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Exact integrated equations to describe diffusion
kinetics

Swapnil Daxini,a Jack A. Barnesb and Hans-Peter Loock *c

Crank’s solutions for Fick’s second law remain the foundation of diffusion kinetics models, yet many studies use

simplified forms of these solutions for fitting experimental data. Here, we derive and summarize the exact

diffusion equations that can be used to model the analyte uptake and release in permeable films, with

emphasis on two cases: a free-standing film and a film mounted on an impermeable substrate. For both cases,

we present the analytical expressions and their integrated forms. The integrations consider two different

experimental scenarios that are common when measuring the kinetics of analyte uptake and desorption: (1) the

average analyte concentration is determined across the entire film and (2) the average concentration of analyte

is determined in a localized region of interest. While the former is relevant to, e.g. gravimetric measurements,

the latter is particularly relevant to plasmonic sensing applications and evanescent field interactions, where the

measurable signal is dependent on the analyte concentration near the film interface. We provide a

comprehensive framework for fitting experimental diffusion curves to physically meaningful models, enabling a

more accurate determination of diffusion coefficients across a range of polymer–analyte systems.

1. Introduction

In his seminal 1956 book ‘‘The mathematics of diffusion’’, John
Crank derived the differential equations describing Fick’s law of
diffusion for two limiting but common cases: (1) the diffusion of
an analyte into a film that is supported by an impermeable
substrate, and (2) the diffusion of an analyte into a free-standing
film that has no analyte entering from the opposing side1 (Fig. 1).

Both are one-dimensional diffusion problems, and a straight-
forward and exact analytical solution can be obtained by
integration that describes the kinetics of diffusion. Indeed,
the measurement of the relative analyte concentrations in a
film as a function of time is one of the most common methods
to determine the diffusion rate.

Experimental concentration measurements, obtained either
as an average of the concentration of the analyte in the entire film
or taken at a particular distance from its surface, can be used to
obtain the diffusion constant for the particular film:analyte system
by fitting to the equations describing the diffusion kinetics. The
concentration is obtained from some measured property, X(y, t),
that has to scale linearly with the concentration of the analyte and
could be the mass of the film,2 or its polarizability volume,3,4 its
fluorescence intensity,5 or its absorbance,6 among others. These
properties can be determined from primary measurements such

as optical transmission,6 refractive index measurements,4 optical7

or mechanical8 resonance frequency shifts, etc. Since the
measurement site and the film thickness, d, are usually known,
these fits only require two variables, i.e. the diffusion
constant, D, and a property that describes the equilibrium
concentration of the analyte in the film, XN.

While the exact diffusion equations are readily derived, most
chemists use much simpler equations to fit the diffusion
kinetics, and to obtain the diffusion constants. These are based
on the exponential asymptotic growth function for analyte
entering the film and on the exponential decay function for
analyte diffusing out of a film

�X tð Þ ¼ X1 1� exp �Dp2t
4d2

� �� �

�X tð Þ ¼ X1 exp �Dp2t
4d2

� �
:

(1)

With these equations one can obtain an expression for the
diffusion constants based on the saturated concentration by
observing the half-concentration, the initial or the limiting
slope.2,9 As was mentioned previously, these functions are first-
order approximations to the exact analytical functions,3,10 and
provide a comparably poor fit in some cases, particularly when
there is uncertainty in the value of the saturated concentration. A
10% deviation in the saturated concentration can lead to an error
of up to 50% in the estimation of the diffusion constant.11

In this contribution we provide ‘‘ready-to-use’’ integrated
equations that allow a practitioner to obtain accurate diffusion
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constants by fitting. Despite their slightly more complex form
they are readily incorporated into any fitting algorithm and use
the same number of parameters as their first-order approxima-
tions. For convenience, a short Matlab script that contains the
relevant functions is included in the SI.

2. Theoretical model

In his book ‘‘The mathematics of diffusion’’ in 19561 John Crank
derived equations to describe the diffusion kinetics of analytes
into a free-standing membrane and into a film supported by an
impermeable substrate. He solved Fick’s second law of diffusion

@X

@t
¼ D

@2X

@y2
(2)

for several different cases. In the following we assume that the
diffusion constant, D, is, in fact, a constant and that the film does
not swell or shrink during the diffusion processes.

The Fickian diffusion model is appropriate for polymer
networks for tracer diffusion, i.e. when the analyte concen-
tration is very low12 – an assumption that we consider valid
throughout this article. Fickian diffusion is also adequate at
higher analyte concentrations, when the temperature is well
above the glass transition temperature of the film.

Crank solved the partial differential eqn (2) by separation of
variables

X(y, t) = C(y)T(t) (3)

and obtained a general solution of the form:

Xðy; tÞ ¼
X1
m¼1

Am sin lmyþ Bm cos lmyð Þ exp �lm2Dt
� �

: (4)

The constants Am, Bm, and lm, are determined using the respective
boundary and initial conditions of the problem. In the present
cases we determine the boundary conditions to represent a perme-
able membrane and an impermeable membrane, with the analyte
concentration being represented by the experimental observable, X.

3. Film on an impermeable substrate

Assume first that the film is accessible to the analyte at one face
and impermeable at the opposite face. We can then treat the
problem as one-dimensional diffusion through a plane of finite
thickness within an infinite reservoir of analyte.

In this case, we assume that the surface of the membrane
(y = d) is maintained at constant concentration of X1, and

we do not have any diffusion across the substrate support of the
membrane (y = 0). Thus, the boundary conditions are given by

Xðy; 0Þ ¼ X0

X d; tð Þ ¼ X1

@X 0; tð Þ
@y

¼ 0

(5)

With these boundary conditions, Crank analytically solved the
problem of diffusion into a film of finite thickness that is
mounted on one impermeable wall1 and obtained an equation
containing an infinite sum of exponentials

Xðy; tÞ � X0

X1 � X0
¼ 1� 4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �"

� cos 2mþ 1ð Þpy
2d

� 	i
:

(6)

At short times, a large number of terms in the sum are required,
and the following approximate solution is more practical:

Xðy; tÞ � X0

X1 � X0
¼
X1
m¼0
�1ð Þmerfc 2mþ 1ð Þd � y

2
ffiffiffiffiffiffi
Dt
p

� �

þ
X1
m¼0
�1ð Þmerfc 2mþ 1ð Þd þ y

2
ffiffiffiffiffiffi
Dt
p

� �
:

(7)

Balik described a blended model that uses one-term approxima-
tions of (6) and (7), and a switching function to shift the weight
between the two equations as a function of time2

Xðy; tÞ � X0

X1 � X0
¼ f tð ÞF y; tð Þ þ 1� f tð Þ½ �G y; tð Þ: (8)

where, F(y, t) and G(y, t) are the right-hand-sides of (6) and (7)
truncated to a single term (m = 0), and f(t) is the Fermi function

f tð Þ ¼ 1� exp
t 0 � a

b

� �� ��1
(9)

that shifts the weight between the two functions with time. The
reduced time is t0 = Dt/d2, and a = 0.05326 and b = 0.004 were
determined to give an optimal fit.

With today’s computing abilities there is no longer a need
for these complications and calculating 20–50 terms for very
short time scales and at 3–5 terms at longer timescales is
readily possible, and probably simpler.

3.1. Concentration gradients for the impermeable substrate

In (6) and (7), X0 is the initial concentration in the film and X1 is
the equilibrium concentration of the analyte in the film. If the
film is initially free of analyte, X0 = 0, as is the case for many
absorption experiments, we can write (6) as:

Xðy; tÞ ¼ X1 1� 4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �"

� cos 2mþ 1ð Þpy
2d

� 	i
:

(10)

Fig. 1 Boundary conditions and integration bounds for a film (yellow) on
an impermeable (left, grey) and permeable substrate (right) as described in
the text.
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The limiting case at t - N gives the uniform equilibrium
concentration XN = X1. The other limiting case at t = 0 reduces
(10) to X0 = 0, as the second term in the brackets becomes unity
when applying the Leibnitz expression:

p
4
¼
X1
m¼0

�1ð Þm

2mþ 1
(11)

For the desorption case, we can take the initial concentration
within the membrane to be XN, i.e. the equilibrium concen-
tration for absorption, and since X1 = 0, we obtain

Xðy; tÞ ¼ X1
4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �

� cos 2mþ 1ð Þpy
2d

� 	 (12)

Fig. 2 shows the concentration gradients, X(y, t), across the film
for the absorption process described by (10) (Fig. 2A) and the
desorption process described by (12) (Fig. 2C). The diffusion
coefficient was set to D = 1 � 10�6 cm2 s�1 and the thickness of
the film to d = 0.01 cm. The red traces show the concentration
profile in the film at t = 0.1 s then from 1 s to 19 s in 2 second
increments (blue) and finally from 30–150 s in 15 second
increments (black) using (10). The curves are separated by a
time interval of Dt/t = 0.37 (black curves) and Dt/t = 0.05 (blue)
where the characteristic diffusion time is t = p2Dt/4d2.

We now evaluate X(t) for two limiting, but common cases.
We derive two equations that permit the determination of
the diffusion constant from either the average concentration of
the analyte in the polymer film or from the concentration near the
film–substrate interface. When measuring the temporal evolution

of measurement X(t), we can then distinguish between these
two cases.

Case (A): the measurement samples only a small sliver of the
film (thickness: dy) near the bottom (y = 0) or top (y = d) surface,

�Xðdy; tÞ ¼ 1

dy

ðdy
or
y¼0

y¼d

Xðy; tÞdy: (13)

Case (B): the measurement samples the concentration of the
analyte over the entire film thickness:

�XðtÞ ¼ 1

d

ðd
y¼0

Xðy; tÞdy: (14)

Examples for the first case are measurements of the evanescent
wave absorption or fluorescence, or when plasmonic interac-
tions or critical angles are used to determine the film’s refrac-
tive index near the substrate interface. The second case applies
when gravimetric or optical density measurements are used to
follow the analyte concentration.

3.2. Interface concentration (impermeable substrate)

For Case (A) measurements, one integrates (10) between y = 0
and dy.

�X tð Þ ¼ 1

dy

ðdy
y¼0

X1 1� 4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �"

� cos 2mþ 1ð Þpy
2d

� 	i
dy:

(15)

which yields

�XðtÞ ¼ X1 1� 8d

p2dy

X1
m¼0

�1ð Þm

2mþ 1ð Þ2
exp �Dp2ð2mþ 1Þ2t

4d2

� �"

� sin ð2mþ 1Þpdy
2d

� ��
:

(16)

Eqn (10) or (16) may be simplified for the concentration at the
substrate interface (y = 0), when the film is thick compared to
the penetration depth of the evanescent field, dy/d { 1, to give

XðtÞ ¼ X1 1� 4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �" #
(17)

For the desorption case, we can perform a similar integration
with (12) and the average concentration near the interface is
thus given by:

�XðtÞ ¼ X1
8d

p2dy

X1
m¼0

�1ð Þm

2mþ 1ð Þ2
exp �Dp2ð2mþ 1Þ2t

4d2

� �"

� sin ð2mþ 1Þpdy
2d

� ��
:

(18)

Fig. 2 Simulated concentration gradients and absorption/desorption
curves for supported films. (A) Concentration gradient of an analyte in a
film mounted on an impermeable substrate as a function of time from t =
0.01 to 150 s. The red curve represents the profile at t = 0.01 s. Each curve
is separated by Dt = 2 s for the lower 10 curves (blue) and by Dt = 15 s for
the top 9 curves (black). (B) Uptake curve of an analyte diffusion into a film
mounted on an impermeable substrate. The red curve shows the total
concentration throughout the film; the blue curve shows its average
concentration in the bottom 10% layer of the film. (C) and (D) as in (A)
and (B) but for a desorption case.
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As above, eqn (12) or (18) may also be simplified for dy/d { 1,
to give

XðtÞ ¼ X1
4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �
: (19)

Although (16) and (18) contain infinite sums of exponential
functions, fitting is straightforward, since the arguments of the
exponential functions are easily evaluated and the amplitude
factors (�1)m/(2m + 1)2 converge quickly to zero. For most
scenarios a fit with m = 3 to 5 should be sufficient.

3.3. Integrated concentration (impermeable substrate)

In Case B the average concentration of the analyte during its
absorption can be calculated by integration of (10) across the
film’s thickness, d, to obtain

�X tð Þ ¼ 1

d

ðd
y¼0

X1 1� 4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �"

�cos 2mþ 1ð Þpy
2d

� 	i
dy;

(20)

which simplifies to

�X tð Þ ¼ X1 1� 8

p2
X1
m¼0

1

2mþ 1ð Þ2
exp �D 2mþ 1ð Þ2p

2t

4d2

� �" #
:

(21)

Similarly, the average concentration during desorption is
given by

�X tð Þ ¼ X1
8

p2
X1
m¼0

1

2mþ 1ð Þ2
exp �D 2mþ 1ð Þ2p

2t

4d2

� �
: (22)

Again, the diffusion coefficient, D, may be obtained by fitting as
long as the thickness, d, is known.

Fig. 2B shows the concentration X(y, t) near the substrate
interface, from (16) and the average concentration through the
entire film, %X(t) from (20), whereas Fig. 2B shows the respective
desorption curves calculated using (18) and (22). Fifty exponen-
tial terms were included in the calculation of concentration
profiles and of %X(t).

4. Free-standing film

Absorption and desorption processes involving diffusion into a
free-standing film, i.e. having either a fully permeable support
or no support, can be described in analogy to the case of the
supported film (see Fig. 1). The boundary conditions are now
given by:

X 0o yo d; 0ð Þ ¼ f ðyÞ

X d; tð Þ ¼ X1

X 0; tð Þ ¼ X2

(23)

4.1. Concentration gradients for the free-standing film

The general solution of (4) with the boundary conditions in (23)
is given by

X y; tð Þ ¼ X2 þ X1 � X2ð Þy
d

þ 2

p

X1
n¼1

X1 cos np� X2

n
sin

npy
d

exp �Dn2p2t
d2

� �

þ 2

d

X1
n¼1

sin
npy
d

exp �Dn2p2t
d2

� �ðd
0

f y0ð Þ sin npy
0

d
dy0

(24)

Here, f (y) describes the initial distribution of analyte within the
film. In most absorption experiments f (y) is either equal to zero
or a constant. For the two-sided desorption process, we con-
sider an initial constant concentration throughout the film, as
well as a linear concentration gradient as it might be obtained
following one-sided absorption process.

Setting y = 0 reduces (24) to X(0, t) = X2 for all times.
Similarly, at t = 0 eqn (24) yields f (y), i.e. the boundary
conditions are met.

During absorption, we typically assume that the film is
initially free of analyte, f (y) = 0 and that the analyte emerging
from the low concentration face is carried promptly away, X2 =
0. We can then simplify (24) to obtain

X y; tð Þ ¼ X1
y

d
þ 2

p

X1
n¼1

�1ð Þn

n
sin

npy
d

exp �Dn2p2t
d2

� �" #
(25)

Fig. 3A shows the concentration gradients described by (25)
following one-sided absorption into a permeable film, where we
assume that the analyte can be completely removed from the
opposite surface. Note that the red, blue and black lines
correspond to lower time intervals than in Fig. 2A and C. The
steady-state analyte distribution following one-sided absorp-
tion into a permeable membrane (Fig. 3A) is simply given by

f yð Þ ¼ X1

d
y: (26)

For the desorption case for the permeable membrane, we
consider two different cases.

We first consider the case where at the start of the process
the linear concentration gradient of (26) is present. The concen-
tration gradients during desorption are then evaluated using
(24) with (26), and for X1 = X2 = 0:

X y; tð Þ ¼ 2X1

p

X1
n¼1

�1ð Þn

n
sin

npy
d

exp �Dn2p2t
d2

� �
(27)

The concentration gradients of the desorption process from
(27) are given in Fig. 3C.

Alternatively, we can consider the case when the analyte
within the film is at a constant uniform concentration X0, and,
as before, the initial conditions are given by X1 = X2 = 0.
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Applying these boundary conditions to (24) gives

X y; tð Þ ¼ 4X0

p

X1
m¼0

1

2mþ 1
exp �D 2mþ 1ð Þ2p2t

d2

 !"

� sin
2mþ 1ð Þpy

d

�
:

(28)

These gradients are presented in Fig. 3E.

4.2. Analyte flow through the free-standing film

Many researchers determine the diffusion constant, and the
solubility of the analyte in the film using the rate, dQ/dt, at
which the analyte emerges from the low-concentration side of the
film. The rate of analyte emerging from the film is given by13

dQ

dt
¼ D

@X

@y

� �
y¼0

(29)

and can then be determined from (24) with f (y) = X0 as

Q ¼ D X1 � X2ð Þ t
d

þ 2d

p2
X1
n¼1

X1 cos np� X2

n2
1� exp �Dn2p2t

d2

� �� �

þ 4X0d

p2
X1
m¼0

1

2mþ 1ð Þ2
1� exp �D 2mþ 1ð Þ2p2t

d2

 ! !
:

(30)

In most experiments the analyte concentration can initially be set
to zero, X0 = 0, and the concentration at the low concentration
side of the film can also assumed to remain zero, X2 = 0 so that
(30) is simplified to

Q

X1d
¼ Dt

d2
� 1

6
� 2

p2
X1
n¼1

�1ð Þn

n2
exp �Dn2p2t

d2

� �
(31)

At steady state t - N and all exponential terms in (31) tend to
zero. Only the first two terms in (31) remain, giving a linear
concentration gradient between the top and bottom surface of
the film.

X y;1ð Þ ¼ X2 þ X1 � X2ð Þy
d

(32)

With an average concentration of

X1 ¼
X1 þ X2

2
: (33)

This forms a steady-state concentration gradient that is main-
tained even though analyte continues to flow through the film.
From (31) the production at steady state is given as

Q ¼ DX1

d
t� d2

6D

� �
(34)

The flow rate at steady state is constant at

dQ

dt
¼ DX1

d
(35)

and depends on the analyte concentration, X1, at the top (y = d) of
the film. The diffusion constant can also be determined from the
time lag, i.e. the intercept of (34):

L ¼ d2

6D
(36)

which no longer depends on the concentration.

4.3. Interface concentration (free-standing film)

Fig. 3 Simulated concentration gradients and absorption/desorption
curves for free-standing films. (A) Concentration gradient of an analyte in a
film mounted on a permeable substrate as a function of time from t = 0.1 to
50 s. The red curve represents the profile at t = 0.1 s. Each curve is separated
by Dt = 1 s for the lower 10 curves (blue) and by Dt = 4 s for the top 10 curves
(black). (B) Uptake curve of an analyte diffusion into a film mounted on a
permeable substrate. The red curve shows the total concentration throughout
the film; the blue curve shows its average concentration in the bottom 10%
layer of the film. (C) and (D) show the desorption curves with a permeable
membrane for a case of linear initial concentration. (E) and (F) Show the
desorption curves for a uniform initial concentration.

X tð Þ ¼ X2 þ
1

y2 � y1
�

X1 � X2ð Þ
2d

y2
2 � y1

2
� �

� 2d

p2
P1
n¼1

X1 cos np� X2

n2
cos

npy2
d
� cos

npy1
d

� 	
exp �Dn2p2t

d2

� �

�4dX0

p2
P1
m¼0

1

2mþ 1ð Þ2
cos

2mþ 1ð Þpy2
d

� cos
2mþ 1ð Þpy1

d

� �
exp �D 2mþ 1ð Þ2p2t

d2

 !
2
666664

3
777775 (37)
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Although the concentrations at the top and bottom surface
of the film are bounded by eqn (23) to give X1 and X2,
respectively, it is for some experiments important to consider
the concentration in a small sliver of the film as it might be
interrogated by e.g. surface-specific optical techniques.

Similar to the impermeable membrane, we can find the
average analyte concentration for absorption within a region
defined by y1 and y2 through integration of (24) with f (y) = X0 to
obtain (37).

Assuming that all analyte which is exiting the film is carried
away (X2 = 0) and that the initial concentration throughout the
film is X0 = 0, the equation for the absorption process becomes:

X tð Þ
X1

¼
y2

2 � y1
2

� �
2d y2 � y1ð Þ �

2d

y2 � y1ð Þp2

�
X1
n¼1

ð�1Þn
n2

cos
npy2
d
� cos

npy1
d

� 	
exp �Dn2p2t

d2

� �

(38)

Within the range of the evanescent interactions (y1 = 0; y2 = dy),
we obtain the simple expression for an analyte uptake process

�X dy; tð Þ ¼ X1
dy
2d
þ 2d

dyp2
X1
n¼1

ð�1Þn
n2

1� cos
npdy
d

� �
exp �Dn2p2t

d2

� �" #

(39)

which approaches asymptotically the constant concentration

�X dy;1ð Þ ¼ dy
2d

X1: (40)

The blue line in Fig. 3B describes the time evolution of the
measured concentration according to (39).

For the two desorption cases (X1 = X2 = 0; f (y) a 0)
mentioned above, we can, again, consider a constant initial
concentration, X0 = %X(dy,N). Within the range of the evanes-
cent interaction, we obtain the integrated expression

�X tð Þ

¼ �X dy;1ð Þ 4d
dyp2

�
X1
m¼0

1

ð2mþ 1Þ2 1� cos
ð2mþ 1Þpdy

d

� �
exp �Dð2mþ 1Þ2p2t

d2

� �" #
:

(41)

The blue line in Fig. 3D describes the time evolution of the
measured concentration according to (41).

Alternatively, we can consider the case with a linear concen-
tration gradient described by (26), and perform a similar
integration of (24) within the range of the evanescent field
to obtain

�X tð Þ ¼ X1
2d

dyp2
X1
n¼1

�1ð Þn

n2
cos

npdy
d
� 1

� �
exp �Dn2p2t

d2

� �" #
:

(42)

This time evolution is given by the blue line in Fig. 3F.

4.4. Integrated concentration (free-standing film)

When calculating the concentration of analyte upon one-sided
absorption into a freestanding film, the average concentration
of the analyte across the entire film can be calculated as
a function of time by integration of (24) across the film’s
thickness, d. This corresponds to setting y1 = 0 and y2 = d in
(38). The average analyte concentration upon absorption is then
given by

�X tð Þ ¼ X1
1

2
� 2

p2
X1
n¼1

1

n2
1� ð�1Þnð Þ exp �Dn2p2t

d2

� �" #
(43)

which can be simplified by omitting all terms with zero value
from the sum:

�X tð Þ ¼ X1
1

2
� 4

p2
X1
m¼0

1

ð2mþ 1Þ2 exp �
Dð2mþ 1Þ2p2t

d2

� �" #
(44)

where we, again, assumed that X2 = 0 and that the initial
concentration is X0 = 0. The red line in Fig. 3B describes the
time evolution of the measured concentration in (44).

For the desorption process we, first, consider a uniform
initial concentration, X0 = XN. With X1 = X2 = 0 eqn (41)
becomes

�X tð Þ
�X d;1ð Þ ¼

8

p2
X1
m¼0

1

ð2mþ 1Þ2 exp �
D 2mþ 1ð Þ2p2t

d2

 !
(45)

The red line in Fig. 3D describes the time evolution of the
measured concentration according to (45). If we, instead, start
out with a concentration gradient as in (26), the average analyte
in the film during desorption is given by:

�X tð Þ
X1
¼ 4

p2
X1
m¼0

1

2mþ 1ð Þ2
exp �D 2mþ 1ð Þ2p2t

d2

 !
(46)

This time evolution is given by the red line in Fig. 3F. In all
figures shown here, we included fifty exponential terms.

5. Estimate of improvement over
single-term fits

How much error is introduced by terminating the infinite sums
after the first term? In the following, we synthesize noisy data
points for the uptake of an analyte into a supported film
expected from eqn (17) or (21) each having 20 terms in the
sum. We then fit the data using both the accurate equations
and the one-term approximation and compare the error intro-
duced by terminating the sum after just one term.

As mentioned, many reported diffusion constants are
obtained using the uptake eqn (1) which may be seen as a
one-term approximation of (17) or (21)

�X tð Þ ¼ X1 1� exp �Dp2 t� dtð Þ
4d2

� �� �
(47)
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with the characteristic diffusion time

t ¼ 4d2

Dp2
: (48)

In (47) we included a time lag term, dt, to account for the offset
that is observed in concentration measurements in evanescent
field interactions.

The accurate equations for the concentration near the sup-
port are instead given by eqn (17)

Xðy; tÞ ¼ X1 1� 4

p

X1
m¼0

�1ð Þm

2mþ 1
exp �D 2mþ 1ð Þ2p

2t

4d2

� �" #

where we assumed that the evanescent field depth, dy, is very
small compared to d. When the concentration is measured,
instead, over the entire film, we used eqn (21)

�X tð Þ ¼ X1 1� 8

p2
X1
m¼0

1

2mþ 1ð Þ2
exp �D 2mþ 1ð Þ2p

2t

4d2

� �" #

The systematic error that is introduced by neglecting all higher
terms in the expansion and using (47) instead of (17) or (21)
depends somewhat on the properties of the dataset. Here, we
considered only datasets containing 600 data points and, also,
introduced about 1% of amplitude noise to simulate experi-
mental concentration measurements and corresponding fitting
errors.

Given the strong deviation of (47) compared to (17) or (21) at
early times, we found that the systematic error of the fit to
eqn (47) depended on the fraction of fitted data that fall into
the early segment of the curve, i.e. when t o 5t.

To estimate the error in D that is introduced by fitting to (47)
instead of (17) or (21) we synthesized datasets with common
d = 10 mm, each sampled for 300 s with a sampling rate of 2 Hz
(600 data points). To change the diffusion time, t, with respect
to the length of the sampling window, DtS, we produced 1000
datasets having values of D from D = 1.0 � 10�8 cm2 s�1 (t =
40.5 s) to D = 0.1 � 10�8 cm2 s�1 (t = 405 s), while keeping the
size of the sample window constant at DtS = 300 s. In each case,
the simulated data is fit using a least-squares method with the
diffusion constant, D, and asymptotic concentration, C1, as the
fitting parameters.

Fig. 4A and B show the systematic error of the diffusion
constant, D, as a function of the relative sampling windows
length, i.e. as DtS/t. It is apparent that for all models the error is
reduced when the concentrations are sampled to within about
1% of the asymptotic limit, i.e. when DtS 4 5t.

It is also apparent that the approximate solutions of (47) (red
and purple curves) are inferior compared to the exact solutions
(green and blue curves) given by (17) (Fig. 4A) and (21) (Fig. 4B).

The fractional error associated with the fit dD/D is listed in
the last column of Table 1. It was obtained by fitting multiple
synthetic uptake curves with t = 5DtS having 1% random noise.
The error is therefore comprised of the fitting uncertainty
(o1%) and the systemic error arising from the quality of
the model.

When the time lag, dt, was added as a fitting parameter, the
quality of the fit to the approximate eqn (47) improved (red
curves). The fitted time lag is positive for the evanescent field
measurements (Fig. 4A and C, Table 1) as expected. When fitting
the integrated concentration measurements (Fig. 4B and D) we
found, however, that dt o 0. This unphysical solution illustrates
the limitations of the approximate model of (47).

Introducing the time lag, dt, as a fitting parameter for the
exact equations provides no advantage. First, the time lag
determined from the fit is only 1 s or less in a 300 s sampling
window and has a fitting error of similar magnitude. More
importantly, the determination of the diffusion constant does

Fig. 4 (A) Fractional fit error of diffusion constant, D, as a function of the
number of characteristic diffusion times, t, sampled for evanescent film
concentration, and (B) for average film concentration using synthetic data.
Both plots show the error obtained when using the approximate solution,
eqn (47), with (red) and without time lag (purple) as a fitting parameter. The
blue and green curves show the fit error when using the exact solutions,
(17) and (21), with and without time lag, respectively. The dashed lines
represent the fit error for a dataset sampled for 5t. (C) Synthetic data
sampled for 5t for evanescent wave measurement, and (D) average
concentration measurement, fit with, both approximate and exact solu-
tions with and without time lag as a fitting parameter.

Table 1 Systematic fractional error in the determination of the diffusion
constant D, when using different equations for the fit to the synthetic data
in Fig. 4. The asterisk indicates that the error is dominated by the
uncertainty in the fit. The colours correspond to the line colours in
Fig. 4. Details are given in the text
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not substantially improve by including the time lag as an
additional parameter. If the start point of the process is well
known, it should not be necessary to include the time lag
parameter in the fit.

6. Conclusions

It may be surprising that a discussion of one-dimensional
diffusion processes is of relevance nearly 70 years after Crank
laid the foundation with his mathematical models. This paper
should have been published 65 years ago – well before the
authors were born.

And, yet, it appears that the exact numerical models col-
lected and provided by Crank have either been forgotten or
have not been commonly applied. To the best of our knowl-
edge, there are no reports, yet, of the integrated equations that
are required for fitting experimental data.

We hope that our work may help those who need to extract
accurate diffusion constants from experimental data, and
believe that future diffusion models no longer have to rely on
a first-order approximation as given in (1).

We presented only 1-D diffusion through a plane sheet, but
those models are readily expanded to other diffusion geome-
tries. In the 1950s Crank already discussed diffusion through a
cylinder and through a sphere,1 and these expressions may be
integrated similarly to those for the plane sheet.

Time-varying concentrations are posing another interesting
variant of the diffusion problem. We believe that they may be
best addressed by treating, for example, (17) or (21) as equiva-
lent to transfer functions, that describe the impulse response of
a system. The system’s response to more complex inputs such
as varying concentration, thickness, or even diffusion rate may
then be calculated using the respective Laplace transforms.

Finally, we emphasize that it is much easier to control
‘‘experimental parameters’’ in simulations than in experi-
ments. Diffusion constants may be erroneous or have large
uncertainties due to many experimental uncertainties. For
example, in this study we assumed that the uncertainty (or
variation) of the film’s thickness, d, does not limit the accuracy
of the measurement of the diffusion constant, D. As is apparent
from all integrated equations, a 10% experimental error in d
generates a 21% error in D. Experimental uncertainties can
therefore also contribute to the decrease of accuracy of the
value of the measured diffusion constant.

7. MatLab functions

To make the – admittedly confusing – equations somewhat
more accessible we provide the key equations using Matlab
code. In the supplementary information eqn (16), (18), (20) and
(22) for a film mounted on an impermeable substrate are given
as Matlab functions to which experimental data may be fit. We
also provide Matlab functions for (39), (41), (42), (44), (45), and
(46) that describe absorption and desorption of analyte into a
free-standing film. These functions are illustrated in the right

columns of Fig. 2 and 3. The average concentrations are calcu-
lated either by integrating over a small sliver of the film (red
lines) or over the entire film (blue lines). The former is relevant,
for example, for evanescent field or plasmonic interaction mea-
surements. The latter pertains to gravimetric, optical absorption
or bulk refractive index measurements of concentration.

In the SI we also provide the equations to generate the
concentration gradients and provide examples for the use of
some of these functions.
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