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Rotation reversal of chiral bacterial vortices

Pyae Hein Htet † and Eric Lauga *

It is well established that many flagellated bacteria, such as Escherichia coli, swim in clockwise circles

above rigid surfaces. However, in a cylindrical microwell with asymmetric top-bottom boundary

conditions, such that bacteria segregate into two populations of differing sizes at opposing flat

boundaries, the smaller bacterial vortex has been observed to rotate in the opposite direction to that

expected in the absence of the other population [K. Beppu, Z. Izri, T. Sato, Y. Yamanishi, Y. Sumino and

Y. T. Maeda, Proc. Natl. Acad. Sci. U. S. A., 2021, 118, e2107461118]. Motivated by these observations, we

employ flow singularities to investigate the motion of a population of chiral swimmers near one flat

boundary of a cylindrical geometry, subject to the flows generated by a bacterial vortex at the opposing

surface. We show numerically that, purely due to hydrodynamic interactions, the rotational direction of

the bacterial population reverses in the presence of a sufficiently large vortex on the opposite boundary.

Our numerical results are fully explained by an analytical theory in the continuum limit, which captures

the essential hydrodynamic interactions governing the observed reversal.

1 Introduction

From algae to spermatozoa, most self-propelled cells exploit the
anisotropy of fluid drag on slender filaments to swim in viscous
environments.1,2 A ubiquitous example at the smallest scales is
the rotation of passive helical flagellar filaments by flagellated
bacteria using rotary molecular motors.3,4 In that case, aniso-
tropic hydrodynamic forces exerted on the chiral filaments
generate a propulsive thrust, which is balanced by a viscous
drag exerted on the swimming of the bacterium such that the
overall force on the bacterium vanishes; similarly, the bacter-
ium rotates around its swimming axis in order to balance
flagella-induced torques.5,6 The rotation typically averages out
over the period of a flagellar rotation, and therefore bacteria
overall swim along (wiggly) straight lines in an unbounded
fluid.7

However, the presence of boundaries breaks this symmetry.2

It is now well established experimentally and theoretically8–12

that bacteria with left-handed helical flagella, such as the
model organism Escherichia coli (E. coli), swim in clockwise
(CW) circles (as viewed from within the fluid) near rigid
boundaries. This is physically explained as a consequence of
the wall-induced hydrodynamic torque generated due to the
chirality of the flagellum.8

Beyond their intrinsic dynamics, suspensions of self-
propelled cells can display remarkably rich collective dynamics
on scales much larger than the individual swimmers.13–18

In particular, chiral swimmers such as flagellated bacteria
can exhibit, under circular confinement, coherent motion in
the form of global vortices whose rotation direction is set by the
intrinsic chirality of the individual swimmer and hydrodynamic
interactions with the confining geometry.19–21 The formation
of such steady vortices has been reported experimentally in
droplets of highly concentrated B. subtilis suspensions19 and
reproduced in numerical simulations.20 Asymmetric synthetic
Janus particles whose direction of active force is at an angle to
the principle orientation similarly form a vortex under two-
dimensional circular confinement.21

Recent experiments addressed the dynamics of a suspension
of E. coli in a cylindrical microwell geometry with two different
no-slip interfaces: an oil/water interface at the top and a PDMS/
water interface at the bottom. The bacteria segregate into two
populations of different sizes at each of the two flat interfaces
of the cylindrical microwell,22 consistent with the well docu-
mented attraction of bacteria to nearby surfaces23 – see setup
illustrated in Fig. 1. Provided the microwell is deep enough,
both cell populations rotate CW (viewed from within the fluid),
as consistent with the behaviour of individual cells along flat
walls.22 However, in a sufficiently shallow microwell a surpris-
ing reversal of the rotation direction of the smaller bacterial
population occurs. This reversal was attributed to hydro-
dynamic interactions between the two cell populations.22

In this paper, we use simulations and theory to confirm
this hydrodynamic hypothesis and to provide a detailed
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understanding of the flows involved. In past work, Stokes flows
singularities24 have been used to successfully rationalise the
self-organisation of confined magnetotactic bacteria into con-
vective plumes under the application of a magnetic field.25

Inspired by the success of these types of models, we perform
numerical simulations to study the flows created by a chiral
bacterial vortex at the bottom flat surface of a cylinder, and the
resulting motion of a second bacterial population near the top
surface subject to these flows. Stokes flows reflectional sym-
metry arguments generalise our results straightforwardly to the
case of a bottom population swimming in the flows from
a dominant top population, as in the recent experiments.22

Our simulations reproduce a reversal of rotational direction
provided the cylinder height is sufficiently small, or if the
swimmer population at the bottom is sufficiently large, and
crucially, show how the flows driving this reversal are directly
linked to the intrinsic chirality of individual bacteria. Further-
more, a far-field analysis captures our main results in a single
expression for the critical bottom population size at which the
top population reverses rotation. In the intermediate steps
leading to this final result, we calculate also the flow field
due to a disc of flow singularities.

The paper is organised as follows. In Section 2 we introduce
our singularities-based model for the confined cell populations.
We then present the results of the numerical model in Section
3, showing in particular that a sufficiently large population of
swimmers at the bottom reverses the rotational direction of the
bacterial population at the top. We further investigate how the
cylinder height and the different flow singularities affect this
rotation reversal. We then derive an analytical model for the
interactions between cell populations in Section 4, revealing

how these hydrodynamic interactions scale with the parameters
in the problem, and thus capturing the physics of this rotation
reversal.

2 Minimal model of interacting
confined bacterial suspensions
2.1 Swimmers

Since a self-propelled cell is force-free, the time-averaged flow it
creates in the far field is well represented by a stresslet;
assuming axial symmetry around the swimming direction, this
means an axisymmetric force dipole.2 A swimming cell is also
torque-free, and the lowest order torque-free flow singularity
that accounts for the chirality of a flagellated bacterium such as
E. coli is a rotlet dipole (i.e. a torque dipole).26 A minimal
hydrodynamic model of a flagellated bacterium is thus the
superposition of a stresslet (strength denoted by P) and a
symmetric rotlet dipole (strength w); here we have P 4 0 for
a pusher cell, as consistent for a bacterium pushed from the
back, and w 4 0, as consistent with the counter-clockwise
(CCW) rotation of the flagellum behind the cell body and the
CW counter-rotation of the cell body.2 In what follows, the
precise values of P and w are chosen to be those extracted from
mesoscale hydrodynamic simulations:27 P = 2.19 mm pN and
w = 1.27 mm2 pN. We note that the experimentally measured
value of P is 0.80 mm pN,28 whereas, to our knowledge, the
rotlet dipole strength has not yet been measured.

The flow due to an axisymmetric force dipole of strength P

oriented in the direction e, at a position x from the stresslet, is
given explicitly by2,24,29

uSðx;PeÞ ¼ P

8pm
� x

jxj3 þ
3ðe � xÞ2x
jxj5

� �
; (1)

and the corresponding flow for a rotlet dipole of strength
w is2,29

uRDðx; weÞ ¼ 3wðe � xÞðe� xÞ
8pmjxj5 : (2)

2.2 Geometry

Motivated by experimental results,22 we consider swimming
bacteria confined within a cylinder of radius R = 20 mm and
height D (which will vary), filled with a Newtonian fluid (water)
of dynamic viscosity m. All results will be presented in dimen-
sionless variables (see Section 3). A population of N swimmers
(where N will be varied) is constrained to a plane at a height
h = 0.5 mm (approximately half the width of an E. coli cell body)
above the bottom boundary, while a fixed number, n = 52, are
constrained to a plane the same distance h below the top
boundary, as illustrated in Fig. 1. This two-dimensional con-
finement captures the experimentally observed accumulation
of the bacterial populations near their respective walls22

without requiring more computationally expensive fully three-
dimensional simulations. We investigate the motion of the n

Fig. 1 Problem setup: swimming bacteria in a cylindrical chamber of
radius R and height D segregate into two populations. The motion of the
swimmers are constrained to remain in planes at a distance h away from
the top (green) and bottom (blue) surface of the cylinder. The N swimmers
at the bottom are set to swim CW at speed U, parallel to concentric circles
(blue arrows). The n swimmers at the top (green) each swim with an
intrinsic speed U and angular velocity O, and are advected and rotated by
the flows created by the bottom swimmers.
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swimmers near the top boundary (referred to below as ‘‘top
swimmers’’) under the influence of flows generated by the N
swimmers near the bottom boundary (‘‘bottom swimmers’’)
and their hydrodynamic images. This modelling choice
assumes implicitly that the top population is smaller than the
bottom population.

2.3 Swimming kinematics

Each swimmer is prescribed an intrinsic swimming speed
U = 20 mm s�1.30 The bottom swimmers have their initial
positions drawn from a uniform distribution over the disc at
height h = 0.5 mm above the bottom boundary, and swim in the
CW direction (as viewed from above) with speed U along
concentric circles (see sketch Fig. 1). Each top swimmer is
prescribed, in addition this intrinsic swimming speed U, an
intrinsic angular velocity Oẑ, so that a single top swimmer
(in the absence of boundaries or flows from other swimmers)
swims in its horizontal plane with a prescribed radius of
curvature of RROC = 15 mm, consistent with experimental
measurements.8–10 Here ẑ is the vertically upwards unit vector
and O 4 0 so that each top swimmer swims CCW with respect
to the vertical (i.e. CW with respect to the normal pointing into
the fluid).

2.4 Flows and steric effects on top swimmers

Each top swimmer experiences flows from the bottom swim-
mers and their images; the stresslet and rotlet dipole flows
created by each bottom swimmer are modified due to the
presence of the bottom boundary using the method of hydro-
dynamic images, whereby an appropriate combination of flow
singularities is placed on the other side of the bottom surface
such that the no-slip boundary condition is satisfied exactly on
the bottom surface.29,31,32 By linearly superposing the flows
from the singularities of each bottom swimmer, we are impli-
citly working in the framework of a dilute suspension of
swimmers. It should also be noted that these approximate
flows, however, do not satisfy the no-slip boundary conditions
on the top wall. Nevertheless, this image-based representation
provides a fundamental starting point for capturing the domi-
nant hydrodynamic interactions experienced by the top popu-
lation due to the bottom swimmers, and serves as a tractable
approximation for studying their collective dynamics in the
fully coupled system.

Each top swimmer interacts hydrodynamically and sterically
with each other and with the top and lateral walls. In addition,
we approximately account for hydrodynamic interactions
between the top swimmer and the lateral circular boundary
by placing image singularities outside the cylinder such that
the superposition of the original singularities and the lateral
wall images satisfy the no-slip boundary condition on the
nearest tangent plane. These lateral wall hydrodynamic inter-
actions for the top swimmers are essential to model correctly
the wall-induced reorientation23 of the top swimmers parallel
to the lateral wall, which in turn is required to reproduce
a bacterial vortex. We neglect interactions between the top
swimmers and the bottom boundary since they are much

weaker than the top swimmer-top wall interactions. Steric
interactions between swimmers are accounted for by soft
repulsions in the form of velocities scaling as 1/r4, and steric
interactions between swimmers and the circular boundary by
1/r6 repulsive velocities (where r indicates the swimmer–swimmer
distance or the swimmer–wall distance).

The ith top swimmer, at a position xi, thus experiences a
flow

ui(xi) = u(steric)
i (xi) + u(hydro)

i (xi), (3)

where

u
ðstericÞ
i xið Þ ¼ u

ðiÞ
steric xið Þ þ

X
jai

u
ð jÞ
steric xið Þ; (4)

the sum of the steric interaction u(i)
steric(xi) with the lateral wall

and the steric interactions u( j)
steric(xi) with the other top

swimmers, and

u
ðhydroÞ
i xið Þ ¼

Xn
j¼1

u
ð jÞ
walls xið Þ þ

X
jai

u
ð jÞ
swimmer xið Þ

þ
XN
j¼1

v
ð jÞ
swimmer xið Þ þ v

ð jÞ
wall xið Þ

h i
:

(5)

Here, u( j)
swimmer(xi) is the flow experienced by the ith top swim-

mer from the original flow singularities of the jth top swimmer,
given explicitly by

u( j)
swimmer(xi) = uS(xij;Pej) + uRD(xij;wej), (6)

where xij = xi � xj, and ej is the orientation of the jth swimmer.
u( j)

walls(xi) is the hydrodynamic images of each top swimmer
with the top and lateral walls. The remaining terms
v( j)

swimmer(xi) + v( j)
wall(xi) are flows from the bottom swimmers

and their bottom wall images.

2.5 Time evolution of top swimmer positions and
orientations

Confinement in the plane h = 0.5 mm below the top surface is
implemented simply by setting the vertical component of any
flow each top swimmer experiences to zero and initialising
swimmers with their orientation vectors in the plane. The
position of the ith swimmer is then evolved by numerically
integrating

dxi

dt
¼ Uei þ u

ðHÞ
i xið Þ; (7)

where ei is its orientation and no Einstein summation is
implied in the second term on the right-hand side, and the
(H) subscript denotes the planar projection of the flow velocity.
The orientation is evolved according to (the planar projection
of) Jeffery’s equation33 for the motion of an ellipsoidal particle
with the intrinsic rotational velocity Oẑ common to all top
swimmers,

dei

dt
¼ OẑþXið Þ � ei; Xi ¼

1

2
oi ẑþ Bei � E

ðHÞ
i � ei

� �
: (8)
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Here oi is the z-component of the vorticity vector associated

with u(hydro)
i (see eqn (5)); E

ðHÞ
i ¼

P2
p¼1

P2
q¼1

Epqep � eq, with Epq

being the (p,q) component of the strain-rate tensor associated
with u(hydro)

i ; and the shape factor B = (g2 � 1)/(g2 + 1), where g is
the aspect ratio of the ellipsoid.33 We approximate the flagel-
lated bacterium as an ellipsoid of aspect ratio g = 10, to model
the combination of cell body and flagellar filaments.

2.6 Measure of global rotational direction

In each simulation, n = 52 top swimmers with random orienta-
tions are initially placed on a square grid. The proportion F of
top swimmers in CCW motion (as viewed from the top) is
measured at each time step. More precisely, a swimmer with
instantaneous velocity :xi := dxi/dt is defined to be in CCW
motion if :xi�ĥ 4 0, where ĥ is the azimuthal basis vector in polar
coordinates; the swimmer is otherwise in CW motion.

The average value hFi over the time interval 15 s r t o 30 s
as well as the corresponding standard variation are recorded.
We only consider values of F after t = 15 s in order to give ample
time for the system to reach a dynamical steady state. A value of
hFi close to 1 indicates that most swimmers are moving CCW,
i.e. a CCW bacterial vortex, whereas hFi E 0 corresponds to a
CW bacterial vortex.

3 Rotation reversal of chiral bacterial
vortices for sufficiently strong
hydrodynamic interactions

We numerically investigate the behaviour of our model for
different values of the height D and of the stresslet strength a
and rotlet dipole strength b of the swimmers relative to the
E. coli values P = 2.19 mm pN and w = 1.27 mm2 pN respectively.
For each set of chosen parameters, we increase the number N of
bottom swimmers and display plots of hFi against N in Fig. 2.
The symbols indicate the average values of hFi obtained
from each simulation, with the error bars indicating the
standard deviation over the 15-second interval over which
F is averaged. The curves, displayed for ease of visualisation,
are rescaled and shifted tanh curves fitted to the data points:
specifically each curve is generated by fitting the equation
hFi = A0 + (A1 � A0){tanh[(N � N0)/d] + 1}/2 to the data points
(N, hFi) obtained from the simulations, with A0, A1, d and N0 as
fitting parameters.

3.1 Reversal of rotation direction as N is increased

As seen in Fig. 2, for all parameter values, hFi is close to 1 for
N = 0 bottom swimmers, indicating a CCW vortex. The top
swimmers near the lateral wall are attracted to it, and the
majority move CCW along it due to the intrinsic angular
velocity of each swimmer. However, a few cells swim CW
depending on the angle of approach to the wall; this CW
motion is short-lived, however, since these swimmers escape
the wall due to interactions with other cells and eventually
return to the bulk, where again the motion is more chaotic but

dominantly CCW due to the intrinsic CW angular velocity (see
Video S1).

Now consider the case a = b = D/R = 1 (the magenta curve in
Fig. 2a). As the number of bottom swimmers is increased, hFi
decreases and we observe a transition from global CCW motion
(hFi E 1) at N = 0 to global CW motion at larger N. The flows
created by the bottom swimmers, once strong enough, reverse
the rotational direction of the population of top swimmers; at
N = 2500 the top swimmers exhibit only a slight CCW global
motion (see Video S2) while at N = 4000 the global rotation is
clearly CW (see Video S3). This result qualitatively reproduces
the reversal of the rotational direction of the smaller bacterial
vortex seen in experiments.22 We also observe that at larger N
the top swimmers are distributed closer to the centre (compare
Videos S2 and S3 to Video S1).

3.2 Earlier rotation reversal for shallow chambers

For a smaller value of D/R = 0.5, i.e. for a shallower chamber, a
smaller value of N is needed to drive this transition (Fig. 2a,
blue curve). This is due to the top swimmers experiencing

Fig. 2 Numerical simulations showing rotation reversal. Time-averaged
proportion of top swimmers in CCW motion hFi against number N of
bottom swimmers obtained from simulations with (a) a = b = 1 fixed and
cylinder height D varied (b) D/R = b = 1 fixed and stresslet strength a varied
(c) D/R = a = 1 fixed and rotlet dipole strength b varied. Error bars show the
standard deviation over the 15 s window over which F is averaged. Curves
are rescaled and shifted tanh curves fitted to the data points indicated by
the symbols. Dotted line is at hFi = 0.5, indicating equal instances of CW
motion and CCW motion.
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stronger flows at a closer distance to the bottom swimmers;
equivalently, for the same value of N, the CW motion of the top
swimmers is more prominent for D/R = 0.5 than for D/R = 1
(see Video S4). Conversely, for D/R = 1.5 and D/R = 2 (Fig. 2a, red
and black curves respectively) the top swimmers experience
much weaker flows from the bottom swimmers and although
hFi does decrease with increasing N, the bottom swimmers’
flows at these distances are not strong enough to reverse
the top population’s rotation direction even at N = 4000; see
Video S5. We observe therefore a dramatic dependence of the
top population’s global rotation on D, consistent with the
experimental observation that there is no reversal of rotational
direction in sufficiently deep cylindrical microwells.22 These
results are consistent with the rotation transition governed by
hydrodynamic interactions.

3.3 Stresslet flows do not govern the rotation reversal

We next numerically vary the strengths of the dimensionless
stresslet (a) and rotlet dipole (b) in order to elucidate the role
each singularity plays in this CCW–CW transition. We first
consider here variation of the stresslet strength and plot in
Fig. 2b the transition curves for hFi for different values of a.
Although the precise details of these curves vary with a due to a
complex interplay of hydrodynamic interactions between the
swimmers and the lateral wall, the CW–CCW transition is seen
to occur at roughly the same value of N for all values of a,
indicating that the stresslet flows do not provide the azimuthal
flows driving the transition. We do observe that the top
swimmers swim closer to the centre of the disc as a and
N are increased, indicating that the stresslets create radially
inwards flows. This effect however would be less noticeable in
denser suspensions of bacteria since only a finite number of
bacteria can occupy the area near the centre due to steric
interactions. In Video S6 we show that the top swimmers, at
sufficiently large N, indeed form a CW vortex without stresslets,
and that without the stresslet flows from the bottom they are
not pushed together towards the centre.

3.4 Rotation reversal is controlled by the rotlet dipoles

We observe instead that it is indeed the rotlet dipole flows
which drive the CCW–CW transition. We show in Fig. 2c that,
as the rotlet dipole strength b is decreased from b = 1 (black) to
b = 2/3 (red) and b = 1/3 (magenta), the CCW–CW transition
occurs at larger and larger N. Equivalently, for a fixed value
of N, hFi is larger (i.e. the motion is less CW) for smaller b. For
b = 0 i.e. non-chiral swimmers, hFi asymptotes at 0.5 for large N
and there is no transition at all.

These top swimmers move CCW along the wall at smaller N
because of their intrinsic angular velocity, but at larger N are
clumped together near the centre and without the influence
from the lateral wall are unable to exhibit global rotational
motion (see Video S7). These results show clearly that hydro-
dynamic interactions govern the reversal of rotational direction
observed experimentally, and that it is the rotlet dipoles, and
therefore the chirality of the hydrodynamic flows, which drive
the CCW–CW transitions.

4 Theoretical analysis

Our numerical simulations have revealed that purely through
hydrodynamic interactions, a rotation reversal occurs for chiral
bacterial vortices if these interactions are sufficiently strong.
We now propose a theoretical analysis in order to rationalise
these results.

4.1 Leading-order flows experienced by top swimmers

4.1.1 Numerical flows. The first piece of our theoretical
analysis consists of deriving an approximation for the swimming-
induced flows. We can use our simulations to compute the
horizontal components of the flow fields in the plane of the top
swimmers due to the bottom swimmers. In the case N = 1000, we
plot in Fig. 3 the contributions from the rotlet dipoles (Fig. 3a), the
contributions from the stresslets (Fig. 3b), and the combined flow
(Fig. 3c). These flow fields are consistent with our results in the
previous section and we now proceed to calculate theoretical
models for these flow fields.

4.1.2 Rotlet-dipoles flows. Using Cartesian coordinates
centred at the centre of the bottom wall and with the positive
z direction pointing upwards, the bottom wall is defined by the
disc a(a, s) = (a cos s, a sin s, 0) with 0 o a r R, 0 o s r 2p.
In the limit of large N, the flows created by the N bottom
swimmers is approximately given by the flow created by a
continuous distribution of flow singularities in the disc
a(a, s) + h with 0 o a r R, 0 o s r 2p with a uniform number
density r := N/pR2, where h = hẑ, and with the flow singularity at
a(a, s) oriented in the direction e(s) = (sin s, �cos s, 0). Their
hydrodynamic images are located in the disc a(a, s) � h with
0 o a r R, 0 o s r 2p. Note that in the large-N continuum
limit the distribution of bottom swimmer singularities, and
therefore the flows they create, are time-invariant, and in
particular are independent of the swimming speed U of the
bottom swimmers and of whether they swim CW or CCW.

We first calculate the flows due to the rotlet dipoles and
their bottom wall images. The flow field at a position x = (x, y, z)
due to the rotlet dipole at a(a, s) + h and its image is given by

uðx;aÞ ¼ rw
8pm

RDðr�h;e;eÞ�RDðrþh;e;eÞþ2hQ rþh;e;e?
� ��

�GQ rþh;e;e?; ẑ
� �

�GQ rþh;e; ẑ;e?
� �	

; ð9Þ

where we write r = x � a, e> = (cos t, sin t, 0). Here the final
four terms are the image singularities of the rotlet dipole,
placed at an image point on the other side of the wall, with
RD, Q, and GQ denoting rotlet dipole, source quadrupole, and
stokeslet quadrupole respectively; this image system is derived
in ref. 29.

We consider the far field limit |x| c a, h, so

1

rn
¼ 1

jxjn 1þ O
a � x
jxj2

� �� �
; (10)
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where r = |r|. Taylor expanding the first two terms in
eqn (9) gives

RDðr� h; e; eÞ � RDðrþ h; e; eÞ

¼ RDðr; e; eÞ � RDðr; e; eÞ þ O h � rRDð Þ

¼ O
h

jxj4

� �
:

(11)

The third term is also of the same order,

2hQ ¼ O
h

jxj4

� �
: (12)

The leading-order contribution is from the final two terms,
i.e.

�GQ rþ h; e; e?; ẑ
� �

�GQ rþ h; e; ẑ; e?
� �

¼ �GQ r; e; e?; ẑ
� �

�GQ r; e; ẑ; e?
� �

þ O
h

jxj4

� �

¼ �2

r3
�3 e? � rð Þðẑ � rÞe

r2
þ 15ðe � rÞ e? � rð Þðẑ � rÞr

r4

� �

þ O
h

jxj4

� �
;

(13)

where several terms in the expressions for GQ have vanished by
orthogonality of {e, e>, ẑ} or because they are antisymmetric
with respect to interchanging e> and ẑ. Note that this is
invariant with respect to the reversal of the rotational direction
of the bottom swimmers (e, e>) / �(e, e>), consistent with
the front-back symmetry of the rotlet dipole. An analogous
statement holds for the stresslet.

We next expand vectors into their components and integrate
with respect to s to obtainð2p

0

e? � r
� �

ðẑ � rÞeds ¼ pzðy;�x; 0Þ; (14)

ð2p
0

ðe � rÞ e? � r
� �

ðẑ � rÞrds ¼ O a2 xj j2
� �

: (15)

Putting eqn (10)–(15) together and integrating with respect to a
yields the final result for the leading order flow field in the far
field of a disc of azimuthally oriented rotlet dipoles above a
no-slip boundary,

uRðxÞ ¼
3Nwz
8pmjxj5ðy;�x; 0Þ; (16)

which is a rotlet dipole of strength �wẑ. In the plane of the top
swimmers (z 4 0) this flow acts in the CW direction as we
would expect; this theoretical prediction is shown in Fig. 3d.

Fig. 3 Swimmer flows. Map of flow field in the plane occupied by the top swimmers created by N = 1000 bottom swimmers, as computed numerically
(a)–(c) and theoretically (d)–(f) for swimmers with only rotlet dipoles (a = 0, b = 1; panels (a) and (d)), only stresslets (a = 1, b = 0; panels (b) and (e)), and
both rotlet dipoles and stresslets (a = b = 1; panels (c) and (f)). The dotted circle in each plot indicates the cylinder wall.
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Note that this leading order flow is independent of h, so
although a more detailed consideration of wall–swimmer inter-
actions may motivate a different value of h,34,35 the precise
modelling choice would not impact our main results. It is worth
noting, as may be shown by a similar calculation, that the
leading order flow field due to the same disc of rotlet dipoles in
the absence of a wall is a rotlet dipole of strength �wẑ/2, so the
presence of the bottom wall amplifies the CW flows.

4.1.3 Stresslet flows. We may carry out similar calculations
for the stresslets. Specifically, we derive the horizontal compo-
nent of the (leading-order) flow field at a position x = (x, y, z)
produced by a distribution of azimuthally oriented stresslets,
each of strength P, distributed with uniform number density
r = N/pR2 on the horizontal disc of radius R centred at (0, 0, h),
together with their images due to a no-slip boundary at z = 0.
This flow field due to the stresslet at a(a, s) + h and its image is
given by

u(x;a) = rP[GD(r � h;e,e) � GD(r + h;e,e)

+ 2hGQ(r + h;e,e,ẑ) � 2h2Q(r + h;e,e)], (17)

where GD, GQ, and Q are a stokeslet dipole, stokeslet quadru-
pole, and a source quadrupole, respectively.29

As above, we consider the far field limit |x| c a, h and
neglect terms linear in a. In contrast to the rotlet dipole
calculations, however, the lowest order terms are linear in h.
The dominant contributions are from the first three terms of
eqn (17) since the fourth term is quadratic in h. In what follows
we use a (H) superscript to denote horizontal components.
A Taylor expansion of the first two terms yields

G
ðHÞ
D ðr� h; e; eÞ �G

ðHÞ
D ðrþ h; e; eÞ

¼ �2h � rGDðr; e; eÞ þ O
h2

jxj4

� �

¼ �6ðh � rÞ
r5

1� 5ðe � rÞ2
r2

� �
ðx; yÞ þ O

h2

jxj4

� �
:

(18)

The stokeslet quadrupole term may be evaluated to be

G
ðHÞ
Q ðrþ h; e; e; ẑÞ ¼ �6ðh � rÞ

r5
2� 5ðe � rÞ2

r2

� �
ðx; yÞ þ O

h2

jxj4

� �
:

(19)

We therefore obtain the flow field due at x due to a single
stresslet and its image as

uðHÞðx; aÞ ¼ �3rPðh � rÞ
4pmr5

3� 10ðe � rÞ2
r2

� �
ðx; yÞ þ O

h2

jxj4

� �
:

(20)

Noting that h�r = hz and
Ð 2
0pðe � rÞ2ds ¼ p x2 þ y2

� �
and integrat-

ing over the disc, we get our final result for the horizontal
component of the flow field at x induced by the disc of

stresslets,

u
ðHÞ
S ðxÞ ¼

3PNhz

4pmjxj5 �3þ 5
x2 þ y2

jxj2

� �
ðx; yÞ: (21)

This is radially inwards provided x2 + y2 o 3z2/2; for D/R = 1,ffiffi
ð

p
3z2
�
2Þ4R so this flow is always radially inwards at the top

swimmers’ positions. This theoretical flow field is plotted in
Fig. 3e.

The far-field approximation of the horizontal component of
the flow experienced by the top swimmers at x = (x, y, z) due to
the disc of N bottom swimmers is therefore given by the sum

uðHÞðx; yÞ ¼ 3wNz

8pmjxj5ðy;�xÞ þ
3PNhz

4pmjxj5 �3þ 5
x2 þ y2

jxj2

� �
ðx; yÞ;

(22)

and this flow field is illustrated in Fig. 3f.
Note that while our leading order expressions overestimate

the flow speeds especially towards the centre since this is where
our far field assumption |x| c a holds least well, our theore-
tical flows exhibit the right qualitative behaviour (compare
Fig. 3a–c with Fig. 3d–f) and thus capture the main physical
ingredients.

Note that, at this order in a, the flow is independent of the
radial distribution of bottom swimmers and depends only on
their total number N. Future work could explore, either numeri-
cally or theoretically using higher-order corrections in a, the
impact of non-uniform bottom distributions. Although here we
treat the bottom population as unaffected by the top popula-
tion’s flows due to its smaller size, such an approach may
provide a first step toward relaxing this assumption.

4.2 Simulations of top swimmers subject to theoretical flows

In order to demonstrate that the theoretical flows are able to
explain the CCW–CW transitions, we next carry out simulations
of the top swimmers subject to this theoretical flow i.e. with the

numerically computed flows
PN
j¼1

v
ð jÞ
swimmer xið Þ þ v

ð jÞ
wall xið Þ

h i
from

the N bottom swimmers and their images replaced with
eqn (22). The results are shown in Fig. 4 and, strikingly, recover
the same behaviour as the full simulations shown in Fig. 2. The
CCW–CW transition occurs at larger N as D increases (Fig. 4a);
this is due to the fast decay D�4 of the rotlet dipole flows in
eqn (22). Note that we have omitted results for D/R = 0.5
because our theoretical calculations are not valid for this value
of D as the far field assumption |x| c a does not hold. We
further recover theoretically, as we saw in the full simulations,
that the stresslet strength does not have a significant effect on
the CCW–CW transition (Fig. 4b), and that the transition occurs
at larger N as the rotlet dipole strength is decreased, with no
transition at all (hFi asymptoting at 0.5) where the rotlet dipoles
are gone (b = 0, Fig. 4c). By taking the continuum and far-field
limits of the bottom population, we derived analytical approx-
imations for the flow field from the bottom swimmers, and
subjecting a top swimmer population to these theoretical flows,
we therefore successfully reproduced the CCW–CW transition
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and its dependence on the cylinder height and the different
flow singularity components.

4.3 Theory for swimmer trajectory

We may further carry out an analytical calculation for the
simpler case of a single top swimmer, in order to analytically
predict the CCW–CW transition threshold as a function of the
parameters of the system. The governing equations for the
position x and orientation p of a single swimmer at the top,
neglecting its interactions with the top and lateral walls, are

:x = u(H) + Up, (23)

_p ¼ 1

2
r� uðHÞ
� �

� pþ B p� EðHÞ � p
� �h i

� pþ Oẑ� p; (24)

where U and O are its intrinsic translational and angular
velocities; u(H) (as given in eqn (22)), is the planar projec-
tion of the flow due to the bottom swimmers; and

EðHÞ ¼
P2
p¼1

P2
q¼1

Epqep � eq is the planar projection of the strain-rate

tensor associated with u(H). These projections ensure that the
equations are 2D and that the swimmer direction and orientations
remain in the plane given in-plane initial conditions. The result in
eqn (24) is (the 2D projection of) the classical Jeffery’s equation
describing how an elongated particle reorients in a flow (this is in
fact eqn (8) for a single top swimmer). The first term is the
reorientation due to the fluid velocity, and the second term
describes how an elongated particle interacts with the strain rate
and aligns with the flow; B is the shape factor governing this strain
rate interaction. We work in the far-field limit x, y, h { r, so to
leading order we may write |x| E z E D and neglect the (x2 + y2)/|x|2

term in the stresslet flow field, so eqn (22) then linearises to

uH ¼
�SxþRy

�Rx�Sy

 !
; (25)

where S = 9PNh/4pmD4 and R = 3wN/8pmD4. We then have E =�SI
so the shape-dependent terms in Jeffery’s equation vanish at this
order. Writing p = (cosf, sinf), the governing equations simplify to

_x

_y

 !
¼
�S R

�R �S

 !
x

y

 !
þU

cosf

sinf

 !
; (26)

_f = (O � R)t. (27)

The f equation integrates easily to f = f0 + (O � R)t. The
matrix in the (x, y) equation has eigenvalues l� = �S � iR, so
the complementary function decays exponentially. The particu-
lar integral is then a limit cycle of the system, and may be
calculated to be

x

y

 !
¼ Uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

O2 þS2
p

cosðf�YÞ

sinðf�YÞ

 !
; (28)

where tanY = O/S. Hence, we theoretically predict that
trajectories eventually converge to a circle of radius
~R: ¼ U

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O2 þS2
p

. This limiting radius R̃ decreases as the
stresslet strength increases as we would expect from the radially
inwards flow created a disc of stresslets, and from the results of
our numerical simulations.

Crucial, whether the trajectories are CW or CCW depend on
the sign of _f: indeed, the trajectories are CCW for R o O and
transition to CW when R 4 O. Hence we predict the critical
value of N at which the transition occurs to be

Nc ¼
8pmOD4

3w
: (29)

This theoretical result is plotted as dashed vertical lines in
Fig. 4 for comparison with the critical bottom population size at
which the transition occurs for a population of top swimmers
subject to the far-field theoretical flows, and we see remarkable
agreement for the base case D/R = a = b = 1. The larger
discrepancies for other parameter values are unsurprising
given the simplifications made to reach this result (in particu-
lar the assumption of a single top swimmer). Regardless, this
expression is in qualitative agreement with our numerical

Fig. 4 Rotation reversal from theory. Plots of time-averaged proportion
hFi of top swimmers in CCW motion against number N of bottom
swimmers obtained from the theoretical approximation of the flows due
to the bottom swimmers, with (a) a = b = 1 fixed and cylinder height D
varied (b) D/R = b = 1 fixed and stresslet strength a varied (c) D/R = a = 1
fixed and rotlet dipole strength b varied. Error bars show the standard
deviation over the 15-s window over which F is averaged. Curves are
rescaled tanh curves fitted to the data points indicated by the symbols.
Dotted line is at hFi = 0.5, indicating equal instances of CW motion and
CCW motion. Dashed lines indicate theoretical estimates of critical bottom
population size (eqn (29)) at which the CCW–CW transition occurs. These
results are to be compared with the full simulations shown in Fig. 2.
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results, and an examination of the parametric dependence
gives us physical insight. The scaling Nc B D4 is consistent
with how the CCW–CW transition occurs at dramatically larger
N as D is increased (Fig. 2a), while the Nc B 1/w dependence
is consistent with the plots with the rotlet strength varied
(Fig. 2c). Note also that the critical Nc does not depend
on the stresslet (consistent with Fig. 2b). The single expression
in eqn (29) thus encapsulates all our findings, revealing how
the top bacterial vortex reverses its global rotation due to
rapidly decaying flows created by the chirality of bottom
swimmers.

5 Conclusion

Using a model based on flow singularities, we studied compu-
tationally the reversal of the rotational direction of a bacterial
vortex near a flat surface of a cylindrical geometry due to the
presence of a larger bacterial vortex near the opposite flat
surface. We carried out simulations for a range of values of
cylinder height and flow singularity strengths, comprehensively
exploring how the rotation reversal depends on these para-
meters. We further carried out theoretical calculations in the
far field and continuum limits of the flows produced by a disc
of azimuthally aligned swimmers near a no-slip boundary, and
performed simulations of top swimmers subject to these the-
oretical flows. We obtained results consistent with the full
simulations, illustrating that the far-field flows are sufficient
to induce rotation reversal. We then investigated analytically
the simpler case of a single chiral swimmer advected and
rotated by the flows from a bacterial vortex, and determined
expressions for the eventual circular trajectory of the swimmer
and for the critical size Nc of the bacterial vortex at which the
trajectory of the swimmer transitions from CCW to CW motion.

These analytical results capture the essential physics driving
the rotation reversals: the azimuthal flows from the rotlet
dipoles. The stresslets create radially inward flows, which
manifest as a smaller radius of the eventual swimmer trajectory
as stresslet strength is increased, but are largely inconsequen-
tial for the global rotational motion. These flows decay rapidly
away from the bottom population, explaining the dramatic
dependence of the critical bottom population size at which
rotation reversal occurs.

Although our far-field model neglects details of near-field
interactions, flow singularities have been used in the past to
successfully explain a number of hydrodynamic phenomena,6

and in particular a similar approach has been recently used to
successfully rationalise the self-organisation of confined mag-
netotactic bacteria into convective plumes under the applica-
tion of a magnetic field.25 In this work, we have used flow
singularities to characterise the rotation reversal of bacterial
vortices with similar success. Our model could be made more
realistic by performing fully three-dimensional simulations in
which accumulation of bacteria near the flat surfaces, which we
have modelled by confining the swimmers to a plane, would
naturally arise from hydrodynamic interactions of the stresslets

with the walls. While this might be challenging since the exact
solutions for point forces/torques (or their dipoles) in a closed
cylinder are not known, an alternative approach would be to
explore a similar system in a spherical geometry, for which
these solutions are available.36 Our singularities-based treat-
ment does not take into account near-field effects between
interacting bacteria,37 possible lubrication effects for swim-
mers near surfaces, or direct fluid entrainment from the
bottom population. Placing the two populations on more equal
footing and allowing mutual flow interactions would yield a
more physically faithful model. An alternative modelling
approach would consist of a hydrodynamic theory treating
the bacterial suspension as an effective continuum phase
to characterise mesoscale flow behaviour.19,38,39 Despite the
numerous idealisations, our minimal model captures the
essential physics of the system and illustrates clearly
that the intrinsic chirality of individual bacteria, captured by
the rotlet dipole, cooperates at the population scale to drive the
reversal of collective rotational motion. We also expect
that similar methods may find broader applications at larger
length scales, for example, in the context of circular mills
of worms.40 The success of our model at rationalising the
reversal of bacterial vortices, as well as its wider implications,
highlight the value of flow singularities and far-field calcula-
tions as powerful tools for rationalising biophysical
phenomena.
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