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The crystallization of a subcooled polymer melt, described by a local scalar internal variable ¢, is
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modeled by non-equilibrium thermodynamics, specifically using a dissipation argument. The for-

mulation yields a pair of nonlinear differential equations: a thermal energy balance coupled to a
Fisher-type rate law for melt to solid conversion. The simplest non-dimensional forms of these equa-
tions have two parameters: the Stefan number A, quantifying the relative importance of latent heat
release to conductive heat transport, and a dispersion coefficient  for secondary melt nucleation.
Traveling wave solutions for the temperature and ¢ result in both 1 and 2 dimensions for realistic
Aand B [A 2 0’(100); B < 0(10*1)]. The prediction of sharp solidification fronts controlled by

crystallization kinetics is consistent with experiments on polymer melts. Specifically, the undercool-

ing at the solid/melt interface scales with the front speed. The equilibrium extent of solidification is

controlled by A and thermal constraints, while 8 determines the front speed. The model predictions

are robust in that neither the details of temperature dependencies in the source/nucleation terms,

nor the inclusion of solid/melt interfacial energy, qualitatively affects predictions. Together with a

specification of primary nucleation kinetics, the model can successfully simulate overall crystallization

kinetics.

1 Introduction

Semicrystalline polymers are of primary importance in applica-
tions that demand favorable mechanical properties, and ther-
mal/chemical stability. Industrial-scale production for such ap-
plications typically involves crystallization from the melt, result-
ing in unique, hierarchical semi-crystalline morphologies. In
the absence of external fields, sub-cooled flexible polymer melts
crystallize into "spherulites" with size ~ 1—100 um. The poly-
mer spherulite consists of radially organized, lamellar crystals
mixed with disordered, amorphous material. The lamellae are
flat, ribbon-like structures of broad surface with a thin dimen-
sion of ~ (1 —10) nm. Remarkably, the chain axis runs nearly
along the thin lamellar dimension, implying a chain folding pro-
cess involved in the crystallization. The intra-spherulite lamel-
lae appear to stack, with alternating crystal and amorphous
layers having a periodicity ~ (1 —10) nm (i.e.,, the "long-
spacing"). Thus, spherulites are themselves semicrystalline, incor-
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porating a significant amorphous-crystal interface. The system-
atic control and manipulation of this hierarchical structure can be
achieved using external fields (thermal, electrical, magnetic) to
produce high-performance/high-value semi-crystalline polymeric
and functional polymer-inorganic hybrid materials. Previously,
we have demonstrated this concept using directional solidifica-
tion, where an external thermal gradient is imposed during the
crystallization of a blend of polyethylene oxide (PEO) and amor-
phous poly(methyl methacylate) (PMMA)E]. Unique semicrys-
talline morphologies were achieved featuring stacked, uniaxially
oriented, PEO lamellae with interlayers of amorphous PMMA
mixed with PEO. To understand and optimize the use of external
fields an accurate mesoscale model for polymer crystallization is
required, which is the goal of the present work.

A common scenario is the crystallization of a quenched polymer
melt that is uniformly subcooled. Here, primary nucleation initi-
ates the formation of spherulites, and their subsequent growth is
by an interfacial process. This process continues until the grow-
ing spherulites impinge upon one another. In the first phase, for
a polymer melt close to its melting point 7,,, spherulites grow at
a nearly constant rate G ([=] L/T), G ~ exp —A%)) where B is a
constant, and ATy = T,, — Tp > 0 is the imposed under cooling. Be-
fore impingement, spherulites grow isotropically as space-filling
geometric objects (i.e., as spheres or disks).
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There exists a considerable literature modeling G, the sec-
ondary nucleation process, from a microscopic perspective',
Nearly all of them assume isothermal conditions for deriving
G(ATy) which means that the self-generated thermal field re-
sulting from latent heat release is ignored. This thermal field
is considered to be responsible for the solidification front insta-
bilities and consequent dendritic crystal formation common for
low molecular weight species®. The model of Lauritzen and
Hoffman (L-H)2!® assumes a sharp melt/crystal interface, with G
controlled by the crystallographic addition of short clips of chain
backbone, i.e. of "stems", from the melt to the tips of the radi-
ally oriented lamellar crystals at the edge of a growing spherulite.
This addition is postulated to involve a melt/crystal interfacial en-
ergy barrier leading to the rate law mentioned above, and selec-
tion of a stem length. However, recent modelsZ1% and computer
simulations 12 challenge the mechanistic details asserted by this
treatment. In particular, rather than the controlling step of stem
attachment at a sharp crystal/melt interface, a relatively broad
partially disordered interfacial zone is found along the growth di-
rection. These results thus assert the important role of chain seg-
ment attachment to the fully crystalline edge surfaces, with larger
length scale chain rearrangements and associations occurring in
a partially ordered zone adjacent to the growing crystal surface
leading to lamellar extension along the growth direction. These
efforts implicate chain conformational entropy, contributing to a
free energetic barrier, controlling G. Thus, the secondary nucle-
ation may more resemble a dispersion mediated barrier crossing
localized at the growth front, rather than the simple interfacial
barrier crossing envisioned in the L-H model.

Mesoscale (hydrodynamic) level modeling of solidification of
low molecular weight melts often define a local extent of crys-
tallization, or "order parameter" field, ¢(r,s), indicating the local
state. Thus, ¢ = 1 = implies a fully solidified state; ¢ =0 =
liquid. Stefan’s model13 which assigns ¢ = 1 (solid) to regions
where T'(r,t) < T, and ¢ =0 (liquid) where T(r,r) > T,, asserts
diffusive heat transport in both the liquid and solid domains, but
subject to an interfacial energy balance boundary condition at the
isotherm Ty (r,7) = Tp.(r,t) = T,, separating the liquid and solid do-
mains. The model implies instantaneous conversion of liquid to
solid at 7,,. Analytical solutions in one-dimension for solidifica-
tion of a subcooled melt initially at Ty < T;, predict G ~ 1/+/t with
a relatively weak algebraic dependence on undercooling. Fur-
ther, in two and three-dimensions, the solidification front motion
is unstable due to thermal transport limitations, leading to solid
growth front ramification and dendritic solid structures®. Clearly,
the Stefan model and its variations cannot capture the essential
features of polymer melt crystallization. A primary reason is the
absence of intrinsic crystallization kinetics in the model. To ad-
dress this deficiency, we have pursued phenomenological modifi-
cations to include intrinsic crystallization kinetics and local latent
heat release14LZ to model directional solidification of a melt just
above T,,, driven by a moving heat sink at 7Ty below 7,,. This
model verified the long-standing ansatz of a speed-dependent ef-
fective undercooling during directional solidification, first artic-
ulated by Lovinger and Grytel®, as well as a maximum possible
speed for directional solidification. However, the approach can-
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not model the solidification of a uniformly sub-cooled melt due to
the simplified treatment of secondary nucleation.

An alternative approach exploits the Ginzburg-Landau formal-
ism2°2l The theory prescribes the relaxational dynamics of
a system initially out of equilibrium, in which new phases can
emerge, in terms of an "order parameter" field ¢(r,¢). The model
specifies the instantaneous (extensive) system free energy A as a
density functional, accounting for interfacial free energy via gra-
dient terms. The relaxation to equilibrium minimizes the free
energy of the entire system. This formulation, frequently referred
to as "Model A"2Y, has been applied to study solidification2%:2223|
However, this method only remains suitable to model low molec-
ular weight systems where the details of crystallization kinetics is
rather less important, unlike polymer systems.

In this work, we develop a mesoscale model for solidification
using a non-equilibrium thermodynamic (NET) framework. We
analyze an incompressible motionless medium with an intensive
scalar internal variable ¢(r,r) proportional to the local average
conversion to solid. The development enforces that the local rate
of entropy production ¥ be non-negative, and ensures the equilib-
rium states be the minimum of . The general development pro-
duces a pair of coupled, nonlinear partial differential equations
(PDEs) governing the temperature, T (r,t), and ¢(r,¢). The over-
all structure of the model is remarkably similar to model A but
with important differences, which we will clarify. This paper is
organized as follows. In section|[Non Equilibrium Thermodynam-|
[ics Model Development] we provide a summary of the thermody-
namic development. A simplified form of the model, linearized
with respect to temperature along with numerical solutions for
adiabatic solidification in one dimension are discussed in sec-
tion|Numerical solutions| Section [Application of NET Model to 1
shows that the equilibrium states predicted by the
model are consistent with the equilibrium phase diagram. Section
[Model Modifications|presents scaling, numerical, and phase space
analyzes yielding a simple analytical result for the traveling wave
speed. Section[Two Dimensional Systems|summarizes the model’s
capacity to describe aspects of solidification specific to polymer
melts: front speed-dependent effective under-cooling (Lovinger-
Gryte anzatz), inclusion of the Gibbs Thomson effect, dimension
independent growth kinetics, and that spherulites grow as space
filling objects.

2 Non Equilibrium Thermodynamics Model Devel-
opment

Consider a rigid media whose local state depends on the local
T(r,t) (hereforth termed as T) and ¢(r,r) ((]3 =] ﬁ) In the sta-
tionary lab frame we have balance laws:

0 . N
p5¢+V~¢fp6¢:0 (@D)]
204v.q=0 @
pat q_

where ¢ and 6, are the local flux and specific rate of production
of ¢, respectively. Similarly, U and q are the local specific internal
energy and energy flux. The local internal energy depends on

Page 2 of 21


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d6sm00323k

Page 3 of 21

Open Access Article. Published on 17 June 2026. Downloaded on 6/19/2026 7:40:12 AM.

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

the T, and ¢. Any dynamic process obeying these balance laws is
subject to the second law of thermodynamics,

Z:p%§+V~520 (3)

where § and s are the specific entropy and entropy flux respec-
tively.

To ensure that 7 has the usual definition at equilibrium, we
include the relation A = U — T'S where A is the local specific free
energy and presume A depends on 7 as it does at equilibrium.

Consequently o4 = —S. A sufficient set of frame independent

oT

constitutive laws for isotropic rigid media is

()
§ = 3(¢,7)
a4 = —kgr(@.T)VT ke (8, T)V
s = —ka(9,T)VT —ky(4,T)V
¢ = —kor(@,T)VT —kyy(9,T)V
& = 64(6.7)

which employ a "weak gradient" approximation and ensure that
the vector fluxes vanish at equilibrium.
We assert that the specific free energy is,

A(9.T) =As(T)9+AL(T) (1-9), @

and @max is a maximum value of ¢, 0 < ¢ < 1.

where ¢ = 43¢
Note that the media need not be pure crystal for ¢ = 1. Adopting
this simple assumption for A leads to the vector flux relations for

q and ¢ with clear physical interpretations (see [Appendix A: No1
[Equilibrium Thermodynamics (NET) Model),

q=—kgr VT +kspLV9 ; kyr >0 5)
¢ =—kppV (6)

where the cross-conductivity corresponding to thermal dispersion
of ¢, i.e. kyr is set to zero anticipating that the thermal disper-
sion effect is weak. Note that while the original vector constitu-
tive laws resemble the linear phenomenological laws employed in
conventional "irreversible" thermodynamics?%, symmetry among
the conductivities k;; does not apply here. The result for ¢ in-
dicates that ¢ is transported by a dispersion effect and captures
the physics of secondary nucleation. ky is a dispersion coefficient
between associated/solidifying segments and those in unattached
chains in the disordered melt. Note that taking k¢y = k¢ (¢,T) al-
lows modeling of the secondary nucleation as a dispersion medi-
ated barrier crossing localized at the growth front (see section[In]
lcluding Interfacial Energy), as envisioned in recent workZ11. As a
consequence of dispersion of ¢, the latent heat L. = Ug(T) — U (T)
contributes to heat flux q just as the dispersion of components in
a binary mixture does2%.
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The second law also constrains the functional form for the spe-
cific rate of production 6,(¢,T). At equilibrium 6,(¢,7) — 0.
Specifying ¢ = 0 for T > T, but ¢ = §max for T < T, 6,(T,9)

must have two roots ¢ = < ) The simplest positive definite

qsmax

functional form is quadratic in ¢ (or equivalently in ¢),

&5(T.6) =8(T)p(1-9) ™
The associated out of equilibrium rate of entropy production is

S — 10A . ASpe

T (T —T)p&(T)6(1—9) >0

¢ B T(ﬁmax
where AS,,.;; is the (positive) entropy of melting, and is obtained
from Taylor expanding As(T) — AL (T) about the melting point T;,.
Then, a simple form consistent with the second law is

65 (T,9) = Rimax (1—%) 9(1-9) ®)
m

where R is a (positive) rate constant. When T > T,, =6 (T, $)<0
and the source term drives the system to the liquid state (¢ — 0);
when 7 < T, =04(T, #) > 0 and the source term drives the system
to the solid state (¢ — Pmax).

Combining the constitutive laws with the energy and internal
variable balances leads to:

0T 5 T
pCS- =V (kg VT)+pLR (177) ¢(1-9) ©

m

9 T
p%:v.(k¢¢v¢)+pR<l—F> o(1-9) (10)

m
where C is the liquid state specific heat, and we have allowed
for T and ¢ dependence of the transport coefficients. Equation 9]
- |10l have the same structure as the corresponding one in Model
A from the Ginzburg-Landau framework?? although the physics
underlying the second order terms differs: In equation |10} it ac-
counts for dispersion of crystal nuclei by a gradient flux law, while
in Model A it accounts for interfacial energy.

Before proceeding it is important to note the form of the
"source" term in equation [I0} In the Ginzburg-Landau formalism
this corresponds to the (exchange) chemical potential. For ma-
terials that undergo gas-liquid coexistence there necessarily have
to be three roots for the chemical potential, with two stable and
one unstable root. The form of the source term that is used by us,
on the other hand, has two roots, one stable and the other unsta-
ble as we have discussed above. Thus, while the Ginzburg-Landau
formalism can resolve an intermediate composition by "phase sep-
arating" into the two stable equilibrium states, our formalism can-
not. This fact must be remembered when we compare our results
to those obtained using the classical approach, e.g., the work of
Kobayashi2,

3 Numerical solutions

To proceed further, the coupled differential equations [9{{10|were
solved numerically by the method of lines®>. The second order
terms on the right side of the equations are discretized using the

Journal Name, [year], [vol.], 1 |3
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central difference approximation and the resulting coupled first
order ordinary differential equations are solved by the implicit Eu-
ler method for the energy equation and the explicit Euler method
for the solidification equation (see |[Appendix B: Numerical Meth-|
lods for 1 and 2 Dimensional Calculations|for details).

4 Application of NET Model to 1-D Solidification

We first consider one-dimensional solidification in an initially sub-
cooled (T =Ty < Ty;) liquid (¢ = 0) domain, with instantaneous,
heterogeneous primary nucleation at the left hand boundary (see
Fig. [1).

Solid
¢ = ¢ss 0=0(x,7)
0 =0, ¢ =0(x,7)

Fig. 1 Partially solidified 1-d domain 0 < y <[ of initially sub-cooled
liquid subject to heterogeneous primary nucleation at y =0, 7=0.

4.1 Scaling

We non-dimensionalise equations@using 6= TA’TT’" ,T= tRAT—T

m

and y = =3 where AT = T,, — T, is the undercooling, and
/o /REE
k
o =~ is the thermal diffusivity:
pC
06  9%6
9 _ 590 _g4(1-9) (12)
at " dx? ’

where the Stefan number A = AL ~ ﬁ(100—101> for
CAT

oo
po

0 (10_3 — 10_2>. The characteristic time 1/R is related to the
development of full crystallinity, and for polymer melts it should
be of the order of the Rouse relaxation time at the entanglement
threshold ~ & (10*65) 26 Similarly, the characteristic length
corresponds to the distance a thermal disturbance travels dur-
ing 1/(R[AT/T,)); this length is intermediate between the mi-
croscopic width of the growing crystal/melt interface and the
spherulite size, and is ~ ¢(10™* — 10~3cm). Thus, this model
focuses on the larger interface between the melt and a fully-
developed crystal, and not on the small length scales that are
relevant to the lamellar (crystal)-amorphous interphase (i.e HL-
stem length).

poly(ethylene oxide) near its melting point, and =

4.2 Equilibrium States

We perform a linear stability analysis of the model around the
initial subcooled state. Consider weak disturbances of the form,
0(x,71)=—1466; 0<db6<<land ¢(x,7)=06¢; 0<0¢p <<1.
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Then, the linearized dynamics of 8¢ are autonomous and obey
d 92
3% 60=p Ep 60 +0¢

Using 8¢ (y,T) = Pge'?Xe™?, we obtain the dispersion relation:
1
Top=1- ﬁq%. Thus, all Fourier modes for q% < B are unstable.

Moreover, the most susceptible mode is for g4 — 0, indicating the
absence of any pattern formation, and the resulting final states
have uniform temperature and crystallinity.

The uniform final states of 6y, and ¢y, are related by a global en-
ergy balance on the whole adiabatic domain and are independent

of B:

Gsx +1= A¢’ssu (13)

Thus, 65 and ¢ are not independent, and the sensible heat
in the final state derives entirely from latent heat release, Figs.
[2(2) and [2(b). The particular equilibrium solutions do not span
the entire 6, — ¢5; domain, but are restricted to the boundaries,
Fig. [2(@). The locus of all equilibrium solutions correspond to
top (for A > 1) and right hand (for A < 1) boundary points of the
(Bss, ¢ss). For A < 1 the latent heat release is relatively weak, and
not enough to heat the sub-cooled liquid to the melting point.
Consequently the equilibrium state corresponds to a fully crys-
tallized, subcooled solid: ¢g = 1, 653+ 1 = A. On the other hand
when A > 1 the opposite is true; the final state corresponds to par-
tially crystallized material at the melting point: ¢g = 1/4, 655 =0,
that is, coexistence of liquid and solid at the melting point. The
liquid-solid coexistence is expressed in the model as a uniform,
intermediate value of 0 < ¢5; < 1. A = 1 is the crossover between
these two solutions Fig. 2|(b).

Locus of Numerical Solutions

0.6

Gss

O+ 1 0.6 0.4

10 1.0 0.1

0 Oss 1

(a) Global Energy Balance (b) Phase Diagram

Fig. 2 (a) The global energy balance, equation is shown in the 6, —
@5 plane as straight lines for various values of A. The loci of steady-state
solutions of the one-dimensional field equations on an adiabatic domain
are shown as yellow lines. (b) The steady-state values (6, ¢s) plotted
against A (independent of ), obtained from numerical solutions. For
A<, ¢s=1and =1 < B, =A—1<0 (sub-cooled solid), while for A > 1,
O =0 and 0 < ¢ = % < 1, corresponding to liquid—solid coexistence at
T

4.3 Traveling Waves

The results for various A with f=0.1, Fig. |3} were derived using
insulating conditions on both boundaries, with nucleation initi-
ated at the left boundary. Following nucleation, there is a brief
transient, but since the system is insulated, the thermal response
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0.8 0.8 0.8
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0.2 \R\\\\ - 0.2 0.2
0.0 3 0.0 0.0
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X X X
@ar=5 eA=2 HA=0.6

Fig. 3 The temperature profiles (0) for the case (a) A =5, (b) A =2, (¢) A =0.6 on a 1-d adiabatic domain after initial heterogeneous nucleation at
the left. (d)-(f) Corresponding crystallinity (¢) profiles. In all cases f =0.1. A propagating steady state front towards the right is obtained for longer
times. The black dotted line in (d)-(e) is ¢ = 1/A. The black dotted line in (c) is A —1.

1071
® )\=5
® )\=2
® )\=06
/’.’...
= 1072 .
0.48
P
-3
S A ST

B

Fig. 4 The front propagation speed, v vs. 3, the constant slope indicates
v ~ /B, and independent of 1.

is entirely due to latent heat release. Afterwards, sharp thermal
and crystallinity traveling fronts emerge and move across the do-
main at constant speed. This follows since the equation govern-
ing ¢ is a Fisher-type, known to exhibit wave solutions27*29, For
B < 1, the thermal front precedes the solidification front, regard-
less of A. Remarkably, the fronts separate the sub-cooled liquid
ahead of the front from material at the equilibrium state condi-
tions, 6, and ¢, behind the front. That is, the traveling waves
are adiabatic. We fit the instantaneous profiles with a hyperbolic
tangent function with variable front position to determine the
front speed, v. By varying both f and A two decades around
characteristic values, we found that v ~ /B independent of 4
(Fig. [4). This observation reinforces that the dispersion term
in the field equation for ¢ captures the physics of secondary nu-
cleation. The relation v ~ /B also results from a scaling argu-
ment. We assume that the ¢ profile has a characteristic interfacial
thickness Jy. Asserting that the front advances ~ &y at the rate
~R = R%’ then the characteristic (unscaled) velocity for this

process is: G ~ §yR’. Then, v = \/% ~ 04/ %. From the differ-
B, and thus,

\/B%. Consequently v ~ \/B consistent with numerical so-

ential equation for ¢ the (scaled) layer thickness ~
Oy =
lutions.
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4.4 Phase Space Analysis

We now proceed to perform a phase space analysis of the gov-
erning equations in a frame of reference moving with the
fronts n = y —v7, and assuming a steady state:

d d?
d d?
,v%qj = ﬁd—nzq)—eq)(l—q)) (15)

where we leave v as an unknown. We take the auxiliary condi-

tions tobe lim O ) _( O ,and lim o) _( !
no—e\ ¢ Pss noe\ ¢ 0

where 6;; and ¢, are defined in equation The equivalent
fourth order autonomous system is

do

E*M

du

E:lﬂ(])(lf(]))fvu

(16)

do

E—Y

dy 1 v

— =—=00(1—9¢)— <.

an ﬁ¢( ) 57

Treating the two cases A > 1 and A < 1 separately, we find a pair
of critical points for (6.,uc, 9., %) : (0,0,1/4,0) and (—1,0,0,0)
for A > 1 and (2 —1,0,1,0) and (—1,0,0,0) for A < 1. In both
cases the first set corresponds to the left far-field conditions in real
space, with the equilibrium values of 6;; and ¢;; while the com-
mon second critical point corresponds to the right hand far field,
the subcooled liquid. A linear stability analysis (see
[Phase Space Analysis of Steady Traveling Waves in 1 Dimension)),
indicates that the first are both unstable saddle points while the
second critical point is a stable attractor iff v > 2\/3 . The last
result reinforces that v ~ /B, as found numerically.

Fig. Bla) and [5(b) show the spatial profiles of temperature 0
and crystallinity ¢ for A =5 but for two different values of . In
both cases, the thermal front 6(n) travels just ahead of the so-
lidification front ¢(n), appears broader and is asymmetric with
respect to the mean value of 6. The difference between 6(n) and
¢(n) front shapes appears also in the phase space. Fig. [6] shows
() uvs. 6 and (ii) y vs. ¢ cuts, displaying the trajectories in
the phase space, that go from the left far-field (right-hand unsta-
ble critical point in Fig. [6) to right far-field (left-hand attractor
in Fig. [6). These phase space trajectories have different shapes,
with the u vs. 6 plot skewed to the right relative to the nearly sym-
metric y vs. ¢ cut, consistent with the real space profiles. These
features are seen regardless of A and for § << 1. The skewness
in u vs. 0 becomes more drastic for smaller 3. Such plots re-
veal the 6(n) and ¢(n) front shapes differ more drastically as 8
is reduced, reminiscent of profiles predicted by Stefan’s moving
boundary model12,
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Fig. 5 Plots of 8 and ¢ against 1 obtained from numerical solutions for
2 =5and (a) B=0.1 and (b) B =0.001 by imposing v =2+/B. In both
cases, the thermal front precedes the crystallinity front and is broader
with considerable asymmetry.

4.5 Lovinger-Gryte Ansatz

Commonly, polymer crystallization experiments involve thermal
quenching of the melt to a nominally uniform initial undercool-
ing and subsequently tracking the solidification kinetics. An alter-
nate protocol, zone annealing (ZA) or directional solidification,
establishes a steady state by conveying the melt along a nega-
tive thermal gradient at constant speed V. In a frame moving
with the melt, the media experiences a gradual thermal ramp
into subcooled states where it solidifies. Lovinger and Grytel8
carried out first such experiments on PEO melts to find unique
oriented lamellar morphologies. These ZA experiments have been
reproduced and broadened in scope recently?2Y, By either pro-
tocol, the chain-folding process involved leaves a morphological
signature of the effective undercooling during solidification: the
lamellar long spacing decreases with undercooling. For the zone
annealing process Lovinger and Gryte'l® posited that the effec-
tive undercooling corresponds to that for which the spherulite
growth speed G matches V. Krauskopf et al. Y recently verified
this ansatz experimentally by comparing long spacings from PEO
samples solidified by the two protocols. This analysis warrants a
model prediction that the undercooling at the solidification front
increases with front speed. Fig. 7] shows the representative nu-
merical results for the scaled undercooling —6; at the solidifica-

Oss

tion front, defined as ¢ = EX against scaled front speed v. The

effective undercooling —6; increases linearly with v. This is con-
sistent with the Lovinger-Gryte assumption.

5 Model Modifications

The previous section analyzed predictions for a simplified form of
the model, i.e., (i) the underlying intensive free energy, A(T,¢),
does not include interfacial energy (equation , (ii) the field
equations (equations are linearized with respect to tem-
perature and (iii) the solidification process is one dimensional.

5.1 Including Interfacial Energy

It is now well-known, e.g., following the classic work of Poser-
Sanchez2l| that the inclusion of gradient terms in the free en-
ergy expression captures the surface tension in the system. In our
development, the free energy function accounts for variations in
crystallinity and temperature, but does not account for changes in
density across the solid-liquid boundaries, nor does it account for
chain conformation variations across the crystal-amorphous inter-
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Fig. 7 Verification of Gryte-Lovinger hypothesis: effective undercooling,
—0y, calculated the solidification front where ¢ = %, against scaled
front speed v for A =5. The goodness of fit, R? = 0.9949.

phase. Clearly, the chain folding process, unique to the crystalliza-
tion of flexible polymer melts, results in highly defected lamellar
spherulite morphologies with significant interphase content. In
fact the mean lamellar long-spacing [/ is an experimental mea-
sure inversely proportional to the specific interfacial area a; of a
fully solidified polymer. For semicrystalline polymers, the melt-
ing point T,, is suppressed systematically as / decreases. This is
the Gibbs-Thomson effect. The ribbon-like lamellae introduce
considerable interfacial surface area, with associated interfacial
energy ¥(T). We include this effect through an interfacial contri-
bution to A(T, ¢):

A(6.1) = A7 (1) + (A5 (1) = A7 (1)) 6 +Aw(T.0) A7)
where the superscript  indicates the bulk values, and Ai,,,(T,q))
is the interfacial contribution. If the semicrystalline morphology
is scale-invariant, we can write

Ain (T, 0) = as¥Y(T)9, (18)

This expression leads to a slightly revised specific rate of ¢ pro-
duction, 6, (T, $) (see |Appendix E: Including Interfacial Energy in|
the NET Model)

¢(1-9) (19)

~ N T I
6-¢(T7¢) = R®max |:(l - F) - X

Journal Name, [year], [vol.], 1 |7
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dy
as V(1) . <W>T°° ¢ dy(9)  koo(T.9)
where, Ty = — 2 >0, and A=1+———"" >0 Dett(T,0) =D — & ViP) _ Kool (24)
T ASS 1 (T ASS i (T) fod¢

Consequently, the effective melting point 7, corresponds to

Tm FS 0 FS
-2 ) 0T =T (12
(1-3)-x-om-m(-3)

This is the Gibbs-Thomson relation which is consistent with ex-
perimental results on the melting behavior of semicrystalline

polymers®. The corresponding (scaled) field equations using
T-1,;, T-T; °°
0= = X = ,and T =tR—— are
Tm — T() AT (X/Rﬁ m
Iy
p] 2
S0 ==230-2(0+7)0(1-9) 20)
2000+ 1)0(1-0) 21
at’ T ox? ¥
Iy 7, . L .
where v, = A AT > 0. The effect of including interfacial en-

ergy is to suppress the effective melting point according to the
Gibbs-Thomson rule, and consequently reduce the effective un-
dercooling. The above equations exhibit traveling waves and cor-
rect equilibrium states, but with an effective melting point that is
lower, as determined by /.

5.2 Including Barrier Crossing Kinetics and Molecular
Weight Effects

Secondary nucleation controls the motion of the solidification
front during polymer crystallization. Experimental, theoreti-
cal and computational studies©®12 suggest that the secondary
growth is a diffusion mediated barrier crossing process, i.e. a
quasi-steady, non-linear dispersion process localized immediately
at/ahead of the solidification front. The treatments mentioned,
especially in Kundagrami and Muthukumar?, suggest that the
barrier results from the increased conformational entropy of
chains partially incorporated into the solid at the front.

Let ¢(x) be the number density of segments of partially included
chains in a one dimensional, steady process. In this case, the

constant number flux j [=] % near the solidification front obeys
) cd

j = —D(T,c)—c— ——Wp 22

J= D0 o= S S 22)

where D(T,c) is a segment diffusivity, f [=] % is the segment
friction coefficient, and ¥(x) [=] % is the potential per seg-
ment describing the self-generated free energy barrier near the
front. Multiplying through by the segment volume »* produces
the front speed »°j = G and the replacement b3c = ¢. If ¢(x) is

a monotonic function, then ¢ ~!'(x) — x(¢) , and one can write

d d d .
a‘l‘(x) = ﬁy/(q))aq) to describe the rate of secondary nucle-

ation as a dispersion process
d
G= _Deff(T7¢)$¢ (23)

with an effective diffusivity,

8 | Journal Name, [year], [vol.], 1

Because of the barrier term,%” can exhibit a severe, typically
exponential, temperature dependence [see Hoffman et al.| for ex-
ample, where G ~ exp —ﬁ for relatively small undercool-
ings].

In the analysis described earlier (section [Application of NET]
[Model to 1-D Solidification]), the scaled dispersion term repre-
senting the rate of secondary nucleation, the first term on the
right in equation was linearized and f3, the scaled disper-
sion coefficient, was taken as a constant. Interestingly, these
assumptions produce the spurious result that v ~ /, indepen-
dent of the undercooling, T,, — Ty = ATy. This is certainly in-
consistent with experimental results, but can be easily remedied
now with no thermodynamic contradiction by the replacement
B aa—;ng — %ﬁ(e)%¢ where 3(0) has a 6 dependence consistent

B
WTo)
with B(6y) << 1 gives a field equation for ¢ with a non-linear
dispersion term, predicting sharp traveling fronts, correct equilib-
rium states, a front speed depending on undercooling consistent
with experiment for small undercoolings, and consistent with the
Gryte-Lovinger ansatz as shown in Fig. [8[(d). The morphology of
semicrystalline polymers is indeed controlled by entanglements,
and the recent work of Thurn-Albrecht2 and coworkers shows
that, while the crystal thickness only depends on supercooling,
the amorphous phase thickness is proportional to the entangle-
ment density. While these are important points, our model is op-
erative on a much coarser (um) length scale. Thus, such details
are not captured in our model and are not the focus of our cur-
rent work. Additionally, the growth rate for crystals appears to
be strongly dependent on molecular weight3334, especially be-
low the entanglement threshold. While this effect can be cap-
tured by making the parameter § molecular weight dependent
in the growth kinetics equation, this is beyond the scope of this
manuscript.

with barrier crossing. For example taking (0) = Byexp (

6 Two Dimensional Systems

Consistent with analysis on one-dimension done so far, we now
show that sharp thermal and solidification fronts also emerge and
travel at constant speed in two dimensions. For this purpose we
carry out two dimensional simulations, initialized with a narrow
solid cylindrical "post" exposed to the subcooled liquid, but insu-
lated thereafter. The calculations use the linearized model, yet
demand a more sophisticated numerical scheme (a hybrid im-
plicit/explicit algorithm was used, see [Appendix B: Numericall
[Methods for 1 and 2 Dimensional Calculations).

Figs. [9(a) and [(b) illustrate the results, with "heat maps"
and profiles along 1-d horizontal cuts of 6(y,{,7) and ¢(x,&,7)
in an insulated square domain after a primary nucleation at the
center. Sharp thermal and solidification fronts emerge during a
transient and eventually travel radially outward together at con-
stant speed (see Fig. E](b)) with no indication of front instabilities
(e.g. Mullins Sekerka instability) for the range of parameters ex-
plored (0.01 < <0.1; A =0.5and 1.5). The model predicts that
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polymer spherulites grow in two dimensions as geometric objects
rather than develop into dendritic structures, in agreement with
the preponderance of extant experiment.

7 Summary and Conclusions

We developed a non-equilibrium thermodynamic model for solidi-
fication, which enforces non-negative rates of entropy production
locally, and applied it to subcooled polymer melts. The formu-
lation yields coupled balance equations for the thermal energy
and extent of solidification, ¢, resembling a nonlinear diffusion-
reaction system. The equation for ¢ is a Fisher type and includes
a dispersion term accounting for secondary nucleation. The over-
all structure of the model is remarkably similar to model A for a
scalar order parameter ¢ in the Ginzberg-Landau framework, (see
Kobayashil, for example). However the physics underlying the dis-
persion and source terms for ¢ are different in the two models:
In the phase field approach the second order term accounts for
interfacial free energy and together with its source permits inho-
mogeneous equilibrium states, in contrast to the thermodynamic
model here. In its simplest form, the current model, linearized

with respect to temperature, has two dimensionless parameters
2 and B. 2 is the Stefan number, expected to be ¢(10° —10'),
giving the latent heat relative to the sensible heat to the melting
point. f is the dispersion coefficient for ¢ scaled by the thermal
dispersion coefficient, expected to be ¢(1073 — 1071).

The NET model properly describes real polymer solidification.
For realistic values of A and f the model predicts sharp solidifica-
tion and thermal fronts traveling together at constant speed. The
solidification fronts conform to a symmetric hyperbolic tangent
function while the thermal fronts precede those for ¢ and are
broader and asymmetric with an extended "foot" into the melt,
the feature becoming more extreme as f3 is reduced, reminiscent
of Stefan model solutions. For constant f the front speed scales
v ~ 4/, anticipated by a simple scaling argument presuming the
rate of solidification at the front controls its motion, and verified
mathematically by a phase space analysis.

For adiabatic systems, the model predicts uniform equilibrium
states consistent with the phase diagram expected based on the
prescribed specific free energy A(6,¢). These states are indepen-
dent of the kinetic parameter 3 and controlled by 4. If the A <1 a
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(b) 6(x,{ =0,7>0) and ¢(x,{ =0,7 > 0) profiles along a horizontal cut through the origin for the system in panel (a). The front
profiles resemble those for a 1-d system: adiabatic traveling waves develop after nucleation, moving radially outward at constant
speed.

Fig. 9 Two-dimensional temperature and crystallinity profiles. Panel (a) shows the full 2D heat maps of 8 and ¢, while panel (b) shows horizontal

cut profiles through the origin.

subcooled, fully solidified material results (¢gs = 1, —1 < 65, < 0).
If A > 1 "mushy", partially solidified material results (0 < @55 < 1,
6, = 0), that is solid in equilibrium with disordered material.

The most common experimental methods for tracking melt
crystallization kinetics monitor the overall extent of crystallization
as a function of time. This is proportional to §(7) = & [ ¢(x,7)dy,
where ¥ is the sample volume and y is position in the sample.
Such data are typically rescaled to range from 0 to 1 to yield ®(7)
say. Experimental plots of ®(7) vs. T show a characteristic sig-
moidal shape and are typically fit with the semi-empirical Avrami
equation ®(7) = 1—e X% where K and n (the "Avrami constants")
depend on the front speed characteristics and mode of primary
nucleation. Some specific results for K and n are known from
mean field treatments of the kinetics (see [Lodge). For example,
if it be randomly placed, instantaneous, (heterogeneous) primary
nucleation of solid discs growing at constant rate in two dimen-
sions, then n = 2, while if the front speed be diffusion controlled

10| Journal Name, [year], [vol.], 1

(G ~ 1/+/t) then n = 1. It is relatively straightforward to simulate
this 2-d process with our model. We use a constant scaled dis-
persion coefficient 3, which does not include interfacial tension
contributions. Fig. [L0]shows an example, using "heat maps", for
twenty randomly placed initial nucleation sites in a square, insu-
lated domain. The resulting partially developed solid morphology
¢(x, 8,7 > 0) strongly resembles experimental optical microscopy
images of the same (see Fig. [[T) and [Lodge, for example). A plot
of ®(7) vs 7 for the calculations in Fig. exhibits a sigmoidal
shape. A two parameter regression fit to the Avrami equation
(Fig. gives n = 1.42, between the values of n =1 and n =2 an-
ticipated by the estimates above. For this simulation the influence
of the initial diffusion controlled transients immediately following
primary nucleation evidently influences the Avrami fitting results.
In the future we plan to undertake more detailed comparisons be-
tween this model and closely related phase-field models, as well
as application to directional solidification and melting.
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(a) Heat maps showing 0(x,{,7 > 0) and ¢(x,{,7 > 0) in an insulated square domain following instantaneous heterogeneous primary

nucleation at twenty randomly placed sites for § =0.1 and A = 5.
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Fig. 10 (a) Heat maps showing 6 and ¢ in a 2D domain with multiple nucleation sites; adiabatic traveling waves develop radially outward, forming
polygonal final spherulite boundaries. (b)-(c) Avrami fits for the 2D simulations in (a); (c) is a zoomed-in segment of (b).

(a) Initial morphology

Fig. 11 Polarized light optical

poly(ethylene oxide) (PEO) melt crystallizing at 53.1 °C. The scale bar
corresponds to 200 um. The final morphology (b) shows the impinged

spherulitic borders in white.

A Appendix A: Non Equilibrium Thermodynamics
(NET) Model

The following development draws on methods developed in
Miiller]. Consider isotropic rigid media with the density p fixed.
The media’s local non-equilibrium state depends on the tempera-
ture and an intensive, frame-indifferent scalar "internal variable"
or order parameter ¢ (q3 [=] %) which obeys a balance law

(b) Final morphology P
—¢+V-9—poy=0

microscopy (PLOM) images of p dr ¢ ¢ =po
where ¢ and o, are the local conductive flux and production den-
sity of ¢ , respectively. This could be, for example, the fraction per
unit mass of solid in a solid/liquid mixture, both modeled as rigid
(motionless) media. The primary fields are the internal variable
and temperature, ¢(r,7) and T (r,t), governed by the above equa-
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tion and the energy balance
20 +V.q=0
p at q -
and subject to the second law
2§+ V.s>0
p ot >

where U, q,8,s are the non-equilibrium (local valued) specific in-
ternal energy, conductive energy flux, specific entropy, and con-
ductive entropy flux, respectively. The temperature field 7 ap-
pears implicitly in the above; for example, the local internal en-
ergy must depend on the local temperature. To ensure that 7 has
the usual significance at equilibrium, we include the relation

A=0-T1§
where A is the local specific free energy out of equilibrium. This
defines the local non-equilibrium temperature.

We can determine the degrees of freedom (DOF) in the above
framework. With 3 equations (two scalar balances and a defini-
tion of T) to find 15 unknown functions ((]3,¢,0'¢,0,q,§,s,A,T)
one has 12 DOF.

The DOF can be satisfied by proposing a sufficient set of consti-
tutive laws

A = A()
§ = 8(.)
oy = 0yl...)
¢ = ¢(.)
a = q(.)

S =

where (...) are derived from ¢(r,/) and T(r,t') for —eo <1’ <
t. If one assumes that only the current local state matters, one
can write down a set of "linearized" (i.e. "weak gradient") frame
indifferent constitutive laws for this class of materials:

A = A@¢.T)

§ = $(4.7)

a4 = —kgr(9.T)VT —kyy(9,T)V

s = —ka(9,T)VT —ky(,T)V
0 = —kor(9.T)VT —kyy($.T)V$
oy = 0p(6.7)

Adopt a weak assumption that A = A ((73 T) has the same func-
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tional relationship with T as at equilibrium; consequently (g—‘;) =

—$. One can then apply Liu’s theorem (see Miiller) to determine
the constraints on the above constitutive functions imposed by
the second law. One first creates an "augmented" inequality by
adding the balance laws as constraints, each multiplied by a La-
grange multiplier:

d 4 d d A
s—A? .0 — _AT .
patS+V s—A (pat¢+V ¢ 0¢) A (palU+V q) >0

Then, inserting the constitutive laws, the definition of T, and ap-
plying the chain rule leads to

PR ik \|oar
p| (1-ATT) 57— (ar”) o

25 (oA s 26
AT ST | A
P36 <a¢+ a¢> o1

+ [AquT + A%y — ksT} V2T
+ [Aqu¢ + Alkgy — km} V2
+VT- (ATquT +A?Vkr — VksT)

+V§- (ATqu¢ +AVkgy — Vksq,)

+A% >0 (25)

oT 9¢

9t ar’
so far as ¢(r,r) and T (r,r) can be considered arbitrary and inde-
pendent (i.e. unconstrained by the balance laws), the Xy can be
considered arbitrary and independent, and since they appear lin-
early in the augmented inequality, the bracketed quantities in the

In the context of Liu’s theorum, Xy = V2T, V2q3>. In

dA .
first four terms must vanish. Using the assumption <8T> =-S5

the first term gives
1

Al =—
T
The second term vanishing then gives
JA Y 1 0A
= =-TA = A= —
29 A T d¢

The third and fourth terms vanishing lead to

1
ker Thar + Akyr

1
kso ka0 + A%
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. 9 — —q— —
s Tq+A¢ 74 Ta¢3¢

One can then show from the conditions determined above, the
following inequality still needs to be satisfied

L= Arr (VT) +Agr (V6 VT ) + 499 <V¢3)2+BG¢ >0

where

dor — (Kar kT 9U
o=\ 7T 5

Ay — [Fao Koo U Kot 9°A
T T2 T2 96 T 942

koo 92A
Agg = — o
T 94
1 0A
T ¢
To ensure this "residual” inequality is satisfied one can apply the

criteria that ¥ is a minimum at equilibrium, where gradients van-

T 3¢

ish, i.e. for the minimization of X wrt Y, = (W7 37_) , namely

Jx
= =0
M|y, —o
‘ ﬂ non-negative
dYqdYp Y=0

If we simplify to a 1 —d system then

~ ~\ 2
T\ ? ¢ oT 9
= —_— _— —_— >
Y=Arr (ax> +Apr (ax ax> +Apg (ax +Boy >0

The first criterion is identically satisfied. The Hessian is

H— Arr  Agr
Aot Agg
and positive definite iff
TrH > 0
detH > 0
or
Arr+A4p9 > 0

v
o

ArTApo —Aér
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Now for crystallization, a reasonable assertion is

A((ﬁ,T)

As(T) ¢ +AL(T)(1-9),

AL(T) + (A5(T) = Au(T) ) 0

where @y is a maximum value of ¢, and the subscripts indicate
the phase (S for solid and L for liquid). Then

0A A A 1 /. R
56 o M=M= (As(r) —Au(T))
Further R
9%A o
962
and
Ay = [Far _ker dU
meo= T2 T? 3¢
ar ([t keooU
oT T2 T2 9§

simplifying the minimization criteria to

k,r k(pTaU
Arr = | L -25—5]2>0
T <T2 296 )~
ko kop U
A a0 koo U\ _
oT (TZ T2 a¢

The last indicates

AU koo
kgp = ko 2% "4
max

(US(T) —UL(T)> _ Koo

¢max

If we set the cross-coefficient k37 = 0 then we have the second
law requirement k,7 > 0 and the flux relations are

koo oo«
—kr VT + 221V
max
¢ = —koppVo

and the balance laws are

a . d /- R
ps0+V-q = pa—t<UL(T)—L¢>+V-q:0
I S 7PN A I
pCET = quV T—ELV O+p Amaxg(])
L0 ) L .
pCET B quV T+p¢3max G¢
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d . R

p5,0+V-—pS = 0
J . e
pE(P = k¢,¢V ¢+p6¢

assuming a constant latent heat and transport properties. The
last form of the energy equation follows by substitution of the
equation for ¢. Note also that we have switched oy — PGy

There are still conditions on the term Bo, that need to be satis-
fied. At equilibrium this term must vanish. If we expect specific
values of ¢ at equilibrium then these should appear as roots of
this function. For example suppose one expects

¢ = 0 for T>T,

qs = ‘lsmax for T < T,

as one might for crystallization. Then a reasonable form would
be

06(T,6) = (1) (Gmax — 6
Out of equilibrium one must have

~

1 0dA N 1 A A A
Boy =~ 5500(T.6) =~ o (As(T) = Au(T) ) 05 (T.6) 20
0A g AL Lo
~ = —& T)— —= T)= = Ag(T)—AL(T
a ¢ (Pmax ( ) (Pmax ( ) (Pmax ( S ( ) L ( )>

For crystallization the function (AS(T Y—AL(T )) has the behav-
ior

(AS(T)—AL(T)> > 0 for T>T,
(AS(T)—AL(T)) < 0 for T <1,
0 for T=T,

(As(r)~Au(r)) =

Taylor expanding from 7,, leads to

R dAg
Ag(Tw) + <8T> (T —Tn)
7;”
0AL

- AL(Tn)f (3T> (T*Tm)
T

= (SAL(Tm) - S'S(Tm)> (T —Tn)

(As(r) - Au())

1

= AS\‘melt (7;71) (T - Tm)

1 0A L i
Top T g (T AT)

= Dmelr gy (1

max

14
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which conforms to the expectations indicated above. Then a rea-
sonable simplest form consistent with the second law inequality
is

Bo, — 1 0A 1 ( .

_?£G¢(T’¢3) = _% AS(T) _AL(T)) G¢(T’é) 20

= A @) (T T 0p(T.6) >0

max

T A T o
= - ~ASeir (Tn) (T" — 1) G¢(T,(])) >0
m

max

A T\ +/x A
= G¢(Tu¢)N (1_T)¢<¢max_¢)
m
Notice where T > T,, = 0y (T, $) <0 and the source term drives
the system to the liquid state (§ =0). If T < T, = 0'¢(T,¢3) >0
and the source term drives the system to the solid state (¢ = Pax).

B Appendix B: Numerical Methods for 1 and 2 Di-
mensional Calculations

We use the Method of Lines (MOL) to convert our PDEs to a set of
ODEs to further integrate using the implicit and explicit numer-
ical schemes. Using the central difference for the second order
derivative, we define,

3279 041 —26,+ 6,
ax? Ax?

Similarly, using the central difference for the first order deriva-
tive, we define,

90 61— 6y

ax 2Ax
Consider the one dimensional computational domain from y =
0 to x = L. The entire domain is discretised into a grid with a
spacing of Ay, and hence the temperature and order parameter
take discrete values 6; and ¢; respectively. Here, the subscript i
stands for the i-th grid point. For two-dimensional calculations,
we use a grid of 300x300 points. We use Ay = 0.25. The Ar then

is chosen based on the stability criterion — > Explicit Euler

27 (Ay)?
scheme is used for solving the order parame(teQrC)equation and an
implicit Euler for the energy equation using an in-house Python
code. The simulations are independently verified using odel5s
solver in MATLAB. An initial condition for 6 and ¢ is specified at
all grid points. As discussed in the main text, either a constant
temperature 6 = —1 or a Neumann boundary condition d¢/dyx =
0 is imposed on the left-hand boundary, y = 0. Similar boundary
conditions are used for the order parameter (¢) as well.

C Appendix C: Linear Stability Analysis in 1 Dimen-
sion from the Initial Quenched State
Here, we consider a one-dimensional, doubly infinite spatial do-

main of a subcooled melt at a temperature Ty < T;, and carry out
a linear stability analysis according to the NET model.

Page 14 of 21
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9 02 L T

) 9’ T

—0 < x<oo; 0<t<oo
T(X,O) - TO < Tm; (P()C,O) :0;

T and ¢ Fourier Transformable wrt x

Scaling as follows

0 — T-Tnw T-Ty
 T.—-Ty AT
T = tRA—T'xfix
Tm’ /a/R%
gives
i@ = 8—29—}L6¢(1—¢)'7L*L
ot 9y » T CAT
0 (92 (X¢¢
E‘P = ﬁafxﬂj—e‘l)(l—‘l)),ﬁ*T

Consider the initial state as specified above and consider the weak
disturbances

0 Bo+50=—1+80; 0<80 <<1

0 = go+30=0+80; 0<dp<<1

Linearize the governing equations gives

ise = 872867/1(8671)(&;5)(175(;))
T T 9y
32
~ a—xz59+15¢
i(‘5 = Ba—zéi —(660—1)(89)(1—09)
(92
~ Ba—xz5¢+5¢
Now presume
66(x,t) = Ope!?0X ToT
S¢(x.1) = PpetereT
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where the X; are growth exponents. Substituting into the lin-
earized equations from the (unstable) initial state leads to

d 92
—3860 = —5060+A6
at ayx? +A00
ZQG)oeiqﬂ’er"T _ _q%@oei%xexef + ﬂ,d)oei%xez"’f
2 12 %0 i(gs-a0)2 p(Zo 2o )
Lo = —qg+A_—e'\P e\
B
d 92
—0¢ = P=—06¢0+0
590 = B8040
s Pyeldox ™ot = —ﬁqé Del1oX 0T 4 PyeldoX eToT
L, = 1-Bq
Ty =1-Bq;
Harmonic perturbations in ¢ from the initial quenched state are
, 1 a
unstable for g < - = —.
B age

D Appendix D: Phase Space Analysis of Steady
Traveling Waves in 1 Dimension

Here we visit a phase space analysis of the scaled NET model. The
model in a moving frame

n=x-vt

and assuming a steady state is

d d?
d B d? 00(1
—V%¢ = ﬁidnzq)_ o(1—9)

where v is TBD. On physical grounds one expects 8 < O(10°)
while 2 > 0(10%). Presumably

v=v(B,1)

The auxiliary conditions are

. 0 Oys
lim

lim =

n—oe\ @ 0

which introduces two additional parameters, 6 and ¢y, related
by a global energy balance constraint which, can be derived from
the moving frame, steady ODEs and the BCs for an adiabatic
wave.

(1 + ess) = )Lq)ss

Journal Name, [year], [vol.],1 | 15
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An equivalent fourth order autonomous system is

E@ = u
iu = A09(1—0¢)—vu
an=
d
E‘P = 7
d 1 v
il = —00(1—0¢)——
an” ; ¢(1-9) 57
The critical points satisfy
u = 0
A0 (1—@)—vu = 0
Yy = 0

0¢(1—9)—vy = 0

Denoting each as an ordered quartet (0,u,¢,7) the critical points
are

(0707¢5S>0)
(655,0,0,0)
(GSS701 170)

where it is recognized that u = y = 0 corresponds to far-field left
or right. If one makes use of the global constraint (1 + 6s5) = A g5

these become
1
0,0,—,0
( b 717 )

(_1707070)
(A' - 1707 170)

The nature of each follows from local stability analyses.
We use the stability analysis summarized by Roussel2® without
introducing the global constraint at first. Denoting

<X S = <

and by x* the values at the critical points. Further, denote

fl (97u1¢7Y) u
f(X)— f2(6,M,¢,')/) _ 19¢(1*¢)*WA
f3(6,u,9,7) Y
Then linearizing
d
%x:f(x)
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via a Taylor expansion near a critical point leads to

d *
E5X—J(X ). 6x

where
Sx=x—x"
and the Jacobian J (x) is
a%fl %fl %fl él},fl
26 £h %fz %fz
Jx) =1 % 2 J J
dals s g Zh
a%f4 %fz& %ﬂ l%f4
0 1 0 0
| aea-9) — re(1-29) 0
- 0 0 0 1

go(l—9) 0 z6(1-20) —

The linear stability characteristics for each critical point can be
reckoned from the eigenvalues of the Jacobian evaluated there.

9&?
.. . 0
At the second critical point x* = 0 and

0

0 1 0 0

. 0 —v A6, O

I)=109 o o 1

0 0 46y —j

The eigenvalues are

ky =

b= (e rnup)

ky =
ky = 0

The condition
V2 +46,B >0

avoids unphysical oscillatory behavior (spirals). This ensures
ko <0
Further v—+/v2+468 >0
v>\/v2+46,B

V2 > 12 +46,,8

is guaranteed so that
ky <0

Page 16 of 21
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and this critical point appears to be stable under this constraint,
except for the fact that k4 = 0 which indicates a central manifold
whose stability characteristics could be explored further. We do
not pursue this but rely on numerical results for verification of the
stability at this critical point (see main text).

For the moment we note that if
V2 +46,8 =0

and under the assignment 6;; = —1 consistent with the far field
right boundary conditions (¢s; = 0) of this critical point one finds

the selection
v=2B

consistent with numerical data showing v ~ \/B . Then the eigen-
values are

1

k -
' VB

1

k -
’ VB

ks = —2vB

ki = 0

and we get a repeated negative eigenvalue. It appears this critical
point is stable, although there appears a null eigen value k4 = 0.

The other two critical points indicate instability. At the first

0
- . 0
critical point x* = 0 one has
0
0 1 0 0
o | Ads(1—¢s) —v 0 0
1) = 0 0 0 1
1 v
B‘pxs(l_q)H) 0 0 B

The eigenvalues are

1 1

k = f§v+§ V2 + 4455 (1= ¢g5) > 0
1 1

ky = ——Zv—= V2+4l¢ss(1_¢ss)<0
2 2
v

k3 = ——=<0
B

k4 = 0

which appears to be unstable (saddle point). Note the global
constraint (1+ 6y) = A¢g suggests that at this critical point,
where 6 = 0 = ¢y = % The domain of ¢5; (0 < ¢y < 1) re-
stricts this as a critical point to values A > 1. The eigenvalues are
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than
k= 1+1 244(1 ! >0; A>1
A A A ’
ky = ! ! 244(1 l <0; A>1
L A T A ’
v
k3 = ——<0
B
ks = 0

Furthermore if we assign v =2,/ these become

1
ki = —/B+ B+<171>>0;A>1
o = —VB—ri B+ (1-2)<0; a>1
2 = > 7 5
2
ks = ——=<0
VB
ky = 0
650
indicating instability. At the final critical point x* = 1
0
one finds
0 1 0 0
N 0 —v —A6 0
1) =19 o o 1
0 0 —56s —%

The eigen values are

k = 7% (vf\/v2746mﬁ> >0

h = -4 <v+ v 465313) <0
2B

ks = —v<0

kg = 0

indicating instability. Considering ¢, = 1 at this critical point, the
global constraint (1 + 055) = A¢ss = 05 = A — 1. The domain of 6
(—1 < 65 <0) restricts this as a critical point to values A < 1. The
eigenvalues would be

1
= —_—— - 27 - ;
ky Zﬁ(v v2—4(A 1)B)>0,7L<l
1
= - 2 _ _ .
ky Zﬁ(v+ v2—4(A4 1)ﬁ)<0,l<1
ks = —v<0
ky = 0
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Furthermore if we assign v =2

= 7%(17\/2*/1>>0; A<l

B these become

1

kh = —(1+v2-1)<0; A<1
7 )

ks = —2/B<0

kg = 0

indicating instability.

E Appendix E: Including Interfacial Energy in the
NET Model

This section summarizes revisions to the development in [Ap]
[pendix A: Non Equilibrium Thermodynamics (NET) Model| to in-
clude interfacial energy at the simplest level. Concerning the spe-
cific form of the free energy for (partially) solidified materials
reasonable assertion is

A(@,T)

As(T)0+AL(T)(1-9)5 0=

max

AL(T)+ (As (1)~ Au (1)) 0

where (ﬁmax is a maximum value of (;3 , and the subscripts indicate
the phase (S for solid and L for liquid). Then
Ar 1
—— (1) ==
(Pmax

¢max

2i _ ds
8(5 (ﬁmax

(As(r)-Au())

This expression ignores interfacial free energy. Interfacial free
energy can be included in a simple, approximate way. Consider

A(qS,T)

¢

S
¢max

AS(T)9+AT (T) (1 - ) + A (T, 0) 5 0 =

A7 (1) + (A5 (1) =47 (1)) ¢ + A (T,0)

where the superscript « indicates the bulk values, and A,-,,,(T, 9)
is the (strictly positive) interfacial contribution to A ((ﬁ, T). If the
semi-crystalline morphology is scale-invariant one can presume

. L’ E
Am(T,9) =asv(T)9 [=] 5112
where
as - specific interfacial area of fully crystalline material
y(T) - interfacial energy (tension)
Consequently
A A3(T) A2 (T) asy(T 1 (rw ro
=) - (T)+ M) _ (AS (T)fAL(T))Jr s
a ¢ ¢max (pmax (Pmax ¢max

This revision demands reconsideration of the thermodynamic re-
strictions on the term Boy in the rate of entropy production. Out

18 | Journal Name, [year], [vol.], 1
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of equilibrium one must have

1 0A

Boy = —?£G¢(T7‘ZS)

1 ~ o A
g | (B =Az) +ann) | 0y(r.8) >0
where we used

oA _A(T) Ap(T)  aT)

a¢ émax émaX ¢max
_ 1 foo Aoo As (T)
= — AT(T)—-AT(T —_
¢max( F(T)—A7(T)) + -~

For crystallization, the function (AS(T) —AL(T)> has the be-
havior
(Ag’(r)ﬁi‘z’ (T)) > 0 for T>T2
(?(r)— A‘Z’(T)) < 0for T<TZ
(Ag’(r)—/if (T)) — 0 for T=T2

where 7, means the (hypothetical) melting point of bulk mono-
lithic crystal. Taylor expanding from 7,

(Ag° (T) - A7 (T)) (T —T,7) — A7 (T,7)

R

>

“g

—

3

S—

_l’_
/N
ol v
ﬂ‘c,?}’
N———

melt
o d -
o) = ariy)va(GE) @-17)
17
so that
1 0A 1 e i
T = . (As (T) AL (T)-HM/(T))
1
- T
Tomas (70
1 oo - dy o
- AS® (T L T-1°
- [( e T5) +a (dT)T;?)( >]
_ _aXY(Y;;G)
T¢max

1 A dy
— | AS (T — T-T;
T(pmax ( Smelt( m)+a5 (dT)Y;;") ( m)

Then a reasonable simplest form consistent with the second law
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inequality is

1 0A A
Boy T£G¢(T7¢)

=~ S (1) —AR(1) +ain(T) )0 (1.6) 0

_{_

X O'(p(T,(ﬁ) >0

W)\ (o (8
T T (ST s (3

Im)(T—TnT)}

m

___1 geff 5
= =i [T+ ASL )T =T 00 (7.6) 2 0

dy
where ASZ{;JZZ( w) = ASmelt( )"'af(ﬁ) 20.

_ TeASeaT) | a(Ty) | ASTL(TE) (T T)
T(Pmax Y;ZOAS:noeh(Tw) AS'Dr(t’elt(Tr:lc) Tr:;
x 0y(T,$) >0
:>G(T )~_<1"+A(T7 rZO))‘ﬁ(QS _‘ﬁ)
LA s T max s
m

av’)’( w) >0 A= Asrizj;jl;(T )

where = _ "~ 5 >0, Ao (T
T ASmelt( ) ASmelt( )

>0.

Notice first, if one neglects I'y then when T > 7,7 = 0, (7, $)<0
and the source term drives the system to the liquid state (¢ =
0). while if T < T;;¢ :>0'¢(T,¢3) > 0 and the source term drives
the system to the solid state (¢ = @max). Including the (strictly
positive, presumably small) constant I'y effectively suppresses the
melting point to 7,

F+A7(T L)~

Tm
oo I,
= T.=T; <17—Y>

This is a form of the Gibbs-Thomson relation.
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Data availability
Python and MATLAB codes were used for the simulations and

analyses, and are available upon request.
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