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strain remain not fully understood, even when the strain amplitude is very small and well below

the yielding threshold. Systems above the jamming transition point @ are known to display two

anomalous mechanical behaviors with respect to the driving frequency @ (or time ¢) and the strain

amplitude 7.

In the linear-response regime (v — 0), the complex modulus exhibits an algebraic

scaling, G(®) ~ @'/2 (or G(r) ~ /2 in the time representation). In contrast, in the quasi-static

limit (@ — 0), the modulus shows the nonlinear behavior, G(y) ~ y~1/2,

a phenomenon referred

to as softening. The ranges of @ and 7y over which these algebraic scalings hold broaden as ¢y is
approached from above, whereas both G(®) and G(7y) vanish for ¢ < @y. In this study, we investigate
the mechanical response in the regime where these two anomalies coexist in the vicinity of ¢;. To this

end, we perform numerical analyses using two rheological protocols: oscillatory shear and transient

stress relaxation. Our results demonstrate that the mechanical responses are not simply described

as a superposition of the two algebraic relaxations and instead exhibit rich nonlinear viscoelastic
behavior both above and even below ¢y.

1 Introduction

Disordered packings of athermal particles, such as emulsions,
non-Brownian suspensions, granular materials, and foams, be-
come rigid when their density, or packing fraction ¢, exceeds
the jamming transition point ¢;¥. For frictionless spherical par-
ticles, various scaling laws and universal behaviors near ¢; have
been established?®. In particular, the algebraic dependence of
the contact number and pressure on §¢ = ¢ — @y, the emergence
of diverging length scales, and the universal spectrum of the vi-
brational density of states have been identified in both simula-
tions2#5 and experiments®?, and explained by theoretical ap-
proaches®™ ™, These results characterize the properties of pack-
ings in the absence of applied stress.

Jammed systems also exhibit rich mechanical and rheological
behaviors when subjected to external stress or shear deformation.
Thus far, studies of the mechanical response near the jamming
transition have primarily followed two main directions: steady-
shear rheology and the response to small shear strains. In the
former case, the main focus is on the relationship between shear
stress o and the shear rate 7. For example, the shear viscosity,
n = /7, of non-Brownian suspensions diverges as 1 ~ |5¢| P
below ¢y, while, above ¢y, the shear stress is well described by the
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Herschel-Bulkley law, ¢ = oy +C7". The positive exponents S, n,
together with the yield stress defined as oy, = o(y — 0), serve as
key indicators of the critical behavior associated with the jamming
transition ™28,

The latter case, the response to small shear strains, is the main
focus of this study. A jammed packing behaves as an elastic solid
at very small y but upon increasing 7, it yields and enters the
plastic regime at a finite strain P723 1t is known that, even in
the pre-yielding regime, where 7y is well below ¥, jammed pack-
ings exhibit highly nontrivial mechanical properties, owing to the
marginal stability inherent to jamming criticality, in contrast to
other amorphous solids. In particular, two distinct anomalous
algebraic scalings for the mechanical response function are ob-
served. One is the scale-free frequency dependence of the vis-
coelastic complex modulus. As the system approaches ¢; from
above, the complex shear modulus, G*(0) = G'(®) +iG" (w), de-
velops a power-law behavior, G*(w) ~ A®'/? (hereafter referred
to as the “w!/? scaling”)®™ 2, The w!/? scaling is universally
observed, regardless of system details, over a wide range of fre-
quencies. This scaling is observed for @ > ws, where s is the
onset frequency that scales as s «< §¢ for the harmonic poten-
tials (and o §¢@%*~! for other soft-repulsive potentials defined in
eqn (W)). The ®'/? scaling is understood as a consequence of the
development of the plateau in the vibrational density of states
near ¢;% and the boson peak, universally observed in amorphous
solids5-5#55 A real-time manifestation of the ®'/2 scaling is ob-
served in the transient stress relaxation after a step strain, where
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the modulus decays as G(1) = o(r)/y ~ t~ /25555 The other
anomalous algebraic scaling is the nonlinear stress response in
the quasi-static limit (w — 0), known as shear softening. The static
storage modulus Ggs = G'(® — 0), which is independent of y in
the linear-response regime, starts to exhibit nonlinear softening
behavior, Ggs ~ v~ /2 as ¢y is approached from above %, We
refer to the softening as the “y!/2 scaling”, hereafter. The soft-
ening exponent 1/2 is insensitive to system details. The onset
strain ¥ that marks the crossover from the elastic to the softening
regime is proportional to §¢. Recently, we have found a scaling
law that unifies the elastic, softening, and the yielding regimes®*.

In this paper, we investigate the interplay between the @'/2
scaling and y!/2 scaling of jammed packings in the pre-yielding
regime both above and below ¢;. We address several key ques-
tions in this work. First, how do the ®'/2 scaling (or r~!/2 scaling)
and y!/2 scaling coexist? Previous studies of the w!/2 scaling as-
sume small y, whereas studies of the y!/2 scaling generally focus
on the quasi-static limit. However, as ¢y is approached, the two
scaling regimes inevitably broaden and overlap. Therefore, in the
vicinity of ¢y, the two scalings become simultaneously relevant,
and their interplay is important. If both scalings for @ and y co-
exist, should we expect a simple superposition of the two scaling
functions of ® and ¥, analogous to the Cox-Merz rule® or the
strain-rate frequency superposition*3?

Second, how does the mechanical response above ¢; cross over
to that below ¢;? G*(®) in the linear-response regime (y — 0)
and Ggs(7) in the quasi-static limit (@ — 0) are finite only above
¢;. Both are strictly zero below ¢y, as a persistent contact network
is absent. If @ and y are finite, the stress may arise even below ¢y,
because particles intermittently collide and form transient contact
networks. The formation of the contact networks of frictionless
spheres under oscillatory shear below-but close to—¢; has been
extensively studied in the context of the reversible-irreversible (or
absorbing) transition ¥¥-°Y, However, the relationship between
this nonequilibrium phase transition and the nonlinear mechani-
cal response remains largely unexplored.

Third, how is the stress relaxation of jammed packings in-
fluenced by nonlinear perturbations? The relaxation dynam-
ics of amorphous solids from perturbed configurations toward
a ground state, i.e., toward the bottom of the potential-energy
landscape, are important for understanding the hierarchical struc-
ture of rugged energy landscape in the context of the glass tran-
sition®P1-53 - gtudying the y-dependence of G(¢) for various y
would thus provide insight into the connection between the non-
linear rheology and the topographical features of the energy land-
scape.

Our study is the first step toward addressing these questions.
We perform numerical simulations and investigate the nonlinear
mechanical responses under time-dependent shear strains y(¢) in
frictionless, athermal jammed packings near ¢y using different
shear protocols. The first protocol is the oscillatory-shear mea-
surement, designed to address the first and second questions. By
fixing the frequency within the ®'/2 scaling regime and varying
the strain amplitude over a wide range, we measure the complex
shear modulus G*(®) both above and below ¢;. While many stud-
ies have attempted to unify the mechanical responses above and
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below @y in the post-yielding regime, y — oo™ B23 Jittle atten-
tion has been paid to the pre-yielding regime y < %,. The second is
transient stress relaxation, in which the time-dependence of the
stress after a step shear strain is monitored. It is equivalent to
the oscillatory-shear measurement in the linear-response regime,
but deviates from it once the linear-response assumption breaks
down. We analyze the transient relaxation of shear stress, energy,
force, and displacement following instantaneous strain deforma-
tion over a broad range of initial strain amplitudes.

This paper is organized as follows. Section @ describes the sim-
ulation model. Sections B and B present our results for the two
protocols. Finally, we summarize our findings and conclude in
Sec. B.

2 Numerical modeling and Method

We consider a two-dimensional equimolar binary mixture of fric-
tionless particles with diameters Dg and Dy, where the size ratio
is D /Ds = 1.4, a value commonly used in studies of the jamming
transition®®. The interaction potential between particles j and k
is given by

€ Tjk «
Ulrje) = "Dy O(Djx —rjx), €8]
where ©(x) is the Heaviside step function, rj = |r; —r¢|, and
D = (Dj+Dy)/2, with D; and Dy, denoting the diameters of par-
ticles j and k, respectively™. In this study, we focus on the har-
monic potential with o = 2. The number of particles is N = 1 156.
Throughout the simulations, we choose Ds, €, and & /D§ as the
units of length, energy, and stress, respectively.

We generate initial configurations via mechanical training us-
ing quasi-static and cyclic volume changes, following the proce-
dure of Kawasaki et al. *3, in order to stabilize the jammed config-
urations against shear deformation (see for details).
During the quasi-static deformation, we minimize the potential
energy using the FIRE algorithm ™59, We regard the system as
mechanically equilibrated when the magnitude of the average
force acting on a particle is less than 10~!“e/Dg. To eliminate
residual stress in the initial configurations, we apply shear sta-
2358 under Lees-Edwards boundary conditions™. We
first prepare a random configuration at ¢ = 0.8395, and increase
@ incrementally by Ag = 10~* while maintaining mechanical sta-
bility, up to the maximum packing fraction ¢ = 0.9. Next, we de-
crease ¢ by A = 10~* when E = (1/N) ¥~ U(rj) > 1078, and
by A@ = 107% when E < 1078, We identify the packing fraction at
which E first satisfies E < 107'© as the jamming transition point
Ps-

The dynamics of the jammed configuration under shear de-
formation are monitored via molecular dynamics simulations.
Throughout the paper, shear deformation is applied in the x-
direction. We assume overdamped particle dynamics with Stokes
drag, so that the equation of motion is given by

bilization

Cri(t)+V; Y, U(ry) =0, )
k<l

where ( is the friction coefficient. The unit of time is given by
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to = {D%/e. Under shear with a finite shear rate, the particle
velocity #;(r) in eqn (B) is replaced by #;(r) — ¥(t)y;(t)ex, where
e, is the unit vector in the x-direction. We numerically integrate
eqn (@) using the Euler method®?. For the quasi-static process
(@0 — 0), we use the numerical protocol of Kawasaki et al. o3, par-
ticle positions are relaxed to the mechanical equilibrium at every
incremental shear strain Ay. For y < 1073, Ay is increased loga-
rithmically from 102 to 1073; for y > 1073, Ay is fixed at 1073,
The shear stress is defined as®?

1 Xk jk oU
o= 7 Z o 3
>k Tik 9Tjk

where L is the system length, x; = x; —xt, and yjz = y; — . All
data presented in this paper are averages over at least 15 (typi-
cally 50) independent realizations.

3 Oscillatory shear

Consider the mechanical response of a jammed system under an
oscillatory shear strain defined as y(¢) = ysin(wr), where v is the
strain amplitude and o is the frequency. In the linear-response
regime or ¥ — 0, the complex modulus G*(w) = G/ (0) +iG" ()
becomes independent of y and follows the scaling relation

AG (0) =A0'?, (0> ), 4

where AG'(0) = G'(w) — Gqs and Ggs = G’ (@ — 0) is the static stor-
age modulus. For the harmonic potential, Gys scales as & ¢'/2, the
onset frequency s scales as ws =< ¢, and the prefactor A is inde-
pendent of §¢%5Y. The loss modulus G” () also follows the same
scaling as eqn (@), except that the frequency window exhibiting
the !/2 scaling extends to lower frequencies than G'(®) 2.

As ¢ approaches ¢y from above, the linear-response regime nar-
rows and softening sets in. In the quasi-static limit (0w — 0), we
have found that the nonlinear static modulus Ggs(y) follows a
simple scaling law in the pre-yielding regime y < 3, %,

Gas(7) = z
w1 =Gar>0) < (1), )
where % (x) = 1 for x < 1 and o< x~!/2 for x >> 1. The onset strain
% o 8¢ is independent of the exponent « in eqn (). Thus, one
finds

Gas(y) ~ 80y~ 2, (y> %) (6)

for the harmonic potential®**. Note that, in both cases of (& #
0,7—0) and (y#0, @ — 0), the moduli satisfy G*(®) = Ggs(y) =0
below ¢y.

In this section, we investigate the case in which both ® and
y are finite and examine how the modulus G*(w,y) depends on
these parameters. We systematically explore a broad range of @
within the ®'/2-scaling regime and consider systems both above
and below ¢y.

The storage and loss moduli are evaluated as®

27/ @
G’(a),y):n—a; /0 ' tto() sin(an), %)

where o(¢) is the stress in the stationary state. The loss modulus
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Fig. 1 (a) y-dependence of AG'(y,®) for several sets of ¢ and . (b)
Scaled AG'(®)/®"/? plotted as a function of y/8¢. The error bars in all
panels represent the standard error of the mean.

G’ (w, ) is obtained by replacing sin(®t) in eqn (@) with cos(wr).
Starting from a jammed packing generated using the protocol de-
scribed in the previous section, we subject the system to multiple
oscillatory shear cycles until the particle trajectories become peri-
odic, ensuring that the system has reached the stationary state.

We first consider the case of ¢ > ¢;. We begin by confirm-
ing that G'(w,y — 0) = G/(®) in the linear-response regime fol-
lows the ®'/2 scaling given by eqn (@)%, and that G'(® — 0,7) =
Gys(y) in the quasi-static limit follows the y'/2 scaling in eqn (B) **
(see Fig. B in Appendix B). Next, we examine the dependence
of the modulus on y as @ increases from zero to a finite value
larger than . As discussed below eqn (H), the prefactor A is
independent of d¢ for the harmonic potential. The question is
how A is modified with increasing 7y in the softening regime. Fig-
ure M(a) shows AG'(w,7) as a function of y for various §¢ and
. The results show that AG'(w,y) decreases with increasing y
at fixed o, a clear signature of softening, and increases with in-
creasing o at fixed y. The softening saturates around y~ 10~%. A
similar trend is observed for Gys(y) in the quasi-static limit (see
Fig. B(b)). Kawasaki et al. ® have shown that this behavior arises
from strain hardening when the initial jammed configurations are
prepared by mechanical training. In Fig. D(b), we plot the scaled
quantity AG'(®,7) = G'(®,7) — Ggs(7) normalized by ©'/? as a
function of y/§¢. The collapse of the data indicates that the pref-
actor A in eqn (@) remains independent of @ but becomes a non-
linear function of y. The shear-softening exponent is found to be
approximately —1/2. A qualitatively similar result for G’ (o, y) is
shown in Fig. B in Appendix B, although the softening exponent
is slightly smaller. We attribute this to a small deviation from
the ®'/2 scaling of G”(w) at high frequencies already seen in the
linear-response regime as shown in Fig. B(a) *!.

Figure M(b) demonstrates that AG’(w, y) follows both the @'/2
scaling of eqn (@) and the y'/2 scaling of eqn (H) simultaneously,
implying the following scaling form:

AG (0,7) = Aw'/? x %, (1) ) (8)

¥

We find that the scaling function ¥, (x) is similar to, but not iden-
tical to ¥(x) defined in eqn (8). In other words, AG'(®,7) is
not simply a superposition of eqns (@) and (B). In Fig. O, we
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Fig. 2 y-dependence of the moduli normalized by their values at Y= 0 for
¢ =10"* AGy, (o,7) (red filled circles) at @ = 102 taken from Fig. 0.

Sim
Ggs(y) (gray filled triangles) from Fig. B(b). AGpp(®,y) (open circles)
evaluated by the Fourier transform of G(r) shown in Fig. B(a) (see the
next section). G(t =0) (gray solid line) is taken from Fig. B(a). The thin
vertical line indicates % for Gys(7).

plot the two moduli normalized by their values at y=0; %, =
AG'(0,7)/A0'/? (red filled circles) and ¥ = Ggs(7)/Gqs (gray
filled triangles). The packing fraction is §¢ = 10~%. The figure
shows that the two moduli follow similar scaling forms and devi-
ate from them at a common strain value around y > 10~4. How-
ever, the onset strains ¥ differ. For Gqs(7), we find % ~ 1.7 x 1073,
which is substantially smaller than 1 ~ 6 x 107> for AG' (@, 7).
This can be understood as follows. The fact that ¥ is proportional
to d¢ for both quantities (as shown in Figs. 0(b) and B(b)) sug-
gests a common physical mechanism underlying the softening.
In the quasi-static limit, the softening occurs when the particle’s
non-affine displacement under strain becomes sufficiently large
to release two particles’ overlaps®*. The same mechanism should
also operate at finite . However, under oscillatory shear with
finite , a substantial fraction of particle motion is affine-like.
Configurations generated predominantly by affine displacements
are less efficiently packed compared to those arising from non-
affine displacements, which dominates in the quasi-static defor-
mation. Therefore, the breaking of particle’s bonds and release of
the particle’s overlaps occur at a smaller strain in the quasi-static
case than in oscillatory shear. In the next section, we discuss the
affine contribution to the softening in detail (see also other data
in Fig 0).

If the scaling relation in eqn (B) remains valid down to ¢y,
AG'(w,7) should behave as

AG (0,7) ~ (080/7)"2, (¢ — ¢14) ©)

for the harmonic potential. In other words, the modulus is ex-
pected to vanish at ¢ = ¢;. Indeed, this is the case when w # 0
with y — 0 or y # 0 with @ — 0. However, as shown below, this
no longer holds when both @ and v are finite. The scaling rela-
tion in eqn (B) breaks down in the vicinity of ¢; and the modulus
remains finite even below ¢j. Furthermore, the stress is no longer
linear in strain at ¢ < ¢;. This can be understood by noting that,
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AG'(w,7)
j x1072

Y 1074

Fig. 3 AG'(w,y) as a function of (¢) and 7y at a fixed frequency of
® = 1072. The thin black line on the AG'(®,y) = 0-plane represents the
jamming transition point @y ~ 0.8455, while the thin red line indicates the
onset strain of softening, %. The symbols denote the modulus at y=10"*
(navy triangles), 1073 (light blue squares), 10723 (green pentagons),
and 1072 (orange hexagons). The dashed line at y= 1072 represents a
fit to 8¢'/2. The open circles indicate the packing fraction @ at which
AG'(@,7) vanishes. The thin gray lines on the AG'(®,¥) =0 plane connect
¢@; and the data for the point-to-loop reversible transition line closest to
¢y reported in Schreck et al.** (one between ¢y and ¢y) and Nagasawa
et al.*® (one below ¢).

for athermal, non-Brownian, and overdamped particles, no col-
lisions occur during an oscillatory shear cycle if vy is sufficiently
small. Only when y exceeds a threshold value do particles begin
to collide with their neighbors, producing a finite stress.

Figure B shows AG'(w,7y) as a function ¢ for several values
of y at a fixed frequency @ = 10-2. For the ¢-axis, we use
() = (¢y) + 69, where (@)) is the sample-averaged jamming
transition point, since §¢ is the control parameter throughout
this study. The range of (¢) shown in the figure corresponds to
—6x 1073 < §¢ < 1072, The figure demonstrates that the scaling
relation in eqn (@) holds in the limit y — 0: at y=10"%, AG'(w, 7)
is independent of ¢ above ¢y and drops discontinuously to zero
below ¢y. As 7y increases, this discontinuous drop becomes in-
creasingly rounded. As predicted by eqn (2), AG'(@,7) < 5¢'/2
in the softening regime (y > ¥ ) at fixed o, as indicated by the
black dashed line in Fig B at y = 10-2. However, as ¢ approaches
¢y for fixed y, AG'(w,y) deviates from eqn (H), crosses smoothly
through ¢y, and vanishes at a packing fraction below ¢@;. The
packing fraction ¢y, at which AG'(®,7) reaches zero, decreases
with increasing y. We find that the modulus obeys a simple alge-
braic form:

AG'(@,7) ~ (¢ —¢o)P. (10)

Our preliminary simulations yield a positive exponent 8 = 1.2 for
G'(w,y) at y=10"2. B appears to vary with y and o, while it is
independent of ¢y. For the loss modulus G”(w, y), the exponent is
larger (Fig. 10 in Appendix B). A detailed analysis is needed, but
it is challenging because the relaxation toward stationary states
becomes prohibitively slow and is expected to depend sensitively
on the system size near ¢y. We leave this important problem for
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future work.

The emergence of stress at ¢ > ¢ is caused by transient contact
networks formed by colliding particles under oscillatory shear.
The emergence of such networks with increasing y below ¢j has
been studied in the context of the reversible-irreversible (or ab-
sorbing) transition of particle trajectories**>",
show that a system subjected to oscillatory shear exhibits distinct
dynamical phases. For small y, particles move affinely and return
to their initial positions after each cycle. This small y-regime is
called point-reversible phase, as the particles remain immobile in
the co-moving frame. As 7y increases, particles begin to interact
with their neighbors and follow non-affine trajectories, yet still
return to their original positions after each cycle. This regime is
referred to as the loop-reversible phase. At even larger v, the par-
ticles diffuse irreversibly and do not return to their original con-
figurations, defining the irreversible phase®™", Since the tran-
sition point from the point-reversible to loop-reversible phases,
¢opL, is the density at which the stress-bearing contact networks
percolate, it is expected that ¢@pr, is the point at which the elastic
response becomes finite, i.e., @p, = ¢y. The two thin gray lines
on the AG'(w,y) = 0-plane in Fig. B connect @y with the avail-
able data for the point-to-loop reversible transition reported in
Schreck et al. * and Nagasawa et al. ®®. All values of ¢ (open cit-
cles) lie between these two lines. The comparison remains semi-
quantitative due to the limited resolution of earlier studies near
;550 A more precise determination of gp;. (= @), together
with a detailed characterization of the critical behavior and its
frequency dependence, is needed.

These studies

4 Transient stress relaxation

In this section, we investigate the transient stress relaxation of
jammed packings, which represents the real-time analogue of the
oscillatory-shear measurement and thus complements the results
discussed in the previous section. A step shear strain v is applied
to the system at time r = 0, and the resulting shear stress o ()
and other observables are monitored as functions of time 7 (> 0).
For sufficiently small y, where the linear-response approximation
holds, the constitutive equation for the shear stress can be written
as .

(1) :/ & Gt — ), 11)
where 7(¢) is the shear rate and G(r) is the relaxation modulus.
The Fourier transform of G() is related to the complex modulus
G* () by*:

G*() = Ggs + 0> /0 dr e O AG(1), (12)
where AG(r) = G(r) — Gys. For a step strain, where (1) = yd(z),
eqn () reduces to o(¢t) = G(¢)y. These equations imply that
the ®'/2 scaling, G*(w) ~ A®'/? in eqn (@) corresponds to an
algebraic decay of the stress:

G(t)=o(t)/y~1" "2 (13)

The stress relaxation is expected to persist up to t; = @; !, the
inverse of the onset frequency of the ®!/2-scaling regime. Such
scale-free relaxation has been observed near the jamming transi-
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Fig. 4 Transient relaxation in the linear-response regime at a fixed strain
y=107% for 5¢ = 10> (blue), 10~* (green), and 1073 (red). (a) Relax-
ation modulus G(¢). The inset shows the normalized function fg(r). (b)
Potential energy E(t). The inset shows fz(f). (c) Average force F(t).
(d) Non-affine particle displacement 8r(¢). The dashed lines indicate the
algebraic scaling.

tion ¢y 5558,

The main question addressed in this section is how the alge-
braic decay in eqn (I3) changes with increasing strain ampli-
tude y. Recall that the algebraic behaviors of G*(®) ~ @'/? and
G(1) ~t~'/2 observed in the linear-response regime can be ex-
plained, within the harmonic approximation, as the superposition
of the exponential relaxation modes of a jammed packing within a
single harmonic basin of the potential energy landscape®”. With
increasing y beyond the onset strain 7%, nonlinear response, or
softening sets in. In this regime, the harmonic approximation is
expected to break down, and the relaxation of the initial configu-
ration toward the terminal state likely involves traversing saddles
in the rugged energy landscape rather than a superposition of re-
laxations in a single basin. This naturally lead to deviations from
the G(r) ~ t~!/2 behavior. If y increases further, the configuration
becomes so strongly distorted from the initial jammed packing
that the resulting relaxation dynamics are expected to resemble
those of completely random configurations. This is analogous to
the steepest-descent dynamics of particle systems quenched from
high temperature 7 = « to T = 0, which have been recently stud-
ied by simulations”®P15358  These studies report that observ-
ables such as the energy E(¢) decay algebraically with a nontrivial
exponent f3 ranging between 0.7 and 1.3 depending on the spatial
dimension and on the temperature at which initial configurations
are prepared ™53,

Below, we evaluate G(r) and E(t), together with several other
observables, over a broad range of y and show that G(r) and
E(t) decay as r~'/2 at y < % and E(r) decays as 1 P at y>> Y
(where 7 is the yielding threshold) with the same exponent
as reported for the steepest-descent dynamics from T = eo®%53,
Surprisingly, we find that G(r) ~ t~'/2 holds even in the soften-
ing regime, at % < ¥ < 7. We show that this apparently robust
exponent 1/2 in the softening region cannot be fully accounted
for by the harmonic approximation. The dependence of the tran-
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sient stress relaxation on y has been investigated by pioneering
work by Boschan et al. *#, Here, we extend their analysis and
explore a much broader range of ¥, thereby providing continuous
connection between the linear-response regime and large-y limit.

In our simulation, all particle positions are instantaneously
sheared at r =0, such that (x;,y;) — (x;+vyy;,y;) for j=1,--- |N.
This sudden deformation introduces a force imbalance in the sys-
tem. We then monitor the relaxation of the particles toward a
new mechanical equilibrium for ¢ > 0, while maintaining the ap-
plied strain. The particle dynamics follow the overdamped equa-
tion of motion given by eqn (B). We compute several relevant
physical observables: the shear stress or the relaxation modulus,
G(t) = o(t)/v, the potential energy change (with respect to the
unsheared system) E(t) = %Zpk U(rjk) — Ey—0, where Ey_g is the
energy before applying the step strain, the average magnitude of
the force, F(¢) = %):’}’:1 |F ;|, and the non-affine particle displace-
ment, §r(t) = %Z’}’:l |rj(t) —r;(0)].

We first confirm the transient relaxation in the linear-response
regime, consistent with previous studies**=¥, Figure B shows the
observables for three values of 8¢ at a fixed value of y= 1079,
which is sufficiently small to ensure linear response. Figure B(a)
and (b) show that both G(r) and E(r) decay as t~'/2 at long times
before eventually saturating at large :555¥ The insets present
the normalized relaxation function, defined as

(14

where ¢ = G, E. In Fig. B(a), f;(r) demonstrates that the prefac-
tor of the 1~1/2 decay is independent of §¢, in agreement with the
©'/? scaling predicted by eqn (@). We also confirm that G(¢ — o)
coincides with Gg. The relaxation of E(¢) in Fig. B(b) is essen-
tially identical to that of G(r), since E(r) ~ G(t)y* in the linear-
response regime. These algebraic behaviors can be rationalized
within the harmonic approximation, and the detailed derivations
of these relations are summarized in Eppendix {. Figure B(c) and
(d) show that the average force relaxes as F(t) ~ /4, while the
non-affine particle displacement increases as 8r(t) ~ t'/%. These
exponents can be understood by noting that the interparticle
force is balanced with the Stokes drag, F(z) ~ {i(¢). Substituting
this to the energy dissipation rate, dE /dr = —{i?(t), one obtains
F(t) ~t~3/%. Similarly, integrating the velocity over time gives
8r(t) ~t'/4,

Now, let us systematically investigate how the transient relax-
ations evolve with increasing y. Figure B shows the time evolu-
tion of the observables for a broad range of y from y= 1079, well
within the linear-response regime, up to y = 1, which extends far
beyond the yielding threshold % ~ 2 x 10~2. The packing fraction
is fixed at §¢ = 10~%. The quantities F(¢) and &r(¢) are scaled by
v, and AE () by 72, such that all observables become independent
of y in the linear-response regime. We confirm that G(t — ) in
Fig. H(a) agrees with the quasi-static modulus Gs(y) in Fig. B(b).
These results reveal several nontrivial features.

First, G(¢) and E(r)/7* at short times decrease with increasing
y. In other words, not only the quasi-static values G(r — ) =
Ggs(y) and E(t — )/y?, but also the instantaneous responses
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Fig. 5 The transient relaxation for various y (see the legend) at ¢ =
1074, (a) G(t) = /7, (b) E(t)/7%, (c) F(t)/7, and (d) 8#(t)/y. The insets
in (a) and (b) show the time evolution of the normalized functions fz (7).
The dashed lines represent the algebraic scaling.

G(t =0) and E(t = 0)/y? exhibit shear softening. The short-time
response to shear is dominated by the affine displacements of the
constituent particles. Our results indicate that the deformation
is affine, but that the response becomes progressively nonlinear.
The y-dependence of G(t = 0) is plotted as the solid gray line in
Fig. D. It shows that the softening of G(r = 0) is weaker than that
of Ggs(y) and AG'(w,7y). Interestingly, the onset strain for soft-
ening ¥% for G(r = 0) is comparable to that of AG'(w,y). We also
confirm that % for G(r = 0) scales as 6 ¢ (results not shown). This
observation further supports the argument in the previous section
that the affine contribution to AG'(w, y) shifts the onset strain to
a larger value than that of Gg(7).

Second, and more interestingly, all observables exhibit an al-
gebraic time dependence over the entire range of 7y, except for
G(t) in the large-y regime beyond 7,. We focus in particular on
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Fig. 6 y-dependence of the exponents B and Br for the algebraic re-
laxation of E(r) (red circles) and F(t) (blue triangles) with error bars
representing the standard error, respectively. The horizontal solid lines
represent the linear-response values, B =1/2 and Br =3/4. The hori-
zontal dotted lines denote the values reported for the steepest-descent .

dynamics in systems quenched from T =oo to T = 0%%53; B =0.92 and
Be =2Br —1=0.84. The two arrows at the top of the panel indicate the
onset strain % for Ggs(7) and the yielding threshold 7.

E(t) ~t~Pe and F(r) ~ 1~Pr and extract the positive exponents Bz
and fBr by fitting the data shown in the inset of Fig. H(b) and of
Fig. B(c), respectively. Figure B shows the y-dependence of g
(red circles) and Br (blue triangles). The onset strain for soft-
ening %, obtained from Ggs(7), and the yielding threshold y, are
indicated by arrows.

As expected, we observe g ~ 1/2 and Br = 3/4, in the small-y
regime (y < 107°) where the linear-response approximation re-
mains valid. On the other hand, as y exceeds ¥, both B¢ and
Br increase sharply and then saturate at constant values around
y=1. The saturated values at the largest y are very close to
Br =0.92 and Bg = 2Br — 1 = 0.84 reported previously™-5¥ for
steepest-descent dynamics in two-dimensional systems obtained
by quenching particle configurations prepared at T = «~ down to
T = 0. These observations confirm that configurations prepared
under large shear strains are effectively as random as those pre-
pared at T = « and thus share the same relaxation dynamics. We
further find that G(¢) at large strain, e.g. y =1, decays rapidly
and does not exhibit the algebraic relaxation observed in E(¢).
This can be explained by noting that, in contrast to the scalar na-
ture of E(r), a tensorial observable such as the stress dephases
quickly and vanishes when the initial configuration is random.

A particularly interesting aspect is the softening regime ¥ <
Y < %. In this range, the exponents Bz = 1/2 and Br = 3/4
remain unchanged even though the linear-response approxima-
tion is no longer expected to hold in this regime.
in Fig. B(a) and (d), the exponents for the relaxation modulus,
B = 1/2, and for the non-affine displacement, B, = 1/4, also
remain identical to their linear-response values, before they be-
gin to deviate significantly at y > %. In particular, the collapse
of fg(t) for y < % shown in the inset of Fig. H(a) implies a de-
coupling of ¢-dependence and y-dependence of G(¢), such that

As shown

100 10! 102 10° 10* 10°

t

Fig. 7 (a) AG(t) for y=107% (blue), y=10"* (green), and y= 10"
(red) for 5¢ = 107*. Dots represent the simulation data in Fig. B(a) and
the solid lines are the results obtained from the harmonic approximation
(see the text). The dotted line represents t~'/2. (b) The same data for

AE(1)/7.

AG(t) = G(t) — G(e0) can be written as

AG(1) ={G(0) = G(=)} f5(t) 15)

with f(¢) which is independent of y. The y dependence respon-
sible for the softening is thus entirely encoded in the prefactor
G(0) — G(e0). This superposition of 1~/ scaling and y'/? scal-
ing shown in eqn (IJ) stands in sharp contrast to the frequency-
domain representation, AG' (@, y), given by eqn (8), for which the
superposition picture breaks down at large y near y% as demon-
strated in Fig. M(b). To demonstrate how AG(r) in the time do-
main differs from that in the frequency domain, AG(w,7y), we
evaluate the Fourier transformation of eqn (IF). The data for
fc(t) is taken from the inset of Fig. H(a), G(0) from Fig. O
and G(e) from Fig. B(b). The resulting modulus, denoted
as AGpp(w,y) (red open circles in Fig. @), shows that the y-
dependence resembles that of the instantaneous modulus G(0).
However, it does not reproduce AGy; (®,y) obtained directly
from oscillatory-shear simulations. The latter shows far more pro-
nounced softening. This discrepancy demonstrates that the tran-
sient relaxation dynamics is not equivalent to the stationary dy-
namics under oscillatory shear in the nonlinear softening regime.

The robustness of the exponents could in principle be attributed
to the robustness of the harmonic approximation even beyond
the linear-response regime, because the characteristic 1 /2 relax-
ation arises if the system lies within a single energy basin (even
if that basin is distorted by the applied shear). However, we
find that this is not the case. To show this, we compute the
relaxation dynamics within the harmonic approximation using
the configurations of packings obtained at t+ — « after the step
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strain. The details of the method are provided in Eppendix J.
Figure @ shows the resulting AG(r) and AE(t), together with the
corresponding simulation data from Fig. B(a), for three represen-
tative values of y. For the smallest values y = 10~°, where the
system is well within the linear-response regime, the simulation
and harmonic-approximation data are essentially indistinguish-
able. For y= 10"%, which lies in the softening regime, the har-
monic approximation still reproduces the /2 algebraic decay
of AG(t), but the terminal relaxation time, where the deviation
from the power law begins, is substantially shorter than in the
simulations. For AE(t), as shown in Fig. [(b), the discrepancy
between the simulation and the harmonic approximation is even
more pronounced: the approximation not only underestimates
the terminal relaxation time but also significantly overestimates
the amplitude of AE(r). At the largest strain, y = 10~', which is
above yielding threshold, the harmonic approximation fails com-
pletely to reproduce the algebraic relaxation, whereas the simu-
lation data still exhibit a power-law decay, albeit with a slightly
larger exponent.

These findings indicate that the algebraic relaxations
AG(t), AE(t) ~t~'/2 are robust, but they cannot be fully explained
by the harmonic approximation. These behaviors call for a more
careful analysis of how the dynamics depend on the initial degree
of distortion.

5 Summary

In this paper, we investigated the pre-yielding mechanical re-
sponse of athermal jammed packings near the jamming transition
point ¢y. Our primary goal was to provide a unified framework
for the two algebraic scalings observed in the stress response to
shear: one is the w!/2 scaling (and corresponding /2 scaling)
in the linear-response limit (y — 0) and the other is the y!/2 scal-
ing in the quasi-static limit (w — 0). Motivated by the work of the
Tighe group®*! on the interplay between frequency and strain
amplitude, we examined the two complementary rheological pro-
tocols: oscillatory shear and transient relaxation. The two proto-
cols provide identical information in the linear-response regime,
as they are related by a simple Fourier transformation. However,
in the nonlinear regime, they are no longer equivalent and are
expected to provide complementary information. The oscillatory
shear protocol provides detailed information on scaling behav-
ior in stationary states at long times, whereas the roles of higher
harmonics, which are assumed to be small in the present study,
remain elusive and difficult to interpret. By contrast, the transient
relaxation protocol is advantageous for directly probing real-time
dynamics, where all nonlinear effects are fully taken into account.

First, using oscillatory shear, we showed that the complex mod-
ulus, G*(w, ), exhibits the ®'/2 scaling and y'/2 scaling simulta-
neously as shown in eqn (B). However, this behavior does not
correspond to an exact superposition of the two scalings, as evi-
denced by the quantitative differences in their onset strains. This
finding suggests a nonlinear coupling between affine and non-
affine dynamics when the frequency is finite. Moreover, we found
that G*(w, y) remains finite even below ¢y and vanishes at a pack-
ing fraction slightly lower than ¢j. This critical density is close
to the point-to-loop reversible transition, @pr, which is related
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to the reversible-irreversible (or absorbing) transition®>U, This
correspondence implies that the underlying geometrical transi-
tion associated with the reversible-irreversible transition is closely
linked to the emergence of nonlinear viscoelastic behavior near
jamming.

Second, we measured the transient relaxation following a step
strain. We observed power-law relaxation, such as +~1/2 asareal-
time manifestation of the w'/? scaling for G(r) and other observ-
ables. This behavior is expected in the linear-response regime,
where v is small, and can be rationalized within the harmonic
approximation. Remarkably, the r~!/2 algebraic decay persists all
the way up to the yielding threshold ¥, beyond which qualita-
tively distinct algebraic behaviors emerge. Importantly, this per-
sistence cannot be explained simply by the robustness of the har-
monic approximation.

Our work serves as a starting point for understanding the non-
linear dynamics of jammed packings. However, we are left with
more questions than answers. An important question concerns
the connection between the mechanical response above and be-
low the jamming transition point ¢;. From a geometrical stand-
point, the reversible-irreversible transition predicts that the re-
gion where the stress remains finite corresponds to the loop-
reversible phase, in which the particles return to their original
positions after each oscillatory shear cycle, observed both above
and below ¢;. However, the mechanical properties below ¢y differ
markedly from those above. It would be particularly interesting
to probe the distinction between the loop-reversible phases below
and above ¢y (which is difficult to capture solely from the proper-
ties of particle trajectories) by analyzing the relaxation dynamics
of configurations across ¢y.
The robustness of the +~!/2 scaling at large y is also interest-
ing. The study of the relaxation under shear distortion shares a
compelling analogy with steepest descent dynamics. The relax-
ation behavior in the steepest descent dynamics sensitively de-
pends on the temperature 7 at which the initial configurations
are prepared. If T = , the relaxation is algebraic with the same
exponents as we reported for the strongly distorted configura-
tions. In the low-7 limit, the single basin dynamics dominates. In
the intermediate 7’s, the behavior of the relaxation dynamics is
neither of these limiting cases. We may encounter similarly hier-
archical strain-dependent regimes, each characterized by distinct
relaxation dynamics.

From this perspective, the nonlinear rheology subject to fre-
quency or time dependent perturbation near ¢y provides a rich
and fertile setting that connects several different disciplines: the
reversible-irreversible transition, the steepest-descent dynamics,
and nonlinear rheology. Pursuing this direction would be a worth-
while avenue for future study.
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Appendix A FIRE algorithm and shear-stabilization
protocol

In this section, we describe the details of the FIRE algorithm and
the shear-stabilization protocol used in this study.

The FIRE algorithm is employed for all energy-minimization
procedures, including the preparation of initial configurations via
compression—-decompression cycles, as well as quasi-static sim-
ple shear. Within this algorithm, we perform molecular dynamics
simulations using Newton’s equations of motion,

U

a—rj. (A1)

mr =
We integrate this equation using a semi-implicit Euler scheme.
The time-step width is chosen in the range Ar € [107°,0.05]. At
each step, the total power is given by

N oU
p==) Fi-5—, (A2)
];1 J 8 r j
and the particle velocities are updated as
Fi=(1—a)t;+aF;|l (A3)

where F; is the unit vector in the direction of —9U/dr;. If p >0
for five consecutive steps, Ar and ¢ are updated to min(1.1A¢,0.05)
and 0.99«, respectively. If p <0, Ar and « are reset to 0.5Ar and
0.1, respectively. These parameters are identical to those used in
Ref.®3. The procedure is then repeated by returning to eqn (AI)
and recalculating eqns. (B2) and (A3).

We incorporate a shear-stabilization protocol into the FIRE al-
gorithm during the compression—-decompression process. In addi-
tion to the particle equations of motion, we solve the equation of
motion for 7,

,__ O A
Y=—w (A4)
where W = (100L/cs)~!, as proposed in Ref.*3.
eqn (B3), the shear rate is updated as

Analogous to

. . o .
y=(0-a)7+a—|1l,

(A5)
o]

where 6/|c| denotes the sign of the shear stress. We use the same
definition of the power p as given in eqn (B2), while neglecting
the contribution from 7.
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Fig. 8 (a) o dependence of G'(®) (the filled symbols) and G’(w)
(the open symbols) for various 8¢ at y=10"". The dashed line rep-
resents ®'/2. (Inset) G*(w)/6¢'/% vs @/8¢. The black solid and dashed
lines represent G”(w) = @ and G'(®),G"(w) = w'/?, respectively. (b)
Ggs(7)/8¢'/? as a function of /8¢ for various §¢. The dashed line in-
dicates Ggs(y) o< y~1/2. (Inset) The raw data of Gys(7)-

Appendix B Supplemental data for oscillatory shear

We first reproduce the w-dependence of the complex modulus,
G*(w) = G'(w) +iG"(w), in the linear-response regime. Fig-
ure B (a) shows the w-dependence of the storage modulus, G/ (),
and the loss modulus, G” (®), for several values of §¢ at y=10"",
well below the onset of the softening regime ¥. The qualitative
features of the w-dependence are identical to those reported in
previous studies®™?: for ® > a;, both G'(w) and G”"(w) ex-
hibit ®'/2 power-law behavior. Note that the w'/2-scaling regime
for G”(w) extends to smaller @ than w;, as reported by Hara et
al.**. For o < ws, G'(w) converges to its long-time limit G(t — o),
whereas G’ () is proportional to ®. At high frequencies, ® > 1,
G'(w) saturates to the short-time limit of the relaxation modu-
lus, G(t = 0) (see Sec. B), whereas G”’(®) starts to decrease as
reported in Ref.®, which originates from the microscopic dynam-
ics. In this study, we used Stokes drag in the equation of motion
for the particles (eqn (2)), which is suitable for describing non-
Brownian particles), instead of the Durian drag model used in
other studies®>*"*! " A noticeable feature of Fig. B(a) is that the
window over which the ®'/2 scaling for G”(w) holds is relatively
narrow compared with that of G'(®w), owing to the crossover to
the high-frequency regime. This limited scaling range makes the
identification of the ®'/2 scaling in our study more challenging,
as discussed in Sec. B.

In Figure B(b), we show the y-dependence of the modulus in
the quasi-static limit, Ggs = G’(@ — 0, y), which reproduces the re-
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Different symbols correspond to different samples. Dashed lines repre-
sent (@ — @)? with B =1.2 for G'(w,7) and B =2 for G"(®,7).

sults of the previous studies***-#%%4 We observe that Gys(7) ex-
hibits softening as Ggs(y) ~ y~1/2 at y > ¥, and then saturates and
eventually increases as the system enters the hardening regime at
large y*.

Figure B shows the y-dependence of the loss modulus G’ (®, y),
obtained by using the same set of parameters as those for
AG'(®,7) shown in Fig. . The y-dependence of G’ (w,y) is qual-
itatively similar to that of AG'(®, ), but slight quantitative dif-
ferences are observed. The shear-softening exponent is smaller
than 1/2, as shown in Fig. B (b). This discrepancy originates from
the narrow !/2-scaling window already observed in the linear-

response regime (Fig. B(a)).

Finally, we examine how the complex modulus G*(®,7y) van-
ishes as ¢ is decreased. As shown in Fig. B, G'(w, ) decreases to
zero below ¢y, and the density at which it vanishes, ¢y, decreases
with increasing y. We plot G'(w,y) and G"(w,y) as a function
of @ — ¢y and fit them with a power law, G'(®,y), G'(®,y) =
(¢ — @o)B, where @y and B are fitting parameters. Figure [T
shows the results of the fitting at @ = 1072 and y = 10~2. Note
that, similar to ¢y, @y varies from sample to sample; therefore, we
performed the fitting using the individual ¢, for each configura-
tion. We find that the exponent 8 for G'(w,y) (8 ~ 1.2) and for
G'(w,7) (B ~2) differ.
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Appendix C  Supplemental data for transient stress
relaxation

We briefly review the derivation of the power-law relaxation for
the shear stress and energy, o(¢), E(t) ~ t~/2, using the harmonic
approximation based on the vibrational mode analysis®*. We con-
sider the dynamics of the shear stress in terms of the displacement
vector u(t) and the Hessian matrix .5# of the inherent structure of
a packing. The potential energy can be expressed as
E(1) zE(t—>oo)+%uT(z)<%”u(t), (CD
where ¢ is the Hessian matrix and u(t) = r(t) — rl is the dN-
dimensional displacement vector of the N particles from their
mechanical equilibrium position r°4 = r(t — o), with d being the
spatial dimension. The shear stress can be expanded in u(r) as

o(r9+u(r)) = o(rd) + E., (r*Y) - u(t), (C2)

where E,, is the shear stress gradient also known as the affine
force field defined by

do(rHT do(rHT !
EX}'(req)_( ( 1) PR} (N) )

8r1 8rN (C3)

For the virial shear stress given in eqn (B), the gradient term with
respect to particle j is
=/ _ I Yo
—xy — — Z (K]kr]k - t_]k)n)jc‘knjkn‘/kv
k#j

(c4

<|~—

where K = dzU/drik, tjx =dU /drj, and nj = rj/rj. Using the
eigenvalues {A;} and corresponding eigenvectors {e; } of the Hes-
sian matrix, the displacement vector can be expanded as u(t) =
Y cx(t)ey, with the amplitude given by ¢ (r) = u(t) - e, due to the
orthogonality of e;. Under the harmonic approximation, the dy-
namics follow the linearized equation of motion —{u(r) = 7 u(),
which gives the time evolution of ¢ () as ¢ (t) = ¢ (0)e~ /%, Us-
ing the relationship, c,(¢) = u(¢) - e;, mentioned above, the relax-
ation of the shear stress, Ac(r) = o(r*1+u(t)) — o(r*), can be
expressed as

80() = X (1)) c(0)eH/¢ = [ a2 p(a)a(a)e %,

' (C5)
where p(A) = (dN —d)~' Y, 8(2 — X;) is the density of eigen-
values, and A(A) = (8,,(r*Y) - e)(u(0) - e) represents the weight
of each mode for the stress relaxation. The eigenvalue density
is related to the vibrational density of states D(Q) by p(1) =
D(Q)(dQ/dA), where Q = V/A.

Similarly, the energy relaxation can be derived by expanding
the energy using u(¢) and J# (see eqn (CI)). With the linearized
equation of motion described above, the energy relaxation fol-
lows:

AE(t) = Zcﬁ(ome*“ﬂ/ézé /dxp(z)B()L)xe*WC, (c6)
k

| =

where B(2) = (u(0) - e)? is the weight of each mode for the energy
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A

Fig. 11 The density of eigenvalues p(A) in mechanical equilibrium for
y=107% (blue), 10™* (green), and 10! (red) at §¢ = 107*. The dashed
line indicates A~'/2. (Inset) the vibrational density of states D(Q).

(a) 107 (b) 108

B ;
10-4 » N"q::mt‘ ;
" ! % 103+

bl
L]
H 10t

BN/

o 107t

ey o
107107107102 10" 10°
A

1010771071077 10" 10°
A

Fig. 12 A-dependence of (a) A(A) = (E,,(r*?)-e)(u(0)-e) and (b) B(A) =
(u(0) - e)? scaled by y for y=107% (blue), y=10"* (green) , and y= 10"
(red) at §¢ = 10~*. The dashed lines in panel (b) indicate A~! for B(A).

relaxation®,

In the vicinity of ¢;, D(Q) develops a plateau at low frequen-
cies, so that p(A) ~ A~1/2. As shown below, A(A) in eqn (C3) is
approximately constant, whereas B~ A~! in eqn (CH). Therefore,
assuming these integrals are dominated by the low-A contribu-
tion, both Ac(¢) and AE(r) scale as r~!/2, which reproduces the
results of Figure B in the linear-response regime.

Next, we perform the harmonic approximation analysis for
sheared systems. We directly compute the eigenvalues of the Hes-
sian matrix .7 from numerically obtained jammed packings. Fig-
ure [T shows the density of eigenvalues p(A) and the vibrational
density of states D(Q) (inset) for the packing at y= 1079, 1074,
and 10~!, at §¢ = 107*. D(Q) (and hence p(A)) for the first two
values of y are almost identical to the unstrained system, except
for a small deviation at low-Q. They exhibit a plateau, a feature
universally observed near ¢;%59, D(Q) for y=10~"! is also simi-
lar except for a larger onset frequency of the plateau, Q., which
is due to the decrease of ¢y at large y**. Using the computed
eigenvalues and eigenvectors shown in Fig. [, we evaluate A(1)
and B(A) from eqns (CH) and (CH). Figures T2A(a) and (b) show
the A-dependence of A(1) and B(A). For y=10"% and 107, we
find that A(1) ~ const. and B(A) ~ A~! over a broad range of 1,
corresponding to the plateau of D(Q). The small difference of
B(A) for the two values of y is reflected in the overestimation of
AE(t) in the softening regime, as shown in Fig. @. For y= 1071,
on the other hand, both A(A) and B(A) differ substantially from
those for other y.
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