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Axial forces in capillary liquid bridges of polymer solutions†

Sreeram Rajesh,a Riley S. Tinianov,a Jooyeon Park,b and Alban Sauret∗b,c

Liquid bridges form between particles during wet mixing with binders or by condensation due to
ambient humidity. The consequences of capillary bridges can be quite drastic, creating macroscopic
cohesion, as seen in sandcastles and in the formation of particulate agglomerates. Bulk effects in
cohesive particles arise from forces generated by capillary bridges, so particle-scale measurements are
needed to develop predictive models. Most existing studies at the particle scale assume Newtonian
liquids. Yet many binders in industry and in the environment can exhibit viscoelastic behavior. In
this study, we measure the axial force generated by liquid bridges of viscoelastic polymer solutions
between two spherical beads during controlled uniaxial separation. We vary the polymer concentra-
tion, separation velocity, and particle size, and track the force as the bridge thins and ruptures. At
quasi-static rates, the axial force remains dominated by capillarity and is not significantly affected by
polymer rheology. However, increasing the stretching rate increases the peak force through viscous
dissipation and promotes the formation of a viscoelastic filament, thereby delaying rupture. The
peak axial forces collapse when rescaled by a capillary number and particle size, while the effective
rupture distance collapses with a Weissenberg number. These results provide a simple first-order
particle-scale force law for polymeric binders.

1 Introduction
Liquid bridges between solid particles are ubiquitous, appearing
in contexts ranging from soil moisture1–3 to industrial granules
and wet agglomeration processes.4–7 Many natural and industrial
solids are heterogeneous, for instance, due to extracellular poly-
meric substances (EPS) in moisture trapped between soil parti-
cles8 or the use of polymeric binders in industrial slurries.4,9–11 In
high-intensity erosion and debris flows, rapid deformations with
large localized strain rates at particle scales can trigger microscale
polymeric cohesion.12–15 Similarly, precise modeling of particle-
scale interactions with binders is critical for industrial granulation,
fluidization, and asphalt pavement design.16–18 However, a direct
measurement of polymeric axial forces between a pair of individ-
ual particles is lacking in the literature.

Particle-scale axial forces in Newtonian liquid bridges, shown in
Fig. 1(a), are well-established.19–21 Early investigations focused
on theoretical descriptions of capillary cohesion in soil1,22 and sub-
merged, gravity-free measurements of inter-particle adhesion.19

Lian et al.23 later provided numerical solutions for capillary force
and rupture distance, which were validated experimentally using
silicone oil by Willett et al.21 and Pitois et al.20. Pitois et al. and
Ennis et al.24 extended these measurements to fully wetting vis-
cous fluids. Force measurements in industrially relevant water-
based solutions add challenges involving evaporation, contact an-
gle hysteresis,25 gravitational effects,26–28 and three-body interac-
tions.29 More recently, more complex expressions have been devel-
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oped for capillary bridges between spheres, including models for
perfectly and partially wetting particles.30–33 The present work ex-
tends these investigations to include the impact of polymeric vis-
coelasticity. Indeed, although some studies have considered the
breakup of viscoelastic liquid-bridge and the liquid transfer be-
tween separating solid surfaces with free or pinned contact lines,
for instance, in geometries relevant to printing applications, direct
measurements of the axial force induced by a polymeric bridge be-
tween two spherical particles remain elusive.34–37

Inter-particle axial forces are primarily controlled by capillarity.
The capillary thinning dynamics of Newtonian and non-Newtonian
liquid bridges are well established.38–48 For Newtonian liquid
bridges, the regime in which the breakup occurs (viscous, inertial,
and viscous-inertial) is controlled by the Ohnesorge number, so
the relevant pre-elastic thinning dynamics depend on both the liq-
uid properties and the bridge size.49 Previous investigations have
shown that polymers modify capillary flow in uniaxial extension,
where the thinning dynamics are demarcated by distinct Newto-
nian and viscoelastic regimes, introducing new length scales to
the flow.44,50–53 Related studies on viscoelastic particulate sus-
pensions further showed that coupling polymer elasticity with mi-
crostructural heterogeneity modifies the transition to the viscoelas-
tic regime.54 Techniques such as FISER,40,41 CaBER,42,43 droplet
pinch-off,44,45,55 Dripping-onto-Substrate (DoS),46,56,57 and the
Slow Retraction Method (SRM)47,48 have established that poly-
meric axial flows exhibit an initial Newtonian regime, followed by
a sharp coil-stretch transition to a viscoelastic regime character-
ized by cylindrical ligaments. We show this for a capillary liquid
bridge between spherical particles in Fig. 1(b). Recent studies have
reported a smoother transition at semi-dilute entangled concentra-
tions due to lower critical coil-stretch strain rates.44,47 More gen-
erally, recent work has shown that the onset of the elasto-capillary
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Figure 1 Thinning of a liquid bridge of (a) Water, and (b) 4M PEO with 1% by mass concentration prepared in water. The liquid bridge is positioned
between two beads of radius R = 2mm and separated with a velocity v = 10mm/s. (c) Schematic of the experimental setup.

regime is not determined only by a single relaxation time, but
also depends on the initial stretching history, the bridge geometry,
and finite extensibility of the polymers.47,48,58–61 In the Newto-
nian regime, coiled polymers contribute to viscous dissipation that
scales with concentration, generating larger axial forces than the
solvent. Consequently, the combined effects of increased force and
delayed rupture distinguish polymeric bridges from Newtonian
ones, requiring modified bulk descriptions for granular-polymer
mixtures.

This study investigates the axial forces in polymeric liquid
bridges across a range of polymer concentrations and separation
velocities, v, spanning four orders of magnitude. We specifically
use a constant separation velocity, contrasting with the exponen-
tial or gravity-driven profiles in previous studies,43,44 due to the
relevance of grain kinematics in Discrete Element Method (DEM)
models. Experimental methods and polymer rheology characteri-
zation are detailed in § 2. Section 3 examines these forces under
quasi-static conditions (v = 0.01 mm/s), where thinning is strictly
controlled by capillarity, as well as under dynamic separations,
where viscoelastic effects become prominent. We then present a
first-order analytical framework to describe the evolution of the
force across both regimes. In § 4, we develop dimensionless scal-
ing laws: we collapse the peak force—which governs the bridge’s
adhesive strength—using the Capillary number, confirm its linear
scaling with particle size, and rescale the extended rupture dis-
tance using the Weissenberg number. Finally, § 5 provides our
concluding remarks.

2 Experimental Methods

2.1 Setup

The custom-built experimental setup [Fig. 1(c)] features a Futek
LSB 200 force sensor with an accuracy of ±5 µN. Data acquisition
is performed at 10–100 Hz. This rate is well below the sensor’s
140 Hz resonant frequency, yet sufficient to resolve the viscoelas-
tic dynamics governed by the polymer relaxation time (≈ 100 ms).
To minimize mechanical noise, the lower bead is mounted on the
force sensor, which rests on an active vibration-isolation system
(Nexus, Thorlabs). Meanwhile, the upper bead is attached to a
linear translation stage (Thorlabs NRT150) that provides 0.01 mm

positional precision and a velocity resolution of 0.01 mm/s. The
stage’s maximum travel (∼ 30 mm) exceeds the maximum rupture
distance observed in this study (see § 4.3). Both beads (ruby-
doped sapphire, Edmund Optics) have a radius R = 2 mm and a
surface roughness on the order of a few microns. Additionally,
a subset of experiments utilizes particles with radii ranging from
R = 1 to 3 mm. A custom environmental chamber encloses the par-
ticle pair to maintain a relative humidity > 80%, effectively sup-
pressing evaporation over the experimental timescale.62 Finally, a
high-speed camera (Phantom VEO 710) records the liquid bridge
dynamics during separation at 100–1000 FPS. A validation test for
the setup with AP100 silicone oil is described in § S1 in the Sup-
plementary Material.

2.2 Methodology

The force measurement procedure is as follows: a solution droplet
(V = 0.5–1 µL) is deposited onto the lower bead using a mi-
cropipette (0.1–2.5 µL, Eppendorf). Since polymer viscosity and
setup geometry make precise dispensing challenging, the actual
bridge volume is measured using a custom image-processing rou-
tine (see Supplementary Material § S6). The upper bead is then
lowered onto the droplet and oscillated vertically by a few microm-
eters at low velocity to ensure axial symmetry without disrupting
the initial polymer microstructure. The inter-particle gap is subse-
quently zeroed by monitoring force readings, which become nega-
tive upon contact. Following this, data acquisition begins by syn-
chronizing the sensor, camera, and translation stage to track the
force F as a function of the gap S. Separation velocity is varied
within the range v ∈ [0.01,10] mm/s. Finally, force data and high-
speed videos are post-processed using custom Python and ImageJ
routines. Each experiment was repeated at least three times. Con-
tinuous force and thinning curves show representative trials, while
scalar quantities reported in the figures, including Fpeak, Speak, and
Srup, are averages over n = 3 independent trials. The correspond-
ing standard deviations are generally smaller than the symbol size
or line thickness.

2.3 Rheology of the Polymers

Polymer solutions are prepared by dissolving polyethylene ox-
ide (PEO, Sigma-Aldrich) powder with molecular weight Mw =

2
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Figure 2 (a) Contours of a quasi-static liquid bridge of c = 0–1.5% 4M PEO in water for S = 0.2 to S = 1.2mm at separation velocity v = 0.01mm/s
for various gaps S between the particles. (b) Quasi-static axial force as a function of the gap S. The dashed lines show the prediction of the reduced
capillary model in Eqn. 3.

4000 kg/mol in deionized (DI) water; these are hereafter re-
ferred to as 4M PEO. Mixtures are homogenized on a roller (Ther-
moFisher ScientificTM) at 40 RPM for 24 hours prior to use. The in-
trinsic viscosity is [η ] = 0.072M0.65

w = 1.41 m3/kg, yielding an over-
lap concentration c∗ = 0.77/[η ] = 0.055%.52 We test concentra-
tions c = 0,0.1,0.5,1, and 1.5%, spanning the semi-dilute to dense
regimes (2 ≤ c/c∗ ≤ 30). To minimize chain degradation, solutions
of each concentration are prepared individually rather than by di-
luting a stock. The shear rheology for the solutions, summarized
in Fig. S2(a) in Supplementary Material, exhibits strong shear-
thinning behavior fitted by the Carreau-Yasuda model. Fig. S2(b)
details the corresponding viscous and elastic moduli.

The extensional rheology is summarized in Fig. S3. The relax-
ation time λR, determined via droplet pinch-off, scales as c0.7, con-
sistent with previous observations.44,52 The measurement proto-
col is outlined in § S3, and further details are available in the
literature.44,46,51,52 We use this relaxation time, λR, as a refer-
ence timescale for analyzing the axial force and rupture dynam-
ics of the liquid bridge. However, recent studies have reported
that relaxation times inferred from capillary-thinning experiments
can depend on the deformation history, bridge size, finite ex-
tensibility, and the molecular-weight distribution sampled during
stretching. As a result, such thinning timescales should be inter-
preted operationally as protocol-dependent measures rather than
as unique geometry-independent material constants.47,48,58–60,63

2.4 Interfacial Properties

Interfacial properties are summarized in Supplementary Material
Fig. S4. Fig. S4(a) shows that adding 0.1% polymer reduces the
surface tension from γ = 72.8 mN/m for water to ≈ 63 mN/m. Sub-
sequent concentration increases yield negligible changes, as mea-
sured by an Attension Tensiometer. While direct measurement at
c = 1.5% proved difficult, we assume γ = 60 mN/m consistent with
high-molecular-weight solutions.64 The solid-liquid contact angle
θ in Fig. S4(b) is extracted via custom Python image processing as
a function of separation distance S. At small S, θ is initially large
because the bridge remains convex at very small gaps, and it then

decreases as the meniscus evolves toward a concave shape with in-
creasing separation, before stabilizing at larger gaps.65 Although θ

varies slightly with concentration and volume, it stabilizes beyond
initial gaps to θ ∈ [30◦,50◦] for all c.

3 Results

3.1 Quasi-static Axial Forces

In this subsection, we present axial forces measured under quasi-
static conditions. For the bridge volumes used here, a truly static
configuration is difficult to maintain because the liquid slowly
drains under gravity. We therefore use the lowest accessible sep-
aration velocity, v = 0.01 mm/s, as a practical quasi-static limit.
Figure 2(a) shows that, at a given gap, the liquid-bridge con-
tours remain very similar across 4M PEO solutions with c = 0–
1.5%. Consistently, the rescaled force profiles in Fig. 2(b) also vary
only weakly with concentration. This indicates that the quasi-static
response is controlled mainly by capillarity and bridge geometry,
while polymer rheology plays only a minor role in this regime.
This interpretation is consistent with the interfacial measurements
reported in Fig. S4. Under these conditions, the axial force can
therefore be estimated from the liquid-bridge shape, as for wa-
ter.30 Although the measured liquid bridge volume varies slightly
across concentrations (V = 0.6–0.9 µL), it does not significantly in-
fluence the observed curvature. As a result, capillarity dominates,
and we expect similar axial forces for c= 0–1.5%. Therefore, under
quasi-static conditions, capillary forces can be estimated by quanti-
fying the liquid-bridge shape, since the primary difference between
solutions is surface tension, as in water.

Deriving an exact analytical solution for the capillary force
between particles requires solving the Young-Laplace equation,
which is generally complex.66 Therefore, many studies often
use numerical solutions or fitted expressions based on numeri-
cal integration of the Young-Laplace equation.20,21,23 More re-
cently, analytical or near-closed-form expressions have been devel-
oped for perfectly wetting bridges, finite contact angles, suction-
controlled bridges, and unequal contact angles between the two
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particles.30–33,67 In the present work, however, we aim to use a re-
duced description that can be used in both the quasi-static regime
and the later dynamic viscoelastic regime. We therefore express
the force in terms of the measured minimum neck radius of the
liquid meniscus, Rmin, which is directly accessible from the bridge
images throughout stretching. Such neck-based descriptions have
been widely used for extensional flows of inviscid, viscous, and
viscoelastic liquids,40,43,68 and provide a convenient framework
between the static force problem and the thinning dynamics.

To describe the capillarity-dominated axial force on the lower
bead, we consider the liquid volume Vs below the minimum menis-
cus radius Rmin, as shown in Fig. 1(c):

F = 2πγRmin −πR2
min∆P−Vsρg (1)

The first term represents the axial contribution of surface tension
along the perimeter 2πRmin. The second term accounts for the
Laplace pressure difference across the curved interface, while the
third term corrects for gravitational distortions.21 The pressure dif-
ference ∆P is given by the Young-Laplace equation:

∆P = γ

[
1

R1
+

1
R2

]
(2)

where R1 and R2 are the principal radii of curvature of the liquid-
air interface. We approximate the first principal radius (inside the
liquid) as R1 ≈ Rmin. Image analysis indicates that the local cur-
vature near the neck is dominated by the azimuthal component,
such that 1/R1 ≫ 1/R2. This assumption is also consistent with the
contact-angle measurements for these water-based solutions [see
Fig. S4(b) and discussion in §5 in the supplementary material].
Finally, for the reduced description adopted here, we neglect the
gravitational term. These approximations simplify Eqn. 1 to:

F ≃ πγRmin (3)

We should emphasize that Eqn. (3) is a reduced approximation
and not a general replacement for full Young–Laplace or closed-
form capillary-bridge expressions. Its role here is to capture the
measured quasi-static force decay using a single geometric quan-
tity, Rmin(S), that can be tracked during the thinning. Equation (3)
is plotted against the experimental data as dashed lines in Fig. 2(b)
and captures the experimental results reasonably well. Therefore,
this approximation captures the accessible quasi-static force curves
sufficiently well for the present first-order model.

Experimentally, we observe that the force initially increases to a
peak value before decreasing as S increases.28,29,65,69,70 This non-
monotonic behavior is consistent with the evolution of the liquid
bridge from a convex meniscus at small gaps after the deposition
of the liquid to a concave meniscus at larger gaps, together with
the associated evolution of the contact line and contact angle.65

At small gaps, a contact angle of θ ≳ 90◦ can produce a repulsive
contribution associated with the convex meniscus. As the bridge
is stretched, the attractive force reaches a maximum and then de-
creases as the bridge thins further.65 Small differences in the initial
placement of the droplet between the beads can also slightly mod-
ify the initial wetting state and bridge volume, because forming a
reproducible micron-scale contact line on two curved particles is
experimentally challenging. The wetting history, initial prepara-
tion, and instantaneous bridge geometry may therefore contribute
to the observed variations in the peak axial force.69 The peak axial
force is F ≃ 0.18±0.03 mN across all concentrations (c = 0–1.5%).
Furthermore, the F(S) profile is similar for all solutions. Minor
variations, particularly for c = 1%, result from a smaller bridge vol-
ume (V = 0.6 µL versus 0.7–0.9 µL for the other concentrations).

A smaller volume leads to faster force decay, as evidenced by the
rupture distance scaling S ∝ V 1/3.23 Consequently, the measured
forces are essentially independent of c. For c ≥ 0.1%, weak vis-
coelastic effects appear only milliseconds before rupture and are
negligible.

3.2 Dynamic Liquid Bridges: Axial force in the pre-
elastic dynamic regime

When the separation velocity v > 0.01 mm/s, the viscoelastic
regime becomes increasingly relevant. The transition between
regimes is triggered by the imposed strain rate, which, when suf-
ficiently large, leads to the onset of viscoelasticity.44 In velocity-
controlled setups, such as FISER or the present study, we use the
global kinematic measure εv = S/R, resulting in an imposed strain
rate ε̇v = v/R. If ε̇v is sufficiently large, it triggers the abrupt uncoil-
ing and extension of polymer chains,71 resulting in a viscoelastic
regime characterized by cylindrical ligaments.

Figure 3(a) shows the time evolution of the rescaled minimum
neck radius, Rmin(t)/R, for 4M PEO solutions at v = 1 mm/s. As
expected, the initial thinning regime (t < tc) is dominated by New-
tonian effects, resulting in similar profiles for all concentrations
(c = 0–1.5%).42,44 At t ∼ tc, the dynamics become viscoelastic
[dashed lines in Fig. 3(a)]. Although tc varies with concentration,
we indicate a representative transition time tc ≃ 1.3 s for visual
guidance. For t > tc, the bridge undergoes exponential thinning:

Rmin ∝ Rce−t/3λe (4)

where Rc is the critical radius at the onset of the viscoelastic regime
and λe is a characteristic timescale for relaxation of the stretched
polymers in the liquid bridge. Unlike interpretations of CaBER or
droplet pinch-off in which the exponential thinning rate directly
returns a unique longest relaxation time, recent works have shown
that the apparent elasto-capillary timescale can depend on the pre-
stretch history, bridge size, and finite extensibility of the polymers,
and can also vary with concentration.47,48,59,60,63 We therefore in-
terpret λe here as an effective thinning timescale for the present
constant-velocity liquid-bridge protocol, rather than as a direct
measurement of a unique longest material relaxation time. The
observation that λe < λR is thus consistent with incomplete chain
stretching prior to the formation of the cylindrical filament.58 In
practice, a more rigorous method to define the transition point Sc
is to take the intersection of the asymptotic fits of the Newtonian
and viscoelastic regimes, as shown in droplet pinch-off configu-
rations.44,54 Physically, for the range of polymer concentrations
investigated, the peak force Fpeak occurs at a gap smaller than the
physical transition point Sc (Speak < Sc). This is because Fpeak is as-
sociated with the initial dynamics of the contact angle as the liquid
bridge moves from a convex to a concave shape, occurring before
the onset of any elastic dynamics. However, for a more straightfor-
ward analysis and to simplify the modeling of the force profiles, Sc
is chosen here as a constant. Under this simplified representation,
the gap at which the peak force is measured, Speak, is consistently
smaller than Sc. The same Sc is then used in Eqs. (7) and (8) to
capture the subsequent force evolution.

The corresponding axial forces are shown in Fig. 3(b). In the
Newtonian regime, the axial force measured at v = 1 mm/s in-
creases with concentration. Furthermore, an increase in concen-
tration sustains the force for a longer duration following the transi-
tion to the viscoelastic regime. In summary, both breakup time and
rupture distance increase with v and c, distinguishing viscoelastic
bridges from their Newtonian counterparts under dynamic condi-
tions.
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Figure 3 (a) Time evolution of the rescaled minimum neck radius Rmin(t)/R for liquid bridges of 4M PEO in water (c = 0− 1.5%) separating at
v = 1mm/s. The thinning dynamics transition from Newtonian (t < tc) to viscoelastic (t ≥ tc). (b) Corresponding rescaled axial force F/πγR versus
separation gap S = vt. Dashed lines correspond to the model predictions in the Newtonian (Eqn. 6) and viscoelastic (Eqn. 7) regimes. The inset
compares the fitted critical force Fc from Eqn. 7 with the prediction from Eqn. 8.

In the Newtonian regime (t < tc), polymer chains in solution
remain coiled, and the hydrodynamic interactions between these
coils primarily drive viscous dissipation.71 The relative magnitude
of this viscous contribution can be estimated using the Ohnesorge
number, Oh = ηeff/

√
ργL. Assuming a characteristic length scale

L = 1 mm, density ρ = 1000 kg/m3, and viscosity ηeff evaluated at
γ̇ ∼ v/L for v = 1 mm/s gives Oh = 3.7× 10−3 for water, Oh ≃ 0.1
for the 0.1% PEO solution, and Oh≃ 1.9–45 for c= 0.5–1.5%. Thus,
water and the most dilute PEO solution remain mainly capillary-
dominated, whereas viscous stresses become comparable to or
larger than capillarity for the higher-concentration PEO solutions.
We therefore retain both capillary and viscous contributions in the
pre-elastic force balance, without assuming that all fluids are in an
asymptotically viscous-breakup regime. With the effective viscos-
ity specified below, the viscous contribution to the axial force can
be expressed as:20,72

Fvisc =
3
2

KπηR2 v
S

(5)

We use a prefactor of 3π/2 instead of 6π, as the former derives
from the lubrication approximation,20 whereas the latter is associ-
ated with Stokes drag. The critical parameter here is the increased
solution viscosity η due to the presence of polymers. As a first
estimate of the viscous contribution, we use an effective shear-
rate-dependent viscosity extracted from the Carreau-Yasuda fit to
the shear rheology [see Supplementary Materials Fig. S2(a)], eval-
uated at γ̇eff ∼ v/2Rmin. For the force curves, this effective viscosity
is evaluated using the measured Rmin(S); for the peak-force col-
lapse, the representative value is evaluated at S = Speak, which oc-
curs very early in the thinning dynamics [see Fig. 3(b)] where the
corresponding minimum neck radius is Rmin ≈ 0.5 mm (or neck di-
ameter dmin ≈ 1 mm, see Fig. 3(a)). For the separation velocity
v = 1 mm/s shown in Fig. 3, this yields an estimated shear rate of
γ̇eff ∼ 1 s−1. Similar estimates for γ̇eff are used for the model fits
presented in Fig. 5. We emphasize that this is an effective estimate
for the pre-elastic regime, not a direct equivalence between shear
and extensional viscosities. A more complete treatment would re-

quire simultaneous measurements or modeling of the extensional
viscosity, polymer stretch, and dynamic contact angle within the
bridge, which is beyond the scope of the present measurements.
Additionally, a correction factor K = 0.5 accounts for the finite vol-
ume of the liquid bridge.20

The total axial force in the Newtonian regime is the sum of cap-
illary and viscous contributions:

F ≃ πγRmin +
3
2

KπηR2 v
S

(6)

Equation 6, plotted as dashed lines in Fig. 3(b), accurately de-
scribes the experimental measurements in the Newtonian regime,
except as S → 0, where the modeled force diverges. As noted in
§ 3.1, we attribute this discrepancy to large contact angles that
result in particle-particle repulsion. Altogether, we present a first-
order approximation that captures the axial force for a given poly-
mer concentration and separation velocity using independently
measured material properties and the literature correction factor
K = 0.5. In the Newtonian regime, this description does not re-
quire any additional fitting to the force data.

3.3 Axial Force in the viscoelastic regime

As noted with Eqn. 4, the viscoelastic regime (t ≥ tc) exhibits ex-
ponential thinning characterized by cylindrical ligaments. While
previous studies using FISER, 40,41 CaBER, 73,74 and droplet thin-
ning,39 have estimated axial stresses in the ligaments, our focus
is on the total force exerted on the particles, relevant to bulk co-
hesive granular flows.75,76 The end geometry of the liquid bridge
likely modifies this total force compared to the localized stresses in
the cylindrical region.

From Fig. 3(b), we observe that for t > tc, the axial force decays
exponentially, similar to the thinning dynamics. Motivated by the
Oldroyd-B elasto-capillary thinning law and by the measured force
decay, we therefore use the phenomenological form

F = Fce−
S−Sc
3vλe (7)
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where Sc is the critical gap at the onset of the viscoelastic transi-
tion, λe is the effective thinning timescale measured from the lig-
ament evolution, and Fc is the transition force obtained from the
fit. As shown in Fig. 3, Eqn. 7 provides a good approximation for
the axial forces in this regime.

The prefactor Fc is the critical elastic force at this transition
(t = tc). At its onset, the critical minimum bridge radius is Rc (see
Eqn. 4)—the radius at which polymers are sufficiently stretched to
dominate the dynamics. To obtain an order-of-magnitude estimate
for Fc, we equate the Newtonian force (Eqn. 6) to the polymeric
force F ≈ πR2

cτzz at S = Sc, and assume that the elastic stress bal-
ances the capillary pressure (τzz,c ≈ γ/Rc). This scaling argument
gives:

Fc ≈ πγRc

[
1+

3KηR2v
2γRcSc

]
(8)

Previous studies have shown that the critical radius scales with
concentration as Rc ∝ c0.15.44,45 Substituting this scaling into
Eqn. 8 allows us to compare the model’s predictions with the fit-
ted values of Fc, as shown in the inset of Fig. 3(b). As Rajesh et
al.44 noted, Rc increases more rapidly in the semi-dilute entangled
regime, which explains the slight overestimation by Eqn. 8. Nev-
ertheless, this approach establishes a framework for describing the
viscoelastic axial force using parameters derived entirely from the
thinning dynamics.

In summary, combining Eqn. 6 and Eqn. 7 yields a first-order
model that captures the axial forces across both the Newtonian
and viscoelastic regimes in polymeric liquid bridges. The piecewise
framework presented here is a simplified study—neglecting early
elastic contributions at higher concentrations and approximating

(d)
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Figure 4 Temporal evolution of the liquid bridge profile for 1% 4M PEO
solution at (a) v = 0.01mm/s, (b) v = 0.1mm/s, (c) v = 1mm/s, and (d)
v = 10mm/s.
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Figure 5 Axial forces in a 1% 4M polyethylene oxide solution prepared in
water as a function of velocity in the range v = 0.01−10mm/s.

the elasto-capillary transition as discrete regimes. In the following
sections, we further investigate these dynamic liquid bridges by
varying the separation velocity v, thereby controlling the imposed
strain rate ε̇.

3.4 Axial Force dependence on stretching velocities

To trigger the viscoelastic transition, the local meniscus strain rate
ε̇ must exceed the critical unwinding strain rate, ε̇c, of the poly-
mers.71 This critical rate ε̇c depends on polymer properties such as
concentration, molecular weight, and solvent viscosity.44,52 Mean-
while, the imposed strain rate, ε̇v = v/R, is velocity-controlled and
distinct from the local strain rate ε̇. Because the concentration
changes both the viscosity and the relaxation time, it is useful
to separate material-based and process-based measures of elas-
ticity. For the present bridge geometry, we can define Deborah
numbers as Deγ = λR/tγ , with tγ = (ρR3/γ)1/2, or as Deη = λR/tη ,
with tη = ηeffR/γ. These quantities compare the intrinsic elasticity
of different polymer solutions. However, in the present velocity-
controlled experiments, the relevant observation time is tv = R/v,
giving Dev = λR/tv = λRv/R, identical to the imposed Weissenberg
number used below. We therefore use Wi to describe the rate-
dependent transition and rupture dynamics, while Deγ and Deη

remain useful parameters when comparing different polymer so-
lutions or geometries. Figure 4 illustrates the effect of ε̇v on the
capillary flow dynamics of a 1% 4M PEO solution, where similar
bridge volume is maintained across different velocities. All else be-
ing equal, we observe that the duration of the viscoelastic regime
increases with v. In this subsection, we quantify the evolution of
the axial force with the separation gap across velocities spanning
four orders of magnitude (v = 0.01 − 10mm/s), highlighting the
maximum force, Fpeak, which controls the adhesive strength of the
liquid bridge in bulk granular materials.24

Figure 5 quantifies the evolution of F(S) across separation ve-
locities v ∈ [0.01,10] mm/s. The measured forces align well with
our qualitative observations: an increase in v prolongs the persis-
tence of the force signal. In addition to the increase in viscous
dissipation, rate-dependent changes in the contact angle may also
contribute to the early-stage force response, since dynamic con-
tact angle hysteresis in liquid bridges becomes more pronounced
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as the loading rate increases, thereby modifying the capillary-force
response.25 Quantifying this phenomenon is highly relevant to the
bulk transport and advection of cohesive grains—such as in flu-
idization or silo flows77,78 —where large inter-particle distances
are typical, and the presence of polymers can significantly modify
particle dynamics. To model the force across these velocities, we
apply Eqn. 6 in the Newtonian regime and Eqn. 7 in the viscoelas-
tic regime. Both equations describe F accurately using parameters
extracted directly from shear rheology (η) and thinning dynamics
(Rmin, λe).

The inset of Fig. 5 shows the peak force, Fpeak, required to sep-
arate the particles, which increases with velocity. This increase
in Fpeak, coupled with the extended duration of the thinning dy-
namics, is attributed to enhanced viscous dissipation caused by
the uncoiling of a larger fraction of polymers at higher imposed
strain rates (ε̇v). In the following sections, we further explore the
relationship between v and Fpeak.

4 Discussion

4.1 Strength of a liquid bridge

Macroscopic cohesive granular flows are typically characterized
by their bulk yield stress, τz, which is linked to the particle-scale
bridge strength via the Rumpf scaling79: τz ∝ Fpeak/R2. Although
macroscopic techniques such as powder shear cells are commonly
used to measure static yield stress, they are often expensive and
prone to high variability. Predicting τz directly from particle-
scale measurements of Fpeak provides a robust alternative and es-
tablishes a framework for developing structure-property relation-
ships.75,80,81 Beyond static strength measurements, particle-scale
cohesion is also known to control wet aggregate growth and the
flow of cohesive granular assemblies, underscoring the need for
particle-level force laws.6,82,83 In this section, we characterize the
evolution of Fpeak in polymeric liquid bridges across varying poly-
mer concentrations and separation velocities spanning four orders
of magnitude. By rescaling this relationship with the dimension-
less Capillary number, Ca = ηv/γ, we demonstrate that the scaling
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Figure 6 Bridge strength (Fpeak) measured for polymer solutions across
various concentrations c = 0−1.5% as a function of the capillary number,
Ca. Inset: the bridge strength dependence on separation velocities. All
data represent the average of n = 3 replicates.

framework originally developed for viscous Newtonian liquids24

can be successfully extended to polymer solutions.

The inset of Fig. 6 shows Fpeak for 4M PEO solutions (c = 0–
1.5%) across separation velocities v ∈ [0.01,10] mm/s. As expected,
Fpeak scales with both velocity and polymer concentration. Because
Fpeak is measured within the Newtonian regime, a Newtonian fluid-
based description provides a good starting point, despite poly-
meric contributions to the viscosity. Motivated by Ennis et al.,24

we evaluate Eqn. 6 at the gap S = Speak, where the peak force,
Fpeak = F(S = Speak), occurs. We then rescale this expression using
the Capillary number, yielding:

Fpeak

πγR
=

Rmin

R
+

3
2

KCa
R

Speak
(9)

To test this model, we plot the experimentally measured Fpeak
rescaled against Ca in Fig. 6. The data collapses onto a master
curve bounded by Eqn. 9 for the experimentally observed gap lim-
its Speak ∈ [0.1,1] mm (see Fig. S7). The data correspond to aver-
ages over n = 3 independent replicates and the standard deviations
are generally smaller than the symbol size. We observe a slight de-
viation in the rescaled data from Speak = 1 mm, which primarily
corresponds to the highest separation velocities. This likely re-
flects the increasing limitations of shear-rheology-based viscosity
estimation under these strongly stretched polymer-bridge condi-
tions. Overall, the collapse shows that, despite complex polymer-
solvent interactions that modify the bulk viscosity, at first order the
liquid-bridge strength Fpeak is set mainly by capillary forces and vis-
cous dissipation.

4.2 Role of Particle-Size on Peak Force
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Figure 7 Peak axial force, Fpeak for a liquid bridge of 1% 4M PEO solution
measured for various particle radius R ∈ [1,3] mm. Inset: Rescaled peak
force, Fpeak/πγR, which is independent of particle size. All data represent
the average of n = 3 replicates.

To quantify the geometric dependence of the axial force, we
measure the force for a fixed polymer concentration (1% 4M PEO)
across particle radii R = 1.0 to 3.0 mm. With increasing particle
size, we also scale the bridge volume such that R ∝ V 1/3, resulting
in a volume range V ∈ [0.12,3.4] µL. The evolution of the mea-
sured force as a function of the separation gap is shown in Fig. S8
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of the Supplementary Material, where we note distinct Newtonian
and viscoelastic regimes across the various particle sizes. We also
observe that the rescaled axial force, F/πγR, collapses onto a sin-
gle curve.

The peak axial force for various R is plotted in Fig. 7 over a
range of separation velocities, increasing with velocity according
to a power-law behavior. Because the exponent remains consis-
tent across different particle sizes, we can directly rescale the peak
force. As shown in the inset of Fig. 7, normalizing the peak force by
the particle size (Fpeak/πγR) successfully collapses the data across
the full range of radii. This recovers behavior similar to that of
Newtonian liquids, in which capillary-bridge-driven axial forces
scale with particle size.75 This collapse should be interpreted to-
gether with the geometric constraint used in the experiment. In
capillary-bridge descriptions, the dimensionless force can be writ-
ten as F/(πγR) = f (S/R,V/R3,θ , . . .). By scaling the bridge volume
approximately as V ∝ R3, we keep the dimensionless volume fixed
to first order, so a collapse of Fpeak/πγR is expected if the wetting
state does not change strongly with particle size. The measured
steady contact angle for R = 1–3 mm lies in the range 37◦–45◦, con-
sistent with the steady value for c= 1% shown in Fig. S4. Thus, the
leading order expression remains F ∝ πγRmin, while small changes
in volumes or contact-line position contribute to the residual scat-
ter. This interpretation is consistent with recent work showing that
wettability can influence early viscoelastic bridge dynamics, even
when the later elasto-capillary thinning remains more robust.57.

4.3 Rupture Distance for the Liquid Bridge
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Figure 8 The rescaled rupture distance S∗ = Srup,elast/Srup,Newt with respect
to the Weissenberg number, Wi, of the polymers. The rescaled S∗ col-
lapses onto a curve described by Eqn. 11. Inset shows the experimentally
measured rupture distance, Srup. All data represent the average of n = 3
replicates.

For Newtonian fluids, the rupture distance Srup is the maximum
gap between the particles at which the liquid bridge remains sta-
ble.23,30 However, as noted in previous sections, the viscoelastic
regime in polymer solutions modifies it. In these solutions, expo-
nential thinning is typically followed by either satellite drop for-
mation84 or a blistering instability.85–87 The magnitude of the
axial force during this instability regime, however, is negligible

(F/πγR< 0.01) and unlikely to influence bulk granular kinematics.
Consequently, we adopt this force limit as the threshold for defin-
ing the effective rupture distance for the polymeric liquid bridges
investigated here.

The approximate rupture distance for a quasi-static Newtonian
liquid bridge is a function of bridge volume, V , and contact angle,
θ (with θ expressed in radians), and may be written as:23

Srup ≈ (1+0.5θ)V
1
3 (10)

For the bridge volumes used in the present work (V ∈ [0.5,1] µL),
this yields Srup ∈ [1.14,1.44] mm, which agrees well with experi-
mental observations of Srup ∈ [1.25,1.89] mm for quasi-static liquid
bridges of 4M PEO (c = 0–1.5%) shown in Fig. 2(b). We note a
slight increase in Srup with c. In this section, we define the Newto-
nian rupture distance as Srup = Srup,Newt.

Equation 10 does not hold for dynamic liquid bridges of poly-
mer solutions, where the rupture distance is significantly larger
(Srup,elast ≫ Srup,Newt). In Fig. 8, we plot the non-dimensionalized
rupture distance S∗ = Srup,elast/Srup,Newt, rescaled with respect to
the Weissenberg number imposed on the system by the stretch-
ing velocity, Wi = λRε̇v. Here, any dynamic effects introduced by
the polymer are accounted for in the Weissenberg number. Phys-
ically, Srup,Newt represents the distance at which a liquid bridge
without any polymers, separated quasistatically, would rupture, as
described using Eqn. 10. For the collapse in Fig. 8, Srup,Newt is es-
timated using a representative bridge volume V = 0.75 µL, corre-
sponding to the approximate average volume across the measure-
ments. This choice likely contributes part of the residual scatter be-
cause the individual bridge volumes span V ∈ [0.5,1] µL. We prefer
this quasistatic normalization to a dynamic Newtonian rupture dis-
tance, since a reliable model for the rate dependence of Newtonian
rupture is not yet available. The relaxation time, λR, is obtained
from droplet pinch-off measurements (see Supplementary Material
S3). Over the parameter range explored here, rescaling Srup,elast for
polymer solutions collapses the data onto the empirical relation:

S∗ = 1+2Wi (11)

Equation 11 fits the evolution of S∗(Wi) very well. The numeri-
cal prefactor 2 should be interpreted as an empirical value for the
present bead geometry, bridge-volume normalization, PEO molec-
ular weight, concentration range, and wetting conditions, rather
than as a universal constant. Establishing whether a similar pref-
actor applies to other polymer molecular weights, bead radii, con-
tact angles, or bridge volumes will require a broader parametric
study. We highlight that rescaling by Wi rather than Ca is appro-
priate here, as the elasto-capillary balance dominates the rupture
distance in the viscoelastic regime. At small ε̇v (Wi ∈ [10−4,10−2]),
we find S∗ ∼ 1, aligning with the Newtonian critical rupture gap
Srup,Newt. At larger imposed rates (Wi > 10−2), the scaling shifts to
S∗ ∼ Wi, confirming that elastic effects control liquid bridge rup-
ture.

5 Conclusions
Liquid bridges between solid particles are ubiquitous in contexts
ranging from soils1–3 to industrial granules.4,9 In many of these
systems, the liquid phase exhibits heterogeneity due to the pres-
ence of dissolved polymers.8 However, the influence of such het-
erogeneities on liquid bridge dynamics remains poorly understood,
as previous studies have predominantly focused on ideal, fully wet-
ting Newtonian fluids like silicone oil20,21 or water.29,30 In the
present work, we investigate polymeric liquid bridges suspended
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between two solid particles. We quantify the evolution of the axial
force as a function of the separation gap across a range of polymer
concentrations, separation velocities, and particle sizes.

In the quasi-static regime (v = 0.01 mm/s), we demonstrated—
both qualitatively through the shape of the liquid bridge menis-
cus and quantitatively via force measurements and scaling
arguments—that the axial forces are dominated by capillarity.
Within the range of polymer concentrations investigated (2 <
c/c∗ < 30), contributions from viscosity and elastic stresses remain
negligible. Under dynamic conditions (v ≥ 0.02 mm/s), however,
we observe and quantify the growing relevance of viscoelastic ef-
fects with increasing velocity. To capture this behavior, we divided
the axial force evolution into two discrete regimes—Newtonian
and viscoelastic—to derive a first-order approximation using pa-
rameters obtained solely from shear rheology and thinning dynam-
ics. We then described the evolution of the peak axial force, Fpeak,
across various velocities and concentrations through a Capillary-
number-based rescaling, and confirmed that Fpeak scales linearly
with the particle radius R. Finally, to account for the signifi-
cantly extended rupture distance in polymer solutions, we intro-
duced a rescaling based on the dimensionless Weissenberg number.
This approach allows us to describe the modified rupture distance
across a wide range of v and c using a single equation.

This study extends capillary-force measurements to polymeric
liquid bridges, beyond earlier work focused on fully wetting liq-
uids20,21,24 or water.28,29 We also note a few limitations of the
present work. First, our study focused on purely extensional flows
between perfectly spherical particles. In real granular systems,
however, liquid bridges experience a combination of extension and
shear.88,89 While shear contributions can sometimes be approx-
imated using a geometric correction factor,72 the shear-thinning
nature of polymer solutions introduces additional complexity that
warrants further investigation. Additionally, real granular media
consist of irregularly shaped particles, which present another nec-
essary avenue for follow-up work.90,91

Despite these limitations, the results provide a practical first-
order framework for modeling bulk cohesive granular flows, such
as in Discrete Element Method (DEM) simulations.92,93 When the
bridge volume and contact angle are known accurately, more de-
tailed closed-form or approximate capillary-force expressions are
also available for efficient DEM implementations in the quasi-static
limit.94,95 By dividing the axial force into distinct Newtonian and
viscoelastic regimes, the attractive normal force in a DEM imple-
mentation may be written as

Fn =


−πγRmin −Fvisc, for 0 ≤ δn ≤ Sc,

−Fce−
δn−Sc
3vλe , for Sc < δn ≤ Srupt,elast,

0, for δn > Srupt,elast,

(12)

where the negative sign denotes attraction and Srupt,elast is defined
by Eqn. 11. Such reduced particle-scale laws are particularly use-
ful for connecting bridge-scale physics to macroscopic behaviors
observed in cohesive granular systems, including, for instance, wet
accretion and cohesive granular flows.6,82,83

Future work could refine this model by developing a continu-
ous, rather than piecewise, description of the transition from the
Newtonian to the viscoelastic regime, with a specific focus on the
critical force Fc. While Eqn. 8 offers a preliminary model for this
boundary, a rigorous study of the transition dynamics is needed.
Ultimately, by capturing the influence of polymer additives on
bridge rupture and cohesive strength, this framework takes a first
step towards bridging the gap between micro-scale rheology and

the macroscopic mechanics of polymer-based cohesive granular
materials.
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