-layer
Zr-doped TiO2 DSSCs using CNT@TiO2 at various operating temperatures.
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monolayer DSSCs containing Zr-doped TiO2 nanoparticles, JSC

increased with an increase in Zr molar percentage up to
0.25 mol% and then decreased with further increase of Zr
content due to a balance between reduced electrical resistances
by the introduction of newly formed energy levels within the
TiO2 band gap and formation of defects with Zr doping. How-
ever, the VOC of the monolayer cells made of Zr-doped TiO2

nanoparticles was lower than that of pristine TiO2 due to
increased recombination. The results with respect to the mono-
layer devices revealed that VOC increased as the electrode thick-
ness increased, due to electron amplification effects, while JSC

first increased with photoanode thickness up to about 15 mm
and then decreased with further increases in thickness due to a
balance between dye loading, recombination, and electron
diffusion length. Double-layer DSSCs based on CNT@TiO2 and
Zr-doped TiO2 nanoparticles exhibited higher JSC and VOC than
monolayer devices composed of Zr-doped TiO2 nanoparticles
due to enhanced light scattering and increased electrical con-
ductivity because of the presence of CNT@TiO2. Moreover, both
the VOC and JSC of the DSSCs increased with an increase in
CNT@TiO2 up to 0.025 wt%. The proposed model predicted a
conversion efficiency of 7.96% for the ZT25/CNT25 cell, which
exhibits the highest value among the double-layer devices. With
increasing operating temperature of both mono- and double-layer
DSSCs, VOC decreased while JSC slightly increased up to 30 1C and
then decreased beyond this temperature. While this study does not
introduce new materials or uncover novel physical mechanisms, it
provides a validated, computationally efficient modeling frame-
work that accurately captures the photovoltaic response of estab-
lished Zr-doped TiO2 and CNT@TiO2 DSSC architectures. By
consolidating experimental trends into a unified predictive model,
this work offers a practical tool for guiding photoanode design and
parameter optimization in applied DSSC development.
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