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Osmotic forces modify lipid membrane fluctuations
Amaresh Sahu‡

McKetta Department of Chemical Engineering, University of Texas, Austin TX 78712, USA

Abstract. In hydrodynamic descriptions of lipid bilayers, the membrane is often approximated as being impermeable
to the surrounding, solute-containing fluid. However, biological and in vitro lipid membranes are influenced by
their permeability and the resultant osmotic forces—whose effects remain poorly understood. Here, we study the
dynamics of a fluctuating, planar lipid membrane that is ideally selective: fluid can pass through it, while solutes
cannot. We find that the canonical membrane relaxation mode, in which internal membrane forces are balanced
by fluid drag, no longer exists over all wavenumbers. Rather, this mode only exists when it is slower than solute
diffusion—corresponding to a finite range of wavenumbers. The well-known equipartition result quantifying the size
of membrane undulations due to thermal perturbations is consequently limited in its validity to the aforementioned
range. Moreover, this range shrinks as the membrane surface tension is increased, and above a critical tension the
membrane mode vanishes. Our findings are relevant when interpreting experimental measurements of membrane
fluctuations, especially in vesicles at moderate to high tensions.

Introduction
Biological membranes are unique materials that sur-
round the cell, and compartmentalize its internal or-
ganelles. While such membranes are slowly permeable to
water [1], large neutral molecules (such as sugars) can-
not easily pass through them [2]. The semipermeability
of lipid membranes is relevant to both biological and in
vitro scenarios—as in both cases, membranes are essen-
tially always surrounded by solutes. While the general
equations governing the coupled membrane, fluid, and
solute dynamics were recently obtained [3], there is not
yet a systematic characterization of membrane behavior.
As a result, the effects of permeability and osmosis on
lipid membrane dynamics remain poorly understood.

The present study investigates how planar lipid mem-
branes act on, and are influenced by, their surround-
ing environment. Flat membranes are found in vari-
ous biological settings, including the endoplasmic retic-
ulum [4], Golgi complex [5], and neuromuscular junc-
tion [6]. In addition, theories of impermeable bilayer
fluctuations about a flat surface are often used to de-
scribe the thermal undulations of giant unilamellar vesi-
cles (GUVs). We begin by investigating an impermeable
membrane, where the dynamics of the solute are not con-
sidered. By starting with a well-understood system (see
e.g. Refs. [7–19]), we are better equipped to study our
primary system of interest: the semipermeable mem-
brane. The temporal evolution of the normal modes is
solved for within the linear theory, and the relative time
scale of membrane and solute relaxation is found to dic-
tate the nature of the coupled dynamics. When solutes

‡ asahu@che.utexas.edu

relax more quickly, the dynamics are indistinguishable
from the impermeable scenario. It is then straightfor-
ward to present an effective Langevin equation includ-
ing thermal perturbations, and obtain the magnitude of
the resultant height fluctuations. In contrast, when the
membrane relaxes more quickly than the surrounding so-
lutes, the resultant dynamics are qualitatively different
from their impermeable counterpart. As a result, the
character of thermal undulations—long assumed to be
that of an impermeable membrane when analyzing fluc-
tuating GUVs—is no longer known. Experimental con-
sequences of our findings are highlighted, and avenues
for future work are discussed.

The impermeable membrane
Consider a nearly planar lipid membrane surrounded by
water. For the present analysis, we neglect solutes and
make the standard approximation that the membrane
is impermeable to fluid. Water is characterized by its
three-dimensional mass density ρf, shear viscosity µf,
and kinematic viscosity νf := µf/ρf. Relevant membrane
parameters are the patch length ℓc, two-dimensional
(2D) areal density ρm, surface tension λc, and bend-
ing modulus kb [20]. It is important to note that the
surface tension is not a membrane property, but rather
takes the requisite value to enforce areal incompressibil-
ity [21, 22]. As a result, the membrane surface tension
can span a wide range of values, and is often tuned in
experiments [23,24]. Characteristic values of all param-
eters are provided in Table 1.

Our base state is an unperturbed membrane sheet
lying in the x–y plane, surrounded on both sides by a
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2 A. Sahu

semi-infinite stationary fluid. We seek to understand
how the coupled membrane and fluid system responds
to small perturbations. To this end, we determine the
linearized dynamics of the coupled membrane and fluid
system about the base configuration. In what follows,
an abbreviated analysis of the governing equations is
presented; see §2 of the Supplemental Material (SM) [25]
for further details.

The governing equations
The position x of the perturbed membrane is given by
x(x, y, t) = xex + yey + h(x, y, t)ez, where x, y ∈ [0, ℓc]
and |h| ≪ ℓc by construction. For planar geometries
with a stationary base state, the in-plane and out-of-
plane membrane equations are decoupled [26, 27]. To
solve for the time evolution of the membrane height in
the absence of thermal fluctuations, we require only the
z-component of the linear momentum balance of the
membrane—often called the shape equation and given
by [27]

ρmh,tt = λch,αα − kb
2
h,ααββ − JpK . (1)

In Eq. (1), α, β ∈ 1, 2 denote directions in the x–y plane,
with repeated indices summed over such that (for ex-
ample) h,αα = h,xx + h,yy. Here ( · ),t := ∂( · )/∂t is
the partial time derivative and JpK := p+ − p− is the
difference in the fluid pressure above (+) and below
(−) the membrane. The pressure and velocity fields,
p± and v±j (where Roman indices span {1, 2, 3} and re-
peated indices are summed over), satisfy the incompress-
ible Navier–Stokes equations linearized about the base
state: v±j,j = 0 and ρfv

±
j,t = µfv

±
j,kk − p±,j . With the

no-slip boundary condition h,t = v±z at the membrane
surface, water cannot flow through the membrane and
we have a well-posed set of equations for the coupled
system [25, §2].

At this point, we follow standard approaches to solve
for the dynamics of the system. The membrane height
is decomposed into planar Fourier modes as

h(x, y, t) =
∑
q

ĥq e
i(qxx+ qyy) e−ωqt , (2)

where the wavevector q = (qx, qy) has corresponding
wavenumber q := (q 2

x +q 2
y )

1/2 ∼ 10−4–10−1 nm−1, ωq is
the associated relaxation frequency, and normal modes
are assumed independent. Fluid unknowns are simi-
larly decomposed into planar Fourier modes, with the
z-dependence to be solved for. The fluid pressure, for
example, is expressed as

p±(x, y, z, t) =
∑
q

p̂±q (z) ei(qxx+ qyy) e−ωqt . (3)

Our main task is to solve for all frequencies ωq satisfying
the governing equations. In doing so, we also solve for
the pressure and velocity fields in the fluid.

Table 1: Membrane, fluid, and solute parameters.

Parameter Sym. Value Ref.
Patch size ℓc 102–103 nm [4,6]
Density ρm 10−8 pg/nm2 [28]
Bending modulus kb 102 pN·nm [29]
Surface tension λc 10−4–10−1 pN/nm [29,30]
Impermeability κ 103–105 pN·µsec/nm3 [1, 31]
Density ρf 10−9 pg/nm3 –
Shear viscosity µf 10−3 pN·µsec/nm2 –
Kinematic viscosity νf 106 nm2/µsec –
Concentration c0 10−1 nm−3 [32]
Diffusivity D 103 nm2/µsec [33]

The frequency solutions
As we limit ourselves to the linearized dynamics, all un-
knowns of a particular wavevector q are proportional to
the membrane height ĥq. We assume ĥq ̸= 0 and com-
bine all equations governing membrane and fluid into
a single equation for ωq, namely the dispersion rela-
tion (see §2.3 of the SM [25]). Given the physically-
motivated requirement that all fluid perturbations decay
far from the membrane surface, there are two frequen-
cies at each wavenumber, which are plotted in Fig. 1.
The aforementioned equation for ωq is not straightfor-
ward to interpret—though we find the dynamics are
well-approximated by

ρeff ω 2
q − 4µfq ωq + E = 0 . (4)

Equation (4), with the temporal ansatz h ∼ e−ωt in Eq.
(2), reveals the dynamics of the membrane are analogous
to that of the spring–mass–damper from introductory
mechanics. Here ρeff := ρm+4ρf/q ∼ 10−7–10−5 pg/nm2

approximates the combined inertia of membrane and
fluid, 4µfq ∼ 10−7–10−4 pN·µsec/nm3 is the well-known
hydrodynamic drag from the surrounding fluid, and
E := λcq

2 + 1
2 kbq

4 ∼ 10−12–10−2 pN/nm3 captures the
energetics of small membrane fluctuations: 1

2 ℓ
2
c E |ĥ 2

q | is
the energy of mode q to quadratic order [34]. As the
system is overdamped, 4µfq ≫

√
ρeffE and the two so-

lutions to Eq. (4) are well-approximated by

ω̃ρ :=
4µfq

ρeff
and ω̃m :=

E

4µfq
. (5)

In Eq. (5), the ‘tilde’ accent indicates that Eq. (4) is only
an approximation of the true dynamics; the subscripts
ρ and m designate the inertial and membrane branches.
As shown in Fig. 1, the frequencies in Eq. (5) are a good
approximation to the true solution.
The membrane response. Following Eqs. (4) and (5),
let us denote the two exact frequency branches as ωρ and
ωm. The membrane height, in real space, is then given
by [cf. Eq. (2)]

h(x, y, t) =
∑
q

(
ĥρ
qe

−ωρt + ĥm
q e−ωmt

)
ei(qxx+ qyy), (6)
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Osmotic forces modify lipid membrane fluctuations 3

where ĥρ
q and ĥm

q are determined upon specification of
the initial conditions: h and ∂h/∂t at time t = 0. Since
ωρ ≫ ωm over all wavenumbers, the inertial branch
quickly decays and the dynamics of the coupled sys-
tem are captured by the membrane branch. Prior stud-
ies are accordingly justified in neglecting inertial effects
throughout their investigations of planar lipid mem-
brane behavior [7–19,35–39].

The fluid response. To understand the dynamics of the
fluid as the membrane relaxes, consider two disturbances
to a specific mode q. In the first case, ĥm

q = 0 and only
the inertial mode is excited, while in the second case
ĥρ
q = 0 and only the membrane mode is excited [see Eq.

(6)]. In both cases, the pressure field (3) is given by p̂±q =

∓ 1
2 (ρmω2

q +E) ĥqe
−q|z|. The magnitude of the pressure

at z = 0 determined by Eq. (1), and the decay length
1/q is a consequence of the pressure field being harmonic:
p±,jj = 0. In contrast, fluid velocities decay over the two
length scales 1/q and 1/kν , where kν := (q2−ω/νf)

1/2 is
a modified wavenumber that accounts for the inertia of
the fluid (see §94 of Ref. [40] and §2.1 of the SM [25]).
As a consequence of the time scale separation ωρ ≫ ωm,
1/q̄ ≈ 1/kν on the membrane branch and 1/q̄ ≪ 1/kν
on the inertial branch.

The semipermeable membrane
With an understanding of the impermeable membrane,
we are primed to investigate the primary system of in-
terest: a semipermeable membrane, in which fluid flows
through the membrane while solutes dissolved in the
fluid do not. Solutes are characterized by a base concen-
tration c0∼0.1nm−3 [32] and diffusion constant D∼103

nm2/µsec [33]. In addition, the membrane imperme-
ability κ relates the flux of water through the bilayer

10−4 10−3 10−2 10−1 100
10−6

10−3

100

103

106

q [nm−1]

ω
[µ

se
c−

1
]

ωρ
ωm

Figure 1: Plot of the two impermeable frequency solutions as
a function of wavenumber. Blue dashed and red dotted lines
are respectively the exact inertial and membrane branches,
obtained numerically. The approximate solutions in Eq. (5)
are shown as thick, transparent bands. Relevant parameters
are ρf = 10−9 pg/nm3, νf = 9 ·10−5 nm2/µsec, ρm = 10−8

pg/nm2, λc = 2·10−3 pN/nm, and kb = 102 pN·nm.

to its driving force [3]; here κ ∼ 103–105 pN ·µsec/nm3

[1, 31]. Dynamical effects from water permeation are
of order µfq/κ: a dimensionless parameter that we call
the permeability number P, ranging from 10−7–10−12

over wavenumbers q ∈ (10−4, 10−1) nm−1. We will show
P → 0 in the limit of an impermeable membrane; lipid
bilayers are thus nearly impermeable.

The governing equations
The membrane shape equation (1) is unchanged in the
presence of solutes [3]. The perturbed concentrations c±
above and below the membrane, with |c±| ≪ c0, evolve
according to the diffusion equation c±,t = Dc±,jj . Solute
impermeability is enforced by requiring the total solute
flux through the membrane—comprised of diffusive and
convective contributions—to be zero:

−Dc±,z + c0
(
v±z − h,t

)
= 0 . (7)

In Eq. (7), velocities and concentration gradients are
evaluated at the membrane surface. The equation gov-
erning water permeation through an arbitrarily curved
and deforming lipid membrane was recently obtained
by A.M. Alkadri and K.K. Mandadapu [3], who ex-
tended several seminal findings [41–43]. These authors
used techniques from irreversible thermodynamics and
differential geometry to show fluid flow through the
membrane is driven by differences in hydrodynamic trac-
tions and osmotic pressures across the membrane sur-
face. For nearly planar geometries and an ideally selec-
tive membrane, the findings from Ref. [3] simplify to

κ
(
v±z − h,t

)
= kBϑ JcK − JpK , (8)

where kB is Boltzmann’s constant, ϑ is the absolute tem-
perature, and JcK := c+ − c− is the jump in solute con-
centration at the membrane surface. In the language of
irreversible thermodynamics [44, 45], Eq. (8) presents a
linear relationship between the thermodynamic driving
force (kBϑ JcK − JpK) and the corresponding thermody-
namic flux (v±z − h,t), with the latter a measure of fluid
flow through the membrane. The phenomenological pa-
rameter κ, understood as a transport coefficient [3], cap-
tures the resistance to flow: for a given driving force, a
larger value of κ corresponds to a smaller water flux
through the membrane. Equation (8) is equivalently ex-
pressed as v±z − h,t = (kBϑ JcK − JpK)/κ; in the limit of
κ → ∞ or P → 0 we find v±z → h,t and recover the
impermeable scenario.

The diffusive time scale
The presence of solutes in the surrounding fluid intro-
duces a diffusive frequency

ω̃D := q2D . (9)

Figure 2(a) shows ω̃D plotted on top of the curves in
Fig. 1; note the diffusive and impermeable membrane
frequencies can be comparable. Let us denote q±0 as the

Page 3 of 11 Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 3

1 
Ja

nu
ar

y 
20

26
. D

ow
nl

oa
de

d 
on

 2
/2

5/
20

26
 3

:2
2:

20
 A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

DOI: 10.1039/D5SM01094B

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5sm01094b


4 A. Sahu

10−4 10−3 10−2 10−1 100
10−6

10−3

100

103
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q−0 q+0

q [nm−1]

ω
[µ

se
c−

1
]

ωρ
ωm

ω̃
D

(a) impermeable overlay

0 0.02 0.04 0.06 0.080

0.02

0.04

0.06

0.08
λ∗c

ω̃m < ω̃
D

ω̃m > ω̃
D

q [nm−1]

λ
c

[p
N
/n

m
]

(b) dome comparing frequencies

10−4 10−3 10−2 10−1 100
10−6

10−3

100

103

106

q−0 q+0

q [nm−1]

ω
[µ

se
c−

1
]

ωsemi
ρ

ωsemi
m

(c) semipermeable branches

Figure 2: Relevance of the diffusive time scale to the dynamics of the semipermeable system. (a) An overlay of ω̃D (solid
green line) on top of the impermeable frequencies in Fig. 1. There are two wavenumbers for which the impermeable membrane
frequency ωimp

m equals ω̃D; approximating the former as ω̃m yields the two crossover wavenumbers q−0 and q+0 (10)—shown as
vertical, dashed lines. (b) Plot of q±0 over a range of the base membrane tension λc, which varies across systems. The surface
tension from (a) of λc = 2·10−3 pN/nm is shown as the horizontal dashed line. There exists a critical tension λ∗

c (11) above
which ω̃m > ω̃D for all wavenumbers. (c) Plot of the real parts of the semipermeable frequencies (dotted or dashed solid lines),
overlaid on top of the impermeable frequencies (thick, transparent bands) for comparison. The inertial branch is essentially
unchanged. The membrane branch only exists when ωm < ω̃D—and is thus confined to the range q ∈ (q−0 , q+0 ). For base
membrane tensions λc > λ∗

c, the membrane branch vanishes altogether.

two wavenumbers at which the diffusive and membrane
time scales are equal. From Eqs. (5) and (9), we find

q±0 =
4µfD

kb

[
1 ±

(
1 − λckb

8µf
2D2

)1/2 ]
, (10)

with ω̃m < ω̃D when q ∈ (q−0 , q
+
0 ), and ω̃m > ω̃D oth-

erwise. Since the base surface tension λc ∼ 10−4–10−1

pN/nm is not a material parameter, but rather varies—
and can be tuned—across systems, q±0 is plotted at dif-
ferent tensions λc in Fig. 2(b) to reveal a dome-like en-
velope. There exists a critical base tension

λ∗c :=
8µf

2D2

kb
∼ 6 · 10−2 pN/nm (11)

at the top of the dome, above which no real q0 exists.
We also note that the bilayer tears at the lysis tension
λℓ ∼ 1–10 pN/nm [1]. Thus, when the base membrane
tension λc lies between λ∗c and λℓ, we have ω̃m > ω̃D over
all wavenumbers. As we will see, the relative values of
ω̃m and ω̃D—and thus whether a mode is “inside” (i.e.
below) or “outside” (i.e. above) the dome in Fig. 2(b)—
govern different regimes of membrane behavior.

The frequency solutions
Membrane and fluid unknowns are expressed as in the
impermeable analysis, with the concentration expanded
in planar normal modes as [cf. Eq. (3)]

c±(x, y, z, t) =
∑
q

ĉ±q (z) ei(qxx+ qyy) e−ωqt . (12)

In our linearized description, all perturbed bulk quan-
tities are again proportional to the membrane height.

Assuming a nontrivial solution (ĥq ̸= 0), it is straight-
forward to arrive at the dispersion relation, as shown
in §3.3 of the SM [25]. While ωq cannot be solved for
analytically, we take advantage of the smallness of P:
since the membrane is nearly impermeable, semiperme-
able frequencies are close to their impermeable counter-
parts. In what follows, we investigate how the dynamics
of the impermeable branches are altered by the presence
of solutes in the surrounding medium.

The inertial branch. We begin by assuming concen-
tration modes evolve with the impermeable inertial fre-
quency ωimp

ρ , such that for a single mode, c±,t = −ωimp
ρ c±

(see Eq. (12)). As a consequence, the diffusion equation
c±,t = Dc±,jj for the mode q simplifies to −ωimp

ρ ĉ±q =

D(−q2 ĉ±q +d2ĉ±q /dz2)—which after some rearrangement
yields

d2 ĉ±q
dz2 = −q2 η̃2 ĉ±q . Here η̃ :=

(
ωimp
ρ

ω̃D

− 1

)1/2
(13)

is a positive, real, dimensionless parameter defined for
notational convenience. Equation (13) admits the two
purely oscillatory solutions ĉ+q ∼ e±iqη̃z. As these stand-
ing waves do not decay as z → ∞, we seek the lowest-
order concentration correction due to the semiperme-
ability of the membrane. †

We first recognize that water permeation alters the
hydrodynamic drag on the membrane by the surround-
ing fluid. Equations (7) and (8) together yield JpK =
kBϑ JcK−(κD/c0)c

±
,z , which—along with Eq. (1)—shows

standing waves in the concentration add a hydrodynamic

†For conciseness, only the concentration field above the mem-
brane is presented; see the SM [25, §§ 3.2–3.3] for all details.
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Osmotic forces modify lipid membrane fluctuations 5

drag force 90◦ out of phase with the membrane veloc-
ity. We show in the SM [25, §3.3.2] that an approximate
dispersion relation for the semipermeable membrane is
given by [cf. Eq. (4)]

ρeff ω 2
q − 4µfq ωq + E = ± 8iPS

η̃
(4µfq)ωq . (14)

In Eq. (14), S := kBϑc0/(Dκq) ∼ 10−8–10−3 ≪ 1 is a
dimensionless parameter that arises when Eqs. (7) and
(8) are combined. The solution of Eq. (14) closest to
ωimp
ρ , to lowest order in the product PS of small pa-

rameters, is given by

ωρ ≈ ωimp
ρ

(
1 ± 8iPS/η̃

)
. (15)

Membrane permeability and osmotic forces accordingly
introduce exceedingly slow temporal oscillations to the
inertial dynamics of the coupled system.

The modification to the inertial frequency in Eq. (15)
also alters the spatial concentration of the solutes. Sub-
stituting Eq. (15) into the diffusion equation and solving
for the concentration field yields

ĉ+q ∼ exp

{
± iqη̃z − 4PSqz

1− ω̃D/ω
imp
ρ

}
. (16)

Importantly, ĉ+q → 0 as z → ∞ and concentration per-
turbations due to the fluctuating membrane decay far
from the membrane surface. We have thus found a physi-
cally meaningful solution for both the frequency (15) and
concentration (16) over all wavenumbers. The validity of
our approximate analysis is confirmed in Fig. 2(c): the
impermeable branch is visually indistinguishable from
the real portion of its semipermeable counterpart.
The membrane branch when diffusion is slow. As in
the analysis of the inertial branch, we start by assum-
ing the solute concentration evolves at the frequency of
the impermeable system—in this case, the membrane
frequency ωimp

m . For wavenumbers q /∈ (q−0 , q
+
0 ), diffu-

sion is slow relative to the membrane and ωimp
m > ω̃D.

The solute diffusion equation once again simplifies to Eq.
(13), where now η̃ involves ωimp

m instead of ωimp
ρ . With

this change, and following a similar analysis as that de-
scribed in the inertial scenario, we once again arrive at
Eq. (14). The membrane frequency is then found to be
given by

ωm ≈ ωimp
m

(
1 ∓ 8iPS/η̃

)
. (17)

Importantly, the sign of the imaginary part of ωm is
opposite that of ωρ [cf. Eq. (15)], and the out-of-phase
drag force alters the inertial and membrane dynamics in
different ways. Substituting Eq. (17) into the diffusion
equation gives the concentration field [cf. Eq. (16)]

ĉ+q ∼ exp

{
± iqη̃z +

4PSqz
1− ω̃D/ω

imp
m

}
. (18)

The concentration field in Eq. (18) diverges as z → ∞,
and is not physically meaningful. As a consequence,

the membrane branch vanishes when q /∈ (q−0 , q
+
0 ). A

representative result at low tension is shown in Fig. 2(c),
and at tensions larger than λ∗c (11) the membrane branch
vanishes entirely.
The membrane branch when diffusion is fast. When
ωimp

m < ω̃D and q ∈ (q−0 , q
+
0 ), the analysis of the coupled

system is straightforward in the limit of small P. The
diffusion equation, assuming ω = ωimp

m at lowest order,
simplifies to d2ĉ±q /dz2 = (q2−ωimp

m /D)ĉ±q . We thus find
the exponentially decaying concentration solutions

ĉ±q ∼ exp

{
∓ qz

(
1 − ωimp

m
ω̃D

)1/2 }
. (19)

With no oscillations in the lowest-order concentration
field, modifications to the hydrodynamic drag felt by
the membrane are in phase with the membrane velocity.
Moreover, as such corrections are of order P≪1, we ex-
pect the membrane branch to be indistinguishable from
its impermeable counterpart—as confirmed in Fig. 2(c).
Theoretical implications. As mentioned previously, so-
lutes are present in the fluid surrounding nearly all ar-
tificial and biological membranes. Our findings demon-
strate such systems can only be approximated as im-
permeable for wavenumbers “inside the dome,” where
q ∈ (q−0 , q

+
0 ) and there is a slow frequency ω ≈ E/(4µfq).

In contrast, only a quickly decaying inertial mode exists
for wavenumbers q /∈ (q−0 , q

+
0 ) “outside the dome.” For

this case, (i) the membrane response is independent of
kb and λc at linear order, and (ii) thermal perturbations
(discussed subsequently) drive membrane undulations to
continuously grow until saturated by nonlinear forces—
both of which are surprising results.

The predictions described above motivate us to ques-
tion whether our normal mode ansatz is indeed appopri-
ate outside the dome. Here, we examine this issue from
a statistical mechanical perspective. By starting with a
microscopic Hamiltonian of the lipid, water, and solute
molecules, one can integrate over fast degrees of freedom
to obtain a free energy functional that depends only on
the concentration field and membrane height [46]. When
solutes are fast relative to the membrane, concentration
degrees of freedom can also be integrated over to yield a
free energy which depends only on the membrane height.
We thus recover a description similar to that of the im-
permeable scenario. If instead solutes are slow relative to
the membrane, the concentration field is not equilibrated
for a given, instantaneous bilayer shape. Upon integrat-
ing over the slow solute degrees of freedom, the resultant
membrane equation inerits this slowness via a memory
kernel—for which the time evolution of the membrane
depends on its history, and there is no associated free en-
ergy functional or equipartition result [47]. While such
a result is incompatible with our normal mode ansatz, it
justifies the membrane behaving qualitatively differently
inside and outside the dome. Further analysis, likely
involving nonlinear simulations of the membrane and
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6 A. Sahu

surrounding fluid [48–54], is required to understand the
dynamics of the coupled system. In any case, however,
we emphasize that the standard impermeable result is
not applicable for wavenumbers outside the dome.

Experimentally characterizing GUVs
In experimental investigations of lipid bilayers, one
often seeks to characterize membrane material prop-
erties prior to further manipulation. When GUVs
are involved, their fluctuations from thermal distur-
bances can be imaged and—with a theory of mem-
brane undulations—processed to determine kb and λc
[29, 31, 55–61]. While most experimental investigations
apply the well-understood impermeable theory over all
wavenumbers, the present study reveals that only modes
inside the dome should be treated as impermeable.
Moreover, as the behavior of undulations outside the
dome is not currently well-understood, experimental
measurements involving these modes should be excluded
when determining membrane properties. In what fol-
lows, we discuss how to incorporate thermal perturba-
tions into our theory, and then analyze GUV fluctuation
data from experiments.

The impermeable Langevin equation. When the lipid
bilayer is treated as impermeable, its linear response to
perturbations is well-known. Since inertial modes decay
much more quickly than their membrane counterparts
(see Eq. (6) with ωρ ≫ ωm), inertia can be neglected
entirely; the membrane frequency ω̃m presented in Eq.
(5) is then exact. Decomposing the membrane height as
h(x, y, t) =

∑
q h̃q(t)e

i(qxx+ qyy) leads to the Langevin
equation [cf. Eqs. (2),(4)]

dh̃q

dt + ω̃m h̃q = ξ̃q(t) . (20)

In Eq. (20), ξ̃q(t) is a complex Gaussian thermal noise
satisfying the fluctuation–dissipation theorem, with two-
time correlations proportional to δ(t− t′) kBϑ/(4µfq ℓ

2
c )

[18]. Equation (20) can be solved exactly to yield [62]

⟨|h̃q|2⟩ =
kBϑ

Eℓ 2c
, (21)

which is the well-known result of the equipartition the-
orem as applied to planar membranes [34].

The Langevin equation inside the dome. For modes
with q ∈ (q−0 , q

+
0 ), there is no discernible difference be-

tween the impermeable and semipermeable dynamics.
Thus, Eq. (20) once again applies, and membrane fluc-
tuations satisfy the equipartition result (21).

The Langevin equation outside the dome. As dis-
cussed previously, we are currently unsure if our nor-
mal mode ansatz is appropriate outside the dome. If
the ansatz is indeed valid, then we effectively see only
an inertial mode. The corresponding Langevin equation

describing membrane fluctuations is given by

1

ω
(r)
ρ

d2 h̃q

dt2 +
dh̃q

dt = ξ̃q(t) , (22)

where ω
(r)
ρ is the real part of the frequency and ξ̃q is

the same thermal noise as in Eq. (20). There is no elas-
tic restoring force in Eq. (22), which is analogous to
the equation of motion for a colloidal particle in a fluid.
Just as a colloid diffuses freely at long times [62], the
variance of membrane height undulations grows linearly
in time according to Eq. (22). Eventually, the mem-
brane height will grow to a point where our assumption
of linearity is no longer valid. At this point, membrane
bending and surface tension forces will presumably pre-
vent height fluctuations from continuing to grow—yet a
description of such behavior is beyond the scope of the
present work. Thus, irrespective of whether our ansatz
is valid, membrane fluctuations are not expected to sat-
isfy the equipartition result outside the dome where
q /∈ (q−0 , q

+
0 ).

The standard contour analysis of a GUV. Figure 3(a)
portrays the canonical analysis of a GUV undergoing
thermal fluctuations, the details of which can be found in
Ref. [29]. In short, the equatorial cross-section of a GUV
is imaged at frequent time intervals. For each snapshot,
the radial deviation from a circle of radius rv is measured
and decomposed into normal modes. As GUVs are large
and weakly curved, it is often convenient to apply the
planar membrane theory [29]—which is simpler than its
spherical counterpart [31, 58–60]. The position x is de-
fined as the distance along the circle, with h(x, t) the ra-
dial perturbation, ℓc = 2πrv, and qx = 2πm/ℓc = m/rv
for positive integers m. The one-dimensional (1D) fluc-
tuation spectrum ⟨|h̃qx|

2⟩ is calculated from experimen-
tal measurements as in Fig. 3(a). To compare the 1D
data with the theoretical 2D equipartition result of Eq.
(21), the latter is averaged over all qy as [29]

⟨|h̃qx|
2⟩ =

ℓc
2π

∫ ∞

−∞
dqy ⟨|h̃q|2⟩

=
kBϑ

2λcℓc

(
1

qx
− 1√

qx
2 + 2λc/kb

)
.

(23)

The bending modulus kb and surface tension λc are cho-
sen so as to minimize the difference between the mea-
sured fluctuation spectrum and prediction of Eq. (23)—
which, in Fig. 3(a), are respectively shown as black cir-
cles and an orange line. Note that short-wavelength fluc-
tuations cannot be visualized in experiments due to a
lower bound ℓopt ≈ 250 nm on the optical resolution,
which sets an upper limit qopt := 2π/ℓopt ≈ 0.025 nm−1

beyond which undulations cannot be observed [31]. In
practice, short-wavelength modes are excluded when fit-
ting kb and λc. Techniques also exist to correct for the
finite camera integration time [29] and vertical focal pro-
jections [58], but are not discussed here.
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The modified contour analysis of a GUV. When solutes
are present in the fluid surrounding the membrane, the
2D equipartition result (21) is only valid for modes q
with magnitude |q| ∈ (q−0 , q

+
0 ). We seek to determine

how the experimental analysis of contour fluctuations is
altered by such a restriction. To this end, we first note
that qopt < q+0 , as shown in Fig. 3(b). Short-wavelength
undulations outside the dome thus cannot be observed in
experiments, and do not contribute to the determination
of kb and λc. Long-wavelength fluctuations outside the
dome, on the other hand, are captured experimentally.
Figure 3(b) characterizes modes in the qx–qy plane as be-
ing either outside the dome (|q| < q−0 ), inside the dome
and visually accessible (q−0 < |q| < qopt), or visually
inaccessible (|q| > qopt). Here, domains of the contour
integral in Eq. (23) for two values of qx are shown as
dashed vertical lines. If qx < q−0 , this domain contains
modes for which the equipartition result (21) does not
apply. The result of Eq. (23), which relies on Eq. (21), is
accordingly valid only when qx > q−0 —with the under-
standing that as qx increases, fewer modes are optically
accessible.

To determine kb and λc from GUV contour fluctu-
ations, it is useful to plot fluctuation amplitudes as in
Fig. 3(c)—which contains experimental data from sev-
eral prior investigations [29, 55, 57–59]. Here, both the
x-axis and y-axis are chosen to be independent of rv [cf.
Eq. (23)]. Next, experimental data inside and outside
the dome need to be identified. To this end, we com-
bine Eqs. (10) and (23) to obtain the fluctuation ampli-
tudes of 1D modes qx = q−0 on the dome, for tensions
λc ∈ (0, λ∗c):

ℓc⟨|h̃qx|
2⟩ =

kBϑ (1−
√
kbqx/(8µfD) )

qx
2(8µfD − kbqx)

. (24)

Importantly, kb is not known a priori, and so Eq. (24)
can be approximated as ℓc⟨|h̃qx|

2⟩ ≈ kBϑ/(8µfqx
2D)—

valid when kbqx ≪ 8µfD—in a first analysis of the data.
Equation (24) is plotted as the dashed black line in Fig.
3(c); all of the data points below it are outside the dome
and should be excluded when determining kb and λc.

Our aggregation and analysis of the experimental
data in Fig. 3(c) is detailed in §4 of the SM [25]. Most

Figure 3: Analysis of GUV contour fluctuations, modified due to membrane semipermeability. (a) Canonical protocol to
calculate the bending modulus and surface tension of a fluctuating GUV. In a spherical vesicle of radius rv (left), the equatorial
cross-section is imaged (center) at successive time intervals. Radial deviations from a circle are recorded as h(x, t), where x
is the arclength along the unperturbed circle. The shape disturbances h(x, t) are decomposed into one-dimensional Fourier
modes, whose thermally-averaged amplitudes (right; adapted from Ref. [55]) are fit to Eq. (23) by tuning the values of kb and
λc (right; solid orange line) [29]. Theory and experiment deviate at large qx due to finite optical resolution in the latter. (b)
Limitations of the equipartition result (21) due to solutes in the surrounding fluid. (left) Modes inside the dome (red lines)
satisfy Eq. (21); those outside the dome (green dots) do not. Membrane undulations cannot be visualized above qopt ≈ 0.025
nm−1 (gray shading) due to limitations in the optical resolution [31]. (right) For a GUV with surface tension λc ∈ (0, λ∗

c),
modes are characterized in the qx–qy plane. The equipartition result (21) is limited to modes with amplitude q > q−0 , and
large-q modes cannot be visualized. The domains of integration in Eq. (23), corresponding to two different values of qx, are
shown as dashed vertical lines. The result of Eq. (23) is invalid when qx < q−0 , as in such cases the integral contains modes
outside the dome. (c) Plot of experimental membrane fluctuations, over a range of reported surface tensions λc, from prior
studies: Faizi et al. [59] (3.1·10−6 pN/nm), Rautu et al. [58] (1.4·10−5 pN/nm), Pécréaux et al. [29] (1.7·10−4 pN/nm), Park
et al. [57] (7 ·10−4–3 ·10−3 pN/nm), and Takatori & Sahu [55] (4 ·10−3 pN/nm). The y-axis is chosen to be independent of
the vesicle radius, and depends only on λc and kb [see Eq. (23)]. At large qx, the data saturates due to optical resolution
limitations. All data points below the dashed black line are outside the dome, and should be excluded when determining
membrane parameters. Fluctuation data from the high-tension vesicle in Ref. [56] is not publicly available, and so cannot be
plotted—though the first 88 modes should be excluded based on the reported value of λc = 0.025 pN/nm [25, §4].
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often, vesicle tensions λc ∼ 10−7–10−4 pN/nm are low
[29, 58–60] and all data lie inside the dome. As it turns
out, a vesicle at low tension is experimentally favorable
because its undulations are large and hence easy to im-
age. In many cases, the vesicle’s osmotic environment is
manipulated to elicit a low tension. Notable exceptions
are the so-called active vesicles containing either self-
propelled Janus particles or motile bacteria [55–57]. For
these systems, moderate vesicle tensions are required for
active particles to not overcome the elastic membrane
restoring force and form a tube. Given the fluctuation
data for active vesicles in Fig. 1 of Ref. [55] and Fig.
6(c) of Ref. [57], between one and eight long-wavelength
modes lie outside the dome [25, §4]—though the overall
findings of these studies are unaffected. In contrast, for
the high-tension (λc = 0.025 pN/nm) active vesicle in
Fig. 1(g) of Ref. [56], the first 88 long-wavelength modes
lie outside the dome. It is likely that upon excluding
these modes, the calculated values of kb and λc would
be affected. Unfortunately, the experimental fluctua-
tion data for this vesicle is not provided, and we cannot
investigate further. Nevertheless, we find osmotic forces
can indeed alter membrane fluctuations in biologically-
relevant scenarios.

Concluding remarks
In this work, we investigated the linearized dynamics
of a planar lipid membrane, surrounded by a Newtonian
fluid in which solutes are dissolved. Though the lipid bi-
layer is only weakly permeable to water, the presence of
solutes can significantly alter its dynamics. More specif-
ically, when ω̃D < ω̃m and diffusion is slow relative to the
impermeable membrane, undulations of the semiperme-
able system no longer decay at a frequency near ω̃m. In
such cases, either (i) the ansatz that all quantities can be
expressed in terms of planar normal modes as in Eqs. (2),
(3), and (12) is no longer valid, or (ii) the bilayer only
decays at the fast inertial frequency ωρ ≫ ωm. When
thermal perturbations are incorporated into the theory,
the well-known equipartition result (21) is found to only
be experimentally relevant when q ∈ (q−0 , qopt)—a range
that narrows as λc is increased. Our results are rele-
vant when membrane tensions are large, as is the case
with active vesicles [55–57] and a variety of biological
scenarios [30,63–74].

The vanishing of the membrane mode at low q and
large λc opens several lines of inquiry. We are particu-
larly interested to see if membranes in spherical or cylin-
drical geometries respond in the same fashion; the for-
mer is needed for a careful analysis of GUV undulations
[58–60] while the latter could be relevant to neuronal sys-
tems [30, 63–66]. In all scenarios where the membrane
branch vanishes, the behavior of the coupled membrane–
fluid–solute system can be interrogated with nonlinear
simulations [48–54]. Additional levels of complexity can
be introduced by considering membranes that are not
ideally selective [3], have finite thickness [75–78], or are

surrounded by charged solutes—with the latter requir-
ing extensive theoretical developments [76–80].
Data, methods, and software availability. The Supplemen-
tal Material [25] details the theoretical techniques used, as
well as the methods of numerical solution. The code used to
generate all data in the present study is publicly available at
github.com/sahu-lab/osmosis-flat.
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The Supplemental Material details the theoretical techniques used, as well as the methods of
numerical solution. The code used to generate all data in the present study is publicly available
at github.com/sahu-lab/osmosis-flat.
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