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A model of 3D confluent tissue behaves as an
under-constrained glass

Chengling Li,a Matthias Merkel b and Daniel M. Sussman *a

The dynamics of glassy materials slows down upon cooling, typically showing either Arrhenius or super-

Arrhenius behavior. However, it was recently shown that 2D cell-based models for biological tissues can

be continuously tuned between Arrhenius and sub-Arrhenius dynamics. In previous work, using the 2D

Voronoi model, we proposed that such atypical dynamical behavior could be a generic feature of the

broad class of mechanically under-constrained materials. Yet, our earlier study had left two important

points open: (1) many 2D systems are affected by long-wavelength fluctuations and the 2D melting

scenario, and (2) the 2D Voronoi model sits exactly at the isostatic point, making it a marginal case

rather than a strictly under-constrained one. Both points complicate the interpretation of our 2D

Voronoi model results and their generalization to other systems; to remedy this, here we use large-scale

simulations to study the glassy behavior of the 3D extension of the Voronoi model. We first show that

the structural relaxation time ta of the 3D Voronoi model can be tuned between sub-Arrhenius and

Arrhenius behavior, like the 2D Voronoi model. We then establish that the four-point susceptibility, the

structure factor, and the model’s mechanical properties all display trends consistent with the 2D Voronoi

model. These results provide strong evidence that sub-Arrhenius glassy dynamics are a generic feature

of under-constrained materials across dimensions. Our work thus broadens the class of disordered

materials known to have highly unusual glassy phenomenology.

1 Introduction

Understanding the origin of glassy dynamics remains one of
the central challenges in condensed matter physics. Upon
cooling or compression, a wide variety of liquids and soft
materials exhibit a dramatic slowdown of relaxation, often
accompanied by increasing dynamical heterogeneity and the
emergence of an intermediate-time plateau in time correlation
functions.1–4 The fast relaxation processes towards this plateau
are called beta relaxation processes, while the much slower
relaxation processes away from the plateau are called alpha
processes. In conventional glass formers, the behavior of the
alpha relaxation time is usually described as either Arrhenius or
super-Arrhenius. Arrhenius behavior refers to an alpha relaxa-
tion time that scales as ta B exp(DE/T), which is interpreted as
arising from structural relaxation processes that require cross-
ing approximately temperature-independent energy barriers of
size DE. Such Arrhenius behavior is often associated with
strong glass formers. Meanwhile, fragile glass formers display
super-Arrhenius behavior, in which a temperature decrease

leads to a relaxation time that grows faster than expected from
Arrhenius scaling.3 This corresponds to an increase of the
effective energy barriers as temperature is lowered. However,
the universality of this trend has recently been challenged by
the discovery of models that exhibit qualitatively different, sub-
Arrhenius dynamics.5,6 In such systems, the relaxation time
grows more slowly than the Arrhenius expectation upon cool-
ing, implying an effective energy barrier that decreases as
temperature is lowered. This behavior is anomalous from the
perspective of conventional glass formation, and exploring
such departures is essential to build a more complete picture
of glass formation and of the possible diversity of disordered
dynamics.

Often, the glassy behaviors of materials can be closely linked
to their mechanical properties. In the zero-temperature limit,
the mechanical properties of a system can be classified using
the Maxwell constraint-counting criterion, which distinguishes
three regimes. Systems that are over-constrained possess more
constraints than degrees of freedom and are typically rigid. In
contrast, under-constrained systems have fewer constraints
than degrees of freedom and are mechanically unstable in
the absence of additional interactions. Between these two
limits lie isostatic systems, where the number of constraints
and degrees of freedom are balanced, leading to marginal
stability and weak solid-like behavior. The role of a glass’

a Department of Physics, Emory University, Atlanta, Georgia 30322, USA.

E-mail: daniel.m.sussman@emory.edu
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mechanical properties in determining its dynamics has been
the subject of much study,7 and the extent to which a system’s
zero-temperature athermal mechanics dictates its finite-
temperature dynamics remains a subject of active debate.

One system where atypical glassy dynamics has been linked to
mechanical properties is the cell-based 2D Voronoi model for
biological tissues. This model has been shown to exhibit atypical
sub-Arrhenius glassy dynamics,6 the extent of which can be
tuned continuously.8 In recent work, we linked this dynamical
behavior to this model’s unusual, ‘‘entropic’’, elasticity, i.e. a
strong increase of the elastic moduli with temperature.9 We
further argued that such mechanical behavior is expected for
under-constrained systems,10,11 which include many of the
cell-based tissue models.12 We thus proposed that the tunable
sub-Arrhenius behavior may be a generic property of under-
constrained systems.9

While compelling, the interpretation of these findings is
complicated by two aspects. First, the model is two dimen-
sional, and it is well-understood that long wavelength fluctua-
tions play a vital role in two dimensions,13 complicating the
analysis of quantities like the mean-squared displacement and
self-intermediate scattering function.14,15 Moreover, the two-
dimensional melting scenario introduces additional subtleties
through the possible emergence of a hexatic phase,16,17 restrict-
ing the parameter regions where disordered dynamics can be
studied. Second, the 2D Voronoi model sits precisely at the
isostatic constraint-counting transition, with equally balanced
degrees of freedom and energetic constraints. Consequently,
while its athermal mechanical properties still reflect its proxi-
mity to under-constrained tissue models, it does not show an
athermal floppy-rigid transition like those other models.18

To test whether the anomalous dynamical properties
observed in the 2D Voronoi model are found in truly under-
constrained materials, free from the confounding effects of
hexatic ordering transitions, we study the 3D Voronoi model,
which is extensively under-constrained.19 As a consequence,
like many cell-based tissue models,12,18,20,21 the athermal 3D
Voronoi model exhibits a rigidity transition that is tuned by a
target cell surface area s0: at zero temperature, the model is
rigid for s0 t 5.4 and floppy for s0 \ 5.4.19

Below, we systematically characterize the 3D Voronoi model
at finite temperature, including its dynamical behavior, struc-
tural properties, and mechanical response across a range of s0

values. We show that the relaxation time exhibits sub-Arrhenius
behavior whose extent increases with s0, directly analogous to
what has been observed in two dimensions. The self-
intermediate scattering function displays universal scaling
when rescaled by the a-relaxation time, and the growth of the
four-point susceptibility is strongly suppressed at large s0. The
static structure factor reveals a weak but systematic tempera-
ture dependence of its first peak, reminiscent of vitrimeric
systems in which static correlations are tied to anomalous
relaxation. Underpinning these dynamical anomalies, we find
that the isotropic tension and shear modulus exhibit a mono-
tonic increase with temperature. The isotropic tension also has
a crossover from T1/2 to T1 scaling, consistent with theoretical

predictions for generic under-constrained systems.10,11 Together,
these results establish that the unconventional glassy dynamics
and mechanics of the Voronoi model persist in three dimen-
sions. This further supports the idea that sub-Arrhenius behavior
is a generic property of under-constrained systems.

2 Methods
2.1 Model

The 3D Voronoi model describes a biological tissue densely
packed with N cells19 (Fig. 1 inset). A given state of the model is
defined by a set of cell center positions ri in 3D space. Cell
shapes are defined by a Voronoi tiling of these centers. Forces
on cell positions, fi = �qe/qri, are defined using an effective
energy e, which reads in dimensionless form:

e ¼
XN
i¼1

vi � 1ð Þ2þks;i si � s0ð Þ2
h i

: (1)

The sum is over all cells i, the variables si and vi denote cell
surface areas and volumes, respectively, s0 is the target surface
area, and ks,i is a surface area modulus. We choose the unit of
length to be the cube root of the average cell volume, which we
furthermore set to unity. This energy is analogous to how the
2D Voronoi model is defined,22 with harmonic constraints on
the cell perimeter and cross-sectional area promoted to con-
straints on the cell surface area and volume. Like in many cell-
based tissue models, the form of the energy is motivated by a
low-order expansion of geometric cell properties in terms of
target values.23–25 Note that this energy does not correspond to
central force interactions, but rather many-body forces that
couple the geometry and topology of the cellular material,
which together generate the rigidity of the simulated
tissue.18–20,26 We simulate this model using 3D periodic bound-
ary conditions in a system with total volume N.

Fig. 1 The 3D Voronoi model exhibits tunable sub-Arrhenius relaxation
dynamics. Angell plot of the a-relaxation time, ta, for four values of s0. Each
curve represents a different s0 from high to low (dark red to light blue, s0 =
{5.5, 5.425, 5.39, 5.37}), and for each curve, Tg is determined separately as
the temperature where ta = 104. The inset shows an energy-minimized
configuration of the 3D Voronoi model at s0 = 5.5 with N = 8 cells, whose
Voronoi centers are shown as gray spheres.
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Initial work studying the 3D Voronoi model focused on the
athermal limit of monodisperse systems,19 but just as in parti-
culate settings there are model parameter regimes in which
monodisperse Voronoi packings have a tendency to crystallize.
To maintain our focus on the disordered regime, we use a
bidisperse mixture of cells whose surface area stiffness ks varies
with cell type. Here we choose a 80 : 20 mixture of cell types A and
B with ks,A/ks,B = 1 : 0.1. All cells have the same s0, and have equal
masses (which we take to be unity). We note that we also
explored bidisperse mixtures with identical ks and cell-type-
dependent s0 or cell-type-dependent target cell volume, and we
found qualitatively identical results. However, we found that
stiffness bidispersity let us explore a somewhat broader range
of parameter space without observing crystallization.

To study finite-temperature equilibrium properties of this
model, we perform standard NVT simulations,27,28 with tem-
perature implemented via a standard Nosé–Hoover chain to
sample the canonical ensemble. The cell masses are set to
m = 1, and the thermostat mass is set to Q = NdT,28 where N is
the number of cells, d is the number of dimensions, and T is
temperature. The equations of motion are integrated using a
Nosé–Hoover chain velocity-Verlet scheme, following the rever-
sible Trotter-splitting algorithm described in Appendix E.2 of
ref. 27. The integration time step is dt = 10�2t, where t is the
standard dimensionless simulation unit of time for this model.
We use this equilibrium thermostatting scheme because our
goal is to characterize the canonical finite-temperature glassy
behavior of the 3D Voronoi model, rather than to model the
physical overdamped dynamics of real cells. Although Brow-
nian or overdamped dynamics would be more appropriate for
modeling cellular motion at low Reynolds number, the equili-
brium structural and mechanical quantities studied here are
ensemble properties. The Nosé–Hoover dynamics also facili-
tates direct comparison with prior equilibrium studies of glass-
forming models.

After verifying that our conclusions are not qualitatively
affected by changing the scale of the system, we have focused
the bulk of our numerical work on simulations of N = 512 cells.
We varied s0 and temperature T, and obtained 10 equilibrium
trajectories for each (s0,T) point. To this end, for any given value
of s0, we first equilibrated at Tinit = 0.1 (for which the char-
acteristic relaxation time ta is on the order of 1 � 10t). We then
saved configurations after every 104t, which is large enough to
ensure that the configurations are independent from each
other. These then serve as initial configurations for the simula-
tions with the actual temperature T. From these initial config-
urations, we apply an initial thermalization period at the target
temperature T. We use preliminary simulations to measure
ta at the target temperature, thermalize for at least 10ta, and
then begin recording trajectory data for another 10ta, which we
analyze to collect the statistics reported below.

Given the high computational cost of simulating this model,
our results primarily focus on four representative s0 values:
s0 A {5.5, 5.425, 5.39, 5.37}; these values correspond to surface
areas well above that of a densely packed crystalline
configuration,19 and are represented by filled symbols in all

plots. For each s0, we select temperatures such that the result-
ing structural relaxation times span from 10t to 104t. In order
to further study the s0-dependence of the mechanical proper-
ties, we complement these simulations with additional ones
with s0 A {5.475, 5.45, 5.4, 5.35, 5.32, 5.31, 5.3, 5.29, 5.26, 5.2}
but over a more limited temperature range corresponding to
ta B 10. . .103t; these data – which include surface areas below
that of the densest known crystalline packings – are repre-
sented by hollow symbols in all plots.

2.2 Dynamical observables

We characterize relaxation using the self-intermediate scatter-
ing function,

Fsðk; tÞ ¼
1

N

XN
j¼1

exp ik � rjðtÞ � rjð0Þ
� �� �* +

; (2)

where rj (t) is the center position of cell j at time t, k = |k|, and
the brackets denote an average over initial times, trajectories,
and wavevector directions. Unless otherwise stated, we choose
k = kmax, where kmax corresponds to the first peak of the static
structure factor.

The alpha relaxation time ta characterizes the long-time
structural relaxation of the system. Operationally, we extract
ta from the long-time decay of Fs(kmax,t) using the fitting
procedure described in Appendix A. The beta relaxation time
tb characterizes the earlier relaxation process associated with
the approach to the intermediate-time plateau. We extract
tb separately by fitting the early-time decay of Fs(kmax,t), again
as described in Appendix A.

We quantify dynamical heterogeneity using the four-point
dynamical susceptibility associated with fluctuations of the
self-intermediate scattering function,

w4(t) = N[hFs(k,t)2i � hFs(k,t)i2]. (3)

3 Results
3.1 Dynamical properties

We observe tunable sub-Arrhenius behavior also in the 3D
Voronoi model. Fig. 1 shows the dependency of the relaxation
time ta on temperature T in an Angell plot for several values of
the control parameter s0; these relaxation times were extracted
from the behavior of the self-intermediate scattering function,
Fs(t), as detailed in Appendix A. In all cases, this representation
reveals sub-Arrhenius (i.e. concave) behavior. This behavior
depends systematically on s0: systems with larger s0 exhibit
more pronounced sub-Arrhenius scaling, while decreasing
s0 drives the dynamics closer to an Arrhenius form. This result
demonstrates that the 3D Voronoi model inherits the same key
feature identified previously in two dimensions: unusual glassy
dynamics whose details are tuned continuously via the target
shape parameter of the model.8,29

The top panel of Fig. 2 shows the self-intermediate scatter-
ing function, Fs(k,t), evaluated at the wavevector corresponding
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to the first peak (k = kmax), of the static structure factor for
different values of s0 and T. We choose a representation in
which the time axis is scaled by our measured ta for each (s0,T)
pair. Remarkably, all curves from different (s0,T) pairs collapse
onto a single master curve in the a-relaxation regime. This
collapse demonstrates that, despite quantitative differences in
relaxation time, the underlying a-relaxation process is universal
across the range of s0 values and temperatures studied.

This representation also makes clear, though, that there are
systematic shifts in how the plateau in the two-step relaxation
process is approached. We separately measure this initial
relaxation time, tb, by fitting the initial relaxation of Fs to a
stretched exponential decay with the same method as detailed
in Appendix A. We show in the inset that this process, too,
shares a common functional form across state points. We thus
plot the behavior of this faster relaxation process for a range of
(s0,T). As shown in the bottom panel of Fig. 2, we find that in
this model the beta relaxation is much more sensitive to

temperature than either standard particulate glass formers or

the 2D Voronoi model, with a clear 1
� ffiffiffiffi

T
p

dependence across all
s0 values studied. We are not aware of other glassforming
models that show such a range of behavior in the competition
between the alpha and beta relaxation process scales.

An unscaled representation of representative Fs(kmax,t)
curves on a logarithmic time axis, together with the corres-
ponding mean-squared displacement (MSD), is provided in
Appendix B. This additional visualization shows the two-step
relaxation process directly, without rescaling time by either ta
or tb. The fitting forms used to extract ta and tb, together with
the corresponding stretching/compression exponents, are given
in Appendix B.

Fig. 3 shows the four-point dynamical susceptibility w4(t) at
different temperatures for two representative values of the
control parameter, s0 = 5.5 (bottom) and s0 = 5.39 (top). The
peak height of w4(t) is often interpreted as a measure for the
magnitude of dynamical heterogeneities in the system.30 For
s0 = 5.5, the peak height of w4(t) is essentially independent of
temperature, but for s0 = 5.39 the peak height of w4(t) increases
systematically upon cooling. This behavior closely parallels
previous observations in two dimensions: at higher s0, dynami-
cal heterogeneity is strongly suppressed, while decreasing
s0 restores the conventional growth of heterogeneous dynamics
upon cooling.8 The ability of the Voronoi model to tune not

Fig. 2 a- and b-relaxation from the self-intermediate scattering function.
(top) Fs(t) from the trajectories across all (s0,T) parameter pairs, plotted with
time scaled by ta, showing collapse of all curves in the a-relaxation regime.
The black line is the fitting result. The inset shows Fs(t) with the time axis
scaled by tb. (bottom) The measured tb as a function of T for several values
of s0; the dotted black line is a guide to the eye with slope �1/2. The inset
shows the ratio of the a and b relaxation times as a function of tempera-
ture; a clear cross-over is observed from a regime at large s0 in which the
time scales have the same temperature dependence to a more normal
regime at low s0 in which ta grows much more rapidly as the temperature
is decreased.

Fig. 3 The temperature dependence of dynamical heterogeneity is con-
trolled by s0. Four-point dynamical susceptibility w4(t) for s0 = 5.39 (top)
and s0 = 5.50 (bottom) at different temperatures (temperature decreases
from dark red to light blue).
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only the global relaxation timescale but also the degree of
dynamical heterogeneity highlights the unusual character of
glass formation in this system.

Taken together, the behaviors of structural relaxation and
dynamical heterogeneities in the 3D Voronoi model are very
close to what we had observed in 2D.8,9 This suggests that they
are robust properties of the Voronoi model, rather than an
artifact of dimensionality.

3.2 Structural properties

Fig. 4 shows the static structure factor S(k) for two representa-
tive values of the control parameter, s0 = 5.39 (top) and s0 = 5.50
(bottom), where the main panels display S(k) over the full range
0 r k r 20. We find that the wavevector k corresponding to the
first peak of S(k) is essentially independent of both temperature
and s0, indicating that the underlying length scale of the
packing is fixed.

However, the behavior of the height of the first peak, Sm,
strongly depends on s0 (Fig. 4, bottom inset). For s0 = 5.39, Sm

grows systematically as temperature decreases (Fig. 4, both
insets), resembling the behavior of conventional glassformers.

In contrast, at s0 = 5.5 the structure factor is nearly temperature
independent, with no noticeable change in Sm upon cooling.

This latter trend mirrors observations made in simulated
vitrimers, a distinct physical system that also exhibits sub-
Arrhenius scaling tuned by density.5 In that system, a crossover
from sub-Arrhenius to Arrhenius dynamics was similarly linked
to the temperature dependence of the first peak in S(k), a
connection further supported by schematic mode-coupling
theory. The parallels between our results and those vitrimer
studies suggest that the temperature dependence of the first
peak of S(k) may strongly correlate with the character of glassy
dynamics across disparate physical models.

3.3 Mechanical properties

In order to link the observed ta behavior (Fig. 1) to mechanical
properties, we first tried to quantify an intermediate-time
plateau shear modulus Gp, as we had done for the 2D Voronoi
model before.9 We first calculate the shear stress Sxy at each
time point, and compute the time-dependent shear modulus
G(t) as the stress autocorrelation function, with statistics accu-
mulated using a multiple-tau correlator method.31

In Fig. 5 (top inset) we plot G(t) for s0 = 5.425 and several
temperatures. Qualitatively, the behavior matches that of the
2D model, with the expected initial fast relaxation followed by a
secondary feature whose magnitude increases as the tempera-
ture is raised. This is, however, a notoriously noisy and data-
intensive way of extracting mechanical properties.31 For the 3D
Voronoi model, the data were too noisy to reliably fit the
plateau to a stretched exponential form to extract a precise Gp.

To study a proxy for material rigidity, we use isotropic
tension Siso, defined as the trace of the stress tensor. Indeed,
in generic under-constrained systems with fixed connectivity
and without shear strain, isotropic tension Siso is proportional
to the infinite-time shear modulus G.10,11 It is thus a reliable
measure of the system’s rigidity while being much more
accessible to numerical simulations. The top panel of Fig. 5
shows the temperature dependence of Siso for several values of
s0. As in two dimensions, Siso displays an unusual temperature
dependence: rather than decreasing modestly upon heating, it
increases monotonically with temperature. At high tempera-
tures, the tension grows approximately as T1/2, while at low
temperatures it follows a nearly linear T1 dependence. This
crossover is consistent with what we previously found in the 2D
Voronoi model,9 further supporting the robustness of this
unusual mechanical response.

The isotropic tensions we measure are quantitatively con-
sistent with a generic theory for under-constrained materials
with fixed connectivity.10,11 Ref. 10 and 11 express the elastic
material properties, including Siso, in terms of temperature T
and isotropic strain e as shown in eqn (12) in Appendix C.
Moreover, isotropic strain e can be mapped to the target cell
surface area using a length rescaling:11 e ¼ 1=2 log s�0

�
s0

� �
, where

s�0 denotes the athermal transition point. The bottom panel of
Fig. 5 shows the corresponding scaling plot, which leads to an
excellent collapse of curves for different state points (s0,T).

Fig. 4 The temperature dependence of peak height of static structure
factor is controlled by s0. Static structure factor S(k) for s0 = 5.39 (top) and
s0 = 5.50 (bottom) at different temperatures (temperatures decrease from
red to blue). The inset in the top panel magnifies the region corresponding
to the first peak in the main panel; the inset in the bottom panel shows the
temperature dependence of the first peak height of S(k) for different s0.
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From a fit of eqn (12) to our simulation data (dashed line in
Fig. 5 bottom) we obtain the values of athermal transition point
s�0 ¼ 5:301� 0:005, energetic elasticity kE = 13.5 � 0.2, and
entropic elasticity kS = 0.22 � 0.1 (see Appendix C for details).
These values of s�0 and kS lie within the expected ranges: s�0 is
slightly below the transition point of 5.41 obtained from
infinite-temperature quenches,19 which we attribute to the
annealing effect of our finite-temperature simulations. For
the same reason we also expect the effective transition point
s�0 to depend weakly on both s0 and T. Finally, ref. 10 shows that

kS ¼ N�1st � 2
� ��

6N in dimensionless units, where N�1st is the
number of first-order zero modes (see the precise definition in
ref. 11). Given that the 3D Voronoi model has 3N degrees of
freedom (the cell positions) but 2N constraints (area and
volume terms in eqn (1)), it is reasonable to assume N�1st ¼ N

up to terms of order one, and thus kS E 1/6, close to what we
obtain here. It is somewhat harder to make clear predictions for
kE based on past work, since we have used a mix of several cell
types here.

Finally, we ask whether these elastic properties alone can
explain the observed behavior of ta. Specifically, we ask whether
structural relaxation can be understood as the crossing of
energy barriers of height BDE, which is expected to scale
linearly with a plateau shear modulus Gp (or, similarly, with
isotropic tension Siso) in ‘‘shoving’’-like models.7,9 In Fig. 6 we
plot log ta against the scaled isotropic tension Siso/T1.18. Across
these state points, the majority of data points collapse onto a
straight line, and we have confirmed that a plot over Siso/T does
a much worse job of collapsing the data. There are some
systematic deviations at the lowest temperatures for low-s0

simulations, where ta grows more rapidly than the scaling
indicated by the data collapse. However, the most severe
systematic deviations occur for large s0. We hypothesize that
this may be a result of the measured ta being dominated by the
unusually large relaxation time of beta processes, as discussed
earlier (Fig. 2 top).

At present we do not have a microscopic theory for the
numerical value of the temperature exponent of �1.18, which is
different from the exponent of �1 expected from the standard
activated picture. We therefore treat it as an empirical collapse
parameter rather than a universal exponent, although we note
that we found a similar exponent in the 2D Voronoi model.9

This empirical scaling remains consistent with sub-Arrhenius
relaxation, because the increase of Siso with temperature is
sufficiently strong. For example, if Siso B Ta with a E 0.5. . .1
over the relevant temperature range, then Siso/T1.18 B 1/Tc,
where c = 1.18 � a E 0.18. . .0.68, which varies more weakly
with inverse temperature than the Arrhenius form 1/T. Thus,
although the exponent �1.18 introduces an additional tem-
perature dependence beyond the simplest shoving-like form, it
does not restore conventional Arrhenius behavior. Instead, it
suggests that the mechanical rigidity is the dominant, but not
the only, temperature-dependent contribution to the effective
relaxation barrier.

Taken together, like in the 2D Voronoi model,9 also in the
3D version, much of the sub-Arrhenius behavior of ta can be
understood from an increase of mechanical rigidity with
temperature.

Fig. 5 The isotropic tension increases with temperature and matches the
theoretical prediction for generic under-constrained systems. (top) Isotropic
tension as a function of temperature for several s0, showing a transition from
T1/2 to approximately linear T1 scaling. Inset: shear relaxation modulus G(t)
for s0 = 5.425, displaying an intermediate-time plateau that decreases
monotonically with temperature (from red to blue, temperature decreases).
(bottom) When plotting isotropic tension Siso versus isotropic strain e, a
rescaling by

ffiffiffiffi
T
p

leads to a collapse of the curves for the different state
points. The dashed lines correspond to eqn (12) with parameter values as
given in the main text.

Fig. 6 The mechanics and dynamics are directly connected. Log(ta) is
plotted against scaled isotropic tension Siso/T1.18 for many different s0.
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4 Discussion

In this work, we have demonstrated that the 3D Voronoi model
exhibits tunable sub-Arrhenius relaxation dynamics governed by
its unusual mechanical properties. By moving from the isostatic
2D limit to an extensively under-constrained 3D system, our
results establish that anomalous glassy dynamics are not a
dimensional artifact or a consequence of 2D long-wavelength
fluctuations, but rather a robust, generic property of under-
constrained materials.

The most striking evidence for this is the direct connection
between the system’s structural relaxation and its mechanical
rigidity. Simple elastic models of glass formation posit that the
activation energy for structural relaxation DE scales with a local,
intermediate-time shear modulus Gp.7,32 Because extracting Gp in
3D is notoriously noisy, we utilized the isotropic tension Siso as a
robust proxy for rigidity. Remarkably, plotting log ta against the
scaled isotropic tension, Siso/T1.18, yields a collapse of data across
a broad range of state points. While a standard shoving model
would predict a T�1 scaling, the empirical T�1.18 dependence
confirms that the sub-Arrhenius behavior is primarily driven by
a mechanical activation barrier that stiffens at higher tempera-
tures, with the anomalous exponent likely reflecting additional
temperature-dependent structural correlations.

Our analytical and structural analyses further illuminate the
nature of this under-constrained glassy state. By applying an
analytical theory for the elastic properties of thermal, under-
constrained systems to our numerical data, we identified a rigidity
transition at s�0 ¼ 5:301. This value is lower than the previously

reported athermal transition s�0 ¼ 5:41
� �

derived from infinite-
temperature quenches, likely reflecting the annealing effects of
our finite-temperature simulations, though it remains above the
crystalline Weaire–Phelan limit (s0 = 5.288).33

Moving away from this transition point dramatically alters the
dynamical landscape. In the high-s0 regime, the energy landscape
becomes exceptionally shallow; b-relaxation processes become
progressively slower and compete with the measured a-relaxation
time, while dynamical heterogeneity is largely suppressed.
Furthermore, the static correlations in this regime captured by
the first peak of the structure factor mirror the atypical tempera-
ture independence seen in simulated vitrimers. Conversely, as s0

decreases toward the rigid regime, the model recovers a more
conventional glass-forming phenomenology with pronounced
dynamical heterogeneities and growing static structural peaks
upon cooling, all while maintaining a universal underlying
a-relaxation process. These qualitative features are in excellent
agreement with the behavior reported in the 2D Voronoi
model.9,29 In the 2D Voronoi model this qualitative transition
has been connected with a change in the underlying fractal
structure of the model’s energy landscape;29,34 it remains to be
seen whether a similar connection also holds in the 3D model.

Ultimately, the 3D Voronoi model provides a minimal,
highly controllable platform for exploring the origins of anom-
alous glassy dynamics. Our findings broaden the class of
disordered materials known to exhibit highly unusual glassy
phenomenology. Comparing the mechanics and dynamics of

the Voronoi model with other systems (such as vertex models,6

vitrimers,5 or low-density hard spheres35) may soon allow us to
uncover a unifying physical framework for sub-Arrhenius dis-
ordered dynamics.
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Appendices
Appendix A: Bayesian inference to extract sa

Extracting the relaxation time from stretched exponential fits,
A exp[�(t/ta)

b], to Fs(t) is notoriously delicate. Because directly
fitting this functional form requires a nonlinear least-squares
optimization that is highly sensitive to the initial parameter
guess, we employed a standard Bayesian inference approach to
determine the full posterior distributions of the fitting para-
meters. Within this framework, we introduce a hierarchical
structure that couples parameters across all state points. Cru-
cially, motivated by the excellent collapse of the a-relaxation
master curves shown in Fig. 2, we enforce common behavior in
A and b while allowing the temperature-dependent relaxation
times ta to vary independently.

In order to estimate parameters for the relaxation of the self-
intermediate scattering function, we performed Bayesian infer-
ence using the PyMC probabilistic programming framework and
the no-U-turn sampler (NUTS) algorithm.36 The hierarchical
model for the stretched exponential decay treated the amplitude
A and the stretching exponent b as global parameters, while the
relaxation time ta was allowed to vary with temperature and s0. All
model parameters were constrained to their physical domains by
reparameterization. The stretching exponent b A (0,1) and the
amplitude A A (0,1) were represented as sigmoid transforms of
unconstrained normal random variables,

qb B N(0,1), b = sigmoid(qb), (4)

qA B N(0,1), A = sigmoid(qA). (5)

This choice places weakly informative priors on b and A,
centered around 0.5 with broad support over (0,1).

For the temperature-dependent relaxation times ta, we
worked with logarithmic variables,

Log ta B N(mt,st
2), (6)

with mt = log(10) and st = 5, providing wide support over several
decades in t. The exponential transform ensures ta 4 0. The
likelihood is constructed using a Gaussian probability with the
mean and variance computed directly from the distribution of
the 100 independent Fs trajectories at each state point.
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Posterior sampling was carried out using four independent
chains, with 2000 warm-up iterations and 2000 sampling itera-
tions per chain, yielding approximately 8000 posterior draws.
Convergence was assessed using the potential scale reduction
statistic R̂ r 1.01 and by inspecting effective sample sizes.
Posterior predictive checks confirmed that the fitted model
reproduced both the decay shape and the variance structure of
the measured Fs(t). From the resulting posterior distributions
we extracted credible intervals for ta(T). This hierarchical
Bayesian approach produces stable and statistically consistent
fits, quantifies uncertainty in a principled way, and exploits
shared physical information across the entire dataset.

Appendix B: Additional visualization of two-step relaxation and
fitting parameters

In the main text, the self-intermediate scattering functions are
shown after rescaling time by either the alpha relaxation time ta
or the beta relaxation time tb. Those rescaled plots are useful
for demonstrating the collapse of the relaxation curves across
different state points. However, to more directly visualize the
two-step relaxation process, we also show representative
unscaled curves in Fig. 7.

The main panel of Fig. 7 shows Fs(kmax,t) for s0 = 5.425 over a
range of temperatures. The curves display a clear two-step
decay. At early times, Fs(kmax,t) decreases from its initial value
toward an intermediate-time plateau; we identify this part of
the relaxation with the beta-relaxation regime. At longer times,
the system escapes this plateau and Fs(kmax,t) decays to zero; we
identify this final decay with the alpha-relaxation regime. As the
temperature decreases, both relaxation processes shift to
longer times, while the separation between the early and late
relaxation regimes becomes more apparent. The black dashed

curves show the fits used to extract the corresponding beta and
alpha relaxation times.

The inset of Fig. 7 shows the mean-squared displacement,

Dr2ðtÞ
� 	

¼ 1

N

XN
j¼1

rjðtÞ � rjð0Þ


 

2* +

; (7)

for the highest and lowest temperatures shown in the main panel.
The dashed guide lines indicate the short-time ballistic regime,
hDr2(t)i B t2, and the long-time diffusive regime, hDr2(t)i B t.
Between these two limits, the MSD develops a plateau-like regime,
corresponding to transient caging. This behavior is consistent
with the intermediate-time plateau observed in Fs(kmax,t) and
provides an independent visualization of the two-step relaxation
dynamics.

For the alpha-relaxation regime, we fit the long-time decay of
the self-intermediate scattering function using

Fs kmax; tð Þ ¼ Aa exp �
t

ta

� �ba
" #

; (8)

where ta is the alpha relaxation time and ba is the stretching or
compression exponent. This fit is applied only to the second,
long-time stage of the decay.

We fit the beta-relaxation regime separately using the early-
time decay toward the plateau. Specifically, we use

Fs kmax; tð Þ ¼ Ab exp �
t

tb

� �bb
" #

; (9)

where tb characterizes the beta relaxation time, and bb is the
corresponding stretching or compression exponent. We use the
notation ba and bb for these exponents to avoid confusion with
the beta relaxation process itself.

For the all state points we studied, the fitting parameters are

Aa = 0.6, Ab = 1.0, (10)

ba = 0.82, bb = 1.74. (11)

Values of bo1 correspond to stretched exponential relaxation,
while values of b 4 1 correspond to compressed exponential
relaxation. The fitted curves shown in Fig. 7 demonstrate that the
two-step relaxation is well captured by fitting the beta and alpha
regimes separately.

Appendix C: Prediction of elastic properties of 3D Voronoi
tissue

In generic under-constrained systems without shear strain, the
isotropic tension can be expressed as:10,11

Siso ¼
kE
2

eþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 þ 4kST

kE

r� �
; (12)

where kE is the energetic isotropic bulk modulus and kS is the
entropic isotropic bulk modulus. Moreover, e is the isotropic
strain, measured with respect to the athermal transition point;
note that athermal under-constrained systems can be driven
across the floppy-rigid transition by applying isotropic
strain.10–12,37 In other words, varying isotropic strain e is

Fig. 7 Unscaled self-intermediate scattering function and mean-squared
displacement. Main panel: Self-intermediate scattering function Fs(kmax,t)
for s0 = 5.425 at different temperatures, plotted with a logarithmic time
axis. Temperature decreases from red to blue. The labels b and a indicate
the beta- and alpha-relaxation regimes, respectively. Black dashed curves
show the corresponding fits. Inset: mean-squared displacement for the
highest and lowest temperatures shown in the main panel. The blue
dashed guide lines indicate the short-time ballistic regime, MSD B t2,
and the long-time diffusive regime, MSD B t. Both Fs(kmax,t) and the MSD
show a clear two-step relaxation process with an intermediate plateau-like
regime.
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equivalent to varying the target cell surface s0.11,12,37 According
to the non-dimensionalization in ref. 11:

e ¼ 1

2
log

s�0
s0

(13)

with s�0 being the athermal transition point.
Strictly speaking, the analytical results in ref. 10 and 11 were

derived for systems lacking a state of self-stress (SSS) in the
athermal floppy regime. In contrast, cellular models like the 3D
Voronoi model strictly possess a SSS, a direct mathematical
consequence of the total system volume being fixed (i.e., the
sum of all cell volumes is invariant). However, based on
previous analysis of the 3D Voronoi model,12 the macroscopic
constraint restricting the N volume degrees of freedom largely
decouples from the surface area constraints. Consequently, the
‘‘trivial’’ bulk modulus arising from the total volume constraint
drops out of the dominant low-energy mechanics, allowing us
to safely apply the formalism such that kE in eqn (12) corre-
sponds to the isotropic bulk modulus contributed exclusively
by the cell surface tension terms.
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