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When two parallel coplanar dislocations with opposite Burgers vectors are brought into collision by the

action of stress in solid crystals, they annihilate each other. In cholesterics with pitch p, under certain
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conditions, colliding dislocations with Burgers vectors b = p and b = —p are immune against annihilation
and form stable twin-like pairs known as Lehmann clusters. We point out that this immunity is due to
the escape of the director field into the third dimension. We show that from a topological point of view,

Lehmann clusters can be seen as skyrmion tubes embedded in a helicoidal background, and their
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1 Collisions of parallel coplanar
dislocation
1.1 Annihilation of dislocation pairs in solid crystals

In solid crystals, two parallel coplanar dislocations with oppo-
site Burgers vectors, when driven into collision by stress,
annihilate each other, as shown schematically in Fig. 1.

1.2 Lehmann clusters: twin-like pairs of cholesteric
dislocations immune against annihilation

Experiments by Smalyukh and Lavrentovich (S & L) with cho-
lesterics confined between surfaces with planar anchorings®
have shown that under certain conditions, two parallel copla-
nar dislocations can be immune against annihilation and form
stable twin-like pairs. Using confocal polarizing fluorescence
microscopy, S & L have found that such stable pairs are
composed of dislocations with opposite Burgers vectors b = p
and b = —p, where p is the cholesteric pitch (see Fig. 2-4 and 6).

Inspired by the pioneering work of Kleman and Friedel,” S &
L proposed models for the director field of stable pairs.
As shown in Fig. 3, they consist of sets of four disclinations
{)f 1/2’ /1—1/2, /{—1/2’ and /1+1/2} or {T+1/2, 1—1/2, 1—1/2’ and ,L_+1/2}
located at vertices of a rhombus. Knowing that such clusters of
four disclinations were observed already by Otto Lehmann,**
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extremities have the topology of monopoles.
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Fig. 1 Annihilation of a pair of parallel coplanar edge dislocations with
opposite Burgers vectors in a solid crystal. (a) Initial position of dislocations.
(b) Due to the action of Peach—Koehler forces, the distance between
dislocations decreases. (c) After collision of dislocations resulting in their
annihilation, the crystal is defect-free.

S & L proposed to call the stable pairs of dislocation “Lehmann
clusters”.
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Fig. 2 Generation of a Lehman cluster. (a) Pair of dislocations with
opposite Burgers vectors b = p and b — p in a cholesteric layer. (b) Due
to the action of Peach—Koehler forces, the distance between dislocations
decreases. (c) Upon collision, the dislocations do not annihilate but form a
stable twin-like pair known as Lehmann cluster.

Fig. 3 Models of the director field of the Lehmann cluster proposed by
Smalyukh and Lavrentovich:! (a) four non-singular disclinations 2 and (b)
four singular disclinations .

1.3 Role of the Lehmann clusters in the stability of tangles,
knots and links

Since the generic work of Smalyukh and Lavrentovich," twin-
like pairs of dislocations immune against annihilation were
also observed in experiments with tangles,” knots® and
links”®* made of cholesteric dislocations with the Burgers
vector b equal to the full (2n) pitch p. Crossings in such knots
and links frequently have the structure of Lehmann clusters.
Therefore, the immunity of tangles, knots and links against

1826 | Soft Matter, 2026, 22,1825-1838
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Fig. 4 Occurrence of Lehmann clusters. (a) As crossings of b = p
dislocations. (b) Spanned between the b = p and b = p/2 dislocations.
(c) Spanned between two b = p/2 dislocations. This type of Lehmann
cluster is considered in detail in this paper. (d) As a closed worm-like loop
equivalent to a skyrmion tube (see Section 6.2).

the rewiring is similar to that of the Lehmann clusters
discussed here.

1.4 Occurrence of Lehmann clusters

The occurrence of Lehmann clusters in patterns of dislocations
in cholesterics confined in gaps of variable thickness is sum-
marized in Fig. 4 and can be classified into four types (see also
the S & L article'):

Type 1: they can appear as crossings between b = p disloca-
tions (see Fig. 4a).

Type 2: they can be spanned between b = p and b = p/2
dislocations (see Fig. 4b).

Type 3: they can be spanned between two b = p/2 dislocations
(see Fig. 4c). This paper is devoted to this type of Lehmann
cluster.

Type 4: they can be independent. In this case, they form worm-
like narrow loops (see Fig. 4d) and are not stable because the length
of such loops decreases in time until the final collapse occurs.

1.5 Aims of this paper

In the present paper, we will explain the immunity of the
Lehmann clusters against annihilation (or rewiring) in terms
of an alternative, singularity-free solitonic model of the director
field resulting from the escape into the third dimension.
Before these theoretical considerations in Section 3, we will
report in the next Section 2 on new experiments focussed on a
controlled generation of Lehmann clusters of type 4.

2 Experimental
2.1 Haphazard occurrence of Lehmann clusters

It is well known that cholesterics confined in gaps of variable
thickness contain dislocation patterns made of b = p/2 and

This journal is © The Royal Society of Chemistry 2026
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b = p dislocations. In the sphere/plane geometry, the ground
state consists of separated concentric circular dislocation loops.
In practice, this ideal ground state configuration is rather rare
because after preparation involving flows and/or isotropic —
cholesteric transition, the cholesteric droplets contain dense
skeins of knotted and linked dislocations that decay slowly by
rewiring of crossings. On long time scale, the decay process leads
to metastable patterns of interconnected loops.

Most frequently, the circular loops are interconnected by
crossings such as those in Fig. 4a so that the dislocation
patterns can contain knots or links. Connections of the b =
p/2 dislocation loops by Lehmann clusters (Fig. 4c) can exist as
well, but beside the generic work of S & L," little attention has
been paid to them.

Obviously, the production of Lehmann clusters by the decay
of random skeins of dislocations is haphazard. The setup
described below was tailored for a more efficient production
of Lehmann clusters.

2.2 Setup

The setup represented in Fig. 5a is a modified version of the
one used previously in experiments with tangles,® knots®® and
links.”

It consists of two mica sheets, supported and bent into
cylindrical shapes by plastic parts described in detail previ-
ously.>® The small vertical distance %, between the mica
sheets is controlled with an accuracy of 0.5 pum by means of a
micrometric translation stage.>® The cholesteric sample - a
droplet of the 5CB/CB15 mixure (see Section 3 of the SI) - is
confined by capillarity inside the gap between the mica sheets.

With the aim to melt the cholesteric sample into the
isotropic phase, the setup was modified by the addition of a
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system blowing a jet of hot nitrogen gas (T &~ 40 °C) on the
upper mica sheet through a conical nozzle (a micro-pipette tip)
as shown in Fig. 5a.

After the melting of the sample into the isotropic phase,
the hot nitrogen jet is switched off and the cholesteric phase
is recovered by spontaneous cooling at ambient temperature
(T =~ 20 °C). Due to the very small thicknesses of the mica
sheets and of the cholesteric droplet (%100 pm), the char-
acteristic times of heating and cooling are of the order of
magnitude x~1 s. The size of the area heated by the hot gas
depends on the vertical distance between the pipette tip and
the upper mica sheet. Typically, its diameter is of the order
of 2 mm.

2.3 Generation of Lehmann clusters

In the experiment represented in Fig. 5b-d, the cholesteric
droplet contains initially (see Fig. 5b) three circular concentric
b = p/2 dislocation loops interconnected already by seven
Lehmann clusters. The b = p/2 loops separate fields labeled
with indices N corresponding to the number of full cholesteric
pitches located between the mica sheets.

This initial pattern is heated locally and briefly by a hot
nitrogen jet. The size of the area in which the cholesteric —
isotropic melting occurred is on the order of 2 mm. After
cooling back into the cholesteric phase, this area contains
dense skeins of dislocations (see Fig. 5¢). The elastic relaxation
of these skeins lasts about 550 s and leads to formation of a
new Lehmann cluster visible in Fig. 5d. Remark: generation of
a Lehmann cluster by just one sequence of cholesteric —
isotropic — cholesteric phase transitions is not guaranteed.
In practice, the experiment must be repeated several times until
the new Lehmann cluster is created.

Lehmann
cluster

.

Fig. 5 Controlled generation of Lehmann clusters. (a) Experimental setup. (b) Eight Lehmann clusters spanned between circular b = p/2 dislocation
loops. N is the number of full cholesteric pitches located between the mica sheets. (c) Dense skein of dislocations generated locally by the sequence of
phase transitions: cholesteric — isotropic — cholesteric. (d) After relaxation, a new Lehmann cluster appears. Like the initial eight ones, it is spanned

between two b = p/2 loops (see Videos S1 and S2 of the SI).

This journal is © The Royal Society of Chemistry 2026
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2.4 Structure of Lehmann clusters

In the simplest case, the Lehmann cluster has the structure
depicted in Fig. 6. It is spanned inside the annular field labeled
as N between two circular b = p/2 dislocations. One of them is
visible in Fig. 6a and b. The second one, separating fields with
N=1and N = 3/2 pitches, is located outside of the area visible in
Fig. 6a.

This Lehmann cluster itself is made of a pairof b=p and b =
—p parallel dislocations separating fields with N=1 and N =0
cholesteric pitches (see Fig. 6b). The two dislocations are
pushed one against the other by Peach-Koehler forces Fpx
determined by the local thickness as discussed below. The
equilibrium distance 6 between them is determined by the
balance between this Peach-Koehler force Fpx and the force Fy;
of the repulsive elastic interaction which grows with the inverse
of the distance ¢ between the dislocations.

Independently of quantitative details concerning the equili-
brium distance J, we will point out in Section 3 that é cannot
tend to zero because the pair of dislocation of this Lehmann
cluster is protected topologically against annihilation.

2.5 Splitting of the Lehmann cluster

Let us consider the experiment represented in Fig. 7 where a
Lehmann cluster is spanned inside the central » = p/2 loop.
This experiment shows that the Lehmann cluster is stable as
long as the minimal thickness /A, between the cylindrical

C

Fig. 6 Structure of Lehmann clusters. (a) Junction between a Lehmann
cluster and a p/2 dislocation loop. (b) Close-up of the junction. (c) Defect-
free variant of the director field in the (x,z) cross-section of the Lehmann
cluster (see Section 3).
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Fig. 7 Splitting of the Lehmann cluster upon reduction of the thickness
Amin- (@) Amin > Po/2. (0) hmin < Po/2 (see Video 4 of the SI).

mica sheets is larger than p,/2 where p, is the equilibrium
cholesteric pitch which is the case in Fig. 7a. By the way, let us
note that the stability of the central dislocation loop depends also
on the minimal thickness Apn; for Amin > 3po/4, it collapses.

Upon reduction of the minimal thickness Ay, below po/2,
the twin dislocations of this Lehmann cluster separate one
from the other and tend to adopt the circular shape of radius
To,1 as shown in Fig. 7b.

2.6 Peach-Koehler force

This behavior is determined by the dependence of the Peach-
Koehler force on the local thickness h. This force per unit
length corresponds to the difference between the densities of
the distortion energy per unit area on the two sides of the twin
dislocations. On the side with N = 0, one has

(K», is the twist elastic coefficient), while on the other side with
N =1, one has

. Kn(2n 2n 2_ K> 2n2p0 2
fl*hT(I‘;,) J’T(_o) G- o

This journal is © The Royal Society of Chemistry 2026
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The Peach-Koehler is thus

—fo=p 2 (i—”) 2 (P -2) 3)

It changes sign for z = p,/2.
In the cylinder/cylinder geometry, where the thickness &
varies with the distance r from the gap center as

Frx = /1

V2

h(r) = hpin + IR (4)

the sign of the Peach-Koehler force changes on the circle
of radius

ro,1 =/ 2R(po/2 - hmin) (5)

which is drawn with a dashed line shown in Fig. 7b.

For r > ry,, the Peach-Koehler force pushes the twin
dislocations one against the other and the Lehmann cluster
is stable.

For r < ry4, the Lehman cluster splits and the two twin
dislocations tend to take semi-circular shapes of radius r,, for
which the Peach-Koehler force vanishes.

Deviations from these ideal linear and circular shapes are
due to the Laplace force given by

To,1
Frop, = —— (6)
ap 0
where T ; is the tension of dislocations and p is the radius of
their local curvature. Their discussion is out of the scope of
this paper.

3 Topological immunity of Lehmann
clusters against annihilation

As we will see below, the topological immunity against annihi-
lation of the dislocation pairs forming Lehmann clusters is
related to the singularity-free director fields of the individual
dislocations themselves. Such singularity-free fields can be
constructed by the geometrical method illustrated in Fig. 8
and discussed in detail in Section 1.1 of the SI, where it is
applied to the simplest case of a b = p dislocation separating
fields with N = 1 and N = 0 cholesteric pitches as discussed
above (see Fig. 6).

3.1 B variant of the singularity-free director field of
dislocations with the Burgers vector b = p

Let us consider first the field ng(x,z) in Fig. 8a labeled as “B”.
It can be seen as a wall of width 4 across which the cholesteric
helix n(0, z) = (cos(2nz/p), sin(2nz/p), 0), depicted in column 1, is
deformed continuously into the homogeneous field n(1,2) =
(1,0,0) depicted in column 8.

When the field ng(x,z) is mapped onto the unit sphere in
Fig. 8b, the whole north hemisphere is covered. In particular,
column 1 with ng(0,2) = (cos(2nz/p),sin(2nz/p),0) is mapped onto
the equator. When one moves from z = —p/2 to z = p/2
in column 1, the director field starts from the orientation

This journal is © The Royal Society of Chemistry 2026
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Fig. 8 Two variants, B and G, of a singularity-free director field of the
dislocations with the Burgers vector b = p. (a) and (c) Director field. (b) and
(d) Mapping of the director field on the unit sphere. The two variants are
related by a rotation of m around the x axis.

ng(0,—p/2) = (1,0,0), represented by the yellow dot (imposed
by the anchoring on the lower mica sheet), and rotates by the
azimuthal angle 2n around the z-axis until it returns to the the
orientation ng(0,p/2) = (1,0,0) imposed by the anchoring on
the upper mica sheet. By this means, column 1 is mapped onto
the equator.

Column 8 with ng(4,2) =
the yellow dot.

The intermediate columns labeled as i = 2,...,7 are mapped
successively on circles making angles o; = (i — 1)n/14 with the
equator and passing through the yellow dot (1,0,0).

The analytical expression of the director field of the B
variant is given in Section 1.1 of the SI.

(1,0,0) is mapped as a whole onto

3.2 G variant of the singularity-free director field of
dislocations with the Burgers vector b = p

The director field ng(x,2) of the second, G variant of the
singularity-free director field of dislocations with the Burgers
vector b = p is represented graphically in Fig. 8c. It is related to
the variant B by rotation of the field ng(x,z) as a whole by =
around the x-axis.

When mapped on the unit sphere, the field ng(x,z) covers the
whole south hemisphere. Its columns, labeled i = 1,...,8, are
mapped on circles making angles o; = —(i — 1)n/14 with the
x axis.

3.3 GG and BB dislocation pairs are immune against
annihilation

Dislocations of the G- and B-types can form four types of pairs:
GG, BB, GB and BG.

The director field of the GG pair is depicted in Fig. 9. Here,
the dislocation on the right labeled as G’ is of the G-type.

Soft Matter, 2026, 22,1825-1838 | 1829
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Fig. 9 Construction of the Lehmann cluster from two G-type singularity-free dislocations defined in Fig. 8. The director field of the dislocation G’ is
obtained from dislocation G by rotation as a whole by © around the z-axis. Director fields of the two dislocations are matched by a band of a uniform field

n = (1,0,0).

It is related to the dislocation G on the left by rotation of n
around the z axis. The space between the G and G’ dislocations
is filled by the uniform field (1,0,0).

Fig. 10 shows that the mapping of the director field of the
GG’ pair covers completely the unit sphere independently of the
distance ¢ between dislocations. For this topological reason,
the GG’ pair is immune against annihilation.

The same conclusion is reached in the case of the BB
pair.
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Fig. 10 Immunity against annihilation of the GG’ dislocation pair defined
in Fig. 9. (a) Mapping on the unit sphere of director fields shown in (b) and
(c). No matter what is the distance 6 between the dislocations, the whole
unit sphere is covered completely because the angle 0 varies always from
0 to 2r. For this reason, the GG’ pair of dislocations is immune against
annihilation.

1830 | Soft Matter, 2026, 22, 1825-1838

3.4 GB and BG pairs are subjected to annihilation

The director field of the GB pair is depicted in Fig. 11. Here, the
dislocation on the right labeled as B’ is of the B-type. It is
related to the dislocation B defined in Fig. 8b by rotation of ©
around the z axis. The space between the G and B’ dislocations
is filled by the uniform field (1,0,0).

Fig. 12 shows that the mapping of the director field of the
GB’ pair covers only partially the south hemisphere. The area X
covered by the mapping decreases with the distance ¢ between
dislocations. In the limit 2 — 0, the annihilation occurs. The
same conclusion is reached in the case of the BG pair.

We can conclude that stable GB and BG pairs of dislocations
should not exist, which actually is confirmed by our experiments.

4 Structure and energy of Lehmann
clusters
4.1 Orientation of Lehmann clusters

In the previous section, we have assumed arbitrarily that
dislocations forming Lehmann clusters inside the N = 1 annu-
lar field are orthogonal to the anchoring direction. Now,
experiments reported in Section 2.3 (see Fig. 5b-d) show that
the Lehmann clusters can have arbitrary orientations. It is
therefore necessary to ask how the director field of a Lehmann
cluster depends on its orientation defined in Fig. 13a, i.e., on
the angle y that it makes with the direction of the anchoring
which is assumed to be the same on both mica sheets.

4.2 Dependence of the structure on the orientation angle y

For the sake of simplicity, let us consider again the case of
Lehmann clusters inside the N = 1 field.

The case of the Lehmann cluster orthogonal to the anchor-
ing direction corresponds to y = m/2 (see Fig. 13a) and its
director field, represented in the first column and the second
row of Fig. 13c, is the same as the one in Fig. 10c.

Starting from this director field n,(¢,2), it is easy to obtain
fields n,(¢,2), corresponding to other values of the angle y, by a
simple geometrical transformation: a rotation of the director by

This journal is © The Royal Society of Chemistry 2026
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Fig. 11 Pair of the G-type and B-type singularity-free dislocations defined in Fig. 8. The director field of the dislocation B’ is rotated as a whole around
the z-axis by © with respect to the dislocation B. Director fields of the two dislocations are matched by a band of a uniform field n = (1,0,0).
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Fig. 12 Singularity-free director field of the dislocation pair GB’ defined in
Fig. 11 is subjected to annihilation. (a) Mapping of the director field on the
unit sphere for a large distance § between dislocations. Only the south
hemisphere is covered by the mapping. (b) When the distance ¢ decreases,
the surface X covered by the mapping shrinks. In the limit 2 — 0, the
annihilation occurs. For this reason, stable pairs of the GB’ type have not
been observed in experiments.

the angle y = y — n/2 around local vertical axes {: (parallel to z)
passing through the point ¢ on the horizontal axis £. Fory < 0

This journal is © The Royal Society of Chemistry 2026

and y > 0, rotations are respectively in anticlockwise and
clockwise directions.

In Fig. 13c, we represent the set of eight fields, obtained by
this method, corresponding to y = 0, n/4, 2n/4,...,7m/4.

4.3 Energy versus the orientation angle y: theory

All eight configurations of the director field n,(¢,z) have right-
hand twist distortions in the z direction.

There is also a twist distortion in the horizontal ¢ direction,
but its sign and amplitude depend on the angle y. As shown
in Fig. 13c, in the field ny(¢,z), the twist is right-handed, i.e. the
same as in the z direction, while in the field n,(¢,z), the twist
distortion has opposite handedness. For this reason, the energy
per unit length of Lehmann clusters E;¢(y) in the configuration
labeled y = 0 shown in Fig. 13c (first column, first row)
is expected to be lower than that of the configuration y = n
(first column, third row).

Numerical calculation of the energy E;(y) of the configura-
tions shown in Fig. 13c (see SI Section 1.2) confirms this
expectation: the blue line plot of Erc(y) in Fig. 13b has a
minimum for y = 0 and a maximum for y = m.

It is stressed that in the diagram of Fig. 13b, there is a second
plot drawn with a red line which is obtained by shifting the blue
line by m. Its presence is required by symmetry: as the anchoring
direction is represented in Fig. 13a by a two headed arrow, the
angle y is equivalent to y + n. Therefore, for each value of y, two
configurations of the director field with different energies Eyc(y)
and E; oy + m) are possible. In Fig. 13b, plots with thick red and
blue lines correspond to configurations with lower energies.

4.4 Energy versus the orientation angle y: experiments

The dependence of the energy of Lehmann clusters 7T on their
orientation y with respect to the anchoring has been detected in
experiments performed with a cylinder/cylinder wedge of mini-
mal thickness %, < p/2. In Fig. 14, we show changes in the
direction of Lehmann clusters driven by the torque I' = 07/0y.

Let us consider, for example, the behavior of the Lehmann
cluster LC1 in Fig. 14a-c. Shortly after its generation by the
cholesteric — isotropic — cholesteric phase sequence, the
Lehmann cluster LC1 is not orthogonal to the adjacent p/2

Soft Matter, 2026, 22,1825-1838 | 1831
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between a Lehmann cluster and the anchoring direction. (b) Variation of the energy with the orientation angle 7. (c) Dependence of the director field of

Fig. 13 Dependence of the structure and energy of Lehmann clusters on their orientation with respect to the anchoring. (a) Definition of the angle y
Lehmann clusters on their orientation angle y. (d) Twist distortions along the horizontal axis ¢ fory = 0 and y = .
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Fig. 14 Evolution of the orientation of Lehmann clusters. The orientation of the Lehman cluster LCO parallel to the anchoring corresponds to the
minimum of its energy. (a) Shortly after its generation, the new Lehmann cluster LC1 is not orthogonal to the adjacent p/2 concentric dislocation loops

because there is an elastic torque acting on it due to the torque I' = 8T/0y

. (b) and (c) The subsequent orthoradial drift of the Lehmann cluster LC1 toward

LCO reduces its length and tension T(y). (d)—-(f) The same behavior is observed with the Lehmann cluster LC2. Note that the final collision between
Lehmann clusters does not result in annihilation (see Videos S2 and S3 of the SI).

concentric dislocation loops because the elastic torque I = 0T/
0y acts on. On a longer time scale, the Lehmann cluster slowly
drifts toward the orientation parallel to the anchoring direction
corresponding to the minimum of the tension 7(y).

The Lehmann cluster LC2 generated subsequently has the
same behavior: it also drifts toward the orientation of the
anchoring (see Fig. 14d-f) (see Video 2 of the SI).

Through these two generation-drift processes, a stable set of
three Lehmann clusters gathered together is shown in Fig. 14f.
In Section 5, we will explain why, in this set, the Lehmann
clusters are protected against annihilation.

4.5 Energy and structure versus the z position

Above, for the sake of simplicity, we considered Lehmann
clusters embedded in the field N = 1. In practice, as shown in
Fig. 15, Lehmann clusters can also be embedded in a thicker
field, for example, N = 5/2. In this case, the structure and the
energy per unit length 7 of a Lehmann cluster depend not only
on its orientation but also on the level z inside the sample.
When the orientation of the Lehmann cluster is given by the
azimuthal angle y and its position inside the stack by the
coordinate z, then its energy T depends, in principle, on both
variables: T = T(y,z). However, the energy T should be invariant
with respect to the operations of the screw symmetry axis of the
cholesteric helix. This requirement is satisfied when the ten-
sion T depends only on the linear combination y =y — 2nz/p
where p is the local pitch of the cholesteric helix:

T =1y — 2nzlp) (7)

This journal is © The Royal Society of Chemistry 2026

5 Larger sets of dislocation
topologically protected against
annihilation

5.1 Gathering together of Lehmann clusters

In the experiment depicted in Fig. 5, new Lehmann clusters
have been generated inside the N =1 field by local cholesteric —
isotropic — cholesteric phase transitions. Experiments show that
Lehmann clusters generated by this method inside the same
annular field labeled N between two adjacent b = p/2 dislocations
have tendency to gather together due to an attractive interaction
involving their own tension as well as the tensions of the b = p/2
dislocations.

For example, in Fig. 5b-d, two Lehmann clusters are gathered
together inside the N = 3/2 annular field, while in Fig. 16a, three
Lehmann clusters are gathered together inside the N = 1 field.

5.2 Immunity against annihilation of colliding Lehmann
clusters

We will point out now that the stability of sets of several
Lehmann clusters gathered together is of the same topological
nature as the stability of the individual Lehmann clusters made of
two dislocations with opposite Burgers vectors b = p and b = —p.

5.3 Models of the director field of the set of three Lehmann
clusters

For this purpose, let us consider models of the director field
inside cross sections (&,z) defined in Fig. 16a. In Fig. 16c, we

Soft Matter, 2026, 22,1825-1838 | 1833
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Fig. 15 Dependence of the structure and energy of Lehmann clusters on their z position inside a sample of thickness “N = 2.5". (a) Dependence of the
energy of Lehmann clusters on their z position. (b)—(f) Dependence of the structure of Lehmann clusters on their z position.

show four models corresponding to different orientations of
the three Lehmann clusters with respect to the anchoring
direction defined in Fig. 16b.

When the Lehmann clusters are orthogonal to the anchoring
direction, their director field has structures depicted in the first
and third rows of Fig. 16¢ labeled as GG’ or BB’ previously. In
these two cases, the director at the mid-height of the sample
(z=0) stays in the plane (£;,2) or (¢3,2) and rotates by the angle 0
in the anticlockwise or clockwise direction as already discussed
above.

On the other hand, when Lehmann clusters are parallel to
the anchoring direction, their director field has structures
depicted in the second and fourth rows of Fig. 16e. Here, the
director at the mid-height of the sample (z = 0) is orthogonal
respectively to the &, and &, axes and rotates by the angle 0
around them in anticlockwise or clockwise directions.

A model of the director field of this set of three Lehmann
clusters in the (&4,2) cross section defined in Fig. 16a is shown
in Fig. 16d. When mapped on the unit sphere in Fig. 16e,
it covers it three times. For z = 0, the director rotates by 6(¢,) in
the (¢4,2) plane and can be expressed as

n(x,0,0) = [cost(x),0,sin6(x)]

(8

where the function 0(¢,) is monotonically growing from 0 to 67.
Fig. 16f shows that the director fields n(¢,,0) and n(&,,0) form
respectively right-hand and left-hand helices. As in the mixtures
of 5CB with CB15, the cholesteric helix is dextrogyre; therefore,

1834 | Soft Matter, 2026, 22, 1825-1838

the structure of the Lehmann clusters depicted in the second
row of Fig. 16e has the lowest energy.

6 Skyrmionic topology perspective

It is instructive to analyze the structures discussed above from
the perspective of topological solitons like skyrmion and frac-
tional skyrmion tubes.'®"" This analysis can also help connect-
ing the fundamental aspects of our findings in liquid crystals
with those in other physical systems, like colloidal and solid-
state magnets and optics.'*"®

6.1 Vectorization of the nonpolar director’s order parameter

The director fields of nonsingular solitonic structures corres-
ponding to b = p quasi-layer dislocations that we study here
can be smoothly vectorized by decorating the rod-like mole-
cules with unit vectors of different orientations in three
dimensions.' Such vectorization converts the nonpolar direc-
tor’s order parameter space of §%/Z, into S* This is possible
because all two-dimensional (and ones with higher dimension-
ality) topological soliton objects can be smoothly vectorized
without creating any extra singularities.'® The process of deco-
rating the nematic director field lines with vectors has the
actual physical implementation in molecular-colloidal chiral
liquid crystal systems where magnetically monodomain colloi-
dal particles can be doped into the nonpolar molecular nematic
host medium, so that unit vectors due to magnetic moments of

This journal is © The Royal Society of Chemistry 2026
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View in a microscope. (b) Four different orientations of Lehmann clusters with
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respect to the anchoring direction. (c) Director fields corresponding to the four orientations defined in (b). (d) Singularity-free model of the director field

Topologically protected sets of three Lehmann clusters.
in the (¢4, 2) cross section along the &;-axis, defined in

Fig. 16

which is parallel to the anchoring direction on mica surfaces. (e) The mapping of the director

a),

(

0 along the &,-axis forms a right-hand helix, while along the &4-axis,

field onto the unit sphere covers it three times. (f) The director field at mid-height z

the helix is levogyre.
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the nanoplates align in one of the two non-distinguishable
orientations of the director with nonpolar symmetry."* The
finite-length fragments of Lehman clusters (skyrmion tubes)
in a bulk of chiral nematic are known terminating on point
defects,"! which, similar to skyrmion tubes themeselves, can be
also smoothly vectorized.

6.2 Equivalence between the Lehmann clusters and skyrmion
tubes

From the homotopy theory, n,(5%) = Z."%*° Therefore, topologi-
cally stable skyrmion tubes are allowed and expected in chiral
nematics, similar to a host of other media in which such
configurations have been studied recently.'”'” In fact, Lehman
clusters have been previously identified as such objects in both
nonpolar molecular and ferromagnetic colloidal chiral liquid
crystals.’*°

Since the homotopy theory description of skyrmion tubes
and singular point defects in 3D is similar, with m,(5%) =
z,'0192122 it is natural that the fragments of the skyrmion
tubes would terminate at the the topological objects with
monopole topology of the same homotopy class m,(S%) = Z,'*
which can be found in the micrographs shown in Fig. 4d and
in Fig. 17.

6.3 Equivalence between b = p dislocations and merons

Each interacting nonsigular quasi-layer dislocation can be inter-
preted as a meron (also often referred to as “half-skyrmion”).">*>
Depending on the relative signs of the fractional skyrmions
numbers of merons, they can either annihilate (for the case of
opposite signs) or combine into a composite topological soliton
with an integer-valued skyrmion number."® We note that the
relative signs of the skyrmion numbers can be determined
upon smooth vectorization of the director field, though the

l

3 - d
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procedure of mapping the director field patterns onto the two-
sphere that we use is equivalent to it because S is the order
parameter space for the unit vector field in 3D.

6.4 Skyrmions and merons embedded into helical
background

The skyrmions and merons embedded into helical background
have been explored extensively in chiral non-centrosymmetric
magnets and light fields,"'**® in magnetic colloidal liquid
crystals,"® as well as other research fields where they often have
structures vividly similar to the quasi-layer dislocations and
Lehman clusters in chiral nematic liquid crystals.®1%1*16:24
From the skyrmionic topology perspective, the three Lehman
clusters shown in Fig. 3a are skyrmion tubes of the same
elementary skyrmion number, each composed of pairs of
merons in the form of inter-bonded quasi-layer dislocations
of B-B or G-G type in the helicoidal director field, interacting
with each other repulsively. In addition to the prevalent case of
the two merons (dislocations) being located at the same depth
level, situations can arise when the dislocations would be
localized at different levels of the quasi-layered system of the
chiral nematic medium (see such an example in Fig. 15a and b
in ref. 1). In this case, additional energetic stability can be
endowed to the dislocations (merons) by the need of continuity
of helical quasi-layers that separate them.

6.5 Chiral nematics as a playground of merons and
skyrmions: fundamentals and utility

The high experimental accessibility of chiral nematic liquid
crystals allows us to see in great detail the processes of
annihilation and hybridization of merons that in the end form
topologically stable skyrmion tubes. While the structures we
depict are shown in highly simplified schematic forms, which

Fig. 17 Monopoles located at extremities of a skyrmion tube of finite length. (a) Lehmann cluster of finite length observed in experiments (see Fig. 4d).
It is equivalent to a skyrmion tube. One of its extremities is located inside a cuboid box. (b) Director field on surfaces of the cuboid. (c) Director field from
the rectangle R1 covers the south hemisphere. (d) Director field from the rectangle R2 covers the north hemisphere. (d) Director field from the surface of
the whole cuboid covers the whole unit sphere. Note the presence of a p/2 kink on the U-turn of the dislocation forming the skyrmion tube (Lehmann

cluster).
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allow us to directly convey the implications of mappings from
physical configurational space to order parameter space in
terms of topological protection and stability, we note that
geometrically different but topologically the same configura-
tions can be observed when the axes of the skyrmion or meron
tubes are smoothly translated across the depth of the sample
(helical axis).

The topological and energetic stability of such structures
may allow for their technological utility in applications like
guiding beams of light.>>*” In the past, structures of optical
axis associated with various defects and topological solitons
were utilized in controlling light mainly in non-chiral nematic
media, whereas the opportunities that can be potentially pre-
sented by the chiral nematic topological solitons have been
largely overlooked despite the fact that they would be capable of
guiding and steering laser light,>®*” calling for future research
in this direction.

7 Conclusions and outlook

The very good experimental accessibility of liquid crystal-
line topological structures allowed us to explore the nature of
nonsingular quasi-layer dislocations and their interactions
when embedded within the chiral nematic’s helical back-
ground, demonstrating how Lehman clusters and b = p dis-
locations can be understood as translationally invariant
skyrmion and meron tubes. We demonstrated that the stability
of these objects is enhanced by the phenomenon known in the
liquid crystal field as the “escape into the third dimension” of
the director field, effectively endowing the chiral topological
soliton nature to these structures. We showed that from a
topological point of view, the Lehmann clusters can be inter-
pretted as skyrmion tubes, with topologically monopole-like
structures at their extremities in the case of their finite length.
Our findings may provide vivid insights into solitonic-topology-
enriched physical behavior that could have analogues in
other research fields, like magnetism and optics and pure
mathematics,">'>'7*’% as well as could have technological
utility ranging from waveguiding laser light**® to the control
of surface topography in cholesteric elastomers. The study of
similar objects in magnets has the potential for enabling
various new types of data storage,'> where our work presented
here could serve as an inspiration.
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