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Equilibrium fluctuations of a quasi-spherical vesicle: role
of the membrane dissipation

Petia M. Vlahovska® and Rony Granek?

We theoretically investigate the thermally-driven curvature and lipid density fluctuations of a quasi-
spherical vesicle, accounting for the dissipation due to monolayer viscosity and intermonolayer fric-
tion. The theory predicts that membrane curvature makes long-wavelength undulations sensitive
to membrane viscosity and speeds up the relaxation of the lipid density fluctuations. Implications
for the dynamic roughness and Dynamic Structure Factor measurements of submicron liposomes on
nano-second time scales are discussed. Specifically, a clear stretched-exponential relaxation regime
may not exist, in contrast to the behavior of planar membranes for which an anomalous diffusion

exponent of 2/3 has been predicted [Zilman and Granek, Phys. Rev. Lett. (1996)].

1 Introduction

The biological function of membranes is closely tied to their flex-
ibility, commonly assessed through thermally driven undula-
tions?®, The canonical problem of curvature fluctuations of a
membrane (flickering) was considered in the pioneering work by
Brochard and Lennonl?. In this minimal model, the membrane
is considered a structureless interface with bending rigidity «; an
undulation with wavenumber ¢ of an initially planar membrane is
dissipated by the viscosity of the surrounding fluid n and relaxes
exponentially with a rate xg> /4.

The undulation dynamics changes when the membrane itself is
curved™"20, since in-plane and out-of-plane displacements cou-
ple®3. For a quasi-spherical, tensionless vesicle, whose shape
is described in terms of fluctuating spherical harmonics modes
rs(¢,0,1) =R(1+f(9,0,t)), f =Y fom(t)Yen(9,0), the relaxation
rate of a mode amplitude fy,, is predicted to be (in the case of

a structureless membrane and same fluid inside and outside the
vesicle) 11RL3119

oo < (=12 (L+1)2(L+2)

1
NR3 403 + 602 — 1+ (402 +40—8) x (1

where x; = n;/Rn is a dimensionless membrane viscosity param-
eter, the ratio of the Saffman-Delbriick length (n;/n) to the vesi-
cle radius R; here 7n; and n are the membrane and bulk viscosi-
ties. Setting y; = 0 reduces Eq. to the result for a non-
viscous vesicle?l, For y, > 1, a new regime is predicted to
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emerge in the relaxation spectrum of long-wavelength undula-
tions, 1 < j < s, in which dissipation is dominated by membrane
viscosity and @& () ~ 41:’; = ¢*. Provided this asymptotic regime
is attained, the corresponding anomalous diffusion (stretching)
exponent ¢, governing the membrane dynamic roughness and
the dynamic structure factor (DSF), S(k,t) ~ exp![—(I'xt)%*]-as
measured in scattering experiments such as neutron spin echo
(NSE)22 dynamic light scattering??, X-ray photon correlation
spectroscopy2%, and fluctuation spectroscopym—becomes o=
1/2, with Ty, ~ (kgT)?k*R?/(xny). This contrasts with the ot =2/3
scaling and Ty ~ (kgT)3/2k3 /(x'/2n) predicted for large planar
membranes2Z and vesicles?8 in the limit of negligible membrane
viscosity, where ®(¢) ~ ; 11KR3 23 for £>> 1. These predictions were
recently experimentally confirmed in flickering of giant unilamel-
lar vesicles??, and also appear to apply to NSE data?.,

The minimal, zero-thickness membrane model captures the
membrane dynamics only to a limited extent because it neglects
the bilayer architecture of the membrane. More realistic ap-
proaches treat the membrane as an elastic thin plate, introducing
corrections to account for finite thickness3Y, or model it as a bi-
layer composed of two monolayers that can slide relative to each
other. 3234, Bending the membrane stretches and compresses the
outer and inner monolayers3>. If monolayer slippage is allowed,
the relaxation of the resulting lipid density difference, driven by
monolayer compressibility and dissipated by lateral lipid flow and
intermonolayer friction, has been shown to strongly affect the
undulation dynamics of planar membranes at short times and
wavelengths (submicron and nanoseconds) 323687, relevant to
neutron spin echo and dynamic light scattering experiments.
However, even in that case, the relaxation rate of the bending
mode of a planar membrane asymptotically remains of the same
form as the Brochard and Lennon result with bending rigidity x
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replaced by the unrelaxed bending modulus & = x + 2K;,d? for
deformations measured at the bilayer midplane in the absence of
any slip®*32; here K,, is the monolayer compression modulus and
d is the monolayer thickness. The DSF stretching exponent of
2/3 also remains unchanged=2%. This behavior is often assumed
to hold over the typical NSE time and length scales, effectively
presuming that the system has reached its asymptotic relaxation
regime3°, This raises the question: Is this assumption justified
for liposomes? Is there an effect of the spherical geometry?

Eq. shows that, for a quasi-spherical vesicle, the relaxation
of long-wavelength undulations is dominated by membrane vis-
cosity when the Saffman-Delbriick length exceeds the radius of
curvature, i.e., xs > 1. However, the zero-thickness model does
not account for lipid density fluctuations. Here, we extend the
framework for the fluctuation dynamics of a quasi-spherical vesi-
cle3 to incorporate both intermonolayer friction and lipid den-
sity fluctuations, while also including membrane viscosity under
the assumption that the monolayers behave as Newtonian fluids.
The resulting theory provides a unified description of bilayer dy-
namics across experimentally relevant length and time scales.

2 Problem statement

2.1 Membrane model

The fluid bilayer membrane consists of two monolayers of am-
phiphilic molecules—typically lipids or polymers=242, It exhibits
a unique solid-fluid duality: it behaves as an elastic material in
response to out-of-plane (bending) deformations, yet flows like
a two-dimensional fluid under in-plane shear. The resistance to
bending originates from the monolayers’ finite thickness: changes
in curvature compress one monolayer while stretching the other —
in addition to bending each monolayer — incurring an additional
elastic energy costt42. In contrast, because the bilayer is held
together by non-covalent bonds, the lipids are free to rearrange
and flow laterally within the monolayer..

o —
P d
pt, ot

p’-i-

Fig. 1 Structure of a lipid membrane formed by two identical monolayers.
At the bilayer neutral surface bending and stretching are decoupled. pT are the
monolayers densities, p¥, projected onto the neutral surface. p¥ =pT(1+24H),

where d is the monolayer thickness and H is the mean curvature.

2.1.1 Membrane elastic energy and forces

We consider a membrane composed of two identical monolayers
with neutral surfaces that are distance 2d apart, see Fig. [13239,
Compression and expansion of the monolayers adds to the bend-
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ing energy

# :g /.(ZH)sz + 00 /AdA
©))

+ %/ [(df +2dH)*+ (¢ —2dH)2] da,

where the integration is over the vesicle area Ay (defined by the
neutral surface), k is the bending modulus (twice the monolayer
bending modulus), H = ,%v -n is the mean curvature (n being
the outward pointing normal), oy is the membrane tension, K,
is the monolayer compressibility modulus, ¢+ = p*/py — 1, and
the average equilibrium lipid density is py = (pg +p, )/2, Py =
N*t/Ay. Eq. [2]] is rewritten as

jf:g/(ZH)ZdA—i-oo/dA—i-Zde/H(gb’—¢+)dA
€]
K, 2 K, N2
o [0t aas 2 [ (o) an.,

The parameter & = k + 2d?K,, is a renormalized bending rigid-
ity and represents the bending modulus for deformations mea-
sured at the bilayer midplane in the absence of any density re-
laxation. The elastic terms have been expanded and grouped to
give the third term which describes the energy cost associated
with the coupling between changes in curvature and local lipid
densities'2133.,

A non-equilibrium membrane configuration, r,, exerts a force
on the surrounding fluid, t = —§.#/8r,42. The bending compo-
nent for each monolayer is

t = & [2H(H? — Kg) +V§H] n 4)

where K is the Gaussian curvature, V; is the surface gradient op-
erator, and V? is the Laplace-Beltrami operator. Each monolayer
experiences tension 6* = 1oy — K¢t — & (q)i)z, which gives
rise to tractions

tt = —c*(2H)n— V0" (5)

The curvature-lipid density coupling gives rise to additional
forces33

1
tF =7 2dK,, (Evs%pi +(2H? —Kg) ot + 2H2) n
6

F2dKn(1+¢%)VH .

2.1.2 Dissipation in the membrane

The weak intermolecular interactions between the two mono-
layers allow the two monolayers to slide over each other#446|
thereby making the tangential component of the velocity discon-
tinuous. The friction due to the relative motion gives rise to sur-
face stresses on the monolayers facing the inner fluid (+) and the
outer fluid (-)

t; =Fb(v —v), )

where the parameter b is the slip coefficient. Its magnitude varies
greatly depending on the type of lipid; values of b have been re-
ported in the range 10* - 10° N.s/m>4742,
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Assuming the monolayers behave as Newtonian fluids, the vis-
cous stresses are given by the Boussinesg-Scriven equation>Y

T =Vs- [(nmd - nm) (Is : Ds)Is + zans} s (8)

where 7, and 1,,; are the 2D shear and dilatational monolayer
viscosities; for a symmetric bilayer, the corresponding membrane
viscosities are 1y = 21,, and 1y = 2Nq - Iy =I—nn, I is the three-
dimensional idemfactor, and the surface rate-of-strain tensor is

1
D, = 5 [VJVS I+ 1 (sts)* s )
where the superscript ¥ denotes transpose. Note that in general
the velocity of a deforming interface, vg, has both a normal and a
tangential component to the interface, vy = v,n+v;.

The viscous interfacial tractions derived from Eq. [|8]*%*>2 have
in general complicated expressions. These simplify in the case of
a sphere

2 o
th = 7nmdﬁ(vs VEWRA+ (Mnd + M) Vs Vs Vi

(10)
+ M (f-x Vs ((Vsxve)-#) - % (Vsv5) ~f)

where on a sphere with radius R, Vs-vs = Vs-v+2v,/R, H=—1/R
and Kg = 1/R?.

Data for membrane viscosities are scarce, and reported values
vary greatly23>4, Typical membrane shear viscosities for un-
saturated lipids in the fluid phase obtained from micron-sized
GUVs are on the order of n; ~ 1072 N.s/m=3, although values
obtained from molecular dynamic simulations of ~ 10 nm mem-
brane patches could be two orders of magnitude lower2423
Membranes in the liquid-ordered phase?? or those composed of
polymers=328 can exhibit significantly higher viscosities. Mea-
surements of the dilatational viscosity are even more limited27/>8/
but the most recent reports indicate that dilatational and shear
viscosities are of comparable magnitude=2.

2.1.3 Dissipation in the bulk and fluid-membrane coupling

Let us consider a vesicle suspended in a fluid with viscosity 1~
and enclosing fluid with viscosity n; both fluids are assumed in-
compressible and Newtonian. Fluid motion at the lenghtscales of
a micron-sized vesicle and smaller is in the overdamped regime,
where inertia effects are negligible. Accordingly, the fluid velocity
v and pressure p obey the Stokes equations

V.TH = —Vpr 40V =0, V.vF=0, a1

where T is the bulk hydrodynamic stress tensor
T= pl+n [vw (vV)q . (12)
We will use a reference frame centered at the vesicle. At the

membrane, the normal component of the velocity is continuous
(assuming an impermeable membrane), v -n=v~ -n=vs-n,
where n is the outward pointing unit normal vector. The vesicle
deformation is determined from the kinematic condition at the
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interface

=, (13)

or
where ry is the position vector of the neutral surface of the bilayer.

Mechanical equilibrium at each monolayer surface requires

thdE = e ey - ), 14
where thd* — 7n.T* are the hydrodynamic tractions. This
boundary condition can be expressed alternatively as

thd— _ghd+ _¢A  ¢hd— | ghdt _ (T (15)

where t& and t? are the sum and difference of the membrane
tractions on the right-hand side of Eq. [[14]l.

2.1.4 Nondimensionalization

Henceforth, all variables are non-dimensionalized using the ra-
dius of a sphere with the same volume as the vesicle, the viscosity
of the suspending (outer) fluid, and the characteristic bending
stress T, = fc/R3. Accordingly, the time scale is ¢, = 1~ /7. and the
velocity scale is V, = Rt./n~. The membrane elastic and dissipa-
tive stresses give rise to the following dimensionless parameters

o Km~R2’ 4 2K,de7
K K
(16)
s M L S
XS?T]*R7 Zd*n,Rv ﬁ*n,v X*n

3 Dynamics of a quasi-spherical vesicle

Let us consider a vesicle with total area A of the neutral surface,
and enclosing fluid volume V. The asphericity (deflation) of the
vesicle is characterized by a dimensionless excess area

A=Ag/R*—4nr, a7

where the characteristic vesicle size R is defined by the radius of
a sphere of the same volume, R = (3V /47:)1/ 3. We will consider
a quasi- spherical vesicle for which A < 1 and the excess area
is stored in thermal undulations. In this case, the instantaneous
vesicle shape parametrized relative to a reference sphere centered
at the vesicle center of mass is

V.v:R(1+f(97(Pul))7 (18)

where f <« 1 are the amplitude of the membrane undulations,
whose magnitude is set by the competition of the thermal
noise and resistance to bending. Considering that < f2 >~
kpT /(127x)28, this implies that for x > kzT our linear analysis
is reasonable. The r, 6 and ¢ are the radial distance, polar and
azimuthal angles in a spherical coordinate system.

The shape evolution is determined from the kinematic condi-

tion Eq.

d

a—J; =v,-Vf.
Since there is no exchange of lipids between the monolayers and

between the monolayers and the bulk fluids, the total number of

(19
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lipids in each monolayer is conserved

%+V (vip™) +p~(Vy-m)(vs-m) =0 (20)

At equilibrium, the lipid density is pgt /po=1+ (1)8E = 1F ¢y, where

P —Py _ N —N*
2p0 N-+N*

0o =

is a measure of the equilibrium asymmetry in the lipid numbers
of the monolayers: on a sphere equal lipid density of the mono-
layers implies different lipid numbers because the area of the
outer monolayer is greater than the inner monolayer; for a sphere
with radius R and distance between the monolayers surfaces 2d,
A_~A, (142d/R),i.e., ¢ =2d/R.

For small perturbations about the equilibrium lipid density,
pt/po = Py £/po+ ¢+, the lipid transport equation becomes

1 9¢*

IF¢o 0t

+ V- V[ + (V- 2n

n)(vs-n)=0.

3.1 Solution

3.1.1 Vesicle shape and energy

Due to the spherical geometry of the problem, the vesicle shape
and monolayer densities are expanded in spherical harmonics
(see Appendix[A|for definitions)

f(6,0,1) Zf/mY/’m7 0% = 055+ Y 075 Yo, (22)

{m

where the sum denotes Yy, = Y7, an:7 ;- It is more convenient
to work with the two alternative fields, the lipid density difference
between the monolayers and the average lipid density

1 _
¢:§(¢_—¢+)7 o= 5((’5 +907), (23)
which are expanded as follows
¢ =¢o+ Z YemYom s ‘5 = Zél’mY/m 24
lm Im
Note that ¢ = (95 +9¢)/2 =0 and ¢ = (8 —¢5)/2= (N~ —

NT)/(N~+N*")==£¢, . The energy Eq. [3]] expanded in spherical
harmonics, is

K fé‘m f[
=" E-(Im) 12
22 <wm> (wm>+ @in

where
Ejp =({—1)(£+2) (€(€+ l)+6o—06¢5> )

Ep =Ey =—({—-1)({+2)A, (25)
Ey =2a.

6y = 6yR? /& corresponds to the tension of a planar membrane,
and for a sphere, ¢y = 2d/R, if the lipid density is the same for
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both monolayers. From the equipartition theorem

kgT Ex
) = = & E[1Ex—EEy
(26)
— kBT
D) =2+ DR+ k)
< )= keT — En
Yim K E11Exn —E|hEy
27)
_ o WA DR+ 0R? — 4K,d?)
B K, RE(U(C+ 1)k + GoR2)
<f€mllf1{m> T % EEy —E1Ex
(28)
d
=kgT
BER(U(C+ 1)k + opR2)
* kBT
<é(’,mé({m> = W @
3.1.2 Flow

To solve for the flow, we use the basis of fundamental solutions
of the Stokes equations in a spherical geometry 120061l Jisted in

Appendix D}

= L Cinging (), V"= L iy (1) (30

mq mq

q takes values 0,1, and 2. The functions u}mq are vector solid
spherical harmonics related to the harmonics in the Lamb solu-
. . + . . . +

tlgn. With respect ti a sphere, u; , is radial, while u;, , and
u;, | are tangential; uy, , is surface-solenoidal (V;-uj, , = 0). The
velocity coefficients C?:m , are determined from the condition for

velocity continuity and the stress balance.

3.1.3 Shape and lipid density evolution
The shape evolution equation, Eq. [I9]], to a leading order is

fém = C;mz = c;mZ . (31)

Here the dot denotes a time derivative. The redistribution of the
lipids Eq. yields
) . 1 _
Yim = 72¢0fém + §€(£+ 1) ((1 + ¢'0) Como — (1 - ¢'0) Cz—mo) )
(32)

: . 1
élm =—2fim+ Eg(f_" 1) ((1 +¢0)c[7m0 - (1 - ¢0)C;m())

We neglect lipid flip-flop and thus the total number of lipids in
each monolayer is constant. An examination of the characteristic
time scales corresponding to relaxation of perturbations in the
curvature and monolayer density — bending limited by solvent
viscous dissipation (¢x), and monolayer compression/expansion
limited by either sliding friction between the monolayers (z,) or
lateral lipid flow (¢x) — shows that

—n3 2

R R
n 1= 2 005,
K

R
te = ~12s, nx
K n

~5x1077
(33)

1k, =
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for a GUV with radius R = 107> m, where n~ = 0.001 N.s/m?, For the normal stress balance, only the sum of the elastic trac-

K = 20kpT, Ky = 0.02 N/m, and b = 107 N.s/m>332. Even for li-
posomes with submicron radius, the time scale for the average
density relaxation remains much faster than the relaxation of
the bending and lipid density fluctuations (for example, for a
R =50nm, r ~1, ~ lus,tx,~ 2ns). The large separation of time

scales allows us to set2362

Em=0. (34

This condition is analogous to the “local area incompressibility”
constraint used in the zero-thickness model. It means that lo-
cal changes in the average of the projected densities relax faster
than changes in shape or local density difference®. As pointed
out in®3 this constraint is not to be directly compared to incom-
pressibility of the bulk fluids because only one mode of monolayer
density relaxation, &, can be eliminated by invoking it (y;, re-
mains). This added condition is treated as an extra constraint in
the system which has to be explicitly enforced.

Setting &,, = 0 in Eq. , solving for ¢, yields

1 41 _
+ m .
Como = 1 _ ¢0 ( (£+ 1) Lém()(l +¢0)) (35)
Inserting this result in the expression for s, leads to
Vim = — (1490) (2fim + £ (+1)cy,0) (36)

3.1.4 Interfacial stresses

For a quasi-spherical vesicle, we consider small deviations from
equilibrium, H = —1 — C and K = 1 4 2C, see Eq. and Eq.
[87), = = 95"+ ¢*, and the 6* = 6* + 6= where
_ (o)) o 2 - ~ ~
6t ="—ady—5(9), 6" =—af —ag; e
To the linear order in the shape and lipid density deviations from
equilibrium, the radial components of the membrane elastic trac-

tions Eq. [[]] and Eq. [[6] are

tf n~ —2V2C, t&-n~26+26,

(37)
n~q:/1< V24 ¢ +2¢Oic+4c>

where constant terms are omitted since these are balanced by
hydrostatic pressure. The tangential tractions are

E = VT FA(L+0F)VH ~ (1+¢7) (aVs¢* £AV,C) (38)
In terms of spherical harmonics, the interfacial stresses are writ-
ten as
(39)

t-f= Tm2Yom, G = Tfmovsylm .

The tangential tractions derived from Eq. are

TZZmO :T/;nO + Tker() =2a (!é[m + (POW@m) - A'(PO (€+ 2) (f - l)ffm

A(+2)(6=1) fom
(40)

A _
Tom0 =Tpmo — T;r—no =20 (me + ¢O§Zm) -

tions matters

T = T+ Tiyp = (L+2) (€= 1) (C(L+ 1) +T) fim — 40Eqy

— (409 +A (0+2)(0=1)) Yim
(41)

where 1) = oyR?/k — a(pg +2A¢y. The traction associated with
the bilayer friction, after using Eq. and Eq. to express
o in terms of g, is

b b,— b,+

48 .
Tem0 = Temo ~ Ym0 ) Vi -

=2p (CZmO_c;rmO) = _£(£+1) (1 _¢,§
(42)

Note that Témo + 1, €m0 =0.

In the case of a viscous area-compressible interface, the stresses
obtained from Eq. are®3

o+ 1 1
T = Ss(0=1)(C+ 2)C7mo + 5%d (=20 + L+ 1)) -

(43)

+
T = Xd ( (s l)c}mo) :
Using the condition for the area incompressibility Eq. and
Eq. yields for the viscous stresses

va L) (s +Xa) = 2%s
Tymo = 1— 92
0

Im »

v (2x5 - K(l +Z)(Xd +X.Y))¢0W€in +2(72 +£+42)Xs(1 - ¢'(%)me i

tm0 (1—¢3)Le+1)
> 2%d¢0
ZmZ = ¢2 W/mv

(44

The condition for incompressibility, implies that &,, would ad-
just to keep é@m =0; aéy, acts as a tension counteracting imposed
stresses to keep the area elements on the neutral surface from ex-
panding/compressing. The “tension” a&y,, has two contributions:
one balancing the elastic membrane stresses and one balancing
the viscous stresses. The elastic contribution is determined from
setting Té%no =0in Eq. || . Solving for &, yields

( 24+4(L+1))A¢g

20 Som (45)

é(’ m ¢O II/( m

Inserting in the expression for the tangnetial ‘chmo and normal
elastic stresses szmo leads to modified elastic stresses

oo = (1-08) Cawon— 2 (¢+2) (€= 1) fim)
(46)

T = (C+2) (0= 1) ((C(+1) + T —2400) fom — AWim) -

The tension arising from viscous forces is obtained from the tan-
gential stress balance

( hd,— hd+)

T T Tomd “47)

1’-Zm() zaélm

The hydrodynamic tractions are listed in Appendix[D] Solving for
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the average density “strain” yields
& = —late+1) (1-93))"

x (@420 = 1) #2240+ 2)7) (1-03) fom
(48)

+ (6(1 +0) a0 + (=24 L+ ) x500
H(1+20)(=1+x+(1+x)90)) Vem)

3.1.5 Shape and lipid density evolution equations

The stress boundary conditions yield the system of equations de-
scribing the shape and density dynamics.
hd,— |, _hd+ ) ) b
(Té’mZ + T(’,m2 ) - 1‘4m2 +4(X§/}m - ijz
(49)
hd,~ _hd,+ A b _ LA
(T(mO = Tomo )— T/,VmO + Tomo — Z(X(I)oé(}/m = Tjm0
The full expressions, listed in the Appendix, Eq. [[109]], are well
approximated by

M- flm — _E. flm (50)
Yim Yim
9+ (=543 +2063) (1 + 1) +4(—2+ L+ £2)y
My =
((0+1)
~2(x+1)+4y, fori>1
My =My =0 (6D
M 4B 420414 20+ 1)y +L(L+ 1) xg + (—2+L+02)xs
22 =

(+1)

~AB/P4+2x )0+ (xa+xs) forl>1

Note that in this approximation M~! is the Onsager matrix, im-
plying that the cross Onsager coefficients vanish.

Noteworthy, our model is restricted to wavelengths longer
than the bilayer thickness. Specifically, the high mode cutoff is
lnax = TR/(2d), and the correction due to membrane thickness
introduced in Ref*! is negligible. Moreover, since the shortest
relaxation time 7y = 1/ (¢ = {,4y) is typically at least one order of
magnitude shorter than a nanosecond (i.e., ~ 0.01 —0.1 ns), this
finite thickness correction*! leads to a negligible contribution to
the dynamic roughness (MSD) at times ¢ 2 1 ns relevant for the
application to the NSE experiments.

3.2 Time-correlation functions

The exponential solution to Eq. is found by first diagonaliz-

ing?
c=v(" %)y
0 »

where the matrix C =M~!.E, and V is the matrix of the eigen-
vectors of C. The relaxation rates correspond to the eigenvalues
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of the matrix C:

1
N2=3 (Cn +ConF \/(Cll —Cp)? +4C12C21) (52)

The general expressions for the decay rates y; and 7y, are compli-
cated, but at high wavenumbers, ¢ > 1

2K0 & I

— ~— (ffgy<l),orp~—
o 2T (if xs < 1), or pp s

N~ (if 7> 1).

al?

At low wavenumbers, v, = o((, K, x5), 1~ 3 where

A

w=—
K

(L—=1)(L+1)(£+2)(l(L+1)+0)
(42 +40—8) s+ (263 +302=5) (x — 1) +45 +60> — 1
(53)
For tensionless membrane and same fluids inside and outside the
vesicle, x = 1, the above expression reduces to Eq. in dimen-
sional form, & = w/rz. The time correlation functions are the
elements of the matrix

e 0 -1
R—V( . ent)" E

Specifically
(Fom(@) £5(0)) =Ryy = (f3,) (Qrie "+ (1= Q11)e ™) (54)
with V-0 E»Cip
Q“:?’z*%’ w:Cn—Tzz. (55)

where the tension is the equilibrium one. The density-density
correlations

(Wom ()W (0)) = Rz = (w3,) (O™ M + (1= Q2)e ') (56)

with S, ErC
— Wy 12C21
= Ly =Cyp— 221 57
On ra—n = Cn = = (57
The shape-density correlations
(Fom0) Wi (1)) = (Wim (0)£5,, (1)) =Rz
(58)
= (fimWim) (Q12e M +(1-Q1p)e” ™)
with
)2
On= 59
[Ehr— (59)

3.3 Mean Square Displacement and Dynamic Structure Fac-
tor

3.3.1 General

Scattering techniques, such as neutron spin echo®%, dynamic light
scattering?3, X-ray photon correlation spectroscopy?? and some
flickering experiments2>28 measure DSF, S(k,?), that is controlled
by the single-point membrane mean square displacement (MSD),
((Ah(r))?), and essentially captured by=/2764

k2

S(k,) ~ Exp[— - ((8h(1))*)].

> (60)
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where k is the scattering wavenumber (not to be confused
with the undulation wavenumber ¢ = ¢/R). The dimensionless
membrane segment MSD at an arbitrary 3D angle Q = (0,¢),
((Af(0))%) = ((f(Q1) — £(2,0))?), is given by

Limax

(AFE)2) = 5= Y e+ 1) (i) = im0 £, (0))) - (6D)
=2

1
27
The MSD with physical dimensions is given by ((Ah(r))?) =
R¥((Af(1))).

3.3.2 Case of relaxed lipid density

At times when the lipid density is relaxed??, and assuming van-
ishing tension

T[1/3] _ kgT 23 4 *
()" = RUAOP) = e Ny
4T /K1
(62)

where #y and 1z are the shortest and longest relaxation times
(respectively), to = 1/@(¢ = lpax) and g = 1/®(¢ = 2), and the
crossover time r* ~ 1, *. It follows that the scattering from vesi-
cles in this time range and large scattering wavenumbers, kR > 1,
would still exhibit a stretched exponential DSF

Exp[—(FfGt)zﬂ] <<t

(63)
Exp[-([V9N)'?] r <<t

S(k,t) ~ S(k) x {

where I7¢ ~ (kgT)*/%k3/K'/?n is the ZG relaxation rate and the
new, membrane-viscosity-controlled, relaxation rate is given by

V6 ~ (kT )*R* &

k™ 6amkn, 64)

Given that * can be extremely short for viscous membrane vesi-
cles with R ~ 20 — 50 nm, it is quite possible that the entire NSE
time window is controlled by membrane viscosity. Note that this
prediction for the DSF does not account for finite-size effects aris-
ing from scattering by a spherical shell2®. In addition, since F,‘(/G
depends on R, polydispersity is expected to modify the decay pro-
file. Finally, lipid density relaxation also affects the DSF decay
and limits the validity of the predicted asymptotics. We explore
the coupled effects of curvature and density fluctuations in the
next section.

4 Results

In this section, we explore the curvature and lipid density fluc-
tuations of a quasi-spherical vesicle. Figure |2|illustrates the re-
laxation dynamics for tensionless vesicles made of a typical lipid.
The decay rates are computed from Eq. using the material
properties listed in Ref.=.

The lipid bilayer has a low membrane viscosity; accordingly,
for a GUV, y; < 1. As shown in Fig. [2h, the fast “slipping”
mode (}») decays on millisecond timescale or faster, while the
slow “bending” mode (y;) decays on the order of seconds. Con-
sistently, Fig. shows that lipid density relaxes with the rate
of the fast mode. Since GUV flickering experiments usually oper-
ate at 1-1000 fps time resolution, they detect only the dynamics
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Fig. 2 Relaxation rates for tensionless vesicles made of DMPC against un-
dulation wavenumber ¢ = ¢/R: (a) a GUV with radius R =10 pum, x, = 0.25.
(b) a SUV with radius R =20 nm, y, = 125. Material parameters from Ref.",
Kk =13.6kgT, K,, =0.117 N/m, d = 1.4nm, b= 10" N.s/m?, 1, =2.5x 107 N.s/m,
%2 =0, and bulk viscosity n* =1~ =1 =107 N.s/m?. The black long-dashed
line corresponds to the asymptotic behavior of the bending mode from the
Seifert-Langer theory for a planar membrane, &q’/41. The short-dashed line is
the slipping mode, K,,,qz/Zb. The solid black line is the viscous mode, 2K,,k/n,K.
The dot-dashed line is the new asymptotic behavior, Kg*R?/4n;, for relaxation

controlled by dissipation by membrane viscosity.

of the slow mode®, and the experimentally measured bending
rigidity is the thermodynamic one, k, corresponding to relaxed
lipid density. Furthermore, the bending mode relaxation rate is
well-approximated by the value predicted from the planar bilayer
theory, y1 ~ kg /(41) 0.

For small liposomes with R = 20 nm, the system lies in the
regime x; > 1, and its relaxation dynamics deviate significantly
from the planar membrane theory, as shown in Fig. 2p. In this
case, the slow mode relaxes on a microsecond timescale, whereas
the fast mode relaxes on a nanosecond timescale. Lipid density
relaxation occurs on the slow-mode timescale, see Fig. ; con-
sequently, membrane undulations in the sub-microsecond regime
are governed by the unrelaxed bending rigidity, k. Because neu-
tron spin echo (NSE) experiments typically probe nanosecond
curvature fluctuations of SUVs®22 the slow mode is effectively
3136 and the measured correlation function reflects only
the relaxation of the fast mode. Unlike the planar case, however,
the decay rate is slower and asymptotically scales with the fourth
power of the wavenumber.

frozen
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Fig. 3 Correlation functions for the curvature and density fluctuations of mode
q=10. (a) and (b) correspond to the same parameters as in Figs. 2(a) (GUV)
and 2(b) (SUV), respectively.

Fig. [4illustrates the MSD behavior. Fig. [4h shows that for a
GUV where the Saffman-Delbriick length is smaller than the vesi-
cle radius, and thus y; < 1, the MSD follows the ZG scaling for a
planar membrane. Initially, the scaling is with &, since the lipid
density is unrelaxed. As time progresses, the lipid density differ-
ence relaxes and the MSD approaches the ZG asymptotic scaling
with x. The crossover region is broad since different modes re-
lax at different rate. However, for the small liposome with radius
20nm, and thus x, > 1, see Fig. [4b, no regions of clear power-
law evolution exist. This is because of the fast dynamics — the
crossover times, f, t*, and g are too close to one another; hence,
the separation between the crossover times is too small for the
membrane relaxation to reach the asymptotic behavior. The in-
set of Fig. [4p illustrates the crossover in the MSD evolution from
a regime controlled by & to one governed by the relaxed bend-
ing rigidity x. The crossover is sensitive to membrane viscosity
and bilayer slip (see Fig. [5). Increasing the intermonolayer fric-
tion slows the relaxation of the lipid density difference; accord-
ingly, for y; > 1 the dynamics can reach the viscous asymptotic
regime governed by & (see Fig. [5h). In contrast, decreasing the
membrane viscosity (see Fig. ) shifts the relaxation toward the
asymptotic regime described by the ZG law.

What are the implications of the new theory for the interpre-

8 | Journal Name, [year], [vol.], 1

View Article Online
DOI: 10.1039/D6SM00156D

©

-
o
[}

-
o
IS

roughness, nm?

-

°
@
3

o
&)
=)

oo
o o
&3

roughness, nm?

o
2

5 50 500 5000
Time, ns

0.10¢
0.05}

roughness, nm?

5001000

0.01 -

50 100
Time, ns

Fig. 4 Single-point membrane MSD (roughness) of vesicles. (a) and (b)
correspond to the same parameters as in Figs. 2(a) (GUV) and 2(b) (SUV),
respectively. The inset in (b) compares the MSD computed from the new theory

f 129

(black) with that from the single—relaxation-time theory of Re , given by Eq.

, using the relaxed bending rigidity k (red) and the unrelaxed bending rigidity
K (blue).

tation of the DSF measured by NSE experiments on liposomes?
The DSF for vesicle membranes was derived in Ref.28 and it was
shown that it is well described by the MSD due to the polydisper-
sity of the liposome suspension. Fig. [f] compares experimentally
obtained values of the MSD—calculated from the DSFs (neglect-
ing scattering finite-size effects) as® In(S(k,r)/S(k,0)) /(—3k*)
where k is the scattering wavenumber—with the theoretical
prediction of Eq. [|61]], including the diffusional correction,
(Af?)R* 42Dt (the importance of properly correcting for diffusion
has been discussed in Ref.2803)  Using the MD-reported viscos-
ity># (interpolated to room temperature), 1, ~ 2 x 10710 N-s/m,
versus the viscosity measured for GUVs®3 (via the vesicle elec-
trodeformation method), 1y ~ 1 x 1078 N-s/m, we find that the
experimental data appear to be better described by an intermedi-
ate viscosity value. This suggests a possible scale dependence of
the membrane 2D shear viscosity.

Fig. [f illustrates that the data can also be fit using the ZG
model, yielding results that may appear reasonable but are, in
fact, physically inconsistent. The ZG model with the correction
for liposome center-of-mass diffusion yields unphysically large


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6sm00156d

Page 9 of 16

Open Access Article. Published on 06 May 2026. Downloaded on 5/7/2026 2:16:21 AM.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

(@

o
(4]
o -

0.10"
0.05/

roughness, nm?

100
Time, ns

® qop

A}
Ll

|

roughness, nm?
o
()]
o

decreasing 1

Lol

1000

100
Time, ns

Fig. 5 Effect of bilayer slip (a) and membrane viscosity (b) on the single-point
membrane MSD (roughness) of a vesicle with radius 50nm. Material parameters
same as in Fig. 2, except (a) bilayer slip of increasing value: b=10%, 107, to
10%,10° N.m?3/s, and (b) membrane viscosity decreasing from 71, =2.5x 10~ to
20 x 107! to 8 x 107" N.s/m(values reported from molecular dynamics simula-
tions®#). The black dashed line is the ZG asymptote, and the blue dashed line
is the viscous asymptote Eq. , both evaluated with the unrelaxed bending
rigidity K.

bending rigidity (~ 15%). However, the uncorrected ZG model
produces a bending rigidity that is misleadingly close to the ex-
pected “unrelaxed” value. The present theory, which consistently
incorporates diffusion effects, provides an accurate description of
the data without any assumptions for the bending rigidity being
“relaxed" or "unrelaxed”. This also demonstrates that fitting NSE
data with the ZG model without accounting for translational dif-
fusion can be misleading, particularly for smaller vesicles.

5 Conclusions and open questions

We theoretically analyze the spontaneous, thermally-driven shape
fluctuations of a quasi-spherical vesicle made of a single compo-
nent lipid bilayer. We derive an analytical description of the dy-
namics of the shape and lipid density fluctuations with account of
membrane viscosity thus extending the previous work by Miao et
al.23| The new theory provides a unified description of the mem-
brane dynamics in the broad time regime and wavelength spec-
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Fig. 6 (a) MSD calculated from the experimental DSFs for POPC liposomes
with radius 48nm/28.
d=1.45nm28, and b =5x10" N.s/m348. The black solid line corresponds to

The black dashed

using membrane parameters Kk = 25k3T, K, = 122 N/m2,

the new theory with membrane viscosity 7 x 1071 N.s/m .
line is the ZG-asymptote not corrected for liposome center-of-mass diffusion,
Eq. , using the “unrelaxed” bending rigidity €. The red dashed line is
the ZG-asymptote with diffusional correction and effective bending rigidity 15K.
(b) Comparison between the experimental and theoretical DSFs for scattering

wavenumbers from 0.63 nm~! to 1.3 nm™!, illustrating a good agreement for

the long-time relaxation.

trum spanning from cell-sized giant vesicles with radii of tens of
microns down to the highly curved submicron liposomes.

We find that if the Saffman-Delbriick length 7;/7 is comparable
to or bigger than the vesicle radius R, membrane viscosity signif-
icantly affects the curvature fluctuations of liposomes compared
to planar bilayers. Not only the membrane viscosity significantly
reduces the relaxation of the bending mode, but also the asymp-
totic behavior of the decay rate and the DSF depart strongly from
the Seifert-Langer and Zilman-Granek scalings, respectively. Fur-
thermore, our analysis shows that curvature slows down the lipid
density difference relaxation, and the DSF may not approach a
stretched-exponential asymptotic behavior on the time scales of a
typical NSE experiment (0.1-1000 ns). Accordingly, force-fitting
the MSD with the ZG power law would lead to an overestima-
tion of the unrelaxed bending rigidity k. The effect of membrane
viscosity is significant despite the uncertainty in its value (macro-
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scopic experiments report 1, ~ 10~° N-s/m"3, whereas molecular
dynamics simulations2#>> predict much lower viscosities.) Only
for very large liposomes and low-viscosity membranes do size and
viscosity effects diminish, allowing curvature fluctuations to be
well described by the ZG theory. A comprehensive comparison
between theory and NSE experiments will be addressed in future
work.

We hope our findings will stimulate further studies into the ef-
fect of surface viscosity on the dynamics of membranes and other
complex interfaces.
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A Spherical harmonics

The normalized spherical scalar harmonics are defined as

1

Yfm (9,(,0) = |:2é’+l (/—m)!} : (_1)’nP£n(COS G)eim‘/’,

I (Fm):! (65)

A

where t = r/r, (r,0,¢) are the spherical coordinates, and
P}"(cos8) are the associated Legendre polynomials. We define
vector spherical harmonics as

Wi i . Yy
= VY = 20 1 im -
Yimo vy Xy, 00 +1m sinOLP’
N Yom 5 .0V 66
yzm1=feryzmo:fmsin'"9 7179"’90, (66)
YKm2:f'Ylm~

B The equilibrium state

We choose py as in Ref.23, which sets ¢ to zero at equilibrium. If

we assume the equilibrium density of each monolayer to be the
same, it should be py = N* /AT; py = po(1 +d?/R?).

At equilibrium, if we assume unstressed sphere, H = —1/R,
A_=Ag(1+d/R)*and Ay = Ao (1—d/R)*, pi = po(1F2d/R) (to
a linear order in d/R)

Po —Po.

=P —Fo _s4/R,
do 290 /

Py +Pg

—-1=0
2po

¢o =
The energy of a spherical vesicle is
H|Ag = 2% /R* + K03 — 4Ky (d /R) ¢y = 2 /R?

showing that the contributions from the elastic energy of the
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monolayers cancel.

C \Variation of the energy and membrane
stresses

Splitting the energy Eq. into the contributions of each mono-
layer

HE =§/(2H)2dA+%/dA+% (d)i)szﬂFZde/Hd)idA-
(67)

To find the stresses, we consider the energy change upon variation
of the interface 8r = ¥n + ®'e;. We use the following relations®®

8(dA) = dA (—2H‘I’+Vid>i> , SH= (2112 —KG) P %V2\P+q>iviﬂ

. 1 .
S(HAA) = dA (HV,-:I:’ — KV + Evz\y + CID’ViH>
(68)

Following®®, we consider the number of molecules associated
with any local area element dA of a monolayer should be con-
served under the shape variation of the monolayer

8 (p*da) =0 (69)
Thus we find the variation of the density fields
5% = — (1+9%) <72H‘I‘+V,-<I>"> (70)
Accordingly
5 ((9%)7aa) = (9%)* 5 (aA) + (20%69*) a4
(71)
_ (—2H‘I’+ V,-<1>") (— (%)% - 2¢i)
This amounts to renormalizing the monolayer’s tension
+ 1 + 1 182
c :EGO*Km¢ *EKm (¢%) (72)
The variation of the curvature-density coupling
S (p*HAA) = ¢*5 (HdA) + & (¢*) HdA (73)
5/¢inA :/dA <(¢i (2H2 fKG> FOH? 4 1quﬁt) v
2
74)
+ (9= +1)VH)
6/H2dA - /dA (2H(H? - ) + V2H) W 75)

5/GdA _ /dAG (-2mw+vie) = f/dA (2Ho +V,6) (76)
after integration by parts and dropping the boundary terms.

Another way to find the variation is to consider a small defor-
mation about a sphere®”, r = R(rq+ f), ¢ = ¢+ v, ¢ = £. Using
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the shape function F = r — R(ro + f),

VF t-Vf
== 77
IVF| 1+ (Vf)? @7
The Jacobian, dA = JdQ, J = r2/(n-1) is
J=R¥(ro+f)*\/ 1+ (Vo) 2~ RE(r3 +2f + £+ 5 ( o))+ hot.
(78)
—2H:Vs~nzVs~<(f'—M) <1_1Lsf)2)>
r 2 2
2 st 1 (st)z,\
:V‘r—Vé»( r )_EV‘Y.( r2 l‘)
(79)
2 Vif
=23
2

|

(== 3924224152

4 1 2
(2H)* = o (r% —2f = Vif 32+ (V) +3fv§f) (80)

(2H)%) =4 (1 VRSV (V) g (V?f)z) @81)

(2H)J = —R (2r0+2f—V§f+(fo)2> (82)

On a sphere f = fp,,Ypm, 7o = R(1 — 7=|fim|?) Note that Vf =
Vsf/r and V- (r~2¥y,f) = 0. Expanding in spherical harmonics

f= V K(f-{- 1)fleZm: V%f = _£(£+ l)fleKm

The fjp amplitude is related to the other amplitudes because of
conservation of vesicle volume and it can be shown'®80? that

V=% (1+fL°n) +Y Z SomFim

(>2m=—{
(83)

foo~ —

LYy
—— fonim

am S
where f; = (=1)"f;_p. Thus V =4m/3+ O(¢?) and at linear
perturbation order, O(¢), volume is conserved. The excess area A
is also preserved to a leading order

_Ap2 AR
A=A/R —477:—/ n sin0dOde —4n
" (84)
2
_z EHDU=Y) e o6,

where Y, = Y2 ):fn:_ ;- The outward normal vector to the vesi-
cle surface defined by a shape function F =r—1— f(0,¢,7) is

|VF| =f- Z\/ é"']ffmyme"'O ) (85)
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Accordingly, the mean curvature

1 1
H:_Ev'n:_1_EZ(_2+£(£+1))f€mYZm+0(82) (86)

lm

where we used the fact that V-# =2/r = 2(1 — &f) + O(¢?) and
V2Y;,, = —£(£+1) Yy, on a unit sphere. The Gaussian curvature
to a leading order in the deviation from a sphere is

Ko =1+Y (=24L(+1)) fimYom (87)

tm

The product of the vector spherical harmonics is recoupled as

Y€1m10 'Y€2m20 =X (517£27j) C (£17€27€7m17m27m) ng (88)

where
LU+ +4y (0 +1)—br (6 +1
x(en )= OGN ZERED g
200(6+1)41 (€1 +1)]
and the Clebsch-Gordan coefficient is
1
m | 20+ 1) (20 +1)(26,+1) ]2
C(€7€17€27m7m17m2) :(_1) 2|:( )( 14 )( 2 ):|
T
o L b b {0 123
0 0 O m m  —mp '
(90)

( £oh b ) is the Wigner 3j-symbol. A special case for the
3j-symbol is
(_1)47171

m my mp
¢ 0 o0\
m —m 0 ) 20+l

Thus The Jacobian expansion up to third order is

oD

(ro +f/ﬁmY(4m)2

J= -
n-r

1
=1} (1 + ESZZfelm,fezmzx(51%2,53) § Ly, 4, 03,m ,m2,m3)Y43m3/'

+ 2r()ffm Yim

+ Y foom foom € (€, 0,03, my,my,m3) Yo, + ..
(92)

Integration over a sphere requires

/ ]lmldQ 6JJ| 6’"’”1 and /ijdQ \/‘Tﬂ5jo5mo (93)

It will kill all terms except the ones for which m; =
j1=j2=j, j3=0,and m3 =0.

—mp =m,

Yim)? 1
A/Rzz/(ro+iff£;n tm) dQ = 4nrd + §f5m5(5+1)+f52m} n

(94)
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where we have taken into account that
1

0,0,0,m,—m,0) = —— 95
¢( ) iz (95)
The expansion for r( truncated at second order is given by
_ L2
ro=1- Efém (96)
and accordingly
r=1-2.12 + 7
so from A/R? = 41+ A we have for the excess area
e [l o0

The change in the tension energy

o)

For the other energies from Eq. and the expression for the
Jacobian

R2 Gy ff, (£(£+1)—2)

%/(211)% — 81+ (—e(u 1)+ %au 1)+ i e+ 1))2) 72,

P %z(u D (eE+1)-2) 12,

99)

J@modn——r (g0 (37+ (24 £+ D)1E,) + Vmfi (€0 + 1) +2)

(100)

J(@aa =i (63 (474 S0+ D=2, ) + 400vin i+ ¥32)
(101)

The change in the energy due to the shape and density fluctua-
tions is

SE, = %(E(EJrl) 2)(E(E+1)+6)f2,

(102)
+ KR (Wi + &) — 2KndR W fim ((L+ 1) —2)
where
G = Go+aod —2A0p.
If ¢ = 2d/R, then ag? = A ¢ and the tension & = oy — ag?. This

is consistent with the definition Eq. [72]]. When adding the ten-
sions of the two monolayers, at equilibrium ¢~ + ¢~ =0, and
the second term is %(df —¢1)2. At equilibrium on a sphere

¢~ =Ao(1Fd/R)*.
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D Fundamental set of velocity fields, trac-
tions, and solution for the flow around a
sphere

The velocity basis functions that are regular at infinity are

u/.ij = %’fjiz ((Z,K)rz +‘€> Yimo + %'ff?zﬁ (é‘f’ 1) (7’2 — 1> Yom2

uZmZ - %r7€—2(4+72) (1 —r )Yé‘m0+ %rij (€+ (2_@"2) Yim2 -
(103)

The velocity basis functions that are regular at the origin are

Who = 37 (S0 1)+ (€43 yomo — 3 0+ 1) (1=72) yoma.

uj, ml — =r Yim1

u) =3 G (1= 1) Yoo+ 27 (043 = (64 1)7) Yoma -
(104)

On a sphere r = 1 these velocity fields reduce to the vector spher-
ical harmonics defined by Eq.

Wo = Yimg - (105)
Hence the continuity of normal velocity becomes simply
w2 = Cim (106)

The hydrodynamic tractions on a sphere due to the velocity fields
Eq. [[103]] and Eq. [104] are

hd, + + 43+
Timo =X ( (2£+ 1)Cme + 7651112) )

Tt = (= 1)y (107)
Ty =X < (€+ Def,g— HE2E /m2>
T = (204 1)+ 7o Cima s
T = —(0+2)ep,, (108)
Ty = 30— 2 ¢l
E Evolution equations
The full expressions for the evolution equations are
A (f”"> _—B‘<fkm>+F (109)
Yim Yim

where F is the thermal noise or external forcing (e.g., due to ap-
plied flow and electric field).

(44302 +203) + (=543 1203y +4(=2+L+ %) s

An = W(l+1)

(110a)
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A =[0(C+1) (1 —q)&)]*l
X (2 4+0)(1— o) — (£~ (1 +00) (110b)

-2 (24(“ D)xa+ (72+£+£2)xs) ¢o>

2401 —90) —2(=2+ L+ ) xs00 — (L= 1) x(1+ 9o)

a1 = W+1)
(110c¢)
Ass =[0(0+1) (17¢§)]—'
x (4+ e+ D((go— P +x(po+1?)  (110d)
F+ D) xa+ (=2 4L+ 2)x5) (¢g+ 1))
By =(£— 1)(0+2) (((L+1)+6)
Bir=—((—1)((+2)A,
111

Bar == ((=1)(+2)A (1-43).

By =2 (1 — ¢0)2 .

The tension 6 = 6y — a¢?.

The diagonal elements of the matrix A are much larger than the
off-diagonal ones and the latter can be approximated by zero; for
the parameters in Ref.2 the error in the relaxation rates is size-
dependent (it increases with liposome radius), but below 0.5%
for modes above 20, see Figure[7] The corresponding error in the
roughness for the 50nm, 100nm and 1pm liposomes is below 2%,
1% and 0.01%, respectively.

10 20 30 40 50 BT 20 30 40 50

wavenumber wavenumber

Fig. 7 Relative error (in percents) in the relaxation rates computed using the

approximate, Eq. and Eq. , and full expressions, Eq. and Eq.
111]], as a function of the wave number g for liposomes with radii R = 50nm
(black), 100nm (blue), and 1um (red).

In the case of ¢g =0 and ) = 1, the asymptotic behavior of A for
high ¢>> x; > 1 yields the Seifert-Langer theory for a tensionless
membrane oy = 032146

A =4, A=l 2(AB+ 40+ (4 1)), A=Ay ~0

Eqq N€4, Ei», =Ey %—522,., Ey =20a.
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