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Mean first passage time of chiral active Brownian parti-
cles

Sarafa A. Iyaniwura, a Mingfeng Qiu, b and Zhiwei Peng ∗c

Chiral active Brownian particles (CABPs) are self-propelled agents with intrinsic rotational dynam-
ics, giving rise to circular trajectories commonly observed in biological and synthetic microswimmers.
Understanding how CABPs explore confined environments and locate targets is crucial for charac-
terizing transport, search efficiency, and reaction processes in physical and biological systems. We
study the escape dynamics of CABPs from one- and two-dimensional confined domains. In one
dimension, we consider intervals with either two absorbing boundaries or a reflecting boundary on
one side and an absorbing boundary on the other, and derive closed-form asymptotic solutions in the
high-chirality regime, revealing the quantitative scaling of the mean first passage time (MFPT) as
a function of particle rotation speed (chirality). In two dimensions, we analyze escape from a disk
containing one absorbing arc or two symmetric absorbing arcs. By numerically solving the governing
partial differential equations, we compute the MFPT for CABPs to escape the domains as a function
of the particle’s initial orientation, self-propulsion speed, angular velocity, and domain geometry. Our
results show that, depending on the parameters and geometry, the MFPT can exhibit non-monotonic
behavior as a function of chirality. A minimal escape time exists at an intermediate value of chiral-
ity, where the rotational time scale balances the active swimming time scale, redirecting a particle
towards the exit while it would otherwise be blocked due to unfavorable initial orientation. Our
work offers a comprehensive characterization of CABP escape dynamics in canonical confinements
and identifies chirality as a key control parameter for transport and search in confined physical and
biological systems.

1 Introduction
Chiral active Brownian particles (CABPs) are a class of self-
propelled particles characterized by curved trajectories resulting
from an angular velocity. Unlike standard active Brownian parti-
cles (ABPs),1–3 CABPs break both time-reversal and parity sym-
metry, which fundamentally affects their mechanical response
and transport behavior.4–12 This chiral motion arises from inter-
nal asymmetries within the particles themselves or from exter-
nal torques due to magnetic fields or hydrodynamic interactions.
Such dynamics has been observed across a range of systems, in-
cluding certain motile bacteria, synthetic microswimmers, and
colloidal particles near surfaces.13–15

CABPs can be used as a simple model for understanding ac-
tive biological systems where chirality is important. Many mi-
croorganisms exhibit either intrinsic or emergent chiral swim-

a Vaccine and Infectious Disease Division, Fred Hutchinson Cancer Center, Seattle, Wash-
ington 98109, USA. E-mail: iyaniwura@aims.ac.za
b School of Mathematics and Statistics, University of Canterbury, Christchurch 8140,
New Zealand. E-mail: mingfeng.qiu@canterbury.ac.nz
c Department of Chemical and Materials Engineering, University of Alberta, Edmonton,
Alberta T6G 1H9, Canada. E-mail: zhiwei.peng@ualberta.ca

ming trajectories due to asymmetric flagellar motion, cell shape,
and/or swimmer-boundary hydrodynamic interactions. These
chiral dynamics enable microorganisms to navigate complex en-
vironments, respond to chemical gradients, and interact with sur-
faces in specialized ways.16,17 Chiral motility has also been linked
to biological processes such as biofilm formation, tissue organiza-
tion, and immune cell migration.18,19 Insights from dynamics of
CABPs can thus deepen our understanding of how motile cells
exploit chirality for ecological fitness and adaptation. Moreover,
these principles may inform the design of synthetic active systems
for targeted drug delivery, microfluidic transport, and environ-
mental sensing.20,21

Understanding transport and first-encounter statistics in active
systems is central to many problems, from target search, chemo-
taxis, and infection spread to designing micro-robotic search
strategies. The mean first passage time (MFPT), which quanti-
fies the expected time for a particle to reach a target or exit a
domain for the first time, is a fundamental metric for these pro-
cesses. For achiral active Brownian particles (e.g., ABPs) exhibit-
ing translational persistence, MFPT has been extensively studied,
revealing how directional persistence, stochastic fluctuations, and
domain geometry influence search efficiency.22–26 However, chi-
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rality qualitatively modifies trajectories, so first-passage statistics
in that context often deviate from achiral models.

Despite growing interest, quantitative theory for the MFPT of
CABPs remains scarce. Existing studies have typically focused on
passive and non-chiral active particles,26–30 and have not exam-
ined the effects of chirality and rotational velocity—factors that
can qualitatively alter search dynamics and first-passage behav-
ior. Another relevant study compares ABPs and run-and-tumble
particles near flat boundaries,23 providing useful insights into
boundary interactions, but such analyses likewise exclude chi-
rality and do not extend to first-passage problems in more com-
plex geometries. Environmental complexity has also been shown
to strongly influence first-passage dynamics, as demonstrated in
systems with passive crowders,31 yet these investigations remain
largely focused on ABPs. A notable exception is recent work on
the narrow escape problem for CABPs.14 Using Brownian dynam-
ics (BD) simulations, Upadhyaya and Akella 14 showed that the
MFPT of CABPs is a non-monotonic function of chirality and ex-
hibits a minimum at a finite chirality. While this represents an
important step toward understanding first-passage phenomena in
chiral systems, it focuses on specific boundary conditions and nar-
row escape scenarios, leaving open fundamental questions about
how chirality modulates MFPTs across diverse geometries and pa-
rameter regimes. In particular, it remains unclear whether the
observed optimal escape is specific to narrow escape settings or
reflects a more general behavior of CABPs.

In this paper, we employ a backward Fokker–Planck equation
to investigate the optimal escape dynamics of CABPs across a
range of one- and two-dimensional geometries, with the goal
of elucidating systematically how domain geometry and bound-
ary conditions influence the escape of these particles. We begin
by analyzing CABPs in one-dimensional (1D) domains, first con-
sidering a finite interval bounded by two absorbing ends, which
provides fundamental insight into how chirality and persistence
shape escape times in the simplest setting. We then examine a
modified 1D geometry in which one boundary is absorbing and
the other reflecting, allowing us to isolate the influence of asym-
metric boundary conditions on the escape time. For either case,
we provide a complete asymptotic theory to characterize CABP
escape behavior in 1D at high chirality, which has not yet been
available from existing theoretical or computational results. At
intermediate chirality, we use numerical simulations to study the
escape times. Building on these results, we extend our analysis to
two dimensions (2D) by considering CABPs escaping from a cir-
cular domain (a disk region) containing one or two openings on
its boundary. In this context, we investigate how swim speed, chi-
rality, and opening size modulate escape times, and how chirality
interacts with geometric constraints to enhance or hinder escape.

Here we briefly outline the theoretical framework before de-
tailed analysis. Let P(xxx,qqq, t) denote the probability density of find-
ing a CABP at position xxx with orientation qqq at time t; it is governed
by the Fokker–Planck equation:

∂P
∂ t

= L [P], (1)

where L [P] =−∇ · (UsqqqP)+Dx∇2P−∇R · (ΩΩΩP)+DR∇2
RP. Here Us

Fig. 1 Schematic illustration of a chiral active Brownian particle (CABP)
in a one-dimensional domain with absorbing boundaries at both ends.
The black arrow indicates the self-propulsion direction qqq. The red curved
arrow shows chirality. This setup models a narrow slit geometry in which
the translational motion of the particle is restricted to the horizontal
direction, while its orientation angle rotates continuously in 2D.

is the swim speed, qqq denotes the swimming direction (qqq · qqq = 1),
Dx is the translational diffusivity, ΩΩΩ is the angular velocity, DR

is the rotational diffusivity, ∇ = ∂

∂xxx is the translational gradient
operator, and ∇R = qqq× ∂

∂qqq is the rotational gradient operator. The
inverse of DR defines the reorientation time, τR = 1/DR. If ΩΩΩ = 000,
one recovers the dynamics of ABPs, which is achiral.

We define the MFPT, T (xxx,qqq), as the mean time it takes for
CABPs initially located at position xxx with orientation qqq to escape a
domain. This quantity is governed by a backward Fokker–Planck
equation, which reads

L †[T ] =−1, (2)

where L † =Usqqq ·∇+Dx∇2+ΩΩΩ ·∇R+DR∇2
R is the adjoint operator

of L .32 Alternatively, one can obtain Eq. (2) using a random walk
approach.29,33

2 CABPs in one dimension
In this section, we investigate the MFPT for CABPs escaping from
a 1D interval. This setup models a narrow slit geometry in which
translational motion is confined to the horizontal direction, while
the orientation vector rotates unconstrained in two dimensions.
We consider two boundary configurations: one with both bound-
aries absorbing and another with a reflecting left boundary and
an absorbing right boundary. In both cases, we examine how the
initial position and orientation, swim speed, and chirality affect
the escape time of the particles from the domain.

2.1 CABPs in a 1D interval with absorbing boundaries at
both ends

Consider a CABP confined to a 1D interval [−L,L], with absorb-
ing boundaries at both ends, as illustrated in Fig. 1. While its
translational motion is confined to 1D, the CABP is allowed to
freely rotate in 2D. We parametrize the orientation vector as
qqq = cosφ eeex + sinφ eeey, where eeex and eeey are the unit basis vectors
in the x and y directions, respectively. The angular velocity is de-
fined as ΩΩΩ = Ωeeez, where eeez = eeex × eeey is the unit vector along the
z axis, perpendicular to the x-y plane, and Ω is the magnitude of
the angular velocity.

To make Eq. (2) non-dimensional, we scale time by the swim
timescale τs = L/Us and length by L. The non-dimensional form
of Eq. (2) is given by

cosφ
∂T
∂x

+
1
Pe

∂ 2T
∂x2 +χ

∂T
∂φ

+β
∂ 2T
∂φ 2 =−1, (3)

2 | 1–16Journal Name, [year], [vol.],
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where T = T/τs, x = x/L, Pe = UsL/Dx, χ = ΩL/Us, and β =

L/(UsτR), with the MFPT T ≡T (x,φ) depending on the dimension-
less initial position x and orientation φ of the CABP. Here, Pe com-
pares the diffusive timescale L2/Dx to the swim timescale L/Us, χ

compares the swim timescale with the rotational timescale 1/Ω,
and β represents the ratio of the swim timescale to the reorien-
tation time τR. Equivalently, β quantifies the ratio between the
domain size L and the persistence length ℓ = UsτR. Throughout
this article, we refer to χ as the chirality and only need to consider
χ ≥ 0. The boundary conditions in x are given by T (±1,φ) = 0. Pe-
riodic boundary conditions are enforced for φ : T (x,0) = T (x,2π).

2.1.1 The high-chirality regime: two absorbing boundaries

For high chirality, CABPs rotate rapidly and move in small circles
because of the coupling to active swimming, which effectively re-
duces their swimming persistence. Therefore, in the limit χ → ∞,
the MFPT is expected to approach that of passive Brownian par-
ticles (PBPs). To characterize the MFPT of CABPs in this high-χ
regime, we employ a perturbation expansion given by

T (x,φ) = T 0(x,φ)+
1
χ

T 1(x,φ)+ · · · . (4)

Substituting the expansion in (4) into the PDE in (3) and col-
lecting terms in powers of χ, at leading order O(1), we have
∂T 0/∂φ = 0, which implies that T 0 is independent of the initial
angular orientation of the particle and depends only on its initial
position, i.e., T 0 ≡ T 0(x). At order O(1/χ), we obtain

cosφ
∂T 0

∂x
+

1
Pe

∂ 2T 0

∂x2 +
∂T 1

∂φ
+β

∂ 2T 0

∂φ 2 =−1. (5)

Integrating the PDE in Eq. (5) over φ and applying the periodic
boundary conditions for T 0 and T 1, we obtain

1
Pe

∂ 2T 0

∂x2 =−1, (6)

with corresponding boundary conditions given by T 0(x = ±1) =
0. We note that the appearance of Pe in Eq. (6) is due to non-
dimensionalization. In dimensional form, this PDE is equivalent
to Dx∂ 2TPBP/(∂x2) =−1, which governs the MFPT of PBPs. This is
consistent with the expected behavior of CABPs, whose dynamics
recover those of PBPs in the limit χ → ∞. The analytic solution to
Eq. (6) with the corresponding absorbing boundary conditions is

T 0(x) =
Pe
2

(1− x2). (7)

In dimensional terms, TPBP = T 0τs =
1
2

L2

Dx

(
1− (x/L)2).

Substituting T 0 into Eq. (5) the ∂ 2T 0/∂φ 2 = 0 term varnishes.
Solving the resulting equation for T 1, we obtain

T 1 = Pex sinφ , (8)

where the integration constant vanishes by symmetry. Unlike
the isotropic leading-order term T 0, this O(1/χ) bulk correc-
tion introduces an orientation-dependent escape time such that
T 1(±1,φ) = ±Pe sinφ that violates the absorbing boundary con-
ditions T 1(±1,φ) = 0. This mismatch implies the formation of

boundary layers near the exits as χ → ∞. The boundary-layer
thickness scales as O(1/

√
χ), which is set by the balance between

translational diffusion and chiral rotation, ∂ 2T
∂x2 ∼ χ

∂T
∂φ

. We there-
fore revise the outer bulk expansion given in Eq. (4) as

T (x,φ) = T 0 +
1
χ

T 1 +
1

χ3/2
T 3/2 +

1
χ2 T 2 + · · · . (9)

We note the introduction of an O(1/χ3/2) correction term in the
asymptotic expansion of the outer solution. This term is required
to ensure consistent matching between the bulk and boundary
layer solutions. Substituting the expansion in Eq. (9) into Eq. (3),
we obtain the equation governing T 3/2:

∂T 3/2

∂φ
= 0. (10)

The solutions to T 0 and T 1 are given in Eqs. (7) and (8), respec-
tively. From Eq. (10), we have T 3/2 ≡ T 3/2(x). Collecting terms

from Eq. (3) at O(1/χ3/2) gives cosφ
∂T 3/2

∂x + 1
Pe

∂ 2T 3/2

∂x2 +
∂T 5/2

∂φ
+

β
∂ 2T 3/2

∂φ 2 = 0. As before, integrating over φ and using the periodic

boundary conditions for T 5/2, together with the fact that T 3/2 de-

pends only on x, yields T ′′
3/2 = 0.

To resolve the behavior near x = 1, we introduce a stretched
boundary-layer coordinate s =

√
χ(1−x). Defining the boundary-

layer solution as T̃ (s,φ) = T (x,φ), we obtain

− 1
√

χ
cosφ

∂ T̃
∂ s

+
1
Pe

∂ 2T̃
∂ s2 +

∂ T̃
∂φ

+
β

χ

∂ 2T̃
∂φ 2 =− 1

χ
,

T̃ (0,φ) = 0.

(11)

In addition to the absorbing boundary, T̃ must match the bulk
solution as s → +∞. Employing Van Dyke’s matching rule,34 we
substitute Eqs. (7) and (8) into the the bulk expansion in Eq. (9),
and express the resulting solution in terms of the boundary-layer
coordinate s, yielding

T = Pes
1
√

χ
+Pe

(
sinφ − s2

2

)
1
χ

+
(
−Pes sinφ +T 3/2(1)

) 1
χ3/2

+O(1/χ
2),

(12)

where T 3/2(1) ≡ T 3/2(x = 1). Observing the form of the bulk so-
lution in Eq. (12), we seek a boundary-layer solution of the form

T̃ =
1
√

χ
T̃1/2 +

1
χ

T̃1 +
1

χ3/2
T̃3/2 + · · · , (13)

where the matching conditions dictate that T̃1/2 ∼ Pes, T̃1 ∼
Pe

(
sinφ − s2

2

)
, and T̃3/2 ∼−Pes sinφ +T 3/2(1) as s → ∞.

Inserting the expansion in Eq. (13) into Eq. (11), we obtain

1
Pe

∂ 2T̃1/2

∂ s2 +
∂ T̃1/2

∂φ
= 0;

T̃1/2(0,φ) = 0; T̃1/2(s → ∞,φ)∼ Pes,

(14)
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which has the solution T̃1/2 = Pes. At O(1/χ), we have

− cosφ
∂ T̃1/2

∂ s
+

1
Pe

∂ 2T̃1

∂ s2 +
∂ T̃1

∂φ
=−1;

T̃1(0,φ) = 0; T̃1(s → ∞,φ)∼ Pe
(

sinφ − s2

2

)
.

(15)

We solve Eq. (15) to obtain

T̃1(s,φ) = Pe
(

sinφ − s2

2

)
−Pee−λ s sin(φ +λ s) , (16)

where λ =
√

Pe/2. The first term recovers the local expansion
of the outer bulk solution near the exit, while the second term
represents the boundary-layer correction. This correction takes
the form of a damped oscillation that decays exponentially into
the bulk with a characteristic dimensionless penetration depth of
λ−1.

At O(1/χ3/2), the governing equation is given by

− cosφ
∂ T̃1

∂ s
+

1
Pe

∂ 2T̃3/2

∂ s2 +
∂ T̃3/2

∂φ
+β

∂ 2T̃1/2

∂φ 2 = 0;

T̃3/2(0,φ) = 0; T̃3/2(s → ∞,φ)∼−Pes sinφ +T 3/2(1).

(17)

Substituting T̃1/2 =Pes and T̃1 in Eq. (16) into the PDE in Eq. (17),
and solving the resulting equation, we obtain

T̃3/2(s,φ) =
Peλ

2

[
H(λ s,0)−1

]
−Pessinφ

+
Peλ

2

[
H(s

√
Pe,2φ)−H(λ s,2φ)

]
,

(18)

where we have introduced a damped function H(η ,θ) that gov-
erns the boundary-layer decay:

H(η ,θ) = e−η
[

cos(η +θ)+ sin(η +θ)
]
. (19)

Noting that H(η ,θ)→ 0 as η → ∞ and comparing Eq. (17) with
Eq. (18), T 3/2(1) is uniquely determined as −Peλ/2. It is now
clear that the presence of the nonzero constant −Peλ/2 in the
limit s → ∞ necessitates an O(χ−3/2) correction in the bulk region
to satisfy the matching condition.

Owing to symmetry, the boundary-layer solutions near the left
exit can be readily derived. Near x =−1, we define z =

√
χ(1+ x)

and obtain

T̃1/2 = Pez; T̃1 =−Pe
(

sinφ +
z2

2

)
+Pee−λ z sin(φ +λ z) ;

T̃3/2 =
Peλ

2

[
H(λ z,0)−1

]
+Pezsinφ

+
Peλ

2

[
H(z

√
Pe,2φ)−H(λ z,2φ)

]
.

(20)

From this, we have T 3/2(−1) = −Peλ/2. Since T 3/2(±1) =

−Peλ/2, the equation T ′′
3/2 = 0 admits a constant solution given

by T 3/2 =−Peλ/2.

Using the bulk and boundary-layer solutions, we construct a

−1.0 −0.5 0.0 0.5 1.0

x/L

−0.01

0.00

0.01

(T
−

T
P
B
P
)
/
τ s

φ = 0

π/4

π/2

−π/4

−1.0 −0.5 0.0 0.5 1.0

x/L

0.0

0.5

1.0

1.5

2.0

φ
/
π

0.00

0.08

0.16

0.24

0.32

0.40

0.48

T/τs

(a)

(b)

Fig. 2 Asymptotic solutions for the MFPT of CABPs in a 1D interval
with absorbing boundaries. (a) Comparison between the full numerical
(FEM; solid lines) and asymptotic (markers) solutions for (T −TPBP)/τs.
The plotted asymptotic solution [see Eq. (21)] is given by (T −TPBP)/τs =

F1/χ+F3/2/χ3/2. (b) Contour plot showing the MFPT obtained from the
three-term asymptotic solution in Eq. (21). For both (a) and (b), Pe = 1,
χ = 50, and β = 0.1.

composite asymptotic solution as

T c =
Pe
2

(
1− x2

)
+

1
χ

F1 +
1

χ3/2
F3/2 +O(1/χ

2), (21)

where

F1 = Pe
[
xsinφ − e−λ s sin(φ +λ s)+ e−λ z sin(φ +λ z)

]
, (22)

F3/2 =
Peλ

2

[
−1+H(λ s,0)+H(s

√
Pe,2φ)−H(λ s,2φ)

+H(λ z,0)+H(z
√

Pe,2φ)−H(λ z,2φ)
]
.

(23)

In Eqs. (22) and (23), s =
√

χ(1− x), z =
√

χ(x+ 1), λ =
√

Pe/2,
and the function H(η ,θ) is as defined in Eq. (19). We note that
the asymptotic solution in Eq. (21) is independent of β . For par-
ticles initially located at the midpoint of the interval (x = 0), the
Pex sinφ term in Eq. (22) vanishes, yielding

T c(0,φ) =
Pe
2

(
1− λ

χ3/2

)
+ · · · , (24)

where exponentially small terms are neglected. Thus, T (0,φ) is
independent of φ , at least up to O(1/χ3/2). In the bulk, for x = 0
or φ = 0,π, the first correction to the passive result is at O(1/χ3/2),
whereas for x ̸= 0 and φ ̸= 0,π, it is at O(1/χ).
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To validate the asymptotic solution in Eq. (21), we solve the
full problem [Eq. (3)] numerically using a finite element method
(FEM) implemented in FreeFem++.35 We compute the MFPT
from FEM for χ = 50, Pe = 1, and β = 0.1. In Fig. 2(a),
we compare the correction terms beyond leading order, namely
(T −TPBP)/τs =F1/χ+F3/2/χ3/2 (solid lines), with those obtained
from FEM (markers). For FEM, the corresponding result is de-
fined as (Tnum −TPBP)/τs, where Tnum denotes the full numerical
solution of the MFPT. As shown in Fig. 2(a), the asymptotic so-
lution agrees very well with the full numerical solution over the
entire x-domain for different values of φ .

In Fig. 2(a), we present the MFPT correction relative to PBPs
for several initial orientations φ as a function of initial location
x = x/L. Owing to the symmetry of the domain and equations, it
suffices to consider 0 < x < 1 and −π/2 < φ < π/2. As φ increases
from negative to positive values, CABPs transition continuously
from facilitated to hindered transport regimes. For χ > 0, CABPs
rotate counterclockwise. Although the particle initially sits closer
to the right exit (x > 0), for φ > 0 the rotation steers it further
upward, which may cause it to miss the right boundary. As a re-
sult, escape through the right exit is generally delayed. On the
other hand, for φ < 0, the particle’s orientation is further steered
toward the right exit as the particle approaches the exit, thereby
facilitating escape. We note that there is a delicate balance be-
tween chirality, swim-induced escape, and Brownian diffusion.
Taking φ = 0 as an example, propulsion-accelerated escape is only
effective when the particle is sufficiently close to the exit, other-
wise the chirality-induced rotation may oversteer the particle’s
orientation before it reaches the boundary. In that case, the parti-
cle has not yet escaped while its orientation has already reversed
(φ > π/2). If the particle starts exactly at the exit, MFPT is zero.
As a result, for a fixed φ , the quantity (T − TPBP)/τs exhibits a
non-monotonic dependence on x [see Fig. 2(a)].

At the midpoint of the interval, the asymptotic solution [at least
up to O(1/χ3/2)] in this high-chirality regime is independent of
φ ; therefore, the curves for different φ intersect at x = 0. From
Eq. (24), it follows that (T −TPBP)/τs ∼−Peλ/(2χ3/2)≈−0.0047
for Pe = 1 and χ = 50 [Fig. 2(a)].

Our asymptotic theory and Fig. 2(a) highlight the fine structure
of the dependence of the MFPT of CABPs on the initial orientation
angle of the particles in the high chirality regime, although this
dependence is generally weak. Notice the small magnitude of the
correction to the MFPT evidenced in Fig. 2(a). Indeed the MFPT
of CABPs is, to leading order, identical to that of PBPs [see first
term in Eq. (21)]. This is demonstrated in Fig. 2(b) where we
show a contour plot of the MFPT for CABPs obtained from the
three-term asymptotic solution in Eq. (21) as a function of the
initial position and orientation of the particles, for χ = 50 and
Pe = 1. Here the MFPT is normalized by the constant swimming
time scale τs to provide a global view of the actual magnitude of
escape time. As expected, overall escape is slower when a particle
starts closer to the midpoint.

2.1.2 The finite-chirality regime: two absorbing boundaries

We next study the MFPT for CABPs on the 1D interval [−1,1] with
absorbing boundaries in the finite-chirality regime, for which no

closed-form analytical solution is available. This regime also in-
cludes the limit χ → 0, which recovers the ABP case. For arbi-
trary χ, we therefore solve Eq. (3) numerically using a finite el-
ement method (FEM) implemented in FreeFem++.35 Results are
presented in Figs. 3 and 4. To further validate our results, for
these cases, we also carry out Brownian Dynamics (BD; see Ap-
pendix A.3) simulations and compare the results with the FEM
solution. Excellent agreement has been achieved, and thus we
omit BD simulations for the scenarios studied in the rest of the
paper.

In Fig. 3, we show the MFPT for CABPs normalized by that of
PBPs, i.e., T/TPBP, for particles starting at x = 0 as a function of
χ. Results are shown for varying Péclet numbers (Pe = 1, Pe =

10, and Pe = 20) and initial orientations: right-pointing [φ = 0,
Fig. 3(a)], perpendicular to the exits [φ = π/2, Fig. 3(b)], and
uniformly random φ [Fig. 3(c)]. For uniformly random initial
orientations, we define

Tuni =
1

2π

∫ 2π

0
T (0,φ)dφ . (25)

For ABPs (χ = 0) and CABPs with weak chirality, the MFPT de-
creases with increasing Pe since particles can exit from both ends
of the interval. Increasing Pe corresponds to a lower translational
diffusivity, thereby enhancing escape driven by self-propulsion.
In contrast, when χ becomes large, the MFPT converges to that
of PBPs at leading-order for all values of Pe, consistent with our
asymptotic analysis in the high-chirality regime (Section 2.1.1).
Using Eq. (24), we obtain the analytical solution

T
TPBP

∣∣∣
x=0

= 1− λ

χ3/2
+ · · · , as χ → ∞, (26)

where λ =
√

Pe/2. For Pe = 10 and Pe = 20, this large-χ limit is
indicated by the dashed lines in Fig. 3(c).

For a fixed Pe, the MFPT increases monotonically with χ for
right-pointing particles [see Fig. 3(a)]. Physically, increasing
χ enhances the rate of rotation, thereby reducing the effective
swimming persistence. As a result, particle escape mediated by
self-propulsion is increasingly suppressed. We note that, by sym-
metry, left-pointing particles exhibit the same MFPT behavior as
right-pointing particles.

In contrast, for particles initially oriented perpendicular to the
exits [φ = π/2; see Fig. 3(b)], there exists an intermediate value
of χ that minimizes the MFPT. In this scenario, the MFPT initially
decreases as χ increases, reaches a minimum, and then increases
for larger χ values. For χ = 0, ABPs oriented toward the wall typ-
ically spend a time of order τR reorienting before they are able
to swim toward the absorbing boundary. When χ is small, par-
ticles can acquire a non-zero horizontal velocity, allowing them
to escape more quickly compared to ABPs. In the limit χ → ∞,
self-propulsion no longer contributes to directed motion, and es-
cape occurs purely via Brownian motion. An optimum is obtained
when the swim timescale is comparable to the timescale of rota-
tion due to chirality, L/Us ≈ 1/Ω, which gives χ ≈ 1.

When the initial orientation of the particles is uniformly ran-
dom, the MFPT profile represents an average of the MFPTs for
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Fig. 3 Scaled MFPT as a function of chirality (χ) for CABPs in a 1D interval with absorbing boundaries, computed using BD (see Appendix A.3)
and FEM. We plot T (x,φ) normalized by the passive MFPT TPBP, i.e., T/TPBP, for particles starting at x = 0 under three initial-orientation conditions:
(a) φ = 0 (right-pointing), (b) φ = π/2 (orientation perpendicular to the exits), and (c) φ uniformly random, and for three swim speed: Pe = 1 (red
circles), Pe = 10 (blue diamonds), and Pe = 20 (green squares). In each case, TPBP is computed from Eq. (7). For all results, β = 0.1. The dashed lines
indicate the high-chirality solution given in Eq. (26). The FEM and BD solutions have excellent agreement and cannot be distinguished visually.

Fig. 4 Contour plots showing the MFPT of CABPs in a 1D interval with absorbing boundaries as a function of the initial position (x/L) and orientation
(φ/π) for (a) χ = 0, (b) χ = 1, (c) χ = 10, and (d) χ = 100. In all cases, Pe = 10 and β = 0.1.

right-pointing particles and for particles oriented perpendicular
to the boundaries. Upon averaging over the orientations [see Fig.
3(c)], the non-monotonicity in χ becomes much less pronounced
compared to Fig. 3(b) for top-pointing particles.

While uniformly random initial orientations may better repre-
sent realistic scenarios, it is instructive to examine how the MFPT
depends more generally on the initial orientation. Fig. 4 shows
contour plots of the MFPT for CABPs in a 1D interval with absorb-
ing boundaries as a function of the initial position and orientation
of the particles, for different chirality. In all cases, the swim speed
is fixed at Pe = 10, and β = 0.1. When χ = 0 (achiral), the MFPT
is maximized when particles start at the center of the domain
(x = 0) and are oriented perpendicularly to the boundaries, with
the MFPT profile symmetric about φ = π. As the starting position
moves toward the right boundary (x = 1), the MFPT increases
for orientations pointing toward the left boundary (φ ≈ π) [see
Fig. 4(a)]. Conversely, for particles starting near the left bound-
ary, the MFPT increases for orientations pointing toward the right
boundary, with the symmetry preserved about φ = π. As expected
for χ = 0, particles starting very close to a boundary exhibit the
maximum MFPT when initially oriented directly toward the op-
posite boundary.

A similar trend is observed for χ = 1 [Fig. 4(b)], which yields
the lowest maximum MFPT among the values of χ considered in

Fig. 4. As χ increases further, the MFPT maximum remains near
the center of the domain but becomes less sensitive to the initial
orientation [Figs. 4(c)–(d)]. For large χ, the MFPT converges to
that of PBPs, as shown for χ = 100 in Fig. 4(d), where it is maxi-
mized at x = 0 and decreases monotonically and symmetrically as
the starting position approaches either boundary, independent of
orientation.

2.2 CABPs in a 1D interval with a reflecting left boundary

Extending the previous case of absorbing boundaries at both ends,
we now consider a CABP confined to the 1D interval [−L,L], with
a reflecting boundary at the left end and an absorbing boundary
at the right end, as illustrated in Fig. 5. In this configuration,
the reflecting boundary prevents escape to the left, so the particle
can only exit the domain through the right absorbing boundary.
Our results highlight the effect of asymmetry in the confinement
geometry on CABP dynamics.

The MFPT for the CABP to escape the domain in this config-
uration is parameterized analogously to that of the symmetric
interval with absorbing boundaries at both ends. Consequently,
the governing non-dimensional PDE for the MFPT is identical
to Eq. (3), but with boundary conditions adapted to the mixed

6 | 1–16Journal Name, [year], [vol.],

Page 6 of 17Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

5 
Ju

ne
 2

02
6.

 D
ow

nl
oa

de
d 

on
 6

/1
5/

20
26

 8
:4

2:
29

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online
DOI: 10.1039/D6SM00448B

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6sm00448b


Fig. 5 Schematic illustration of a chiral active Brownian particle (CABP)
in a one-dimensional domain with a reflecting left boundary. The blue
circle represents the CABP. The black arrow indicates the orientation
vector. The red curved arrow shows chirality.

(reflecting–absorbing) domain geometry:

∂T
∂x

(−1,φ) = 0, and T (1,φ) = 0, (27)

where the reflecting condition at x = −1 enforces a zero flux of
probability at the left boundary, and the absorbing condition at
x = 1 indicates certain escape upon reaching the right boundary.
We also impose a periodic boundary condition for φ : T (x,0) =
T (x,2π).

2.2.1 The high-chirality regime: reflecting-absorbing
boundaries

Similar to the case with absorbing boundaries at both ends, we
employ matched asymptotic expansions to derive analytical solu-
tions in the high-chirality limit. In the bulk, we use the regular
perturbation expansion introduced in Eq. (4). This leads to the
same leading-order problem for T 0 as in Eq. (6), but now solved
with the boundary conditions in Eq. (27). Solving this boundary-
value problem (BVP) yields an explicit expression for the leading-
order MFPT in the limit χ → ∞:

T 0(x) =
Pe
2
(x+3)(1− x), (28)

which is identical to the MFPT of PBPs in this interval. Substitut-
ing T 0 into Eq. (5) and solving, we obtain

T 1 = Pe(1+ x)sinφ +a(x), (29)

where a(x) is an unknown function of x.
Near the right absorbing boundary, we again introduce the

stretched boundary-layer coordinate s =
√

χ(1− x). We express
the bulk expansion T 0+T 1/χ + · · · in terms of the boundary-layer
coordinate s and expand it in a series as χ → ∞, yielding

T = 2Pes
1
√

χ
+

[
a(1)− Pes2

2
+2Pe sinφ

]
1
χ
+O

(
1/χ

3/2
)
, (30)

where a(1) ≡ a(x = 1). The boundary-layer equation and asymp-
totic expansion are identical to those in the case where both
boundaries are absorbing; they are given by Eqs. (11) and (13),
respectively. The distinction lies solely in the matching condi-
tions: T̃1/2 ∼ 2Pes and T̃1 ∼ a(1)− Pes2/2 + 2Pe sinφ as s → ∞.
Solving the boundary-layer equations subject to these matching
conditions yields

T̃1/2 = 2Pes; T̃1 =−Pes2

2
+2Pe

(
sinφ − e−λ s sin(λ s+φ)

)
. (31)

A necessary condition for the above solution is that a(1) = 0.

−1.0 −0.5 0.0 0.5 1.0

x/L

−0.02

0.00

0.02

(T
−

T
P
B
P
)
/
τ s

φ = 0

π/4

π/2

−π/4

−1.0 −0.5 0.0 0.5 1.0

x/L

0.0

0.5

1.0

1.5

2.0

φ
/
π

0.0

0.4

0.8

1.2

1.6

2.0
T/τs

(a)

(b)

Fig. 6 Asymptotic solutions for the MFPT of CABPs in a 1D interval with
reflecting left and absorbing right boundaries, . (a) Comparison between
the full numerical (FEM; solid lines) and asymptotic (markers) solutions
for (T −TPBP)/τs. The plotted asymptotic solution [see Eq. (38)] is given
by (T −TPBP)/τs =

(
G1 +T 1

)
/χ +

(
G3/2 +T 3/2

)
/χ3/2. (b) Contour plot

showing the MFPT obtained from the three-term asymptotic solution
in Eq. (38). For both (a) and (b), Pe = 1, χ = 50, and β = 0.1. The
asymptotic and full solutions in panel (a) have excellent agreement.

Near the left reflecting boundary, we introduce the stretched
boundary-layer coordinate z =

√
χ(1+ x). Similar to Eq. (30), we

express the outer solution in terms of z to obtain

T = 2Pe+
[

a(−1)− 1
2

Pe z2
]

1
χ
+O

(
1/χ

3/2
)
, (32)

This suggests a boundary-layer expansion of the form

T̃ = T̃0 +
1
χ

T̃1 +
1

χ3/2
T̃3/2 + · · · , (33)

with matching conditions T̃0 ∼ 2Pe and T̃1 ∼ a(−1)−Pez2/2 as z→
∞. Substituting Eq. (33) into the boundary-layer PDE (11) and
solving each order in turn, subject to these matching conditions,
yields

T̃0 = 2Pe; T̃1 =−1
2

Pez2, (34)

which additionally requires a(−1) = 0. Solving the boundary
value problem (BVP) a′′ = 0 subject to a(±1) = 0 then gives
a(x̄) = 0.

At O(1/χ3/2), the governing equation for the right boundary
layer remains the same as Eq. (17). Substituting the solutions
in Eq. (31) into Eq. (17) and solving the resulting equation, we
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Fig. 7 Scaled MFPT as a function of chirality (χ) for CABPs in a 1D interval with reflecting left and absorbing right boundaries, computed using
FEM. We plot T/TPBP for particles starting at x = 0 under three initial-orientation conditions: (a) φ = 0 (right-pointing), (b) φ = π (left-pointing),
and (c) φ uniformly random, and for three swim speed: Pe = 1 (red circles), Pe = 10 (blue diamonds), and Pe = 20 (green squares). In each case,
TPBP is computed from Eq. (28). For all results, β = 0.1. Note the differing y-axis limits in panels (a)–(c). The dashed lines in panel (c) indicate the
high-chirality asymptotic solution given in Eq. (43).

obtain the solution for T̃3/2 at the right boundary layer, given by

T̃3/2(s,φ) = Peλ

[
H(λ s,0)−1

]
−Pes sinφ

+Peλ

[
H(s

√
Pe,2φ)−H(λ s,2φ)

]
,

(35)

where the function H(η ,θ) is as defined in (19). As s → ∞, in
outer variables, we have T 3/2(1) = −Peλ . Similarly, at the left
boundary layer, the solution at O(1/χ3/2) is

T̃3/2(z,φ) = Pezsinφ +T 3/2(−1)+λH(λ z,φ). (36)

We note that the left solution given in Eq. (36) still contains the
undetermined constant T 3/2(−1). To solve the BVP T ′′

3/2 = 0 [cf.
Eq. (10)], we need an additional boundary condition. In the Ap-
pendix, we show that this condition is provided by the solvability
condition for the left boundary layer at the next order. The solv-
ability requires that T ′

3/2(−1) = Pe λ/2. With this, one can readily
solve the BVP to obtain

T 3/2(x) =
Pe λ

2
(x−3) . (37)

We then calculate the value of T 3/2 at the left boundary as
T 3/2(−1) =−2Pe λ , which uniquely determines the solution given
in Eq. (36).

Using the bulk and boundary-layer solutions, we construct a
composite asymptotic solution for the MFPT of CABPs in the in-
terval, given by

T c = T 0(x,φ)+
1
χ

(
T 1(x,φ)+G1

)
+

1
χ3/2

(
T 3/2(x,φ)+G3/2

)
+O(1/χ

2),

(38)

where T 0(x,φ) is given in Eq. (28), T 1(x,φ) is given in Eq. (29),
and T 3/2(x,φ) is given in Eq. (37). Here, G1 and G3/2 are defined
as follows:

G1 =−2Pe e−λ s sin(λ s+φ), (39)

and

G3/2 = λH(λ z,φ)+PeλH(λ s,0)

+Peλ

[
H(s

√
Pe,2φ)−H(λ s,2φ)

]
.

(40)

In Fig. 6(a), we compare (T − TPBP)/τs obtained from the
full FEM solution against the asymptotic prediction, given by
(T̄1 +G1)/χ +

(
T̄3/2 +G3/2

)
/χ3/2 via Eq. (38). The asymptotic

solution shows excellent agreement with the FEM result across
the entire x-domain for all values of φ considered. As in the
case with absorbing boundaries at both ends, we observe a non-
monotonic dependence on x. Similarly, as φ increases from neg-
ative to positive values, CABPs undergo a continuous transition
from facilitated to hindered transport regimes (cf. Fig. 2).

In Fig. 6(b), we show a contour plot of the MFPT for CABPs
obtained from the three-term asymptotic solution in Eq. (38) as
a function of the initial position and orientation of the particles,
for χ = 50 and Pe = 1. In the high-chirality regime, the MFPT of
CABPs is, to leading order, identical to that of PBPs [see first term
in Eq. (38)]. The presence of higher-order correction terms intro-
duces a weak dependence of the MFPT on the particle orientation
φ .

Since the left boundary is reflecting, the MFPT attains its max-
imum there; evaluating the composite solution at x̄ =−1 yields

T (−1,φ) = 2Pe+
λ

χ3/2
(−2Pe+ sinφ + cosφ)+O

(
1/χ

2
)
. (41)

Notably, the O(1/χ) terms in Eq. (38) vanish at x̄ = −1, so the

leading correction to the passive result appears at O
(

1/χ3/2
)

.

Furthermore, the MFPT of CABPs at the reflecting boundary is
slighted reduced compared to that of PBPs, thanks to the cou-
pling of swimming and chiral rotation assisting the particle steer-
ing away from the wall.
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Fig. 8 Contour plots showing the MFPT of CABPs in a 1D interval with left reflecting and right absorbing boundaries as a function of the initial
position (x/L) and orientation (φ/π) of the particles for varying chirality χ. Panels show results for (a) χ = 0, (b) χ = 0.1, (c) χ = 0.5, (d) χ = 1, (e)
χ = 10, and (f) χ = 100. In all cases, Pe = 10 and β = 0.1.

2.2.2 The finite-chirality regime: reflecting-absorbing
boundaries

As in the absorbing-boundary problem, the MFPT for CABPs in
the interval with a left reflecting boundary admits no closed-form
solution in the finite-chirality regime. We therefore solve Eq. (3)
subject to the boundary conditions in Eq. (27) using FEM.

The computed MFPT for CABPs is presented in Figs. 7 and 8.
Fig. 7 shows the normalized MFPT, T/TPBP, as a function of chi-
rality, for particles starting at the midpoint of the interval (x = 0)
with varying initial orientations and different Péclet numbers. In
Fig. 7(a), we show the MFPT for particles initially oriented to
the right (φ = 0). The MFPT profile closely resembles that of the
symmetric interval with absorbing boundaries at both ends [see
Fig. 3(a)], increasing monotonically with χ. Although the ratios
in Figs. 3(a) and 7(a) suggest that T/TPBP is lower for the interval
with a left reflecting boundary, this does not imply that the abso-
lute MFPT is smaller, since the passive MFPTs for the two domain
configurations differ.

So far, the MFPT computed across all scenarios and both 1D
domain configurations as a function of χ shows that the MFPT
for CABPs is generally less than or equal to that of PBPs [see
Fig. 3(a)–(c) and Fig. 7(a)]. However, Fig. 7(b) presents a con-
trasting case: when particles start oriented toward the reflecting
boundary (left-pointing), the MFPT for CABPs is greater than that
of PBPs for all values of Pe when χ is very small, as indicated
by T/TPBP > 1. In this small-χ regime, the escape is dominated
by the achiral active Brownian dynamics. ABPs initially oriented
towards the left wall become trapped there and must rely on ro-
tational Brownian diffusion to reorient away from the wall. As
χ increases, the MFPT decreases for all values of Pe. For Pe = 1

(red circles), this decrease is monotonic, and the MFPT converges
to that of PBPs as χ → ∞. For higher swim speeds, Pe = 10 and
Pe = 20, the MFPT exhibits non-monotonic behavior: it initially
decreases as χ increases, reaches a minimum, and then increases
again with further increases in χ, eventually converging to the
MFPT for PBPs as χ → ∞. For these larger values of Pe, the MFPT
for CABPs drops below that of PBPs over a range of χ.

In Fig. 7(c), we show the results for particles with uniformly
random initial orientations, which effectively average the behav-
iors observed in Figs. 7(a) and 7(b). In this case, the MFPT ex-
hibits a minimum at an intermediate value of χ. Unlike the sym-
metric interval with uniformly random orientations [cf. Fig. 3(c)],
where CABPs consistently have MFPTs below the passive MFPT
(T/TPBP < 1) for all Pe, in the left reflecting boundary configu-
ration, the MFPT for CABPs exceeds that of PBPs at Pe = 1, but
is lower for higher swim speeds (Pe = 10 and Pe = 20). For all
swim speeds, the variation in T/TPBP with increasing χ is more
pronounced for the reflecting-left boundary configuration, high-
lighting the influence of boundary type on the MFPT as a function
of chirality.

In the high-chirality regime, applying Eq. (38) at the domain
midpoint (x̄ = 0) yields the asymptotic expansion

T
TPBP

∣∣∣
x=0

= 1+
1
χ

2sinφ

3
− λ

χ3/2
+O

(
1/χ

2
)
. (42)

We note that the order of the leading correction to the passive
result depends on the initial orientation angle. When sinφ = 0,
as shown in Figs. 7(a)–(b), the first nonzero correction arises at
O
(

1/χ3/2
)

; for sinφ ̸= 0, it appears at O(1/χ). For CABPs with

an initially uniform orientational distribution, the O(1/χ) term
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vanishes, yielding

Tuni

TPBP

∣∣∣
x=0

= 1− λ

χ3/2
+O

(
1/χ

2
)
. (43)

This asymptotic result is shown as dashed lines in Fig. 7(c), ex-
hibiting excellent agreement with the numerical results in the
high-chirality regime.

It is instructive to compare Tuni for particles starting from
the midpoint (x = 0) under two boundary conditions: both
ends absorbing, and a reflecting left boundary with an absorb-
ing right boundary. While TPBP(x = 0) differs between the two
cases, the two-term asymptotic solution for the scaled MFPT,
Tuni(x= 0)/TPBP(x= 0) coincides for both boundary conditions [cf.
Eqs. (43) and (26)]. We note that this is not generally true for an
arbitrary x, which reflects precisely the interplay between asym-
metric confinement, chirality and activity.

Next, we present contour plots of the MFPT for CABPs in the
1D interval with a left reflecting boundary, as functions of the
initial position and orientation of the particles in Fig. 8. The
physical parameters are Pe = 10 and β = 0.1. Each subplot cor-
responds to a different fixed value of chirality χ. For χ = 0 [see
Fig. 8(a)], the MFPT corresponds to that of standard ABPs. In
this case, the MFPT is maximized when particles are initially ori-
ented toward the reflecting boundary and located at x/L = −1
(i.e., φ/π = 1), and it decreases symmetrically as the initial ori-
entation deviates from this direction. Generally, for a fixed initial
orientation, the MFPT decreases as the starting position moves
closer to the absorbing boundary at x/L = 1. This behavior is in-
tuitive, as particles near the absorbing boundary are more likely
to escape quickly. We further note that for φ = π, ABPs initially
swim toward the wall before reorienting and eventually exiting.
If the Péclet number is large, the transit time from the bulk to
the left wall is short, and the MFPT is therefore dominated by
the reorientation process at the wall. Consequently, for large Pe
(e.g., Pe = 10) and φ = π, T/τs exhibits a plateau before decreas-
ing to zero, consistent with the absorbing boundary condition at
the right exit (see also Fig. 12 in Appendix A.2).

As χ increases from zero, the particles begin to spin in the coun-
terclockwise direction (since χ > 0). This rotational motion sig-
nificantly affects their overall dynamics, as reflected in the MFPT
required to escape the domain [see Fig. 8(b)–(e)]. Notably, for
small χ [see Fig. 8(b); see also Fig. 13 in Appendix A.2], the pre-
viously symmetric contour begins to distort, and a pronounced
asymmetry emerges as χ increases further [see Fig. 8(c)–(d)].
Owing to the counterclockwise rotation, the location of the maxi-
mum MFPT at the left wall shifts to orientations with φ < π. This
arises because particles starting with φ < π are advected by chiral-
ity toward the left wall, which increases their residence time be-
fore reaching the escape-favorable orientation window |φ |< π/2.
On the other hand, for φ > π, rotational motion carries particles
directly into this escape window, allowing for faster escape. Addi-
tionally, the maximum MFPT [see the color bars in Figs. 8(a)–(d)]
decreases relative to the χ = 0 (ABP) case, indicating that rota-
tional dynamics reduce the worst-case escape time. Physically, the
worst-case scenario for ABPs corresponds to orientations pointing

Fig. 9 Schematic illustration of a CABP confined within a circular domain
with absorbing arcs (dashed lines) through which the particle can escape.
The remaining portions of the boundary (solid lines) are reflecting. (a)
A CABP in a disk with a single absorbing arc spanning the angular in-
terval [−θe,θe]. (b) A CABP in a disk with two symmetric absorbing
arcs located at θ ∈ (−θe/2,θe/2) and θ ∈ (π −θe/2,π +θe/2). The blue
circle represents the CABP, the black arrow indicates its instantaneous
orientation (self-propulsion direction), and the red curved arrow denotes
chirality.

toward the left wall, where particles become effectively trapped
by persistent propulsion. Chirality introduces rotational dynamics
that break this trapping by reorienting particles, thereby enhanc-
ing escape and reducing the MFPT.

As mentioned earlier, when CABPs rotate rapidly, their directed
motion becomes increasingly disrupted, and their behavior ap-
proaches that of PBPs, as χ → ∞. This transition is evident in the
contour plots in Fig. 8(e) (χ = 10) and 8(f) (χ = 100). For χ = 10,
the influence of the initial orientation on the MFPT is already sig-
nificantly reduced compared to lower values of χ. In this case,
the escape dynamics is largely dominated by chirality, which is
characterized in Section 2.2.1. For χ = 100, effect of persistent
propulsion becomes negligible. In this regime, the MFPT is de-
termined primarily by the particle’s initial position, rather than
its orientation or swim speed, which is characteristic of PBPs and
consistent with the results for the symmetric domain shown in
Fig. 4(d), and our asymptotic analysis.

Lastly, we note from Figs. 3 and 7 that the MFPT for CABPs de-
creases as the particle swim speed increases, i.e., as Pe increases.
This trend is expected, as higher activity enhances the ability
of particles to escape from the domain regardless of boundary
type, consistent with previous findings for ABPs.27 Although this
is not immediately evident from the computed ratio T/TPBP in all
cases, the MFPT for CABPs is higher in the interval with a left
reflecting boundary than in the symmetric domain with absorb-
ing boundaries at both ends. This is also expected, since particles
in the symmetric domain can exit from either boundary, whereas
those in the domain with a left-reflecting boundary can only exit
through the right boundary. This difference is apparent when
comparing the results in Figs. 2(b) and 4 with Figs. 6(b) and 8.

3 CABPs in a disk

We extend our analysis to the escape dynamics of CABPs in a two-
dimensional disk of radius R. The MFPT in this geometry remains
governed by Eq. (2). We use R as the length scale of the domain
so that the swim timescale is τs = R/Us. Non-dimensionalizing

10 | 1–16Journal Name, [year], [vol.],
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Fig. 10 MFPT for CABPs in a 2D disk with a single absorbing arc as
a function of the angular velocity (χ). (a) θe = π/2 and Pe = 1,2,10,
and (b) Pe = 10 and θe = π/8,π/4,π/2. For all scenarios, CABPs start
at the center of disk with uniformly random initial orientation (φ) and
β = 0.1. TPBP is the passive MFPT and τs is the swimming time scale of
the particles. In (a), MFPT computed from BD simulations are shown
using filled markers.

Eq. (2) using this timescale yields the dimensionless parameters:

Pe =
UsR
Dx

, χ =
ΩR
Us

, β =
R

UsτR
. (44)

In analyzing the MFPT in this geometry, we consider two config-
urations: (i) a disk with a single absorbing arc, and (ii) a disk
with two symmetric absorbing arcs (Fig. 9). For each configura-
tion, the MFPT is computed using FEM as a function of the Péclet
number (Pe) and chirality (χ).

3.1 CABPs in a disk with one absorbing arc

Consider a CABP confined to a disk of radius R with an absorbing
arc between the angles −θe and θe, through which the particle
can escape [see Fig. 9(a)]. The remainder of the disk boundary
is reflecting. The MFPT for the particle to exit the disk satisfies
Eq. (2). In non-dimensional form, we solve

qqq · ∇̄T +
1
Pe

∇̄
2T +χ

∂T
∂φ

+β
∂ 2T
∂φ 2 =−1, (45)

subject to the Dirichlet boundary condition

T (r̄ = 1,θ ,φ) = 0 for θ ∈ Θe, (46)

on the absorbing arc, and the Neumann boundary condition

∂T
∂ r̄

(r̄ = 1,θ ,qqq) = 0 for θ ∈ [0,2π]\Θe, (47)

on the reflecting portion of the boundary. Here, Θe ≡ (−θe,θe)

denotes the absorbing arc, r̄ = r/R, and ∇̄ = R∇ is the non-
dimensional gradient operator. As in the 1D cases, qqq = cosφ eeex +

sinφeeey.
The MFPT for a CABP starting at the center of the disk with a

uniformly random initial orientation is shown in Fig. 10, plotted
as a function of chirality χ for different values of Pe. These re-
sults extend the analysis of Section 2.2, which considered a CABP
in a 1D interval with a reflecting boundary on the left and an ab-
sorbing boundary on the right, to the 2D setting. In particular,
the configuration shown in Fig. 10(a) for θe = π/2 is analogous
to that in Fig. 7(c) for the 1D case.

As in the 1D case, there exists an intermediate value of χ that
minimizes the MFPT. This minimum is sharp at large Péclet num-
bers, as shown for Pe = 10 in Fig. 10(a). In the large-Pe regime,
the minimum is set by the balance R/Us ≈ 1/Ω, which again
gives χ ≈ 1. As Pe decreases, translational Brownian motion be-
comes increasingly important, and the minimum becomes both
shallower and broader. This behavior reflects a generic trade-off:
at low Pe, diffusive transport reduces the sensitivity of the MFPT
to the chiral dynamics set by χ. Put differently, the reduction
in MFPT due to optimal chirality is most pronounced for highly
active particles.

For ABPs or CABPs with small χ, the escape dynamics are ef-
fectively governed by standard ABP behavior. In contrast to the
1D case—where the MFPT decreases monotonically with increas-
ing Pe—the 2D results exhibit a more intricate dependence on Pe.
Specifically, for small or vanishing χ, the MFPT is larger for Pe = 2
than for Pe = 1. For ABPs, this non-monotonic dependence of the
MFPT on Pe has been discussed in Iyaniwura & Peng;29 the MFPT
distribution as a function of Pe and rotational Brownian motion
has also been studied theoretically in a circular region with the
boundary being entirely absorbing.28

To examine the dependence of the MFPT on the size of the
absorbing arc, in Fig. 10(b) we show the MFPT for several val-
ues of the absorbing arc half-angle θe (θe = π/8,π/4,π/2) at a
fixed value of Pe = 10. Increasing θe corresponds to enlarging the
absorbing arc, thereby increasing the likelihood that a particle
encounters the escape window along the boundary; as a result,
the MFPT decreases monotonically with increasing θe. As dis-
cussed earlier, for large Pe, the optimality arises from the balance
R/Us ≈ 1/Ω. Consequently, the chirality that minimizes the MFPT
is largely independent of the size of the absorbing arc. Therefore,
the drop in the MFPT becomes more pronounced with a smaller
window size.

Similar to the 1D case [Fig. 7(c)] is that the MFPT of CABPs,
and of ABPs in the small chirality limit, can be shorter or longer
than that of PBPs as shown in Fig. 10. This again reflects the com-
petition previously described: particles with unfavorable initial
orientations are more likely to encounter the reflecting boundary
first and may even become trapped, whereas those oriented to-
ward the exit can escape more rapidly due to active swimming.
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Fig. 11 MFPT for CABPs in a 2D disk with two symmetric absorbing arcs
as a function of the angular velocity (χ). (a) θe = π/2 and Pe = 1,2,10,
and (b) Pe = 10 and θe = π/8,π/4,π/2. For all scenarios, CABPs start
at the center of disk with uniformly random initial orientation (φ) and
β = 0.1. TPBP is the passive MFPT and τs is the swimming time scale of
the particles.

This competition is further modulated by the swimming speed Pe
and the size of the opening θe.

3.2 CABPs in a disk with two symmetric absorbing arcs

Next, we consider a disk with two symmetric absorbing arcs lo-
cated at angles θ ∈ (−θe/2,θe/2) and θ ∈ (π − θe/2,π + θe/2),
through which a CABP can escape. The remainder of the bound-
ary is reflecting [see Fig. 9(b)]. Let Θe ≡ (−θe/2,θe/2)∪ (π −
θe/2,π + θe/2), the MFPT for a CABP to exit the disk satisfies
Eq. (45), with the boundary conditions given by Eqs. (46) and
(47). We note that the only difference between this case and
Sec. 3.1 in the PDE formulation lies in the definition of Θe. We
choose the absorbing arc Θe such that the total length equals that
of the single absorbing arc in Fig. 9(a). This geometry is analo-
gous to the 1D interval with absorbing boundaries at both ends,
analyzed in Section 2.1.

As shown in Fig. 11(a), for Pe = 10, the MFPT exhibits a non-
monotonic dependence on χ. In contrast to the one-arc case, this
non-monotonicity is largely absent at lower Pe, as illustrated for
Pe = 1 and Pe = 2 in Fig. 11(a). With two exits, particles can es-
cape from either side, which reduces geometric constraints on the
dynamics, similar to the 1D cases. As a result, only highly active
particles—those that tend to become trapped along the reflecting
portions of the boundary—benefit significantly from an optimal
chirality.

Lastly, Fig. 11(b) shows the MFPT for a CABP escaping the disk
for Pe = 10 and θe = π/8,π/4,π/2. As in the single-arc case, the
MFPT decreases monotonically with increasing arc length, and
the optimal χ that minimizes the MFPT is largely independent of
the absorbing arc length. However, the dependence on the chi-
rality χ differs qualitatively from the single-arc geometry. Specifi-
cally, for a disk with one absorbing arc, the MFPT is smaller in the
limit χ → ∞ than in the limit χ → 0 for all values of θe considered.
In contrast, for two symmetric absorbing arcs, the MFPT is lower
as χ → 0 than as χ → ∞.

Since the dynamics of CABPs approach those of ABPs as χ → 0
and those of PBPs as χ → ∞, these results imply that ABPs es-
cape more slowly than PBPs in the single-arc geometry, but more
rapidly in the two-arc geometry. In the single-arc case, ABPs tend
to become trapped near the reflecting boundary, which increases
their residence time in the domain before reaching the exit. In
contrast, with two exits, they can reach the boundaries more
efficiently; sliding along the reflecting segments on either side
eventually leads to an exit, enhancing escape efficiency.33 Note
that this is similar to the contrast between 1D cases with absorb-
ing/absorbing and reflecting/absorbing boundaries.

4 Discussion
In this work, we studied the MFPT of CABPs in confined geome-
tries, considering two canonical configurations in both 1D and
2D settings. In 1D, we examined a particle in an interval with
absorbing boundaries at both ends, and an interval with a re-
flecting boundary and an absorbing boundary. The 2D analysis
considered analogous configurations on a disk: a disk with two
symmetric absorbing arcs, corresponding to the fully absorbing
1D interval, and a disk with a single absorbing arc, correspond-
ing to the mixed boundary 1D interval. By combining FEM solu-
tions of the full problem with matched asymptotic expansions in
the high-chirality regime, we obtained a comprehensive picture
of how chirality, swim speed, and Brownian motion collectively
govern the escape dynamics of CABPs.

A central finding of this work is the existence of an optimal
chirality that minimizes the MFPT, a feature that is especially
pronounced for CABPs at large Péclet numbers. Primarily for
CABPs with unfavorable initial orientations, the optimality arises
when the time of reorientation towards the exit, thanks to chiral-
ity, matches the time to transit the confinement domain through
active swimming. It is generally independent of geometric dimen-
sions (1D or 2D) and escape configurations (single or double sym-
metric exits). This universality highlights chirality as a robust con-
trol parameter that can be tuned to minimize escape times across
a broad class of confined geometries, with practical implications
for the design of synthetic microswimmer systems in which the
rotation rate can be controlled externally, for instance through
magnetic fields or geometric confinement.36–38 This perspective
draws a natural connection to studies of microswimmers in cor-
rugated or periodically structured environments, where boundary
curvature and shape have been shown to modulate swimmer tra-
jectories and transport.26,33,39–41 The present results suggest that
chirality introduces a control parameter in addition to boundary
curvature. The interplay between chirality and boundary geome-

12 | 1–16Journal Name, [year], [vol.],

Page 12 of 17Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

5 
Ju

ne
 2

02
6.

 D
ow

nl
oa

de
d 

on
 6

/1
5/

20
26

 8
:4

2:
29

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online
DOI: 10.1039/D6SM00448B

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6sm00448b


try can therefore give rise to non-trivial transport behavior.21

In the high-chirality regime (χ ≫ 1), the MFPT approaches that
of PBPs to leading order. In 1D using asymptotic expansions,
we have systematically resolved the structure of CABP escape
time compared to its PBP limit, uncovering a delicate interac-
tion among chirality, swim-induced escape, and Brownian diffu-
sion. Meanwhile, this recovery of passive-like behavior reflects
the fact that strong chirality suppresses persistent swimming and
reduces net directed transport. Thus, while intermediate chirality
enhances escape efficiency, excessive chirality is detrimental, un-
derscoring the importance of tuning chirality to its optimal value.

The initial orientation φ of the particles plays a qualitatively
distinct role in shaping the MFPT depending on the boundary
configuration. In the fully absorbing case, the MFPT transitions
smoothly between facilitated escape, when the particle is ini-
tially directed toward either exit and self-propulsion immediately
drives it toward an absorbing boundary, and hindered escape,
when it starts perpendicular to the boundaries and must first re-
orient before making productive progress toward an exit, a pro-
cess governed by rotational diffusion and therefore costly in time.
In the mixed boundary case, the maximum MFPT occurs when
the particle starts pointing toward the reflecting boundary, since
self-propulsion initially drives it away from the only available exit,
effectively increasing the distance the particle must cover before
escaping; as chirality increases, the orientation associated with
this maximum rotates continuously in the direction of the chiral
angular drift, reflecting the systematic bias that chirality intro-
duces into the particle’s trajectory. In both cases, the sensitivity of
the MFPT to φ diminishes with increasing chirality and vanishes
as χ → ∞: rapid chiral rotation causes the self-propulsion direc-
tion to precess rapidly through all angles, averaging out any di-
rectional bias over timescales short compared to the escape time,
erasing the memory of the initial orientation, and recovering the
isotropic MFPT of a passive Brownian particle independent of φ .

In the 2D setting, the MFPT was analyzed numerically across
both absorbing arc configurations. A key finding is that the con-
figuration of absorbing arcs can qualitatively alter the escape dy-
namics beyond a simple rescaling, even when the total absorbing
arc length is held fixed between the two configurations. In par-
ticular, unlike the 1D case where the MFPT varies monotonically
with swim speed across all chirality values considered, the 2D
single-arc configuration exhibits a non-monotonic dependence of
the MFPT on swim speed at low chirality. No such behavior was
observed in the two-arc configuration, where the MFPT varies
monotonically with swim speed across the full range of chiral-
ity values considered. These results demonstrate that the number
and placement of absorbing arcs in 2D or 3D can qualitatively al-
ter the relationship between swim speed and escape time, even
when the total absorbing arc length is held fixed. Unlike in 1D,
particles in 2D or 3D are more likely to remain trapped for longer
at a reflecting boundary. In a 1D interval, even a small devia-
tion from the normal orientation to the wall allows the particle to
slide along the boundary and eventually escape. In higher dimen-
sions, however, particles must undergo a more substantial reori-
entation before they can move away from the boundary and reach
the exit. As an example, this can be seen by comparing Fig. 3(c)

and Fig. 11(b), where the non-monotonicity is more pronounced
in the 2D case.

Furthermore, in both configurations, the optimal chirality that
minimizes the MFPT is found to be independent of the absorbing
arc length, suggesting that this optimality is a robust geometric
feature of the escape dynamics rather than a boundary-size effect.
However, the results for these two configurations differ qualita-
tively in the limiting behavior of the MFPT: for a single absorbing
arc, the MFPT is smaller as χ → ∞ than as χ → 0, whereas for
two symmetric absorbing arcs the opposite holds, with the MFPT
being lower as χ → 0 than as χ → ∞. This qualitative reversal
underscores the role of domain geometry in determining whether
high or low chirality is more detrimental to escape.

Despite the in-depth analysis carried out in this work, several
avenues remain open for future investigation. The present model
assumes a uniform translational diffusion coefficient and a fixed
swim speed; relaxing these assumptions to account for spatially
varying diffusivity or chirality would broaden the applicability of
the framework to experimentally relevant systems. A natural ex-
tension is also the case of multiple absorbing windows with ar-
bitrary placement and size, beyond the symmetric two-arc con-
figuration considered here, particularly in the context of model-
ing cell membrane transport or drug delivery in complex environ-
ments.

Another natural extension of this work is the narrow escape
problem for a CABP confined to a 2D disk with a fully reflect-
ing boundary, where the absorbing targets consist of one or more
small traps of size ε ≪ 1 located in the interior of the disk.42–44

A key question is whether closed-form asymptotic solutions can
be derived in this setting. Extending this analysis to CABPs would
reveal how chirality and swim speed modify the asymptotic be-
havior of the MFPT as ε → 0, and whether the optimal chirality
identified in the present work persists in this interior trap setting.
This extension is relevant to applications such as the targeting of
drug-carrying microswimmers to specific receptor sites, and the
arrival of reactive molecules at localized catalytic sites within a
confined cellular environment.

Overall, the results presented in this work establish a quantita-
tive framework for understanding how chirality modulates escape
dynamics in confined active matter systems. A key outcome is the
identification of an optimal chirality that minimizes the MFPT,
positioning chirality as a robust control parameter for modulating
the motion of active particles. This shows that chirality could be
leveraged in synthetic microswimmer systems to achieve targeted
transport, with potential applications in drug delivery, microflu-
idics, and biomedical engineering, and provides a foundation for
future studies of escape dynamics in more complex environments
relevant to biological and synthetic microswimmers.
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A Appendix

A.1 1D derivation with a reflecting boundary
To derive a boundary condition for T 3/2, we need to first obtain
the bulk solution at O(1/χ2). From the regular expansion given
in Eq. (9), we obtain

1
Pe

∂ 2T 1

∂x2 +β
∂ 2T 1

∂φ 2 + cosφ
∂T 1

∂x
+

∂T 2

∂φ
= 0. (48)

Inserting Eq. (29) into the above equation and integrating yields

T 2(x,φ) = b(x)−β Pe cosφ (1+ x)+
1
2

Pe cos2
φ , (49)

where b(x) remains to be determined.
For the boundary layer near the reflecting wall on the left, the

matching condition is then given by

T = 2Pe− 1
χ

Pez2

2
+

1
χ3/2

(
Pez sinφ +T 3/2(−1)

)

+
1

χ2

(
Pe cos2 φ

2
+b(−1)+ z T ′

3/2(−1)
)
+O

(
1

χ5/2

)
,

(50)

where we have used the fact that a(−1) = 0. Recall the boundary-
layer expansion

T̃ = 2Pe+
1
χ

T̃1(z,φ)+
1

χ3/2
T̃3/2(z,φ)+

1
χ2 T̃2(z,φ)+ · · · , (51)

where T̃1 and T̃3/2 are given by Eqs. (34) and (36), respectively.
At O(1/χ2), we obtain

1
Pe

∂ 2T 2

∂ z2 +
∂T 2

∂φ
+ cosφ

∂T 3/2

∂ z
+β

∂ 2T 1

∂φ 2 = 0, (52)

whose solution is given by

T̃2(z,φ) = b(−1)+
1
2

Pecos2(φ)+
Peλ

2
z+

Pe
2

e−λ z cos(λ z)

− 1
2

Pe e−λ z cos(λ z+2φ)

+
Pe

2
√

2
e−z

√
Pe cos(z

√
Pe+2φ).

(53)

Comparing this solution with the matching condition given in
Eq. (50), we conclude that T ′

3/2(−1) = Peλ/2. We note that,
at this stage, b(−1) remains undetermined. Integrating the BVP,
T ′′

3/2 = 0, together with the boundary conditions T 3/2(1) = −Peλ

and T ′
3/2(−1) = Peλ/2, we obtain

T 3/2(x) =
Peλ

2
(x−3) . (54)

−1.0 −0.5 0.0 0.5 1.0

x/L

0

5

10

15

20

25

30

T
/
τ s

φ = 0

φ = π/2

φ = π

Fig. 12 MFPT of ABPs (χ = 0) in a 1D interval with reflecting left
and absorbing right boundaries as a function of the initial position (x/L).
Other parameters are Pe = 10 and β = 0.1. The corresponding contour
plot for the MFPT as a function of x/L and φ is given in Fig. 8(a).

0 1/2 1 3/2 2

φ/π

5

10

15

20

25

30

T
/
τ s χ = 0

χ = 0.1

χ = 0.5

Fig. 13 MFPT of CABPs in a 1D interval with reflecting left and ab-
sorbing right boundaries as a function of the initial orientation. For all
results, the starting particle position x/L=−1. That is, the particles start
from the left reflecting wall. Other parameters are Pe = 10 and β = 0.1.
See Figs. 8(a)–(c) for the corresponding contour plots for the MFPT as
a function of x/L and φ .

A.2 Additional figures
In this section, we provide two additional figures (Figs. 12
and 13) illustrating the MFPTs of ABPs and CABPs in a one-
dimensional interval with a reflecting boundary on the left and
an absorbing boundary on the right.

In Fig. 12, we plot the scaled MFPT, T/τs, as a function of the
position for different values of the orientation angle φ . For φ = 0,
the particle initially points towards the exit. As the starting posi-
tion shifts from left to right, the MFPT decreases monotonically.
For φ = π, the particle initially points towards the reflecting wall.
In this case, the MFPT exhibits a plateau before it eventually de-
creases to zero as x/L approaches the exit.

In Fig. 13, we plot the scaled MFPT, T/τs, as a function of the
initial orientation angle φ for different values of chirality. The
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initial particle position x/L =−1, i.e., the particle starts from the
reflecting left wall. For ABPs (χ = 0), the maximum is attained
at φ = π, corresponding to a particle initially oriented toward the
reflecting left wall. In this configuration, the particle is initially
stuck at the wall and must rely on rotational Brownian motion to
reorient away from it. As chirality increases, the location of the
maximum shifts towards smaller φ .

A.3 Brownian dynamics
In a 1D spatial interval, the discretized Langevin equations are
given by

xn+1 = xn +Us cos(φn)∆t +∆xB, (55a)

φn+1 = φn +Ω ∆t +∆φ
B, (55b)

where ∆t is the time step. The Brownian displacements ∆xB, ∆yB,
and ∆φ B are sampled from independent white noise processes.
The translational Brownian displacement has a variance of 2Dx∆t,
and the rotary Brownian displacement has a variance of 2∆tDR.

For all simulations, a sufficiently small time step is used to re-
solve all the physical timescales in the system. To ensure good
statistics, all simulations are performed with 200,000 particles.
For each particle, the simulation is terminated upon reaching the
absorbing boundary, and the corresponding first-passage time is
recorded. The mean first passage time can be easily computed by
an appropriate ensemble average.

For CABPs in a 2D disk, in addition to Eq. (55), the equation of
motion for the y-coordinate reads

yn+1 = yn +Us sin(φn)∆t +∆yB. (56)
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