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We investigate the self-assembly of two-dimensional dodecagonal quasicrystals driven by cyclic shear,
effectively replacing thermal fluctuations with plastic rearrangements. Using particles interacting via a
smoothed square-shoulder potential, we demonstrate that cyclic shearing drives initially random
configurations into ordered quasicrystalline states. The resulting non-equilibrium phase diagram
qualitatively mirrors that of thermal equilibrium, exhibiting square, quasicrystalline, and hexagonal
phases, as well as phase coexistence. Remarkably, the shear-stabilised quasicrystal appears even where
the zero-temperature equilibrium ground state favours square—hexagonal coexistence, suggesting that
mechanical driving can stabilise quasicrystalline order in a way analogous to entropic effects in thermal
systems. The structural quality of the self-assembled state is maximised near the yielding transition, even

Received 26th January 2026,
Accepted 24th March 2026

though the dynamics are slowest there. Yet, the system still quickly forms monodomain quasicrystals
without any complex annealing protocols, unlike at equilibrium, where thermal annealing would be
DOI: 10.1039/d6sm00068a required. Finite-size scaling analysis reveals that global orientational order decays slowly with system

size, indicative of quasi-long-range order comparable to equilibrium hexatic phases. Overall, our results
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1 Introduction

From materials science to life itself, the self-assembly of complex
structures remains a central challenge in soft matter physics.'™
While simple periodic crystals are readily formed, the targeted
assembly of more intricate structures requires precise control over
interparticle interactions and assembly protocols. Among these
complex phases, quasicrystals occupy a unique position.®” Char-
acterised by long-range orientational order without translational
periodicity, quasicrystals possess forbidden rotational symmetries
(such as 5, 8, 10, or 12-fold) and display exotic physical properties,
including interesting photonic properties® " and unusual
mechanical properties*> such as low friction.”*™*°

Since their discovery in metallic alloys, quasicrystalline order
has been reported in experiments and simulations in various
soft matter systems'®>® and, more recently, even in vibrated
granular systems.?® Reaching these exotic phases through ther-
mal equilibrium is challenging. In soft-matter systems, quasi-
crystals are typically stable only in narrow regions of the phase
diagram, bordered by competing periodic crystals, so their self-
assembly often requires targeted approaches such as seeded
growth or low-density protocols.””*#3%3! Furthermore, the
rugged energy landscape often kinetically traps the system in
metastable amorphous states, blocking relaxation to the
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establish cyclic shear as an efficient pathway for the self-assembly of complex structures.

thermodynamically stable state.**** The slow dynamics of col-
loids (in comparison to atoms or molecules) further exacerbate
this issue. Consequently, finding efficient non-thermal alterna-
tive pathways to access these complex phases remains an open
problem with significant implications for material design and
non-equilibrium statistical physics.

A promising approach to circumvent kinetic trapping is the
use of mechanical driving, which may provide a means to
surpass the constraints imposed by thermal excitations. Recent
research has focused intensely on cyclically sheared glasses,
where an amorphous configuration is subjected to repeated
oscillatory deformation until a steady state is reached. At low
strain amplitudes, the system typically settles into an absorbing
state, where particles return to the same position after each
cycle.** Conversely, at higher amplitudes, irreversible rearrange-
ments persist, leading to a stroboscopically diffusive steady
state.>*” Such mechanical driving provides a robust alternative
to thermal fluctuations for exploring the potential energy land-
scape of glasses, allowing the system to either access highly
stable configurations or undergo rejuvenation, depending on
the strain amplitude.**™*"

While glasses lack long-range structural order, quasicrystals
occupy an intermediate regime between periodic crystals and
structurally disordered liquids: they are aperiodic yet exhibit long-
range orientational order. Despite this distinction, glasses and
quasicrystals display striking parallels. For instance, both exhibit
anomalous vibrational properties,**™” excess specific heat,**>° and
high configurational entropy relative to crystals.>' > Furthermore,
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they display non-Arrhenius dynamics,>*>> dynamical hetero-
geneities,”®” and diffusive modes,*® " all of which hint at com-
mon underlying mechanisms governing their physics.®*

This motivates asking whether cyclic shear, commonly used
to probe and “train” glasses, can also promote quasicrystalline
order. Simpler systems are known to self-assemble under shear.
In particular, crystallisation of simple crystals has been observed
under both cyclic shear®””* and monotonic®””>”° shear. Anneal-
ing of grain boundaries® or simpler defects®" has also been
reported. However, most of these studies involved systems that
were not only affected by cyclic shearing but also by thermal
fluctuations, dissipative interactions, or hydrodynamic forces.
Therefore, we propose to investigate the following question: for
a system whose interactions support a stable quasicrystalline
phase at equilibrium, can the application of cyclic shear alone
drive the system into this phase, especially when simple thermal
excitations fail to do so because of kinetic traps?

To address this question, we numerically investigate a two-
dimensional particle model known to generate quasicrystalline
structures for specific ranges of density and temperature.®* By
applying both quasi-static and finite shear-rate cyclic deforma-
tions, we explore whether such driving can overcome the kinetic
limitations inherent to purely thermal evolution. In particular,
we examine how the quasicrystalline structure evolves as a
function of the deformation amplitude and the number of
applied shear cycles.

This work is divided into three main parts. In Section 2, we
describe the model, which is known to form quasicrystals at
equilibrium.®” In Section 3, we apply monotonic shear to the
quasicrystal previously formed at equilibrium to familiarise
ourselves with the behaviour of quasicrystals under shear.
Finally, in Section 4, we show the self-assembly of quasicrystals
under cyclic shear and investigate its properties.

2 Numerical model and equilibrium
behaviour

We consider a two-dimensional system of N particles confined in a
periodic box of size L. Each particle interacts with its neighbours
through a smoothed square-shoulder potential defined as:**

20— (9" 51 - =) )

where ¢ and ¢ set the energy and length scales, respectively. The
tanh term introduces a smoothed shoulder of height ¢ centred
at r = §. w is proportional to the width of the transition region
and sets the smoothness of the shoulder. Following previous
investigations,® we chose w = 0.1¢ and § = 1.35¢. All simula-
tions were performed in LAMMPS,®* with full details provided in
the SI.

As in hard-disk systems with square shoulders
other models featuring smoothed shoulders,®*~*° this potential
promotes quasicrystal self-assembly through the competition
between hexagonal packing at high densities p = N/L* and the
square-based tilings favoured by the shoulder at lower
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Fig. 1 Thermally self-assembled quasicrystal. (a) Part of a typical snapshot
with particles coloured by |gi#| and the reconstructed tiling. (b) and (c)
Orientation distribution of the tiles for the corresponding snapshot. N =
5000, po® = 0.933 and kgT/e = 0.13.

densities.*>?*™*° Such a competition arises in this case by the

presence of the two characteristic length-scales ¢ and J, an
effect that can also be obtained with a binary mixture of disks of
different size.>*> As an example, in Fig. 1 we show an equilibrated
configuration at pe® = 0.933 and kgT/e = 0.13 which displays
quasicrystalline order. In Fig. 1(a), particles are coloured accord-
ing to the absolute value of the 12-fold bond orientational order
parameter (BOOP). For particle j, the /-fold BOOP is defined as

S e, @)
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where the sum runs over the .#") nearest neighbours k of
particle j, defined by |r; — ;| < 1.350 and 0j denotes the angle
between r, — r; and the x axis. |¢%”| is large if the local
arrangement of neighbours around the particle j exhibits an /-
fold angular symmetry. We can now define two quantities over
the whole system,

®)
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The quantity g, reflects the local structure of the system. In
contrast, Q, captures global information: in a polycrystalline
system, contributions from differently oriented domains par-
tially cancel, driving Q, — 0 even when g, remains large. For
later use, we also define the complex global order parameter

~ 1 .
Qf = N Ej: qéj)7 (4)

so that Q, = |Q,|. The global orientation angle of an /-fold phase
is given by arg(Q,).

In addition to BOOPs, we reconstruct the quasicrystalline
tiling. The dodecagonal phase decomposes into a perfect planar
tiling of equal-edge squares and equilateral triangles, with parti-
cles located at the tile vertices (Fig. 1(a)). Owing to the quasicrys-
tal’s long-range orientational order, these tiles adopt well-defined
favoured orientations, as illustrated in Fig. 1(b) and (c).

The tiling and the BOOPs contain similar structural infor-
mation and can both be used to distinguish a randomly

This journal is © The Royal Society of Chemistry 2026
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oriented square-triangle tiling from a true quasicrystal. For exam-
ple, an equilibrated amorphous configuration at high density and
intermediate temperature may locally resemble a reasonable
square-triangle tiling and therefore display a relatively large
(¢12)- However, its tile orientations would remain random leading
to (Q,) — 0 since arg(qi)) would be broadly distributed. In
contrast, a genuine quasicrystal is characterised by a large global
order parameter (Q;,) and therefore, a consistently oriented tiling.

3 Quasicrystals under monotonic shear

Before looking at the behaviour of the system under cyclic
shear, it is useful to look at its behaviour under monotonic
shear. We do so using athermal quasi-static shearing’®® (AQS):
the system is subjected to a small global strain increment, Ay =
10", applied to the boundaries and particle coordinates,
followed by an energy minimisation. The procedure is repeated
until the total strain y reaches y = 7 ax.

Similar to many investigations on glasses,*®'°’"% before
shearing the system, we equilibrate it at a given temperature Tjp;
using a Nosé-Hoover thermostat, and then use the equilibrated
configuration as the initial input for the AQS protocol. The results
of our simulations are presented in Fig. 2. In panel (a), we show the
evolution of the shear stress g, as y increases, for systems with
various initial equilibration temperatures Ti,i;. When the system is
prepared in a high-temperature state, the stress increases
smoothly until reaching a plateau, while at a lower temperature,
the stress increases to a larger value before decreasing sharply.

This resembles the ductile-to-brittle crossover in glasses,
depending on the degree of annealing.*®'°*'% However, the
change in behaviour in our system is most likely also connected
to a clear structural change of the system: the formation of a
quasicrystal at Tiie < 0.2. Here we will use the term brittle to
refer to cases where there is a clear overshoot of the stress
around yielding, even if we do not observe, at the present level
of annealing, any discontinuity.

In the inset of Fig. 2(a), we see that the brittle-like response
coincides with the regime where the initial configuration is
quasicrystalline, with (Q;,) ~ 1. However, as soon as the
system loses its crystallinity or reaches a liquid-quasicrystal
coexistence in high-temperature regions, indicated by a drop in
(Q12), its failure becomes ductile-like.

Fig. 2(b) and (c) shows a quasicrystal configuration and its
associated tiling before and after shear; the corresponding tile-
orientation distributions are given in Fig. 2(d)-(g). Shearing pro-
duces a shear band containing many misaligned tiles (yellow),
whereas regions away from the band deform essentially affinely
with no plastic rearrangements. Interestingly, tiles within the band
are often not fully random: they form a secondary peak at smaller
angles in probability distribution, consistent with the quasicrystal
blocks sliding above and below the band and rotating it clockwise
without fully destroying the pre-existing tiles. This feature is not
universal, and other configurations, or larger ymay, may yield a
nearly flat distribution of misaligned tiles, consistent with com-
plete tile breakup during the development of the shear band.

This journal is © The Royal Society of Chemistry 2026
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Fig. 2 Typical behaviour of the system under monotonic AQS. (a) Stress
as a function of strain for various configurations equilibrated at different
temperatures. The inset represents the average Q;, of the unstrained state
for different equilibration temperatures. Each curve corresponds to an
average over 20 realisations of systems with N = 10 particles and po® =
0.937. (b) and (c) Show the reconstructed tiling for a system with N = 5 x
10% at kgT/e = 0.2 for y = 0 and y = 0.2, respectively. (d) and (e) and (f) and
(9) Show the observed probability distributions of tiles in (b) and (c),
respectively. Yellow tiles are tiles considered misaligned with the global
orientation of the system, based on an arbitrary angle deviation threshold.

4 Quasicrystal self-assembly via
cyclic shear
4.1 Self-assembly phase diagram

Much like glasses, which can be trained and structurally
reorganised through cyclic shearing above yielding until they
reach a stationary state,>” we can similarly study how our
system evolves under cyclic shearing, with the possible emer-
gence of a quasicrystalline phase as well as the coexistence
between two different phases.

Instead of applying a monotonic shear up to y = ymay, the
shear direction is now reversed once this value is reached. The
system is then sheared to y = —yax and finally returned to y = 0.
We define one cycle as

1 cyde: = Pmax 7 0— ~Vmax 0. (5)

The system is driven through many such cycles, and its
evolution is tracked stroboscopically, that is, configurations
and observables are recorded only at the end of each cycle when
the strain returns to y = 0, ie., the boxed values in eqn (5).
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Starting from a configuration equilibrated at kz7/¢ = 1 and at
pa® = 0.94, we apply AQS with 7. = 0.1 until a stationary
regime is obtained. Results are shown in Fig. 3(a)-(c). Initially,
the system is fully amorphous with no quasicrystalline order.
After 50 cycles, however, patches of squares appear, and after
100 cycles, they coalesce into a single square domain coexisting
with a quasicrystalline region. We have therefore self-
assembled a complex structure via cyclic shearing. It is note-
worthy that, at this density and at equilibrium, the system
equilibrates to a pure quasicrystalline state for 0.1 < kgT/e <
0.2, while at lower temperatures it remains essentially kineti-
cally trapped in its initial configuration.

To elucidate the conditions under which specific structures
emerge, we turn to Fig. 3(d)-(i), which displays the behaviour of
the BOOPs as a function of density for different values of yyay, to
reveal the possible structures present in the system in the
stationary regime. The left column shows the average global
BOOP (Q;) (/ = 4, 6, 12) and the right column their local
counterparts (g,). At high density, both (gs) and (Qe) are large,
indicating that more compact, hexagonal patches are dominant.
At low density, both (g,) and (Q,) are large, indicating the
presence of less dense energetically favoured square patches.
More interestingly, in the intermediate range 0.95 < ps® < 0.97
(shaded in the figure), both (Q,) and (Qe) are small while (Q;,) is
large, suggesting the presence of 12-fold quasicrystalline order.

Global BOOP

0.4r

Local BOOP

View Article Online
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In the same figures, we see that both (g,,) and (Q;,) increase
as Ymax approaches the yielding strain yyielg ~ 0.065, which we
define as the smallest y,,.x for which the long-time dynamics is
stroboscopically diffusive. This suggests that the shear strength
significantly influences the quality of the quasicrystal. Interest-
ingly, the shear amplitude only weakly affects the other struc-
tural motifs, with the exception that (Q,) increases as ymax —
Vyield, at low density and in the region where a quasicrystal is
formed. This suggests that low-amplitude shear promotes the
coherent alignment of square domains with the underlying
quasicrystalline order. We will return later to an analysis of the
role of ymax. For now, we emphasise that near yielding, cyclic
shear can generate square, hexagonal, and quasicrystalline
structures in the stationary state. Above yielding, the final
stationary state is stroboscopically diffusive and therefore
independent of the initial configuration, while below yielding,
the system evolves into an absorbing state which is highly
dependent on the initial configuration.>® For this reason, we
do not consider this latter regime.

To place these observations in an equilibrium context, we
reproduce in the top panel of Fig. 3(j) the equilibrium p-T
phase diagram from ref. 96 and 97. As expected, low densities
favour a square lattice, high densities a hexagonal lattice, and
an intermediate quasicrystalline phase emerges between them,
with coexistence regions separating the phases.
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Fig. 3 Self-assembly of a crystalline and quasicrystalline structure via cyclic shear. (a)—(c) Evolution of the system after 0, 50, and 100 cyclic shear cycles
at ymax = 0.1 and pa? = 0.94 With yace = 47maxe. the accumulated strain, where n is the number of cycles. The first configuration is an energy-minimized
configuration equilibrated at kgT/¢ = 1. (d)—(i) Global and local BOOP (eqgn (3)) as a function of p for various ymax in the steady state. The shaded region has
quasicrystalline order. The initial configuration is completely random; each point contains an average over 3 different initial configurations and 25
uncorrelated snapshots each. (j) Observed phase diagram. The top part corresponds to the thermal one, reproduced from ref. 96 and 97. The middle part
corresponds to the theoretical phase diagram at T = 0, obtained in the SI. The bottom part corresponds to the observed phase in our cyclically sheared
system at ymax = 0.1. The coexistence regions are generally not simply a mixture of the two states at their boundaries, as explained in the main text. (k)—
(m) Typical snapshot at various densities for ymax = 0.1. All simulations are performed at N = 4000.
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Although sampling the equilibrium states at 7'= 0 is imprac-
tical, we can obtain the T'= 0 phase diagram (middle of Fig. 3(j))
by minimising the energy density of ideal square, triangular,
and random tilings (see SI). This analysis shows that the
quasicrystal is always energetically disfavoured relative to a
coexisting square-hexagonal phase.f Thus, at equilibrium,
the quasicrystal is stabilised by entropy—likely its configura-
tional component®>—and can only be stable at T > 0.

Such equilibrium-based arguments cannot a priori apply to a
system which explores its energy landscape via cyclic shearing
rather than thermal motion. Nevertheless, when we map the
shear-driven (observed) phases as a function of density for a
fixed ymax = 0.1 (Fig. 3j, below the T = 0 diagram), we find the
same qualitative sequence as the density is increased: squares,
quasicrystals, hexagons, each separated by coexistence regions.
The phase boundaries of the crystals lie roughly between the
T = 0 and kgT/e = 0.1 equilibrium boundaries, suggesting that
shear-driven exploration resembles a small but non-zero effec-
tive temperature. More interestingly, the quasicrystal is found
to self-assemble under cyclic shear, even though it is unstable
at equilibrium at T = 0. Naturally, this interpretation assumes
that the energy-minimisation procedure in the AQS protocol
explores the phase space only locally, as a non-local minimiser
could instead find the true global minimum, which, as shown
above, corresponds to square-hexagonal coexistence.

A naive expectation is that yyax—7yiela plays a role analogous
to temperature, with larger values promoting particle rearran-
gements. Our results do not support this picture, at least close
to yielding, since even at ymax = yield, the system remains active,
with system-spanning avalanches involving a finite fraction of
particles. Thus, the limit ymax — Vyiela is not analogous to 7' —
0, where activity would vanish. Consistent with this, we find
that quasicrystalline order does not decrease as ymax = 7yield,
unlike the suppression expected as T' — 0 in equilibrium.

Several other observations lead us to conclude that a ther-
mal analogy does not hold. First, when the system is sheared
beyond yielding, the stress—strain curve exhibits hysteresis.*® As
a consequence, the structure obtained under cyclic shear at the
end of a cycle retains a residual stress g,,(y = 0) # 0, unlike
equilibrium systems. This residual stress indicates that cyclic
shear does not sample the same ensemble of potential-energy
minima as thermal fluctuations, even though it can still pro-
duce equilibrium-like structures. Second, the region in which
the quasicrystal is stabilised by shear is shifted to higher
densities compared with the equilibrium system at any tem-
perature. Finally, the shear-induced coexistences are not simple
mixtures of the pure phases found at their boundaries. Fig. 3(k)
shows that the “square” portion of a square-quasicrystal coex-
istence contains multiple two-particle-wide hexagonal bands.
These bands form consistently at £45° to the shear direction
and preserve the square-phase orientation. Similarly, the hex-
agonal region in a hexagonal-quasicrystal coexistence contains
two-particle wide square bands with a well-defined orientation,

+ This differs from ref. 96, which did not account for phase coexistence when
constructing their ground-state phase diagram.

This journal is © The Royal Society of Chemistry 2026
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as can be seen in Fig. 3(m). Such mixed triangle-square motifs
are energetically easy to form, though not as favourable as a
mixture of pure phases. The stripe-like features'®® likely form to
relieve shear stress by enabling domain sliding. Sliding can
arrest at intermediate lattice registries that are local energy
minima, yielding square motifs within hexagonal crystals or
hexagonal motifs within square crystals. The stripe density
within this coexistence regime appears to depend on the overall
density and decreases as one approaches either pure crystal.
Although a systematic finite-size study would be required to
quantify this trend, the resulting coexistence does not resemble
a simple lever-rule mixture of the two bounding phases."®”"'*°

4.2 Varying driving and optimising the quasicrystal

In this section, we examine in detail the role of the driving
amplitude in optimising the quality of the quasicrystalline
structures. To this end, we fix the density at pa® = 0.966, near
the centre of the stability region of the cyclically sheared pure
quasicrystal, and vary yma.x. We focus on the regime ymax >
Vyield, Since otherwise the system evolves into an absorbing
state. The main findings are summarised in Fig. 4.

In Fig. 4(a), we show that the local 12-fold order (gi,)
increases monotonically as y,,ax is decreased. The inset reveals
concurrent decreases of the local 4 and 6-fold parameters, (g,)
and (ge), indicating fewer local square and hexagonal patches
and a shift toward a more regular tiling with reduced defect
density. Fig. 4(b) reports the global BOOPs. (Qi,) likewise
increases as ymax approaches yielding, indicating a better-
defined global orientation. Interestingly, both (Qs) and (Q,)
show a modest rise near yielding, implying that residual square
and hexagonal patches tend to align coherently across the
quasicrystalline sample in that regime.

Snapshots in Fig. 4(c) and (d) (coloured by local 12-fold
orientation) visually confirm these trends. At ymax—7Vyield =~
0.005 ~ 0, the global orientation is well-defined, whereas at
Ymax~Vyiela = 0.135 the system fragments into large domains of
differing orientation. For large ymay, strong deformation and
frequent avalanches during each cycle locally disrupt orienta-
tional order. As a result, while (g1,) remains high within
domains, its average over the whole system decreases due to
the defects concentrated at domain boundaries.

The “best” quasicrystals, as indicated by a high (Q,,), occur
near yielding but at the cost of a sharp increase in the time-
scales: the number of cycles required for self-assembly grows
sharply as ymax = Vyiela- This is shown in Fig. 4(e), where we plot
the time it takes each system to reach the steady state. Never-
theless, for the sizes and density studied here, the assembly
time stays modest (below ~ 100 cycles), and for ymax—Yyiela > 0.1
it is typically under five cycles. Thus, cyclic shear assembles
high-quality quasicrystals far more rapidly (in terms of CPU
time) than low-temperature molecular dynamics that rely on
thermal fluctuations (SI). Part of this acceleration arises from a
weak orientational bias induced by the shear. As shown in the
inset of Fig. 4(e), the orientation probability of the final
quasicrystal is not uniformly distributed, but instead favours
specific alignment angles relative to the shear direction.

Soft Matter


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6sm00068a

Open Access Article. Published on 26 March 2026. Downloaded on 5/7/2026 9:38:46 PM.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

Paper
—* qu2 o A g

0.96 . 0o |

. 0.5 fasssssstsssss %

3 S04 T

E et

. 094f 03— %

§ VYmax — Vyield T
— % |
0.02p (8) . . : &

0 003 0.06 0.09 012 015

Ymax — Vyield -

__0.90f __0.10 G
= S =y
ST T 0.05 l‘;; ;

-~ 0 0.1 >
—E; 0.80k Ymax — Vyield T
&) <

b g

0.75¢ (b) , 6

006 009 012 015

Ymax — Vyield

0 003

View Article Online

Soft Matter

3 i
%% g
2 & g
" 3£ 40
z =p=] 0 T
1 ) = 520 ar. ()
) z & arg \ %z
8 2 esossa
10 g 00 0.03 0.06 0.09 0.12 0.15
'4::; Ymax — Vyield
‘ 5 5% 750
= <L ==
o = O
h*l S E®
& 5 & 5001
{9 & %8 2
g ¢ € o5l 0.1
— o0 % 50 @ 0 1000
v g g f) Num. of cycles n,
-3 < 3 0 (

0 003 0.06 009 012 015
Ymax — Vyield

Fig. 4 Dependence of the quality of the self-assembled quasicrystal on ymax. All simulations were performed at N = 4000 and ps® = 0.966. (a) and (b)
Local and global bond-orientational order parameters (egn (3)) as a function of ymax. Each data point is an average over 10 independent initial conditions
and 50 uncorrelated snapshots. (c) and (d) Typical snapshots at ymax—7yietd = 0.005 (first point in (a) and (b)) and ymax—7yiels = 0.135 (last point in (a) and (b)),
respectively, with particles coloured by their local 12-fold orientation. (e) Typical number of cycles required to reach a steady state from a fully random
configuration as a function of ymax. This self-assembly time is determined by averaging (Qi,) (cycles) over 10 independent initial conditions and finding
the first cycle at which (Qqz) (nc) enters and remains within 10% of its long-time average. The inset shows the probability distribution of the 12-fold
orientation angle. (f) Characteristic angle decorrelation timescale (in cycles), obtained from an exponential fit of the 12-fold orientation autocorrelation
function C59%(n.) ~ e~"<* (eqn (6)). Each autocorrelation curve is averaged over at least 5000 configurations sampled every 10 cycles.

However, this effect is unlikely to be the only driver of the fast self-
assembly of quasicrystals under shear, especially since this dis-
tribution changes little between ymaxyietla =~ 0 and Ymaxyield =
0.1. We believe that the more important mechanism is the system-
spanning rearrangements triggered by plastic events, which enable
large-scale exploration of configuration space, analogous to cluster
moves in Monte Carlo simulations. This non-local mechanism
explores the energy landscape more effectively than the local
thermal motion of standard molecular dynamics simulations.

Another relevant timescale is the number of cycles required
for a quasicrystal in the steady state to change its global
orientation. This reorientation time is distinct from the assem-
bly time from a random initial condition and, in equilibrium,
would typically be very large because local dynamics cannot
easily cross the free-energy barrier between differently oriented
crystals in a box. Fig. 4(f) reports the typical timescale, in
number of cycles n., extracted from the 12-fold orientation
autocorrelation in the steady state,

C?ggle(nc) _ <Q~12(n’c + ”C) ~Tz (”é» (6)

(l0n(n)[")

(shown in inset). The angular brackets denote a running
average over multiple independent systems and over multiple
n, large enough to have reached a steady state. Although
reorientation is slower than assembly, it remains finite, and
no plateau appears in the correlation function. Quasicrystal
reorientations are observed to proceed via nucleation of a
domain with a different orientation, at least for small ..

Soft Matter

4.3 System size scaling

Fig. 2 showed that strong shear localisation (e.g., shear bands)
can form in our system. For the system sizes used in cyclic shear
up to now, this was not an issue: shear bands were highly mobile,
appeared only at large .., and had a negligible impact on the
dynamics. This is not true for larger systems. As shown in Fig. 5(a),
which shows the displacement field between configurations 150

(8]

\% 0.8" (M

Fig. 5 Quasicrystal quality dependence on the system size. (a) and (b) Are
snapshots of a large system (N = 25000) at pg® = 0.966 and ymax = 0.07. (a)
Displacement field (in arbitrary units of length) long after the band
formation, between cycles 850 and 1000. (b) Snapshot with particles
coloured according to their 12-fold local orientation. (c) Evolution of the
local and global BOOPs (egn (3)) as N is increased for pmax = 0.085.
Averages are performed over 3 realisations for 25 uncorrelated cycles after
1000 cycles for each system size.
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cycles apart for N = 25 000, a shear band forms clearly and persists
over many cycles. In particular, for small y,,y, the band forms
around the 100th cycle and remains localised thereafter. The
transient state preceding band formation allows the system to
relax into multiple quasicrystalline domains (Fig. 5(b)). However,
once the shear band forms, plastic activity becomes confined to
this region, preventing further equilibration of the domains out-
side the band. The tiling within the band itself typically develops a
distinct orientation, different from its surroundings, further frag-
menting long-range orientational coherence.

Increasing the system size, therefore, poses two key obstacles
to achieving global quasicrystalline order: (i) in large systems,
the shear band is intrinsically disordered, and (ii) because strain
localises within the band, regions outside it cannot equilibrate
globally on accessible timescales. This is quantified in Fig. 5(c).
While the local order (g;,) is largely insensitive to N, since tiles
form rapidly, the global order (Q,,), which captures coherent
orientation across the system, decreases with increasing N. In
principle, the shear band could eventually migrate and, in this
way, contribute to the reorganisation of the entire system; such
behaviour is not observed within feasible simulation times for
N > 15000. Consequently, areas surrounding the band remain
largely unaffected after the initial transient, further reducing
(Q12) in large systems.

Since strain localisation reduces the ability to develop global
quasicrystalline order, as evidenced by the decrease of (Q,)
with system size, it is tempting to explore conditions under
which the appearance of shear bands is strongly suppressed.
This is precisely what we examine in the following section,
where we show that such conditions provide only marginal
improvement.

4.4 Finite rate cyclic shear

As discussed in the previous section, under the AQS protocol,
pronounced strain localisation limits the formation of high-
quality quasicrystalline order. We therefore turn to driving at a
finite shear rate, which is known to promote more homoge-
neous deformation via many thin, mobile shear bands distrib-
uted throughout the sample,"'" and may thus circumvent the
limitations of AQS.

To study finite-rate shearing, we use a co-shearing simulation
cell in which particle coordinates are affinely remapped with the
deforming box and evolve under overdamped dynamics:

dy dr, U
a*/(t% FE’_a_r; @)

where the imposed strain rate is constant j(t) =  except for sign
reversal at |y| = ymax and I' is a friction coefficient. The box
deformation therefore evolves as y(¢) = y¢ between reversals, and
the particle position equations are integrated simultaneously
with the box deformation. In the limit I'c*j/e — 0, the dynamics
approach the AQS regime, since the system fully relaxes between
successive plastic events. At larger I'c*j/¢, the system may still be
dissipating energy from one plastic event when the imposed
shear triggers the next, so the time-scale separation that under-
lies AQS no longer holds. As before, we analyse the dynamics
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stroboscopically and, to enable direct comparison with the AQS
results, we minimise the energy to obtain the inherent structure
before measuring structural observables.

The simulation results are shown in Fig. 6. Panels (a)-(f)
reproduce the AQS results for the density dependence of the local
and global BOOPs at yy,,,x = 0.12 for three strain rates. In all cases,
we observe the same trend: large (g,) at low density, large (ge) at
high density, and a quasicrystalline phase in between. Fig. 6(g) and
(h) focus on the single density pa” = 0.967, where a quasicrystal is
expected. For each 7, the leftmost point corresponds to the
smallest 7.« exceeding the observed 7yiciq, which itself depends
on j. We observe again that the highest-quality quasicrystals
appear around Ymax = Jyield(7). Although these observables mirror
the AQS case, Fig. 6(i) shows that for I'c*j/¢ = 0.01 and N = 32 000
the displacement map between multiple cycles is relatively homo-
geneous, with no sign of strain localisation for such j, contrary to
AQS for a similar system size. The orientation map in Fig. 6(j) is
likewise fairly homogeneous. We expect that a well-localised shear
band should reappear as I'*j/e — 0.

Finally, we examine the system-size dependence of (Q;,) in
Fig. 6(k). Surprisingly, even under homogeneous driving, (Q;,)
decreases with N. The decay is slow—making it difficult to
discriminate logarithmic from power-law behaviour—but it sug-
gests that orientational order is not truly long-ranged and is

N—o0

instead most likely quasi-long-range (SI), with (Q}2) —— 0. We
cannot, however, exclude a finite plateau as in equilibrium, nor
the possibility that true long-range order emerges precisely at
Ymax = Vyield- This phenomenology is reminiscent of equilibrium
hexatic or tetratic phases, yet at low temperature a 12-fold
quasicrystal is expected to exhibit long-range order at
equilibrium.?® The observed “dodecatic” state therefore appears
to be a genuinely non-equilibrium signature, indicating that the
driving induces fluctuations large enough to disrupt order even
for weak driving. By analogy with Kosterlitz-Thouless-Halperin—-
Nelson-Young melting, where the solid-hexatic transition is
driven by dislocation unbinding (suppressed at low T because
dislocations are costly), cyclic driving may instead generate
unbound dislocations in the quasicrystal and thereby destroy
long-range orientational order. Consistent with this picture, the
snapshot in Fig. 6(j) closely resembles configurations in hexatic
phases: it shows an apparent global orientation (which would not
persist in the thermodynamic limit) together with several mis-
oriented domains."* Interestingly, other non-equilibrium sys-
tems have been shown to exhibit enhanced fluctuations that
destroy crystalline long-range order,"**''* whereas shear on
scalar fields or cyclic driving is typically thought to suppress
fluctuations and promote long-range order."*>**!

5 Conclusion

We investigated the self-assembly of crystals and quasicrystals
under cyclic shear and found that all phases that form at low
temperature in equilibrium also emerge under athermal quasi-
static cyclic driving. The non-local and orientation-biased nat-
ure of the driving enables remarkably fast self-assembly of the
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Fig. 6 Behaviour of the system under cyclic finite shear rate. (a)—(f) Evolution of the global (left) and local (right) BOOPs as the density is varied. ymax =
0.12 and N = 12 000. (g) and (h) Evolution of (Q1,) and (g12) as ymax is varied for three different j. For each curve, the minimum 7y, corresponds to the
smallest value simulated before the system falls below yielding and undergoes the absorbing-state transition. pa® = 0.967 and N = 2000. (i) and (j)
Displacement and orientation field (between 100 cycles) at pa® = 0.967, I'e%j/e = 0.01 and N = 32 000. (k) System size scaling of the global orientation
order (Qq2) for various ymax. Each data point is an average over 3 different initial configurations and 10 to 40 uncorrelated snapshots.

quasicrystal, whose quality peaks near the yielding amplitude,
precisely where the dynamics slow down the most. To suppress
strain localisation and the associated inhomogeneous driving,
we turned to finite-rate shear. This approach preserves all the
qualitative features observed under quasi-static driving while
ensuring a more homogeneous deformation. We further
showed that the resulting quasicrystalline order is not long-
ranged, but instead quasi-long-ranged.

Several avenues remain open. A key question is the robust-
ness of this self-assembly across interaction potentials, includ-
ing for crystalline phases, whose behaviour under simple AQS
protocols has also not been systematically explored. Toward
this direction, obtaining a fully resolved p—y,.x phase diagram
in the large system limit and comparing it with its equilibrium
p-T analogue would help clarify whether the same qualitative
phase boundaries systematically emerge and whether the lever
rule is generically violated.

It is also important to determine how quasicrystals formed
under cyclic shear differ structurally from their equilibrium
counterparts at a more microscopic level, for instance, in terms
of defect topology, phason strain, or stress-structure correlations,
which would require dedicated analyses beyond the scope of the
present study. The presence of residual stress indicates that they
occupy distinct regions of the configurational landscape, even
though they assemble at comparable densities.

The non-equilibrium driving allows for fast relaxation and
even reorientation, suggesting that global rearrangements

Soft Matter

enable an effective exploration of the structural landscape.
However, the mechanisms underlying the exploration of this
landscape remain to be studied, such as the nucleation-like
event observed before a global reorientation. Importantly, this
dynamics offers a practical route to generating coherently
oriented quasicrystalline domains, a task that is notoriously
difficult to achieve in equilibrium and typically requires careful
thermal annealing, which is often less accessible experimen-
tally than controlling ymax-

Since the highest-quality quasicrystals arise near yielding,
where dynamics are slowest, it would be interesting to explore
strategies to accelerate their formation, such as linear anneal-
ing of ymax Or optimal-control protocols. At the same time, this
correlation between slow dynamics and high structural quality
raises a more fundamental question: what is the microscopic
pathway by which cyclic shear drives quasicrystal formation?
The fact that the best quasicrystalline order is obtained close
to yielding, where the relevant time scales are also longest,
suggests that slow relaxation may play a central role in selecting
or stabilising the ordered state. A natural next step would be to
analyse the particle trajectories during assembly to identify how
order develops—whether through progressive local defect
removal, domain nucleation and coarsening, or genuinely
system-spanning collective events. Such an analysis would
address the origin of the fast assembly under shear and clarify
why the vicinity of yielding appears to optimise quasicrystal
quality.

This journal is © The Royal Society of Chemistry 2026
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Since for the AQS protocol, shear bands inevitably form for
sufficiently large system sizes, we also explored quasicrystal
formation at finite shear rates, where shear band formation is
expected to be suppressed. We observed that our quasicrystals
formed under finite-rate shear exhibit quasi-long-range orien-
tational order. At equilibrium, such behaviour is associated
with defect unbinding, and probing defect statistics and orien-
tational correlations in these driven systems, particularly in the
large-system limit, may reveal whether an analogous mecha-
nism is at play, and whether the typical scenario observed in
equilibrium 2D melting can be of any use to understand the
observed quasi-long-range order.

Finally, it is natural to ask how these observations would
extend to three dimensions, where the Kosterlitz-Thouless—
Halperin-Nelson-Young scenario is absent and true long-range
orientational order may be stabilised. It is therefore unclear
whether cyclic shear can promote genuinely long-range quasicrys-
talline order, or whether it instead selects distinct non-equilibrium
steady states.
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