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Superlubricity in granular shear flows under
external vibrations

Diego Berzi, *ab Melisa M. Gianetti a and Dalila Vescovi a

We investigate the use of external vibrations to reduce macroscopic

friction in pressure-imposed granular flows sheared between

bumpy planes, in the absence of gravity, using the discrete element

method. We observe that the system becomes superlubric, i.e., the

macroscopic friction is less than 0.01, if one of the bumpy planes

oscillates with a sufficiently large velocity amplitude. We quantify

the reduction in the energy dissipated by the system through the

work of the shear stress induced by the reduction in macroscopic

friction and the external energy required to make the bumpy plane

oscillate for different combinations of amplitude and frequency,

and imposed pressure. We propose a phase diagram and criteria in

terms of imposed pressure and velocity amplitude of oscillations to

predict the resistance to shear.

While the lubrication properties of viscous fluids placed between
solid surfaces are well known and extensively exploited in engi-
neering applications, the possibility of using granular materials to
reduce friction is relatively unexplored.

When particles are sheared between two parallel planes under
an imposed normal load, they exert tangential forces on the
planes. We define macroscopic friction, m, as the ratio of the
tangential to the normal force. It is well known that macroscopic
friction is nonzero even if the surface friction of the particles,
associated with their microscopic asperities, is zero.1,2 The lubri-
cant potential of granular materials crucially depends on identify-
ing the parameters that control macroscopic friction. These
parameters can be either internal – the microscopic properties
of the particles and the particle–particle interactions – or
external – external fields and boundary conditions.

Investigating the role played by the internal parameters is
experimentally challenging. It is much easier to perform
numerical simulations based on the discrete element method
(DEM).3 Previous works showed that reducing the coefficient of
normal restitution (the negative of the ratio of the normal relative

velocity after and before a collision between two spheres) also
reduces the macroscopic friction, at least in the case of random
assemblies of identical frictionless particles.4–6 Indeed, it was
shown that identical frictionless spheres crystallize in shear flows
if the imposed pressure is larger than a threshold, and this leads to
a substantial increase in macroscopic friction.6 Near this mini-
mum value, using frictional rather than frictionless particles can
reduce the macroscopic friction.7 At larger pressures, which are
more relevant for practical applications, the macroscopic friction is
independent of the surface friction of the particles.7

Manipulating the macroscopic friction through the geo-
metry8–10 or the motion of solid boundaries in contact with
the granular materials is more appealing for practical purposes.
DEM simulations have provided some evidence that the rough-
ness of the boundaries has a significant effect on the overall
flow resistance exerted on the granular flows, in the presence11

and in the absence6 of gravity. Some spectacular results of
macroscopic friction reduction in granular materials stirred by
a boundary have been observed in experiments.12,13

Intuitively, vibrating the boundary can also reduce macro-
scopic friction, at least when it induces fluidization in granular
assemblies with a network of persisting contacts.14 Friction
reduction through vibrations is a process highly relevant to natural
phenomena such as landslides and earthquakes.15–17 The results
of DEM simulations on poly-disperse, frictionless spheres sheared
between two irregular planes under quasi-static conditions18

indicate that frictional weakening requires (i) sufficient peak
acceleration and (ii) a large ratio of the squared amplitude over
the pressure to disrupt the contact network. Frictional weaken-
ing disappears when the vibration frequency exceeds the elastic
response of the grains.

In this study, we perform DEM simulations of mono-disperse,
frictionless spheres sheared between two regular bumpy planes,
in the absence of gravity, under imposed-pressure, while vibrating
one of the boundaries. The aim is to investigate the frictional
response of the system to the frequency and amplitude of vibra-
tions, in the limit of sufficiently rigid spheres, for arbitrary values
of the imposed pressure and the relative velocity between the
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planes. Thus, we generalize a previous study18 that was limited to
extremely high pressures and/or slow flows. We show that external
vibrations allow us to achieve superlubricity,19,20 a state of vanish-
ing friction conventionally defined in engineering applications
when m o 0.01,21 at arbitrary values of the imposed pressure and
the relative velocity between the planes. In addition, we provide an
energy analysis and find that, while friction can be dramatically
reduced in the presence of vibrations, reaching superlubricity is
an energy demanding endeavor.

We use the software LAMMPS† 22 for the DEM simulations.
We randomly place N = 3150 identical spheres of diameter d and
mass density rp in a rectangular box of length Lx = 20d, width
Ly E 10d, and initial height Lz E 20d, with x, y, and z being the
flow, vorticity, and gradient directions, respectively. The parti-
cles are confined between two rigid planes normal to the
z-direction, constructed by gluing a layer of particles identical
to the flowing particles in a hexagonal closed-packed arrange-
ment. Each plane contains Nw = 240 particles, and H is their
relative distance. The shearing plane at z = H experiences a
constant pressure p and moves at constant velocity V along x,
while being free to move along z as a rigid body. The vibrating
plane at z = 0 oscillates harmonically as a rigid body along the z-
axis with amplitude A and frequency f. Periodic boundary
conditions are applied in the x- and y-directions. A snapshot
of the simulations with the reference frame is shown in Fig. 1.

The particle mass density rp, diameter d, and velocity V of the
shearing plane are the natural units of the system. Particles
interact through the classic linear spring-dashpot contact
model.3 Unless stated otherwise, we set the microscopic sliding
friction coefficient mp = 0; the coefficient of normal restitution en =
0.9, as experimentally measured in collisions of glass beads;23 and
the normal spring stiffness kn = 104pd, or equivalently the Young’s
modulus E = kn/d = 104p. As customary, the time step of the
simulations is one-fiftieth of the contact time.24 The role of gravity
is negligible as long as the difference in pressure between the
shearing and the vibrating planes, Dp, is much smaller than p.
Given that the extra-pressure is due to the weight of the N particles
per unit basal area, the above criterion implies p c Nrpgpd3/
(6LxLy) E 10rpgd, where g is the gravitational acceleration.

We vary the imposed pressure p/(rpV2) between 1 and 100,
the frequency fd/V of the vibrating plane between 0 and 10,
and the amplitude A/d between 0.1 and 2. Then, in our simula-
tions, the parameter A2E/(d2p)18 is much larger than one, and the
particle elastic modulus plays no role in controlling the frictional

weakening effect of vibrations. This seems reasonable in many
practical applications, where the Young’s modulus of sand grains
or industrial metallic particles is of the order of 1010 Pa.

After being initially transient, the system reaches a steady
state. Fig. 2a shows the temporal evolution of height H/d once
the steady state is attained, when p/(rpV2) = 1, A/d = 1, and
fd/V = 0, 0.1, 0.2, and 1. At low frequency, fluctuations in H are
small, and the system is in a dense state with a crystallized region
near the shearing plane and a disordered region near the
vibrating plane (Fig. 2b). As the frequency increases, the region near
the vibrating plane becomes more dilute. At a particular frequency,
large fluctuations in H appear. Fig. 2c shows the ratio of the time-
averaged standard deviation of H, sH, over the time-averaged height,
%H, as a function of G = rpdA (2pf)2/p, the ratio of the peak
acceleration induced by the vibrating boundary, A (2pf)2, to the
acceleration induced by the imposed pressure p/(rpd). As already
pointed out,18,25 G = 1 indicates that the vibration is strong enough
to cause the detachment of the particles from the boundary. Also, in
the quasi-static limit (p/(rpV2) = 108), G4 1 was necessary to observe
the vanishing of macroscopic friction.18 Fig. 2c indicates that
fluctuations in H begin to grow when G = 0.1, reach a peak around
G = 1.5 and then abruptly decrease, in a manner that resembles the
bouncing dynamics of an elastic body26 (see the SI27). The slight
increase of sH/ %H when G exceeds 10 is actually associated with
bifurcation in the distribution of distances H/d (SI27).

We measure macroscopic friction m as the ratio between the
tangential force, averaged over time, exerted by the flowing parti-
cles on the shearing plane per unit area of the plane and the

Fig. 1 Snapshot of the simulations, with the moving particles in cyan, the
shearing plane in orange and the vibrating plane in gray. The number of moving
particles in the simulations (N = 3150) is sufficiently large not to play a role.18

Fig. 2 (a) Temporal evolution of H/d when p/(rpV2) = 1, A/d = 1, and
fd/V = 0 (blue line), fd/V = 0.1 (orange line), fd/V = 0.2 (yellow line), and
fd/V = 1 (purple line). (b) Snapshots of the simulation at two times, corres-
ponding to small and large distances between the planes, when p/(rpV2) = 1, A/
d = 1, and fd/V = 0.2. (c) Ratio of the time-averaged standard deviation of H, sH,
over the time-averaged height, %H, as a function of G for all data with A/d = 1
(different colors and symbols correspond to different pressures, as detailed in
the caption of Fig. 3).
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imposed pressure. Notice that in the absence of gravity, the
stresses in the steady state are homogeneous in the domain. If
vibrations are the dominant mechanism, we expect that the shear
stress exerted by the particles on the shearing plane is given by
their momentum in the x-direction, rpdV, multiplied by its rate of
exchange, with the latter set by the angular frequency, 2pf, of the
vibrating plane. Similarly, the normal stress (pressure) should be
proportional to the momentum in the z-direction, rpd2pfA (2pfA is
the typical velocity in the z-direction), multiplied by the
exchange rate, 2pf. Then, at large frequencies, we expect m to
be inversely proportional to the dimensionless velocity ampli-
tude 2pfA/V, independent of the pressure.

We already know that, in the absence of vibrations, m = m0 is
only a function of p/(rpV2). The dependence of m0 on the imposed
pressure is shown in the SI27 and agrees very well with the
measurements for frictionless poly-disperse spheres sheared
between planes of irregular geometry,18 thus suggesting that
our findings are not limited to crystallized systems. Given that
m0 = m0 (p/(rpV2)), there must be a range of velocity amplitudes,
between 0 and a characteristic value, in which the macroscopic
friction is influenced by the imposed pressure, followed by a
collapse onto a universal, pressure-independent curve. The mea-
surements reported in Fig. 3a confirm the collapse and permit

fitting the expression of the universal curve as m E 0.1(2pfA/V)�1.
The error bars estimated on bootstrap resampling28 are smaller
than the symbols in Fig. 3a and in the remainder of the figures.
From the latter, we can calculate the velocity amplitude at which
the pressure-independent macroscopic friction reaches the
superlubricity limit as 2pfA/V = 10. The characteristic velocity
amplitude marking the collapse onto the pressure-independent
curve is, in itself, pressure-dependent. As shown later, a simple
experimental criterion based on G allows us to identify it.

Vibrations, therefore, permit reaching superlubricity, which
is certainly desirable to drastically reduce wear and the energy
dissipated through shearing. However, energy must be injected
into the system to provide vibrations.

The dissipated power per unit area of the shearing plane in
the absence of vibrations due to the work of the tangential force
is given by m0pV, where m0 is the macroscopic friction when
2pfA = 0. The corresponding dissipated power per unit area of the
shearing plane in the presence of vibrations is mpV. The power per
unit area required to vibrate the plane can be calculated as the
sum of: (i) the mean kinetic energy of the plane over one period, M
(2pfA)2/4, with M the mass of the plane, divided by the period, 1/f,
the area of the plane, LxLy, and a generic mechanical efficiency Z
and (ii) the work done to push against the granular materials over
one half cycle of the sinusoidal motion of the plane, p (2/p)2pfA,
since the plane moves away from the dry assembly of cohesionless
particles at no cost.

We define the energy penalty as

e ¼ 1

m0pV
mpV þM 2pfAð Þ2f

4LxLyZ
þ p

2

p
2pfA� m0pV

" #

¼ m
m0
þ 1

m0

1

24Z
ffiffiffi
3
p 2pfd

V

� �3rpV
2

p

A

d

� �2

þ 2

m0p
2pfd
V

A

d
� 1;

(1)

where we have used the fact that in our case M = Nwrppd3/6 and

LxLy = Nwpd2/(4fHCP), with fHCP ¼ p
�

2
ffiffiffi
3
p� �

being the area
fraction of a hexagonal close packing of disks. At the super-
lubricity limit 2pfA/V = 10, the work done to push against the
granular material is the dominant contribution to the energy
penalty if p/(rpV2) c 5. Then, with m0 E 0.2, reaching super-
lubricity, that is, a twenty-fold decrease in the macroscopic
friction, requires a (2/p)10/0.2 E 50-fold increase in the
energy input.

Fig. 4 shows that the vibrations begin to reduce the macro-
scopic friction when G is about 0.1, that is the same value at
which the fluctuations in the gap between the planes start to
grow (Fig. 2c). Given the definition of G, G = 0.1 corresponds to

2pfA
V
¼ 1

10

� �1=2
A

d

� �1=2
p

rpV2

 !1=2

; (2)

which gives the minimum velocity amplitude to observe fric-
tional weakening.

Fig. 3 (a) Macroscopic friction as a function of the velocity amplitude
measured in the simulations for various A/d and p/(rpV2) = 1 (blue circles),
p/(rpV2) = 5 (orange squares), p/(rpV2) = 10 (yellow diamonds), p/(rpV2) = 50
(purple downward-pointing triangles), and p/(rpV2) = 100 (green upward-
pointing triangles). Also shown are the superlubricity limit (black dot-dashed
line) and the pressure-independent limit m = 0.1 (2pfA/V)�1 (black solid line). (b)
Measured macroscopic friction as a function of 2pfd/V when A/d = 1 (linear
scale). Filled and open symbols (connected by dashed lines to guide the eyes)
represent measurements relative to the pressure-dependent and pressure-
independent regimes for the macroscopic friction, respectively.
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Fig. 4 also suggests that macroscopic friction enters the
pressure-independent regime (open symbols) once the para-
meter G is greater than 0.2, that is, when the velocity amplitude
is greater than

2pfA
V
¼ 1

5

� �1=2
A

d

� �1=2
p

rpV2

 !1=2

: (3)

We can now build a phase diagram to characterize the
behavior of pressure-imposed shearing flows subjected to exter-
nal vibrations, in the limit of rigid particles, and, for simplicity,
when A/d = 1. Then, the only control parameters are p/(rpV2) and
2pfd/V.

First, frictional weakening induced by vibrations is observed
if the velocity amplitude is greater than the value given by
eqn (2) (the region above the dashed line in Fig. 5). Second, in
the region above the dot-dashed line in Fig. 5, the macroscopic
friction does not depend on the pressure but only on the
velocity amplitude. Finally, superlubricity is achieved whenever
the velocity amplitude is greater than the value given by eqn (3),
i.e., the macroscopic friction enters its pressure-independent

regime, provided that it is also greater than 10 (red area in
Fig. 5).

Here, we have focused on frictionless spheres interacting
through linear contact. If we employ frictional particles, the
dependence of the macroscopic friction and the efficiency gain
on the velocity amplitude is qualitatively similar. As expected,
the macroscopic friction for frictional particles is slightly larger
than in the frictionless case (see the SI27). Our results, and in
particular the phase diagram for the search for low-wearing
operational conditions of vibrated shearing flows of granular
materials, are therefore robust and only mildly affected by the
frictional properties of the particles, their size distribution, the
geometry of the shearing planes, and the contact law.18
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