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Circling crystals in chiral active matter with
self-alignment
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We study a crystal composed of active units governed by self-alignment and chirality. The first

mechanism acts as an effective torque that aligns the particle orientation with its velocity, while the

second drives individual particles along circular orbits. We find that even a weak degree of chirality,

when coupled with self-alignment, induces collective motion of the entire crystal along circular

trajectories in space. We refer to this phase as a circling crystal. When chirality outweighs self-alignment,

the circular global motion is suppressed in favor of vortex-like regions of coordinated motion. This state

is characterized by oscillating spatial velocity correlations, a power law decay of the energy spectrum,

and oscillatory temporal correlations. Our findings can be tested experimentally in systems ranging from

epithelial tissues to swarming robots, governed by chirality and self-alignment.

I. Introduction

In the last few years, active matter1–3 has emerged as an exciting
new field for applying and testing concepts of non-equilibrium
physics. Active systems are typically composed of self-propelled
units that convert energy from internal or external sources into
directed motion. These units often tend to follow circular or
helical orbits, systematically rotating clockwise or counter-
clockwise. These kinds of systems are often termed chiral4,5

because their trajectory cannot be superimposed by their
mirror images. Examples of chiral active matter are widespread
in biology: they range from living microswimmers, such as
bacteria6–9 moving on a substrate to malarial parasites,10 and
chiral microtubules driven by molecular motors,11 sperm
cells12 and small cell clusters confined in circular islands.13

Chirality has also been implemented in the design of artificial
systems by breaking the rotational symmetry in the body shape
or in the self-propulsion mechanisms, as in the case of L-
shaped colloids,14,15 isotropic droplets swimming in circles due
to chiral ordering and geometrical frustration,16,17 or chiral
active granular particles18–27 often termed spinners.28–31

The impact of chirality on single-particle properties, such as
odd diffusion32–35 and edge currents under external potentials,36,37

has been extensively explored, while recent efforts have focused on
chirality-induced collective phenomena.38–43 Both theoretical

analyses and numerical simulations have shown that adding
chirality suppresses motility-induced phase separation,44–46 leading
to the formation of hyperuniform fluids47–49 and the emergence of
intriguing structures such as rotating vortices in the velocity field50

or self-reverting vorticity.51 Introducing alignment interactions in
chiral systems52–56 leads to an enhanced flocking behavior and
pattern formation57 or micro-flock pattern formation58 due to the
fact that the interplay between self-rotation and alignment fosters
synchronization among particles and stabilizes large-scale coher-
ent chiral motion. A recent line of research focuses on chiral active
crystals, where each fundamental unit of the solid consists of chiral
active particles. In this case, chirality reduces the correlation length
of the spatial velocity correlations,59,60 typical of active matter and
induces cross-spatial correlations among different velocity compo-
nents, resulting in a net angular momentum.60 Moreover, odd-
elastic or chiral crystals exhibit spontaneous grain rotation, auton-
omous propulsion, and dynamic fragmentation.61 In addition, the
chirality-induced suppression of displacement fluctuations asso-
ciated with hyperuniformity generates truly long-translational
order even in two dimensions.62

Several experimental systems, such as cells,63 epithelial
tissues,64–66 and active granular particles,25,67–69 are character-
ized by a coupling between translational and rotational motion
commonly referred to as self-alignment.70 This mechanism acts
as an effective torque that tends to align the particle’s orienta-
tion with its velocity.71–77 Self-alignment is one of the key
mechanisms that can lead to flocking behavior74,76 even if this
is a single-particle mechanism that does not couple the orien-
tation of different particles.

The influence of self-alignment on collective phenomena
has been recently investigated in several studies. Specifically,
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self-alignment suppresses motility-induced phase separation in
favor of a homogeneous flocking phase,76 and it is responsible
for a re-entrant glass transition74 due to emergent migratory
patterns. In addition, recent studies focus on the case of self-
aligning active crystals, where each unit of the solid is subject
to a self-aligning activity. While, in the absence of self-
alignment, active crystals excite collective modes at every wave
vector,78 self-alignment activates a few elastic modes, as proved
experimentally73 and theoretically.79 In this case, the system
displays flocking behavior which can be analytically predicted
and interpreted as a continuous phase transition described by
an effective velocity-dependent free energy with a Landau–
Ginzburg profile.80

However, the interplay between chirality and self-alignment
remains scarcely explored. It is still unclear if the competition
between these two mechanisms influences the collective dynamics
of active systems and generates different collective behavior.

In this study, we explore the competition between self-
alignment and chirality on collective behaviors in dense active
systems, with crystalline order. We discover that even a weak
chirality introduces a global rotation, giving rise to a new
collective phenomenon, which we term a circling crystal. In
this phase, all the particles in the system are able to coordinate
their motion and move collectively along circular trajectories.
By contrast, strong chirality suppresses the global circling in

favor of vortex structures in the velocity field. Here, the system
is characterized by oscillating spatial velocity correlations with
a finite swirl size and a power-law decaying energy spectrum,
while the velocity auto-correlations show a time oscillating
profile.

The structure of the paper is as follows: in Section II, we
present the model used to perform the simulations of a solid
composed of active units characterized by self-alignment and
chirality. The corresponding results are discussed in Section III.
Finally, in Section IV, we provide a general discussion together
with possible perspectives, applications, and directions for
future studies and experimental validations. The details of
the model employed in the numerical simulations are pre-
sented in Appendix A, while the derivations supporting our
theoretical predictions are given in Appendix B.

II. Model

We consider a two-dimensional solid consisting of N interact-
ing chiral active Brownian particles subject to a self-alignment
mechanism. Particles are active and they move with a constant
velocity v0 along their intrinsic orientation n̂ (black arrow in
Fig. 1(a)), indicated by the black cap on each particle, and are
chiral since their orientation rotates at constant frequency, O
(purple circular arrow in Fig. 1(a)), also termed chirality. This

Fig. 1 Schematic of dynamics of chiral self-aligning active solids. (a) Schematic illustration of an active solid composed of active particles characterized
by self-alignment and chirality. Here, the particle orientation, indicated by the black cap on the particle, is represented by n̂, while v denotes its velocity.
The rotation direction, i.e. the particle chirality, is indicated through a purple circular arrow, while the self-alignment torque Tsa by a blue circular arrow.
(b)–(e) Trajectories of a target particle within the active solid as the strengths of self-alignment and chirality are varied. The color along the trajectory
encodes time, with darker points representing earlier positions and lighter points indicating later positions. The points along each trajectory are
connected by gray lines to highlight the particle’s path. The simulation results presented here were obtained for reduced self-alignment values of B = 0.1
and B = 0.5, and reduced chirality values of o = 0.5 and o = 40. The other dimensionless parameters of the simulations are: Pe = 10, M = 10�4,ffiffiffiffiffiffiffiffi

e=m
p .

Drsð Þ ¼ 102, and F = Nps2/4L2 = 1.1.
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rotating mechanism pushes a free particle to move along a
circular trajectory whose typical radius is determined by the
interplay between the chirality strength and the particle’s self-
propulsion, rO = v0/O. In this system, the crystal units are
subject to a self-alignment mechanism, modeled as an effective
torque, Tsa (blue circular arrow in Fig. 1(a)), that tends to align
the particle orientation, n̂, with its velocity v (red arrow in
Fig. 1(a)). The particle motion is described by an inertial transla-
tional dynamics and an overdamped rotational dynamics:

m _vi ¼ �gvi þ gv0n̂i þ Fi þ g
ffiffiffiffiffiffiffiffi
2Dt

p
ni; (1a)

gr _yi ¼ grOþ Tsa
i � êz þ gr

ffiffiffiffiffiffiffiffi
2Dr

p
Zi; (1b)

where xi is the position of the i particle, vi = :xi is its velocity, and yi

is the orientation angle setting the direction of the active force.
The parameters g and gr represent the translational and rota-
tional friction coefficients, respectively, while Dt and Dr are the
corresponding diffusion coefficients. The terms ni and Zi denote
independent Gaussian white noises with zero mean and unit
variance. Each particle, of mass m, is self-propelled at a constant
speed along the direction n̂i = (cosyi,sinyi), determined by its
orientation angle yi. Particle motion is influenced by a chiral
term, O, which induces circular orbits, and by a deterministic
torque, Tsa

i = b(n̂i � vi), that aligns the orientation n̂i with the
velocity vi. The self-alignment strength is set by the parameter b,
which defines the typical distance, gr/b, that a particle travels
before its orientation aligns with its velocity.

The force Fi accounts for purely repulsive interactions
between particles and is derived from a Weeks–Chandler–Ander-

sen (WCA) potential: Fi = �riUtot, with Utot ¼
P
io j

U ri � rj
�� ��� �

and U(r) = 4e[(s/r)12� (s/r)6] if r o 21/6s and zero otherwise. Here,
e sets the energy scale, and s denotes the particle diameter. We
consider a regime of high packing fraction f = Ns2p/4L2 E 1.1,
where L is the side of the simulation box. In two dimensions, the
high value of f forces the particles to occupy the vertices of a
triangular lattice (Fig. 1(a)) arranging in an almost perfect crystal-
like configuration. As a consequence, they cannot exchange
positions with their neighbors. Each individual unit is confined
in a cage formed by the nearest particles, and the only way a
particle can move beyond the typical interparticle distance is
through collective motion. The high density considered in our
work allows us to reproduce conditions relevant to many biolo-
gical systems, such as epithelial tissues81 or chiral cellular
aggregates13 while avoiding effects like density fluctuations82,83

or density inhomogeneities.
In our simulations, we set Dt = 0, as in active matter systems

this term is typically much smaller than the effective diffusion
arising from activity. Chirality introduces a characteristic time
for a particle to complete a circular orbit in the absence of other
effects, given by 1/O. Self-alignment defines another character-
istic time, gr/(bv0), i.e., the time required for the particle’s
orientation to align with its velocity. These times compete with
other intrinsic time scales of the system, namely the persis-
tence time of the particle, t = 1/Dr, and the translational inertial
time, td = m/g.

Simulations are performed in a box of side L with periodic
boundary conditions by rescaling lengths by the particle dia-
meter s and time by t. With these choices, the dynamics are
governed by several dimensionless parameters: the Péclet
number, Pe = v0/(Drs), which quantifies the persistence length
of a particle relative to its size; the reduced mass, M = Drm/g,
which determines the relevance of inertia and is chosen to be
small, M = 10�4; the reduced chirality, o = Ot, which compares
the typical time for a particle to complete a circular orbit
with the persistence time; the reduced self-alignment
strength, B = bs/gr, which compares the self-aligning length
to the particle size; and, finally, the reduced interaction

strength,
ffiffiffiffiffiffiffiffi
e=m

p .
Drsð Þ. Details of the numerical simulations

are discussed in Appendix A.

III. Results

In order to investigate the interplay between chirality and self-
alignment in an active crystal, we perform simulations by fixing
the Péclet number at Pe = 10 and systematically varying the
strength of the reduced self-alignment B and the reduced
chirality o (see Fig. 2(a)). In ref. 80, a non-chiral active solid
characterized by self-alignment was already studied and
revealed a transition from a disordered to a flocking state as
the alignment strength increases. Here, we aim to investigate
how the inclusion of a chiral term modifies the dynamics of the
crystal, ultimately leading to the complete suppression of the
flocking state observed for sufficiently strong chirality.

A. Single-particle dynamics in a self-aligning chiral
active solid

We start by monitoring the dynamics of a target particle inside
the crystal (see the Supplementary Video). The particle trajec-
tories, which in Fig. 1(b)–(e) are represented by colored dots
that become lighter with time and are connected by gray lines,
strongly depend on the relative strengths of reduced chirality o
and reduced self-alignment B. For weak B (i.e., before the
flocking transition80) and small o, the particle irregularly
moves with a displacement that exceeds the particle diameter
s (Fig. 1(d)). This observation suggests that the system does not
flock but the particles move in finite-size domains as in ref. 84,
implying the absence of a global synchronization among the
particles of the crystal. In this regime, the increase in chirality
induces more localized trajectories (Fig. 1(e)), with small posi-
tion fluctuations even smaller than the particle diameter s. At
low chirality and strong self-alignment (Fig. 1(b)), particles are
able to globally coordinate their motion, giving rise to well-
defined circular orbits with a radius that scales as the ratio
v0/O, much larger than the particle diameter s. These extended
orbits emerge from the collective motion of the system, in
which all particles perform a circular coordinate motion,
suggesting the occurrence of a new flocking-like state with
rotating features. Finally, upon increasing chirality in this
regime of strong self-alignment, the radius of the circular orbits
decreases (Fig. 1(c)), becoming even smaller than the particle
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diameter s. The reduced size of the orbits effectively suppresses
the fluctuations of the particles’ displacement within their
lattice cages. However, local alignment seems to be preserved,
as reflected by the nearly perfect circular trajectories followed
by each particle.

This single-particle trajectory study implies that introducing
a sufficiently strong self-alignment enables the particles to
coordinate their motion, either globally or locally, depending
on the intensity of the chiral term, and effectively reduces noise
effects. It is reflected in the almost perfectly circular trajectories
shown in Fig. 1(b) and (c).

B. Phase diagram

The analysis of the single-particle trajectories suggests the
occurrence of collective behavior. Therefore, we systematically
build a phase diagram in the plane of reduced chirality o and
reduced self-alignment B, which allows us to identify four
distinct phases (Fig. 2(a)). For weak values of B and o, the
system remains in a disordered system (DS) phase, where
particles are unable to globally coordinate their motion and
chirality is too weak to significantly affect the system dynamics:
the system shows finite-size domains where particles locally
align their velocity (Fig. 2(d)). This local velocity alignment is a
consequence of the high-density and active force persistence
and results in short-range velocity correlations, consistently
with previous findings without self-alignment and chirality.84

By keeping self-alignment weak and increasing chirality, the
system enters the chiral disordered system (CDS) phase. In this
regime, particles still exhibit local alignment in the velocity field
due to the interplay between active forces and the high packing
fraction of the system (Fig. 2(e)). The main difference between
the disordered phase (DS) and the CDS is that increasing the
strength of the chiral term modifies the system’s dynamics by
reducing the size of velocity-aligned domains and introducing an
oscillatory behavior in the temporal dynamics. Further details
will be discussed in the following sections.

On the other hand, by increasing the value of the self-
alignment strength B, the system enters a flocking-like phase
typical of crystals composed of self-aligning units (see ref. 80),
where the particles’ velocities are globally aligned. In this
regime, while chirality does not alter the transition line from
the disordered to the ordered phase, it alters the flock
dynamics. Indeed, here, active units do not follow an almost
straight trajectory as in the standard case of flocking behavior
but display collective circular trajectories, as suggested by
tracking a single-particle trajectory inside the crystal
(Fig. 1(b)). In this regime, all the particles’ velocities are aligned
(see Fig. 2(b)) as an effect of self-alignment, but the whole
group of particles collectively follow circular orbits due to
chirality. Consequently, we term this collective behavior, the
circling crystal (CC) phase. The characteristic radius of these
circular orbits is determined by the interplay between the active
force and chirality and scales as v0/O. For a fixed self-
propulsion of the active units, increasing the value of O leads
to a decrease in the typical radius of the orbits, as illustrated by
the single-particle trajectories inside the active solid shown in
Fig. 2(b) and (c).

To theoretically predict the circling crystal phase, we use a
method similar to the one used in ref. 80 by including
the additional effect of chirality. As derived in Appendix B,
the particle dynamics (eqn (1)) can be mapped onto a coarse-
grained dynamics in the continuum limit, with the following form

_vðr; tÞ ¼ �1
t

d
dvðr; tÞFLG½vðr; tÞ� þ Oz� vðr; tÞ

þ v0

ffiffiffi
2

t

r
gðr; tÞ: (2)

Fig. 2 Phase diagram. (a) Phase diagram in the plane of reduced self-
alignment strength B and reduced chirality o. Colors denote different
phases which are visualized by the four snapshots (b)–(e), where vectors,
colored using the same color as the corresponding phase in the phase
diagram, represent the normalized particle velocities. (b) Circling crystal
(CC) phase (light brown), where all particle velocities are aligned, and all
the system performs synchronized circular orbits in space. (c) Vortex phase
(VP) (brown), where the system develops vortex structures and the global
circling is suppressed. (d) Disordered system (DS) (black), where particle
velocities form finite-size domains where particles are aligned. (e) Chiral
disordered system (CDS) (grey), where the particles’ velocity is aligned in
finite-size domains, but the particles show oscillatory dynamics. The
orange region that separates CC and VP phases represents metastable
configurations, showing circling crystal or vortex structures depending on
the initial conditions. Colored rectangles in the phase diagram outline the
values of parameters analyzed in successive figures. The remaining dimen-
sionless parameters of the simulations are Pe = 10, M = 10�4,ffiffiffiffiffiffiffiffi

e=m
p .

Drsð Þ ¼ 102, and f = Nps2/4L2 = 1.1.
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where g(r,t) is a vector representing Gaussian white noise satisfy-
ing hg(r,t)g(r0,t0)i = d(t � t0)d(r � r0) and z corresponds to the unit
vector normal to the plane of motion. The term FLG½vðr; tÞ�
denotes the Landau–Ginzburg free energy, which reads

FLG½vðr; tÞ� �
3ts2

2

K
g
rvðr; tÞð Þ2

þ 1

2
vðr; tÞj j2 1� v0

tb
gr

� �
þ tb
4v0gr

vðr; tÞj j4:
(3)

The first term on the right-hand side of eqn (3) represents
the kinetic contribution, which tends to restore random con-
figurations. The remaining two terms correspond to a single-
particle free energy with a Mexican-hat shape, whose form
depends on the sign of the mass term, i.e. the term propor-
tional to |v(r,t)|2. Compared to the results of ref. 80, chirality
generates an additional force Oz � v(r,t) which cannot be
expressed as the functional derivative of an effective free
energy. The structure of the chirality-induced term is reminis-
cent of a Lorentz force due to an external magnetic field and
therefore it is intuitively responsible for a circular current,
applying at the single-particle level.

To shed light on the effect of the chiral term on the system
dynamics, we analyze the complex velocity c(r,t) = vx(r,t) +
ivy(r,t), which is then convenient to express in polar coordinates
c(r,t) = v(r,t)eij(r,t), where v = v(r,t) is the velocity modulus and
j = j(r,t) the polar angle. With this choice the dynamics (2) can
be rewritten as

_v ¼ �3s
2

2

K
g
v rjð Þ2�v 1

t
� bv0

� �
� b
v0gr

v3; (4a)

vðr; tÞ _j ¼ vðr; tÞOþ 3s2
K
g
rvðr; tÞ � rjðr; tÞ

� 3s2

2

K
g
vðr; tÞr2jðr; tÞ:

(4b)

The time evolution of the velocity modulus, v, is not affected
by the chirality and remains consistent with the Mexican-hat
free-energy profile described by eqn (3). However, we find that
the chiral term uniquely influences the time evolution of the
velocity orientation j through a constant term. Therefore by
considering a reference frame that rotates with angular velocity
O, i.e. implementing the change of variables j0 = j � Ot in
eqn (4b), chirality disappears from the dynamics. This is
equivalent to looking for a solution with a time-shifted phase,
which can hold only for weak chirality. In this regime, assum-
ing that spatial gradients of the velocity modulus are negligible,
the constantly rotated angle j0 is described by a diffusive
dynamics

_j0 ¼ �3s
2

2

K
g
r2j0: (5)

As a consequence, in the rotating reference frame, the angle
field gives rise to the Goldstone modes associated with the
spontaneous breaking of rotational symmetry. This theory

explains the circling crystal phase because the solution for
the polar angle j evolves diffusely but is subject to a constant
temporal increase with angular velocity O. Since the only effect
due to chirality is imposing a constant rotation to the velocity
field, our theory predicts that the transition line from the
disordered to the circling crystal is not affected by chirality
and occurs when the mass term changes sign, i.e., when b
exceeds the critical value bc, given by

bc
gr
¼ 1

v0t
: (6)

This theoretical prediction is consistent with our numerical
findings (Fig. 2(a)) and with the flocking transition observed in
the absence of chirality.80

By maintaining a high value of self-alignment B and select-
ing strong chirality values o, the system enters the vortex phase
(VP). In this regime, we observe that chirality competes with
self-alignment, thereby suppressing the flocking behavior. For
o \ 10, the orbital radius rO is comparable to the one of the
particle, rO t s/2. This indicates that the circular motion of the
particles is almost localized within the individual lattice cage
(see Fig. 1(c)), which corresponds to low effective temperature
of the system. As a consequence, global alignment – which
generally emerges when self-alignment allows random persis-
tent fluctuations of the particles to break the global rotational
symmetry – is suppressed. Instead, local ordered domains
emerge, where within each of the particle velocities are aligned
and exhibit coordinated circular motion (see Fig. 2(c)). To
ensure that the VP is not an artificial finite-size effect, we have
systematically performed simulations with different particle
numbers, verifying that the vortex spacing observed in the
velocity field is unaffected by the size of the simulation box.
We remark that, between the circling crystal (CC) phase and the
vortex phase (VP), there exists an intermediate region, high-
lighted in orange in the phase diagram, where the system may
show a stable global rotating phase or vortex-like structures,
depending on the randomly chosen initial conditions.

In Fig. 2(a), three different colors (blue, red, and green) are
used to highlight specific lines of the phase diagram corres-
ponding to different values of the reduced self-alignment
(B = 0.05, 0.2, and 0.5). Along these lines, we observe transitions
between all the four phases discussed in this work. The same color
scheme will be consistently employed in the subsequent figures.

C. Spatial velocity correlation functions and energy spectra

In order to characterize the phases previously described, we
analyzed both the spatial velocity correlation function and the
kinetic energy spectrum (Fig. 3). The spatial velocity correlation
function is defined as

CðrÞ ¼

P
ij

vi � vjd r� rij
� �

P
ij

d r� rij
� �

* +
; (7)

with rij = |ri� rj|. Here, the symbol h� � �i corresponds to the time
average. In the case of a crystal composed by passive units, C(r)
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does not have a spatial dependence and is approximately given by
a Dirac delta function centered at r = 0. In the absence of active
forces, the particles’ velocities are not correlated since the system
is governed by the Maxwell–Boltzmann distribution. In an active
solid without both chirality and self-alignment, C(r) typically
exhibits a spatial decay with an exponential profile and a correla-
tion length increasing with the persistence time t of active force.84

When chirality is included in the dynamics of individual particles,
the characteristic length of the correlated domains decreases as
chirality increases consistently with theoretical and numerical
results of ref. 59 and 60 in the absence of self-alignment. On the
other hand, for strong enough self-alignment the system under-
goes a flocking transition. In this case, the velocity correlation
function has an almost constant profile.80

To focus on the spread of information across scales, we
study the kinetic energy spectrum, defined as

EðkÞ ¼ 2pL2k
v̂ðkÞj j2

D E
v2h i : (8)

here, k = |k| corresponds to the modulus of the wave vector and
v̂ðkÞ ¼

Ð
d2rvðrÞe�ik�r coincides with the Fourier transform of the

velocity field. The maximum and minimum accessible values
of k are defined, respectively, by the inverse of the particle
diameter and by the inverse of the box size, both scaled by 2p.
In general, when the energy spectra exhibit a power-law decay
in the range of wavenumbers k between the value corres-
ponding to the spectral peak and the smallest k defined by
the inter-particle distance, this indicates the emergence of a
scale-free regime in real space. The presence of a peak at a well-
defined wavenumber k signals the existence of structures with a
characteristic size in the velocity field. When the peak is not
visible, it occurs at smaller values of k that are not accessible due
to the finite system size, which imposes a lower limit on the range
of k values studied. The increase of the energy spectrum always
observed at large k values originates from the intrinsically dis-
ordered packing at short length scales. For a non-chiral active
crystal without self-alignment, the energy spectrum profile scales
as E(k) B k�1 for large k, consistently with an Ornstein–Zernike
profile.85,86 In ref. 59, where chirality is introduced at the level of
single-particle dynamics, the energy spectra reveal the emergence
of correlated velocity fields for low noise and weak chirality.

In our study, we combine both chirality and self-alignment
in a crystal composed by active units. For B = 0.05 (Fig. 3(a) and
(b), blue panel), the spatial velocity correlation functions for
o = 0.5, 50, and 100 (Fig. 3(a)) exhibit an exponential decay,
with a characteristic length that decreases as chirality
increases. This reflects the fact that, as chirality increases,
particles tend to move along orbits of smaller radius, resulting
in a system characterized by short range correlations in the
velocity field. The corresponding energy spectra (Fig. 3(b)) show
a slower decay at larger k for o = 0.5 (DS phase), characterized by
a power-law behavior of the form E(k) B k�1, in accordance with
an Ornstein–Zernike profile, as discussed in recent works on
chiral and non-chiral active crystals.59,60,86 As chirality increases
(CDS phase), the spectral peak shifts to larger k, reflecting the
emergence of smaller structures in the velocity field (Fig. 2(e)),
while the power-law decay becomes steeper and, for extreme
chirality strength, scales as E(k) B k�2. Increasing chirality leads
to smaller particle domains where velocities are correlated, but
also to a progressive loss of local fluctuations and instabilities,
which is reflected in a faster decay of the energy spectrum.

At B = 0.2 (Fig. 3(c) and (d), red panel) and o = 0.5, the
system enters the circling crystal (CC) phase: all particles are
aligned and move collectively along circular orbits (see
Fig. 2(b)), resulting in a nearly constant spatial velocity correla-
tion function close to one as shown in ref. 80. The corres-
ponding energy spectrum displays a delta-like peak at k = 0,
which cannot be properly extrapolated from the data since the
minimum accessible k is determined by the inverse of the
simulation box size, scaled by 2p. Increasing o to 50 or 100
drives the system back into the chiral disordered (CDS) phase,
where correlations decay exponentially, and the energy spec-
trum follows a power-law behavior of the form E(k) B k�2.

For B = 0.5 (Fig. 3(e) and (f), green panel), the CC phase
persists at o = 0.5 with similar correlation and spectral features.
At higher chirality (o = 50, 100), the system transitions to the
vortex phase (VP), characterized by a correlation function that

Fig. 3 Correlation functions and energy spectra. (a), (c), and (e) Spatial
velocity correlations as a function of the distance r for reduced self-
alignment values of B = 0.05, 0.2, and 0.5, respectively. (b), (d), and (f)
Kinetic energy spectra of the system, E(k), defined in eqn (8), as a function
of k for B = 0.05, 0.2, and 0.5. The simulations at B = 0.5 are performed in a
larger box (180 � 180) in order to avoid finite-size effects. The other
dimensionless parameters of the simulations are: Pe = 10, M = 10�4,ffiffiffiffiffiffiffiffi

e=m
p .

Drsð Þ ¼ 102, and f = Nps2/4L2 = 1.1.
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crosses zero and becomes negative at scales set by the domain
size (Fig. 2(c)), and energy spectra with pronounced peaks at
finite k. Both the zero-crossing in the spatial velocity correlation
function and the peak positions in the spectrum indicate that
the characteristic size of coherent velocity structures decreases
with increasing chirality. In this case, the energy spectrum at
large k scales as a power law, E(k) B k�4, indicating an almost
complete suppression of local instabilities in favor of well-
defined vortex structures in the velocity field.

The fast power-law decay observed in the energy spectra for
all regimes characterized by high chirality reflects the fact that
this term introduces a characteristic correlation length in the
velocity field, defining the spatial scale on which most of the
energy is concentrated.

To summarize, in the DS and CDS phases the velocity
correlation functions decay rapidly, especially as the strength
of the chiral term increases. In the CC phase, the alignment of
the velocities is reflected in the almost constant behavior of the
function. The same function, which oscillates in the VP phase,
reflects finite-size domains in which the particle velocities are
aligned. Finally, all four phases are also characterized by differ-
ent exponents in the decay of the energy spectra, reflecting on
which spatial scale the energy of the system is concentrated.

D. Velocity autocorrelation function

To characterize the dynamics of the phases described in the
phase diagram, we have also analyzed the velocity autocorrela-
tion function, defined as:

CtðtÞ ¼
við0Þ � viðtÞh i
við0Þ � við0Þh i; (9)

where h� � �i corresponds to the time and particle average.
Starting from the lowest self-alignment value (Fig. 4(a)–(c), blue
panel), Ct for o = 0.5 (corresponding to the DS phase in
Fig. 4(a)) exhibits a rapid exponential decay. This behavior
indicates that the particle dynamics in this regime are domi-
nated by the rotational noise, which tends to randomize the
particle orientation over the characteristic time scale t, in
agreement with previous studies on non-chiral active
solids. In contrast, for o = 50, 100 (Fig. 4(b) and (c)) we are in
the CDS phase and the velocity autocorrelation functions dis-
play clear oscillatory profiles, with a periodicity set by the chiral
term O, and an evident damping behavior as also shown
in ref. 59. These chirality-induced oscillations are consistent
with the oscillating mean-square displacement encountered even
in a free chiral active particle87–89 and can be related to the
occurrence of the odd diffusive behavior typical of chiral
systems.32,33,90

For higher self-alignment values, B = 0.2 (Fig. 4(d)–(f), red
panel) and B = 0.5 (Fig. 4(g)–(i), green panel), all velocity
autocorrelation profiles, even the ones at small chirality, exhibit
oscillatory behavior consistent with the chirality-induced peri-
odicity. Furthermore, increasing the self-alignment strength
reduces the damping of these oscillations, until, for the stron-
gest self-alignment, the curves no longer display any decay.
Indeed, strong self-alignment allows the particles to coordinate
their motion in an extremely persistent manner, preventing the
loss of coordination that is normally induced by rotational
noise. The introduction of the alignment term effectively forces
particle trajectories to no longer be dominated by thermal
noise, but instead to coordinate their motion over periods of
time much longer then the characteristic time scales of the

Fig. 4 Velocity auto-correlation functions. (a)–(c) Velocity auto-correlation functions Ct(t) for B = 0.05 and o = 0.5, 50, 100. (d)–(f) Ct(t) for B = 0.2 and
o = 0.5, 50, 100. (g)–(i) Ct(t) for B = 0.5 and o = 0.5, 50, 100. The simulations at B = 0.5 are performed in a larger box (180 � 180) in order to avoid finite-
size effects. The other dimensionless parameters of the simulations are: Pe = 10, M = 10�4,

ffiffiffiffiffiffiffiffi
e=m

p .
Drsð Þ ¼ 102, and f = Nps2/4L2 = 1.1.
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system, globally in the circling crystal phase or locally in the
vortex phase, allowing the emergence of undamped periodic
motion whose period is determined by the chirality of indivi-
dual particles.

In the end, the chiral term is able to affect the system
dynamics in all phases except the DS phase, in which both
chirality and self-alignment are still dominated by the thermal
noise. Moreover, if the self-alignment term is sufficiently
strong, the chiral particle motion becomes persistent in time,
as observed in the CC and VP phases.

IV. Conclusions

In this paper, we have studied the interplay between self-
alignment and chirality in active crystals. The first mechanism
drives the particle orientation to align with the velocity, while
the second one drives the particles along circular orbits. Con-
sistent with the previous results, for weak chirality and strong
self-alignment, a circling crystal phase was found where the
individual particles synchronize and all move along the same
circular orbit. When chirality is strong, the circular collective
motion is suppressed and the system develops vortex-like
structures in the velocity field. In this state, the system displays
an oscillatory behavior in the spatial velocity correlations and
time-oscillating velocity autocorrelations. It is important to
note that the four phases presented in this work differ in the
properties of the velocity field and in the presence or absence of
a global motion of all the particles forming the active crystal.
Owing to the high packing fraction, each particle is confined
within a lattice cage with no possibility of escape, thereby
preserving the hexagonal crystal order independently of the
values of self-alignment or chirality. Further studies could aim
to develop a field theory capable of explaining and predicting
the suppression of this transition numerically observed, for
instance by generalizing the theory developed in ref. 91 to self-
aligning chiral systems.

The results presented in this paper suggest that a natural
extension of this work would be to study the effects of self-
alignment and chirality in systems of active Brownian particles
at lower densities. Recent studies on active turbulence92,93

indicate that the low-density counterpart of the system pre-
sented here may exhibit active turbulent-like behavior for
strong chirality. Active turbulence94,95 differs from the usual
inertial turbulence observed in fluids at high Reynolds num-
bers. In the latter case, the interplay between inertial and
viscous forces destabilizes the laminar flow, leading to the
formation of vortices. The situation is different in active
turbulence: here, no external driving is needed, as the internal
propulsion of the active units is sufficient to induce complex
dynamics, giving rise to self-driven flows that can even become
chaotic.

Our findings are amenable to experimental validation in both
biological systems and in active granular media.18,31,64,65,73,96–100

In the biological context, it is well established that many cellular
assemblies exhibit self-alignment mechanisms,64 while others

display intrinsic chirality.13 Exploring systems that combine
these two features could provide new insights into their collec-
tive behaviors. Regarding granular systems, several experimental
realizations already exhibit self-alignment. Examples include
Hexbugs,19,23,73,101 commercial toys characterized by a certain
degree of self-alignment, or 3D-printed granular walkers,75 where
the strength of self-alignment can be tuned by adjusting the
mass distribution and the position of the center of friction.
Including chirality in these systems can be easily achieved by
simply breaking the rotational symmetry of the particle body, as
demonstrated in light-driven robots propelled by internal
vibrations,20 intelligent robots equipped with internal motors
generating horizontal oscillations26 or air-fluidized disks con-
sisting of a set of blades with a constant tilt.30,31 The possibility
of combining these two ingredients, self-alignment and chirality,
in dense systems could enable the experimental observation of
the phases described in this work and provide new insights into
the interplay between collective motion, chirality, and structural
ordering in active matter. The experimental realization of these
phases may pose technical challenges due to boundary effects,
particularly for the circling crystal phase, in which the entire
system exhibits circular orbits in space. In the presence of hard
or soft walls, particles near the boundaries lack sufficient space
to perform such orbits; as a consequence, bulk vortices and edge
currents may emerge. Overall, our results suggest that a careful
control of microscopic activity parameters offers a promising
route to stabilize novel collective states in active crystalline
systems.

Author contributions

M. M. performed the numerical study; L. C. derived the theory;
and M. M and L. C. wrote the first draft of the paper. M. M.,
A. A., H. L., and L. C. equally contributed to the data inter-
pretation, presentation, and writing of the manuscript.

Conflicts of interest

The authors declare no conflicts of interest.

Data availability

Supplementary information (SI) is available. See DOI: https://
doi.org/10.1039/d5sm01135c.

Data for this article, including simulation data, are available
at ‘Zenodo’ at https://doi.org/10.5281/zenodo.17592187.

Appendices
Appendix A: details of the numerical simulations

The dynamics described in the main text using eqn (1a) and
(1b) are numerically implemented by using the Euler
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integration scheme with a time step of Dt = 5� 10�6t. Rescaling
time by the persistence time of the particle’s trajectory, t, and
positions by the particle’s diameter, s, the integration scheme
is as follows:

r0 i t
0 þ Dt 0ð Þ ¼ r0 i t

0ð Þ þ Dt 0v0 i t 0ð Þ (A1a)

v0 i t
0 þ Dt 0ð Þ ¼ v0 i t

0ð Þ � g
mDr

Dt 0gv0i t 0ð Þ

þ Dt 0
1

smDr
2
F0 i r

0
i t
0ð Þð Þ þ g

mDr
Dt 0v00n̂i

(A1b)

y0i t
0 þ Dt 0ð Þ ¼ Otþ bs

gr
Dt 0 n̂i � v0 ið Þ � êz

þ
ffiffiffiffiffiffiffiffiffi
2Dt 0
p

Yi

(A1c)

In the equations above, the prime symbol denotes dimen-
sionless variables used in our simulations. In this formulation,
the particle orientation is given by n̂i = (cos yi,sin yi), and Yi are
Gaussian random variables with zero mean and unit variance.
The force arising from interactions can be written as Fi =�riUtot,

where Utot ¼
P
io j

U xi � xj
�� ��� �

, with U chosen as a WCA potential,

as described in the main text.
The particle dynamics are controlled by the dimensionless

parameters discussed in the main text that we summarize again
here: the Péclet number, Pe = v0/(Drs), that is fixed to Pe = 10 in
our numerical study; the reduced mass, M = Drm/g, which
compares the inertial time m with the persistence time t = 1/
Dr. This parameter corresponds to the inverse of the coefficient
multiplying the second and last terms on the right-hand side of
eqn (A1b). This is fixed to M = 10�4 to explore the low-inertia
regime; and the dimensionless interaction strength,ffiffiffiffiffiffiffiffi
e=m

p .
Drsð Þ, which can be extracted from the third term of

the same equation.
Chirality and self-alignment introduce additional dimen-

sionless parameters: the reduced chirality, o = Ot, varied
between 10�1 r o r 102, and the reduced self-alignment
strength, B = bs/gr, varied in the range 5 � 10�2 r B r 100.
Simulations are performed for a total time of 2 � 102t in a
square box of size L = 125 with periodic boundary conditions.
Simulations are performed with a number of particles N = 2.2 �
104, yielding a packing fraction of F = Nps2/4L2 = 1.1.

Each point in the phase diagram corresponds to a single
simulation, which is sufficiently long (t = 2 � 102t) to ensure
that the system has reached the steady state. For the points
close to the phase boundaries, we have performed multiple
simulations in order to determine the boundaries more
clearly.

Appendix B: derivation of the theoretical prediction of the
circling crystal

a. Algebraic derivation of the chiral self-aligning active
dynamics. The dynamics for chiral active Brownian particles

interacting with self-alignment in two dimensions can be
expressed in Cartesian components as follows

_vi ¼
Fi

m
� g
m
vi þ

g
m
v0n̂i (B1a)

�̂
ni ¼ �

n̂i

t
þ

ffiffiffi
2

t

r
gi � n̂i

þ b n̂i � við Þ � n̂i þ Oz� n̂i:

(B1b)

where vi = :xi. Here, we have neglected the translational noise to
be consistent to the model used for the simulations.

As a first step, we rewrite the self-alignment interactions in
the following form (as already done in ref. 80)

b(n̂i � vi) � n̂i = b(vi � n̂i[vi�n̂i]), (B2)

where we have used that ni
2 = 1. At first, we define the

acceleration si = :vi and then apply the time derivative to
eqn (B1a). By using eqn (B1b) to calculate

�̂
ni, we obtain

_si ¼ �
g
m
si � vj � rirj

Utot

m
þ gv0

m
�n̂i
t
þ

ffiffiffi
2

t

r
gi � n̂i

"

þ b vi � n̂i vi � n̂i½ �ð Þ þ Oz� n̂i�:

(B3)

In order to express the dynamics as a function of position,
velocity, and acceleration only, we eliminate ni by using
eqn (B1a):

_si ¼ �
g
m
þ 1

t

� �
si � vj � rirj

Utot

m
þ Fi

mt

þ gv0
m

ffiffiffi
2

t

r
gi � n̂i þ

g
m
vi �

1

t
þ v0b

� �

� gv0
m

b
m

gv0
si þ

vi

v0
� Fi

gv0

� �
vi �

m

gv0
si þ

vi

v0
� Fi

gv0

� �� �� 	

þ gv0
m

Oz� m

gv0
si þ

vi

v0
� Fi

gv0

� �
:

(B4)

The dynamics (B4) are equivalent to the equations of
motion (B1a) and (B1b) numerically implemented and result
from a change of variables from (xi,vi,n̂i) to (xi,vi,si). We
remark that chirality solely appears in the last line of
eqn (B4), while the remaining terms are simply due to the
interplay between self-alignment activity and potential
forces.
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b. Vanishing the inertia limit. In the limit of small inertia,
the leading contributions to the dynamics (B4) are the terms
proportional to g/m, and neglecting higher-order contributions
we obtain

_si ¼ �
g
m
si � vj � rirj

Utot

m
þ Fi

mt
þ gv0

m

ffiffiffi
2

t

r
gi � n̂i

þ g
m
vi �

1

t
þ v0b

� �

� gv0
m

b
vi

v0
� Fi

gv0

� �
vi �

vi

v0
� Fi

gv0

� �� �� 	

þ gv0
m

Oz� vi

v0
� Fi

gv0

� �
:

(B5)

In the overdamped limit m/g - 0, one can eliminate the
variable si, neglecting the time evolution of the acceleration, i.e.
:si = 0. In this way, we obtain an equation of motion for vi,
which reads

si ¼ _vi ¼ �vj � rirj
Utot

g
þ Fi

gt
þ v0

ffiffiffi
2

t

r
gi � n̂i

þ vi �
1

t
þ v0b

� �

� v0b
vi

v0
� Fi

gv0

� �
vi �

vi

v0
� Fi

gv0

� �� �� 	

þ v0Oz�
vi

v0
� Fi

gv0

� �
:

(B6)

The first term in eqn (B6) is a local alignment term and by
calling Ni the instantaneous number of particles interacting
with the particle i, we have

1

g

X
j

rirjUtot � vj ¼
1

g

XNi

j¼1
ririU xij

�� ��� �
� vi

 

þ
XNi

j¼1
rirjU xij

�� ��� �
� vj

!

¼ 1

g

XNi

j¼1
ririU xij

�� ��� �
� vi � vj
� �

:

(B7)

In this interaction, the particle’s velocity vi is attracted to the
velocity of particle j depending on the second derivative of the
potential. The other terms in eqn (B6) are a force Fi normalized
by the persistence time t, the chiral term and a noise one. In
addition, self-alignment induces other single-particle non-
linear terms that depend on vi and Fi.

c. Lattice approximation. In the crystalline configuration,
particles occupy the sites of an ordered triangular lattice
and exhibit small fluctuations around their equilibrium
positions. To proceed with the derivation, we adopt the
lattice approximation, effectively freezing the particle posi-
tions at their lattice sites. Under this assumption, the net
force on each particle vanishes, Fi = 0. In addition, the

second derivative of the potential becomes constant and
can be expressed as

Xni
j¼1
ririU xij

�� ��� �
� vi � vj
� �

¼
XNi

j¼1
Hj � vi � vj

� �
: (B8)

Here, Ni = 6 for a two-dimensional triangular lattice, and the
constant matrix Hj , which depends on the distance between
particles i and j, is obtained by computing the second spatial
derivatives of the potential U:

ra
ir

b
i U rij
� �

¼ U 00 rij
� �
þ
U 0 rij
� �
rij
�� ��

" #
raijr

b
ij

rij
�� ��2

� dab
U 0 rij
� �
rij
�� �� ;

(B9)

where raij = rai � raj , with a = x,y. In this expression, each prime on
the potential U means a spatial derivative. In addition, the
following relation holds:

ra
irb

j U = �ra
irb

i U. (B10)

The Cartesian components of raij/|rij| can be written as cos(dj)
and sin(dj), where dj is the angle between the vector rij and the
horizontal axis. Owing to the regular hexagonal structure of the
cluster, this angle can be expressed as dj = d0 + jp/3, with j = 0, 1,
. . ., 5, where d0 denotes the orientation of the hexagon with
respect to the reference frame, which we set to zero without loss
of generality. In this way, we finally obtain the elements of the
matrix H

HxxðsÞ ¼ U 00ðsÞ cos2 j
p
3


 �
þU 0ðsÞ

s
sin2 j

p
3


 �
(B11)

HyyðsÞ ¼ U 00ðsÞ sin2 j
p
3


 �
þU 0ðsÞ

s
cos2 j

p
3


 �
(B12)

HxyðsÞ ¼ HyxðsÞ ¼ U 00ðsÞ �U 0ðsÞ
s

� �
cos j

p
3


 �
sin j

p
3


 �
; (B13)

where we have suppressed the explicit dependence on j. Finally,
we remark that the sum over the six neighbors of the out-of-
diagonal elements of H vanishes

X�
j

HxyðsÞ ¼ 0 (B14)

while the same protocol for the diagonal elements gives a
constant K with the following expression

K ¼
X�
j

HxxðsÞ ¼
X�
j

HyyðsÞ

¼ 3 U 00ðsÞ þU 0ðsÞ
s

� �
:

(B15)

In this way, we have

X�
J

Hj ¼ KI ; (B16)
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where I is the identity matrix. At the end, the particle dynamics
in the lattice approximation can be expressed as

_vi ¼ si ¼ �
1

g

Xni
j¼1
K vi � vj
� �

� vi
1

t
� bv0

� �

� b
v0gr

vi vij j2þOz� vi þ v0

ffiffiffi
2

t

r
gi � n̂i:

(B17)

where the constant K is defined by eqn (B15) and we have
neglected the directional contribution of the lattice. In this way,
the first term on the right-hand side of eqn (B17) corresponds
to a discrete Laplacian.

d. Continuum limit. Here, we consider the continuum limit
by replacing vi - v(r,t), where r is a continuous coordinate on
the lattice. In this way, the discrete Laplacian in eqn (B17) is
replaced by

�1
g

Xni
j¼1
K vi � vj
� �

! 3s2

2

K
g
r2vðr; tÞ: (B18)

where the particle diameter s also corresponds to the lattice
constant. The dynamics (B4) in the continuum limit becomes a
dynamics for the velocity field v(r):

_vðr; tÞ ¼ 3s2

2

K
g
r2vðr; tÞ � vðr; tÞ 1

t
� bv0

� �

� b
v0gr

vðr; tÞ vðr; tÞj j2

þ Oz� vðr; tÞ þ v0

ffiffiffi
2

t

r
gðr; tÞ:

(B19)

The same dynamics can be written also in terms of the
functional derivative of a free-energy functional

_vðr; tÞ ¼ �1
t

d
dvðr; tÞFLG½vðr; tÞ� þ Oz� vðr; tÞ

þ v0

ffiffiffi
2

t

r
gðr; tÞ: (B20)

where the term g(r,t) is a vector representing white noise such
that hg(r,t)g(r0,t0)i = d(t � t0)d(r � r0), and Oz � v(r,t) is the term
that introduces the chirality in the dynamics and FLG½vðr; tÞ� is
the Landau–Ginzburg free energy, which reads:

FLG½vðr; tÞ� �
3ts2

2

K
g
rvðr; tÞð Þ2

þ 1

2

X
i

vðr; tÞj j2 1� v0
tb
gr

� �

þ tb
4v0gr

vðr; tÞj j4:

(B21)

The first term on the right-hand side of eqn (B21) represents
the kinetic contribution, which tends to restore random con-
figurations. The two other terms correspond instead to a single-
particle free-energy with a Mexican-hat shape, whose form
depends on the sign of the mass term.

e. Circling crystal prediction. At this point, in order to
investigate the effect of the chirality, we can express the velocity
field as a complex number, c(r,t) = vx(r,t) + ivy(r,t), and decom-
pose the dynamics into its cartesian components as follows:

_vxðr; tÞ ¼
3s2

2

K
g
r2vxðr; tÞ � vxðr; tÞ

1

t
� bv0

� �

� b
v0gr

vxðr; tÞ vðr; tÞj j2

� Ovyðr; tÞ þ v0

ffiffiffi
2

t

r
Zxðr; tÞ:

(B22)

_vyðr; tÞ ¼
3s2

2

K
g
r2vyðr; tÞ � vyðr; tÞ

1

t
� bv0

� �

� b
v0gr

vyðr; tÞ vðr; tÞj j2

þ Ovxðr; tÞ þ v0

ffiffiffi
2

t

r
Zyðr; tÞ:

(B23)

Recombining the two equations, we obtain

_vxðr; tÞ þ i _vyðr; tÞ ¼
3s2

2

K
g
r2 vxðr; tÞ þ ivyðr; tÞ
� �

� vxðr; tÞ þ ivyðr; tÞ
� � 1

t
� bv0

� �

� b
v0gr

vxðr; tÞ þ ivyðr; tÞ
� �

vðr; tÞj j2

þ iO vxðr; tÞ þ ivyðr; tÞ
� �

þ v0

ffiffiffi
2

t

r
gðr; tÞ:

(B24)

Recalling the complex expression for c(r,t) = vx(r,t) + ivy(r,t)
and neglecting the noise term, which is not essential for the
following results, we can write the following equation:

_cðr; tÞ ¼ 3s2

2

K
g
r2cðr; tÞ � cðr; tÞ 1

t
� bv0

� �

� b
v0gr

cðr; tÞ cðr; tÞj j2þiOcðr; tÞ:
(B25)

where we have used |v(r,t)|2 = |c(r,t)|2. Expressing the complex
velocity in its exponential form, c(r,t) = v(r,t)eij(r,t), in terms of
the velocity modulus v(r,t) and the polar angle j(r,t), and
substituting this into eqn (B25), we can obtain evolution
equations for v(r,t) and j(r,t) by calculating the real and
imaginary parts in eqn (B25), obtaining

Re: _vðr; tÞ ¼ 3s2

2

K
g
r2vðr; tÞ � 3s2

2

K
g
vðr; tÞ rjðr; tÞð Þ2

� vðr; tÞ 1

t
� bv0

� �
� b
v0gr

vðr; tÞ3:
(B26)
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Im: vðr; tÞ _j ¼ vðr; tÞOþ 3s2
K
g
rvðr; tÞ � rjðr; tÞ

� 3s2

2

K
g
vðr; tÞr2jðr; tÞ:

(B27)

where we have used:

_c(r,t) = :
v(r,t)eij(r,t) + i _f(r,t)v(r,t). (B28)

Finally, since v 4 0 and that it does not vary in space, we
obtain:

Re: _vðr; tÞ ¼ � 3s2

2

K
g
vðr; tÞ rjðr; tÞð Þ2

� vðr; tÞ 1

t
� bv0

� �
� b
v0gr

vðr; tÞ3:
(B29)

Im: _j ¼ O� 3s2

2

K
g
r2jðr; tÞ: (B30)

Integrating this last expression over time, we obtain

j� f0ð Þ ¼ Ot� 3s2

2

K
g

ð
dtr2jðr; tÞ: (B31)

From this result, it is clear that an additional contribution
appears in the time evolution of the velocity orientation: the
chiral term Ot, which induces a constant rotation of the particle
velocity. At this point, it is convenient to define a new angle j0 =
j � Ot, corresponding to a reference frame rotating with
angular velocity O. In this new referent frame the dynamics
of the system remain the same described in ref. 80 and the
transition from a disordered to an ordered state occurs when
the mass term in eqn (B21) changes sign, i.e., when b exceeds
the critical value bc, given by

bc
gr
¼ 1

v0t
: (B32)

Appendix C: supplementary video details

The supplemental video provided in the SI illustrates the
temporal evolution of a chiral active crystal subject to self-
alignment, as described using eqn (1). In the video, the velocity
of each particle is represented by a black arrow, while the
trajectory and behavior of a selected target particle are high-
lighted in red. Four different time evolutions of the system are
shown in parallel, corresponding to distinct values of the self-
alignment strength and chirality. The stars displayed in each
panel indicate the phases under consideration, and their colors
follow the same convention as in Fig. 2. Specifically, the top and
bottom panels correspond to reduced self-alignment para-
meters of B = 0.5 and B = 0.1, respectively, while the left and
right panels correspond to chirality values of o = 0.5 and o = 40.

For B = 0.1 and o = 0.5 (black star) or o = 40 (grey star), the
system exhibits the disordered system (DS) or chiral disordered
system (CDS) phases, respectively, where particle velocities
display only local alignment. In the CDS phase, the target

particle undergoes a periodic rotation induced by the chiral
term, as revealed by the trajectory of the tagged particle. For B =
0.5 and o = 0.5 (beige star), the system enters the circling crystal
(CC) phase, characterized by global alignment of particle velo-
cities and coherent circular motion of the entire crystal, as
evidenced by the trajectory of the target particle. Finally, for B =
0.5 and o = 40 (brown star), the system reaches the vortex phase
(VP), where particle velocities remain aligned and coordinated
within finite-size domains, and the velocity field exhibits vortex-
like structures. The tagged particle still performs a periodic
rotation, but due to strong chirality its motion becomes almost
localized within the crystal cage.
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G. Volpe and G. Volpe, Rev. Mod. Phys., 2016, 88, 045006.
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