
Chemical
Science

EDGE ARTICLE

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

7 
M

ar
ch

 2
02

6.
 D

ow
nl

oa
de

d 
on

 6
/1

5/
20

26
 8

:1
5:

55
 P

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.

View Article Online
View Journal  | View Issue
Constrained shad
aDepartment of Chemistry, The James Fran

Chicago, IL 60637, USA. E-mail: damazz@u
bIBM Quantum, IBM T.J. Watson Research C

E-mail: kevinsung@ibm.com

† These authors contributed equally to th

Cite this: Chem. Sci., 2026, 17, 9633

All publication charges for this article
have been paid for by the Royal Society
of Chemistry

Received 23rd November 2025
Accepted 15th March 2026

DOI: 10.1039/d5sc09162d

rsc.li/chemical-science

© 2026 The Author(s). Published by
ow tomography for molecular
simulation on quantum devices
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Anna O. Schouten, a Kevin J. Sungb and David A. Mazziotti *a

Quantum state tomography is a fundamental task in quantum information science, enabling detailed

characterization of correlations, entanglement, and electronic structure in quantum systems. However,

its exponential measurement and computational demands limit scalability, motivating efficient

alternatives such as classical shadows, which enable accurate prediction of many observables from

randomized measurements. In this work, we introduce a bi-objective semidefinite programming

approach for constrained shadow tomography, designed to reconstruct the two-particle reduced density

matrix (2-RDM) from noisy or incomplete shadow data. By integrating N-representability constraints and

nuclear-norm regularization into the optimization, the method builds an N-representable 2-RDM that

balances fidelity to the shadow measurements with energy minimization. This unified framework

mitigates noise and sampling errors while enforcing physical consistency in the reconstructed states.

Numerical and hardware results demonstrate that the approach significantly improves accuracy, noise

resilience, and scalability, providing a robust foundation for physically consistent fermionic state

reconstruction in realistic quantum simulations.
1. Introduction

Reconstructing a system's quantum state from measurement
data, a process known as quantum state tomography,1–4 is
foundational to quantum information science, many-body
physics, and quantum chemistry. Accurate knowledge of
a system's quantum state enables quantitative characterization
of correlations, entanglement, and electronic structure proper-
ties, all of which are important for performing quantum simu-
lations, benchmarking quantum hardware, and interpreting
experimental outcomes. Quantum state tomography provides
the most direct route to validating state preparation, certifying
entanglement in quantum devices, and probing nonclassical
correlations in condensed matter and chemical systems.
However, conventional full-state tomography requires
measurement and computational resources that scale expo-
nentially with system size, rendering it infeasible for all but the
smallest quantum systems.5–8

To overcome this limitation, a wide range of scalable tomo-
graphic approaches have been developed. These methods aim
to infer only the most relevant or physically meaningful aspects
of a quantum state rather than reconstructing the full
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wavefunction. Such approaches include compressed sensing,9,10

neural-network-based tomography,11,12 direct delity
estimation,13–15 and maximum-entropy-inspired methods based
on restricted Boltzmann machines,16 among others. A particu-
larly powerful and widely adopted framework is that of classical
shadows,17,18 which enables efficient estimation of a large
number of observables from randomized measurements. The
shadow tomography protocol constructs a compact classical
representation, termed a “shadow”, from a set of randomized
qubit or fermionic measurements, from which expectation
values of many observables can be predicted with polynomial or
even logarithmic scaling in system size. This paradigm has been
successfully applied in a variety of contexts, including entan-
glement estimation,19 Hamiltonian learning,20–22 and reduced
density matrix (RDM) reconstruction for quantum
chemistry.23,24

When specialized to fermionic systems, shadow-based
methods can leverage rich physical structure, such as anti-
symmetry,25 particle-number conservation,24 spin symmetries,
and Gaussian unitary transformations,23,26,27 to further improve
sampling efficiency and reconstruction delity. These fermionic
shadow protocols enable scalable characterization of electronic
structure properties and correlation functions relevant to
molecular and solid-state systems, potentially bridging the gap
between quantum simulation and classical post-processing.
However, despite their theoretical efficiency, existing fer-
mionic shadow tomography approaches face signicant prac-
tical challenges. In particular, the presence of sampling noise,
Chem. Sci., 2026, 17, 9633–9643 | 9633
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gate indelity, and nite measurement statistics on quantum
devices can severely degrade reconstruction accuracy.

In this work, we introduce an improved and optimized
constrained shadow tomography framework, building on prior
work,28,29 specically tailored for the simulation of realistic
fermionic systems on quantum devices. Our method formulates
the reconstruction of the two-particle reduced density matrix (2-
RDM) as a bi-objective semidenite optimization, extending
shadow-based tomography through a constrained formulation
designed to improve robustness to noise and limited
measurement data. By incorporating physicalN-representability
constraints directly into the optimization and adding a nuclear-
norm regularization to the energy minimization, the method
reconstructs a shadow-consistent 2-RDM that satises the N-
representability conditions through an optimization that
balances energy minimization against delity to the measured
shadow data. This unied semidenite program simulta-
neously mitigates errors arising from nite sampling and
hardware noise while enforcing physical consistency in the
resulting RDMs. Consequently, the framework can be viewed as
a noise-aware, state-tailored extension of variational RDM
theory,30–50 capable of producing physically valid density
matrices under realistic quantum measurement conditions.

Through comprehensive numerical analysis, we explore how
measurement requirements scale with system size, orbital basis
dimension, and the choice of N-representability constraints,
identifying practical regimes where constrained tomography
yields superior performance over other approaches. Finally, we
validate constrained shadow tomography through computa-
tions performed on IBM's superconducting quantum device,
conrming that the advantages of constraint-enforced shadow
tomography persist under realistic experimental conditions
involving gate noise, readout errors, and limited sampling
depth. Our results highlight the importance of integrating
physical priors and optimization-based constraints into
quantum state reconstruction frameworks, paving the way for
accurate and scalable molecular simulation on quantum
hardware.
2. Theory
2.1. Shadow tomography for fermionic systems

Characterizing the full state of a quantum system requires
exponentially scaling resources, making it infeasible for prac-
tical applications. Tomography schemes based on random
measurements have emerged as more computationally acces-
sible alternatives,51–53 with classical shadow tomography being
among the most widely used.17,18 Classical shadow tomography
allows for the reconstruction of a quantum state from repeated
measurements in different unitary bases, using resources that
scale logarithmically with the system size in some cases.23 By
applying random unitary operations, U, to the quantum state,
jji, followed by a computational basis measurement, jbi,
a “classical shadow” estimator can be constructed,

bri ¼ M�1�U†
i jbiihbijUi

�
; (1)
9634 | Chem. Sci., 2026, 17, 9633–9643
where M is the measurement channel. The estimator can then
be used to predict the expectation values of many observables
with provable guarantees,

hOishadow ¼ 1

M

XM
i¼1

TrðObriÞ; (2)

which converges to Tr(Or) as the number of measurements
M increases. For fermionic systems, the choice of measurement
unitaries is key to an optimal protocol. For example, particle-
number conserving transformations or fermionic Gaussian
unitaries (FGUs) preserve antisymmetry and can be imple-
mented efficiently on qubit hardware through linear optical or
Majorana representations.23,25,27 These structured unitaries
signicantly reduce circuit depth and improve measurement
delity compared to fully random Clifford unitaries.

The statistical efficiency of classical shadow tomography is
further characterized by the shadow norm, which quanties the
variance of observable estimators under random measure-
ments.18 For a given observable O, the estimation error scales as

Var
�hOishadow

�
#

kOk2sh
M

; (3)

where ‖O‖sh is the shadow norm determined by the chosen
measurement ensemble. A smaller shadow norm implies that
fewer measurement samples are required to achieve a target
precision, emphasizing the importance of designing measure-
ment schemes that minimize ‖O‖sh for low-rank or local fer-
mionic operators.

In the context of electronic structure and many-fermion
simulations, the goal is oen not full state reconstruction but
accurate estimation of low-order observables such as the 2-
RDM. Classical shadow tomography provides an efficient
statistical framework for directly estimating these quantities
from measurement data, enabling integration with post-
processing schemes and physical consistency.

Since fermionic wavefunctions prohibitively scale exponen-
tially with particle number, their state tomography is oen
simplied to an estimation of p-particle reduced density
matrices (p-RDMs). If represented in the qubit basis, estimating
all p-RDMs on n fermionic modes requires Oðð2nÞp=32Þ
measurements.54,55 Using FGUs, the sample complexity can be

reduced to O

��
h

p

�
p3=2logðnÞ=32

�
.23 Considering particle-

number symmetry, the required number of samples can
further be reduced to Oðhp=32Þ,24 with h particles. Here, the
estimation error remains independent of the full Hilbert space
dimension.
2.2. Constrained shadow tomography of the 2-RDM

In fermionic shadow tomography, the conservation of parity and
particle number symmetry ensures compatibility with the phys-
ically relevant symmetry sectors of many-body Hamiltonians,
leading to reduced sample complexity. Similarly, ensuring the
estimated p-RDMs correspond to N-particle wavefunctions, i.e.,
that they are N-representable,30,41,47,56–62 allows for a reduction in
© 2026 The Author(s). Published by the Royal Society of Chemistry
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measurement overhead as previously demonstrated by some of
the authors.28 Since the electronic Hamiltonian contains at most
pairwise interactions, we restrict demonstration of the present
work to 2-RDMs. The 2-RDM elements of an N-electron system
arise from the integration of the N-particle density matrix over all
particles except two and can be expressed as

2D
ij
kl ¼

�
J
		â†i â†i âl âk		J


; (4)

where â†i creates a particle in orbital i and âi annihilates
a particle in orbital i. The classical shadow representation of the
2-RDM can be expressed as

Spq
n ¼

D
J

			Û†

nâ
†
pâ

†
qâqâpÛn

			JE
; (5)

where Ûn ¼ exp
�P

uv
Auvn â†uâv

�
. Here, the indices denote spin

orbitals, An is a one-body anti-Hermitian matrix, and n is the
shadow index. Each shadow n corresponds to measuring all
diagonal elements of the 2-RDM aer applying the one-body

unitary transformation, Ûn, to the wave function. The one-
body unitaries are generated by random sampling according
to the Haar measure,63 effectively rotating the orbitals into
a new basis. From eqn (5), the shadow measurements can be
expressed in terms of the 2-RDM elements as

Spq
n ¼

X
ijkl

Upi
n U

qj
n

2D
ij
klU

ql
n U

pk
n ; (6)

where Un = exp(An). A sufficiently large collection of such
shadows denes a system of equations that uniquely determines
the 2-RDM. Consequently, this approach can be used to recon-
struct the 2-RDM (or any one- or two-body expectation value) of
the original quantum state. Importantly, since themeasurements
only involve the classical components of the 2-RDM, which
commute and can therefore be measured simultaneously, the
overall cost of the tomography is substantially reduced.

By dening an objective functional of the 2-RDM, (J[2D]),
such as the nuclear norm, Frobenius norm,64 or the energy
expectation value,39,65,66 a convex optimization problem can be
formulated with respect to the shadow constraints,

min
2D˛N2

~P
J
�
2D

�
such that Sn

pq ¼
�
ðU5UÞ2DðU5UÞT

�pq

pq
;

(7)

for n ˛ [0, m], where N2~P denotes the convex set of approxi-
mately N-representable 2-RDMs. For a quantum many-body
system with at most pairwise interactions, minimizing the
energy functional E[2D] is particularly appealing due to its direct
relevance to molecular simulation. The 2-RDM can further be
used to estimate the energy gradients67,68 and multipole
moments.69 However, to enable practical implementation on
current quantum devices, the formulation must be augmented
to properly account for quantum measurement errors.

Motivated by the need to consider two complementary
objectives: (1) to obtain an optimal solution to a general func-
tional of the 2-RDM and (2) to minimize measurement errors
(e.g., shot/gate noise, readout errors, limited sampling depth,
© 2026 The Author(s). Published by the Royal Society of Chemistry
etc.) affecting the 2-RDM, we cast eqn (7) into the following bi-
objective semidenite-programming optimization problem:70,71

min
2D˛N

2
~P

J
�
2D

�þ wk2D�2 ~Dk* (8)

subject to ~S
n

pq ¼
�
ðU5UÞ2 ~DðU5UÞT

�pq

pq
; (9)

where

2 ~D = 2D + E1 − E2. (10)

Here,w > 0 is a penalty weight (i.e., regularization parameter), ‖ ‖*
denotes nuclear norm, and Ei $ 0 are positive semidenite slack
“error” matrices. The penalty parameter w controls the trade-off
between energy minimization and physical deviations of the 2-
RDM from the shadow measurements. A smaller w allows for
a lower energy value but with potentially larger shadow-
constraint violations. A similar relaxation strategy was previ-
ously employed by some of the authors to infer time-dependent
quantum states from measurement data using matrix comple-
tion techniques and a modied Frobenius norm within a multi-
objective SDP.72 Related approaches have since been investigated
on quantum computers using purication of the 2-RDM64 and
the Quantum Approximate Optimization Algorithm.73

The second objective function in eqn (9) minimizes the
nuclear norm, or the sum of the singular values of the slack
matrix, over the constraint set including the shadow
constraints. The nuclear norm serves as a convex and compu-
tationally tractable surrogate for matrix rank, and efficient rst-
order algorithms based on singular value thresholding have
been developed to solve such problems at large scale.66 Being
convex and easy to optimize, the nuclear norm offers the best
convex approximation of the rank function for matrices whose
largest singular value is no greater than one.74 When the matrix
variable is symmetric and positive semidenite, the method
relaxes to the trace heuristic, i.e., ‖X‖* = Tr(X), frequently used
in systems and control studies.75,76

For practical implementation, considering the energy func-
tional of the 2-RDM and the case where wi = w for all i, we
obtain the following bi-objective semidenite program (SDP),
which includes the relaxation for rank via the nuclear norm,

min
2D

E
�
2D

�þ wTrðE1 þ E2Þ
such that 2D$ 0

2Q$ 0
2G$ 0

E1 $ 0

E2 $ 0

w. 0

Tr
�
2D

� ¼ NðN � 1Þ
2Q ¼ fQ

�
2D

�
2G ¼ fG

�
2D

�
2 ~D¼2Dþ E1 � E2

~S
n

pq ¼
�
ðU5UÞ2 ~DðU5UÞT

�pq

pq
:

(11)
Chem. Sci., 2026, 17, 9633–9643 | 9635
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The two error matrices, E1 and E2, act as a “positive” and
“negative” direction of error, respectively, increasing and
decreasing the correction to the 2-RDM simultaneously. In the
limit where w / 0, the SDP reduces to the variational 2-RDM
algorithm,33,39 in which only the energy functional E[2D] is
minimized subject to the N-representability conditions. In the
limit w / N, the SDP gains the ability to treat arbitrary
quantum states, including excited and non-stationary electronic
states, within the same variational framework.77–79 In this work,
we adopt equal weighting between the energy and
measurement-consistency terms as a simple, minimally-biased
default that avoids over-committing to either objective in the
presence of noise. More generally, the w parameter may be
guided by standard trade-off criteria (e.g., balancing energetic
improvement against deviation from the measured shadow
data). Additionally, a closely related study by the authors77

shows that reconstruction performance is oen robust across
a fairly broad intermediate range of w, with clear improvement
over a wide range of choices.

The present algorithm enforces a necessary subset of the N-
representability conditions, known as the 2-positivity (DQG)
conditions.41,56,57,59,80,81 The 2-positivity conditions restrict the
particle–particle RDM (2D), the hole–hole RDM (2Q), and the
particle–hole RDM (2G) to be positive semidenite where fQ and
fG are linear maps connecting 2Q and 2G to 2D, respectively.
These semidenite constraints correspond to keeping the
particle–particle, hole–hole, and particle-hole probability
distributions nonnegative. The 2-positivity conditions incur
a computational scaling of Oðr4Þ in memory and Oðr6Þ in
oating-point operations,39 where r denotes the number of
orbitals, and therefore, constrained shadow tomography
maintains overall polynomial scaling. This scaling is consistent
with variational 2-RDM SDP theory, where large-scale calcula-
tions have previously been demonstrated with millions of
optimization variables (explicit timing data on standard hard-
ware can be found in ref. 39). Scalability can further bemodied
by exploiting symmetry and solver structure, and partial
constraint hierarchies (e.g., D or DQ). Performing full 2-RDM
tomography on a quantum device would nominally require
Oðr4Þ distinct measurements, whereas our shadow-based tech-
nique reduces this requirement to approximately nsr

2, where ns
is the number of classical shadows and typically satises ns� r2

for a desired accuracy 3.28,29

From a practical standpoint, the error-mitigating formula-
tion presented is particularly well-suited for application on
quantum devices, where nite sampling noise and gate errors
can corrupt 2-RDM estimates derived from shadow tomography
or other measurement schemes. By incorporating error
matrices directly into variational optimization, the method
provides a mechanism to regularize noisy experimental data
while maintaining physical consistency through the N-repre-
sentability constraints. Beyond molecular electronic structure,
this framework is broadly applicable to quantum simulation
tasks involving spin models, correlated materials, and quantum
state tomography, where convex relaxation and data-driven
corrections offer a scalable and physically grounded route to
extracting reliable observables from imperfect measurements.
9636 | Chem. Sci., 2026, 17, 9633–9643
3. Results

To implement constrained shadow tomography, we solve the
semidenite program (SDP) in eqn (11) by adding shadow
constraints and nuclear norm relaxation to the variational 2-
RDM (v2RDM) method33,82 in the Maple Quantum Chemistry
Package.83,84 We refer to the resulting algorithm as the shadow
v2RDM (sv2RDM) method. The SDP is solved using the
boundary-point algorithm in ref. 39. To simulate measurement
uncertainty, we generate noisy 2-RDMs by adding element-wise
Gaussian perturbations to the full conguration interaction
(FCI) 2-RDMs, corresponding to the Bernoulli shot noise ex-
pected from nite sampling (details can be found in the SI Sec. I
A). The Fermionic Classical Shadows (FCS) protocol is imple-
mented as described in ref. 24 (details can be found in the SI
Sec. I B). Constrained shadow tomography is applied to the
dissociation of the nitrogen dimer, ground-state energies of
strongly correlated hydrogen chains85 with up to ten equally
spaced atoms, and a rectangle-square-rectangle transition of
H4. The hydrogen atoms are represented in the minimal Slater-
type orbital (STO-3G) basis set86 while nitrogen is represented in
the correlation-consistent polarized valence double-zeta (cc-
pVDZ) basis set87 in a 10 electrons-in-8 orbitals [10,8] active
space. All quantum circuits used for data collection are imple-
mented using the Qiskit package88 and ffsim library89 on IBM's
156-qubit superconducting processor ibm_fez (details can be
found in SI Sec. II).90

We begin by assessing the accuracy and consistency of the
sv2RDM approach against the most-favorably scaling FCS
tomography protocol.24 Fig. 1 summarizes the dependence of
absolute energy error, computed in the minimal basis set, and
the Frobenius norm of the 2-RDM error (relative to the 2-RDM
from full conguration interaction (FCI)) on system size under
xed total shot budgets for hydrogen chains of increasing
length (H4–H10). Two sampling strategies were compared: the
many-unitary/single-shot optimum for the FCS and the few-
unitary/multiple-shot protocol for the sv2RDM. Each data
point represents an average over 20 independent runs (10 for
H10), with 95% condence intervals indicated by the error bars.
Both quantum tomography methods are compared with the
classical v2RDM method. Across all systems, the overall trends
reveal sv2RDM outperforming FCS in both total energy and 2-
RDM reconstruction with respect to the FCI results, given the
same total shot budget for the two protocols. Importantly, the
circuits corresponding to the shot budgets used are up to two
orders of magnitude lower in depth for sv2RDM, substantially
improving the feasibility of constrained shadow tomography on
quantum hardware. Moreover, the sv2RDM method provides
greater accuracy than the classical v2RDM method with
increasing system size.

Fig. 2 shows the lowest eigenvalue of the 2-RDM as a func-
tion of the total shot budget for H4 in the minimal basis,
comparing the sv2RDMmethod with full 2-positivity conditions
(DQG) to the FCS approach, which does not inherently produce
N-representable matrices. As the total number of shots
increases, both methods converge toward consistent eigenvalue
© 2026 The Author(s). Published by the Royal Society of Chemistry
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Fig. 1 (a) Absolute energy error as a function of system size under a fixed total shot budget. (b) Absolute Frobenius norm of the 2-RDM error
(relative to 2-RDM from FCI) plotted on a logarithmic scale. Shot budgets compared are: 16 000 unitaries × 1 shot vs. 16 unitaries × 1000 shots
for H4; 36 000 unitaries × 1 shot vs. 36 unitaries × 1000 shots for H6; 160 000 unitaries × 1 shot vs. 160 unitaries × 1000 shots for H8; and 300
000 unitaries × 1 shot vs. 300 unitaries × 1000 shots for H10. Each data point for the Fermionic Classical Shadows (FCS) and shadow variational
2-RDM (sv2RDM) methods represents the mean of 20 independent runs (10 for H10). Error bars denote 95% confidence intervals (approximately
2s) computed from these measurements. All calculations are performed using the minimal basis set.
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estimates, indicating improved reconstruction of the under-
lying fermionic state. At low shot budgets, the FCS results
exhibit larger uctuations and unphysical negative eigenvalues,
reecting the stochastic nature of randomized measurement
sampling. As expected from the scaling analysis in ref. 24, the
statistical uctuations in the FCS protocol diminish
Fig. 2 Lowest 2-RDM eigenvalue as a function of total shot budget for
the shadow variational 2-RDM (sv2RDM) method with full 2-positivity
(DQG) constraints and for the Fermionic Classical Shadows (FCS)
approach applied to H4 in the minimal basis set.

© 2026 The Author(s). Published by the Royal Society of Chemistry
approximately as 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðNshotsÞ

p
, leading to a smooth convergence

toward the physically valid spectrum at greater sampling
depths. In contrast, the sv2RDM (DQG) results remain stable
across all sampling regimes with themost “negative” eigenvalue
being zero, demonstrating that explicit enforcement of N-rep-
resentability constraints signicantly mitigates noise sensitivity
and maintains physically valid 2-RDM spectra.

To further address the physicality of the reconstructed
RDMs, Fig. 3 compares the absolute error matrices of the 2-
RDMs obtained from sv2RDM (DQG) (a) and FCS (b) for the H4

system in the minimal basis. Each matrix element represents
the absolute deviation from the FCI reference value. The
sv2RDM (DQG) reconstruction exhibits uniformly low and
smoothly distributed errors, consistent with the enforcement of
N-representability conditions. In contrast, the FCS results
display more pronounced and localized deviations, across all
elements, further highlighting the statistical noise associated
with such stochastic measurement sampling. The visual
contrast between the two panels emphasizes that the con-
strained sv2RDM approach yields systematically more accurate
and physically consistent 2-RDMs than the unconstrained FCS
method under comparable measurement resources.

Table 1 summarizes the Frobenius-norm differences
between reconstructed and FCI ref. 2-RDMs across hydrogen
chains of increasing length using the same total shot budgets.
The SDP used in this case has w / N in eqn (11). The results,
including only the D condition and the full DQG constraint set,
are compared against the FCS protocol. Across all system sizes,
imposing N-representability conditions systematically reduces
Chem. Sci., 2026, 17, 9633–9643 | 9637
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Fig. 3 Comparison of absolute error matrices for the H4 system in the minimal basis set obtained using the shadow variational 2-RDM (sv2RDM)
(a) and Fermionic Classical Shadows (FCS) (b) methods. Eachmatrix element represents the absolute deviation of the reconstructed 2-RDM from
the FCI reference. The color intensity denotes the error magnitude, with brighter regions corresponding to larger deviations from the reference
values.

Table 1 Comparison of Frobenius-norm differences with respect to
the FCI 2-RDMs for various H chain lengths with the given total shot
budgets when the semidefinite 2-RDM is optimized in the limit where
w/N in eqn (11), with partial (D) and all 2-positivity conditions (DQG)
included. Shot budgets compared are: 16 000 unitaries/1 shot vs. 16
unitaries/1000 shots for H4, 36 000 unitaries/1 shot vs. 36 unitaries/
1000 shots for H6, 160 000 unitaries/1 shot vs. 160 unitaries/1000
shots for H8, and 300 000 unitaries/1 shot vs. 300 unitaries/1000 shots
for H10

H chain Shot budget D DQG FCS

4 16 000 0.129 0.059 0.423
6 36 000 0.226 0.080 0.873
8 160 000 0.454 0.037 0.960
10 300 000 0.217 0.055 1.349
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the deviation from the reference state, with the greatest
improvements observed when all DQG constraints are enforced.
The effect becomes more pronounced for larger systems, where
unconstrained or partially constrained optimizations show
growing discrepancies from the FCS method. These results
demonstrate that the inclusion of full 2-positivity conditions
provides superior reconstruction delity, particularly under
limited measurement resources and increasing system
complexity.

The inclusion of electronic energy minimization acts as
a Hamiltonian-informed regularizer, which is particularly
benecial in molecular ground-state settings, but is not
required for the reconstruction itself. In the limit w / N, the
SDP reconstruction becomes fully independent of the Hamil-
tonian and may be applied to arbitrary quantum states. In this
regime, we nd that expectation values such as the electronic
energy converge more slowly than norm-based 2-RDM metrics,
consistent with the heightened sensitivity of energy
9638 | Chem. Sci., 2026, 17, 9633–9643
observables. Representative equilibrium-point energy bench-
marks are provided in the SI (Table S1). Related work by the
authors77 further discusses the w / N limit as a useful setting
for correlated purication and error mitigation, including
applications beyond ground states such as excited-state
reconstruction.

Fig. 4 presents the simulated potential energy curve of N2 in
the cc-pVDZ basis set with a [10,8] active space using complete
active space conguration interaction (CASCI), sv2RDM, and
FCS methods (SI Sec. III includes v2RDM results). The CASCI
results serve as the reference for evaluating the accuracy of the
reconstructed energy proles. The FCS results exhibit notice-
able deviations near the equilibrium and bond-stretching
region, while the sv2RDM is able to closely reproduce refer-
ence results across the full dissociation range. These compari-
sons highlight that constrained semidenite reconstructions
provide quantitatively reliable potential energy surfaces even
under limited measurement resources, whereas unconstrained
fermionic shadow tomography approaches can struggle to
maintain accuracy in strongly correlated regimes.

To evaluate the performance of constrained shadow tomog-
raphy on real quantum hardware, the H4 rectangle–square–
rectangle potential energy prole is computed in the minimal
basis using both classical and hybrid quantum approaches
(Fig. 5). Density Functional Theory (DFT) results using the
B3LYP functional91,92 are shown as the classical baseline, while
the sv2RDM calculations are performed using measurements
collected on the ibm_fez quantum processor (details can be
found in SI Section II A). The Local Unitary Cluster Jastrow
(LUCJ) ansatz93 is optimized and computed classically, serving
as the initially prepared quantum state and a reference for the
sv2RDM calculations. The DFT results fail to reproduce the
smooth energy attening near the square geometry that signals
© 2026 The Author(s). Published by the Royal Society of Chemistry
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Fig. 4 Potential energy curve of N2 computed using the cc-pVDZ
basis set and a [10,8] active space with complete active space
configuration interaction (CASCI), shadow variational 2-RDM
(sv2RDM), and Fermionic Classical Shadows (FCS) methods. For
sv2RDM and FCS, the total shot budgets used are 100 unitaries× 1000
shots and 100 000 unitaries × 1 shot, respectively.

Table 2 Comparison of correlation energies with respect to Hartree
Fock for various H chain lengths. Measurements for sv2RDM calcula-
tions are collected on the ibm_fez quantum device with the following
shot budgets: 16 unitaries/10 000 shots for H4, 36 unitaries/10 000
shots for H6, 160 unitaries/10 000 shots for H8, and 300 unitaries/10
000 shots for H10. Hartree Fock, LUCJ, and FCI calculations are run
classically. All calculations use a minimal basis set

H chain sv2RDM LUCJ FCI

4 0.011 0.034 0.068
6 0.013 0.062 0.101
8 0.024 0.061 0.133
10 0.065 0.084 0.166
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strong static correlation. In contrast, the sv2RDM results
recover the correct qualitative features, closely matching the
expected multireference character. The sv2RDM energies ob-
tained from the quantum device align well with the LUCJ
benchmark within statistical uncertainty, demonstrating that
Fig. 5 Potential energy curve for the H4 rectangle–square–rectangle
transition in the minimal basis set, computed using Density Functional
Theory (DFT) with the B3LYP functional as a classical baseline, the
classically computed Local Unitary Cluster Jastrow (LUCJ) ansatz, and
the shadow variational 2-RDM (sv2RDM) method computed using
measurements collected on the ibm_fez quantum computer.

© 2026 The Author(s). Published by the Royal Society of Chemistry
error-mitigated semidenite constraints can effectively
suppress noise-induced artifacts and maintain physical
consistency in near-term quantum simulations.

The scalability of the constrained reconstruction approach is
further evaluated by comparing correlation energies for
hydrogen chains of increasing length, computed with sv2RDM,
FCI, and the LUCJ ansatz in the minimal basis (Table 2).
sv2RDM energies are obtained from measurement data
collected on the ibm_fez quantum processor under xed total
shot budgets scaled with system size, with up to 20 qubits
(details can be found in SI Section II B). Other methods were
computed classically. Across all chain lengths, sv2RDM repro-
duces the qualitative energy trends of the reference LUCJ
results, maintaining size-extensive behavior and smooth energy
variation. Though deviations from the classical references
appear at all system sizes, attributable to the increased noise
inherent to hardware sampling, the results highlight that, even
with limited quantum resources, enforcing semidenite
constraints enables systematically scalable energy predictions
for chemical systems.

The results demonstrate that constrained shadow tomog-
raphy provides a robust and systematically improvable frame-
work for extracting physically meaningful quantities from both
simulated and experimental quantum data. The numerical
benchmarks employ Gaussian perturbations as a controlled
model of nite-shot statistical noise, enabling a clear assess-
ment of the proposed tomography's ability to suppress statis-
tical uctuations and reduce the number of required
measurements. While this noise model does not capture real-
istic experimental effects, including coherent gate errors,
readout bias, and correlated device effects, these are naturally
present in the accompanying hardware demonstrations, which
show qualitatively similar behavior. This agreement supports
the robustness and measurement efficiency of the method
beyond idealized shot-noise assumptions.

Across molecular benchmarks, enforcing N-representability
through the 2-positivity conditions yields stable energy esti-
mates, well-behaved eigenvalue spectra, and accurate two-
particle correlations even under modest shot budgets.
Comparisons with classical v2RDM, LUCJ, and FCI references
conrm that the sv2RDM approach retains quantitative accu-
racy while remaining resilient to hardware noise and stochastic
sampling errors. The constrained shadow tomography is
Chem. Sci., 2026, 17, 9633–9643 | 9639
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complementary to established quantum error mitigation tech-
niques such as symmetry verication94 and purication-based
post-processing,95 which enforce physical structure at the level
of the global state or density matrix. By contrast, the present
approach operates directly at the level of fermionic reduced
density matrices, enforcing N-representability constraints
through a convex SDP, and thus provides a noise-model-
independent route to suppressing unphysical errors in
measured observables. This framework is naturally compatible
with other mitigation layers, including correlated purication
strategies,77 as well as probabilistic error cancellationmethods96

that rely on explicit noise characterization. These ndings
establish a consistent foundation for assessing scalability, error
mitigation, and resource efficiency in near-term quantum
simulations, motivating a deeper discussion on methodological
implications and potential pathways toward chemically accu-
rate hybrid quantum-classical frameworks.
4. Discussion and conclusions

The results presented in this work highlight the advantages of
incorporating physical constraints into scalable quantum state
reconstruction protocols. By embedding N-representability
directly into the shadow tomography framework, our con-
strained shadow tomography formulation enables physically
consistent and noise-resilient reconstructions of RDMs. The
integration of bi-objective semidenite programming, nuclear-
norm regularization, and N-representability jointly suppresses
measurement-induced errors, yielding accurate and stable
estimates under limited shot budgets and realistic noise
conditions. Benchmark results for hydrogen chains and the N2

molecule conrm that enforcing physical constraints during
reconstruction improves both accuracy and robustness across
a range of system sizes and sampling budgets, while remaining
compatible with shallow circuits. Beyond quantitative
improvements, this approach provides a unied and computa-
tionally efficient framework that connects statistical inference,
convex optimization, and quantum chemistry post-processing.
The demonstrated reduction in measurement requirements
and enhanced robustness underscore the potential of
constraint-enforced tomography as a key component of hybrid
quantum–classical workows for benchmarking and validating
quantum simulations of correlated fermionic systems.

The presented algorithm establishes a practical foundation
for advancing quantum state characterization in many-body
quantum simulations. Future work may explore the incorpora-
tion of additional system symmetries or adaptive weighting
strategies to further enhance RDM reconstruction delity. As
quantum hardware continues to progress, methods that inte-
grate physical insight, optimization principles, and statistical
learning will be essential for developing reliable and scalable
approaches to quantum state reconstruction. This study posi-
tions constrained shadow tomography as a powerful and
generalizable framework for extracting accurate physical insight
from limited quantum data, paving the way for robust, physi-
cally grounded characterization of complex quantum systems.
9640 | Chem. Sci., 2026, 17, 9633–9643
Author contributions

Conceptualization and methodology: I. A. and D. A. M.; inves-
tigation, data curation, formal analysis, soware, visualization:
all authors; supervision, funding acquisition, project adminis-
tration, resources, validation: K. J. S. and D. A. M.; writing –

original dra: I. A.; writing – review & editing: all authors.

Conflicts of interest

There are no conicts to declare.

Data availability

All data and sample computational script are openly available
at: https://github.com/damazz/
ConstrainedShadowTomography.git. The data supporting this
article have been included as part of the supplementary
information (SI). Supplementary information is available. See
DOI: https://doi.org/10.1039/d5sc09162d.

Acknowledgements

We thank Nate Earnest-Noble and Jamie Garcia for valuable
discussions. D. A. M. gratefully acknowledges support from IBM
under the IBM-UChicago Quantum Collaboration. D. A. M. also
gratefully acknowledges support from the U.S. National Science
Foundation under Grant No. CHE-2155082. I. A. gratefully
acknowledges the NSF Graduate Research Fellowship Program
under Grant No. 2140001.

References

1 K. Vogel and H. Risken, Determination of quasiprobability
distributions in terms of probability distributions for the
rotated quadrature phase, Phys. Rev. A: At., Mol., Opt. Phys.,
1989, 40, 2847–2849.

2 Z. Hradil, Quantum-state estimation, Phys. Rev. A: At., Mol.,
Opt. Phys., 1997, 55, R1561–R1564.

3 D. F. V. James, P. G. Kwiat, W. J. Munro and A. G. White,
Measurement of qubits, Phys. Rev. A: At., Mol., Opt. Phys.,
2001, 64, 052312.

4 Quantum State Estimation, Lecture Notes in Physics, ed. M.
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E. M. Honoré, W. Poelmans, D. V. Neck, P. Bultinck and
S. D. Baerdemacker, Direct variational determination of
the two-electron reduced density matrix for doubly
occupied-conguration-interaction wave functions: The
inuence of three-index N-representability conditions, J.
Chem. Phys., 2018, 148, 024105.

44 D. A. Mazziotti, Dual-cone variational calculation of the two-
electron reduced density matrix, Phys. Rev. A, 2020, 102,
2103–17155.

45 R. R. Li, M. D. Liebenthal and A. E. DePrince, Challenges for
variational reduced-density-matrix theory with three-particle
N-representability conditions, J. Chem. Phys., 2021, 155,
174110.

46 M. J. Knight, H. M. Quiney and A. M. Martin, Reduced
density matrix approach to ultracold few-fermion systems
in one dimension, New J. Phys., 2022, 24, 053004.

47 D. A. Mazziotti, Quantum many-body theory from a solution
of the N-representability problem, Phys. Rev. Lett., 2023, 130,
153001.

48 Q. Gao, R. A. Lanzetta, P. Ledwith, J. Wang and E. Khalaf,
Bootstrapping the Quantum Hall Problem, Phys. Rev. X,
2025, 15, 031034.

49 A. O. Schouten, S. Ewing, and D. A. Mazziotti, Bootstrapping
the Electronic Structure of Quantum Materials, arXiv, 2025,
preprint, arXiv:2504.02861, DOI: 10.48550/arXiv.2504.02861.

50 M. Piris, Global Natural Orbital Functional: Towards the
Complete Description of the Electron Correlation, Phys.
Rev. Lett., 2021, 127, 2112–2119.

51 J. Haah, A. W. Harrow, Z. Ji, X. Wu and N. Yu, Sample-
optimal tomography of quantum states, IEEE Trans. Inf.
Theor., 2017, 63, 5628.

52 A. Elben, J. Yu, G. Zhu, M. Hafezi, F. Pollmann, P. Zoller and
B. Vermersch, Many-body topological invariants from
randomized measurements in synthetic quantum matter,
Sci. Adv., 2020, 6, eaz3666.

53 A. Elben, S. T. Flammia, H.-Y. Huang, R. Kueng, J. Preskill,
B. Vermersch and P. Zoller, The randomized measurement
toolbox, Nat. Rev. Phys., 2022, 5, 9.

54 S. B. Bravyi and A. Y. Kitaev, Fermionic quantum
computation, Ann. Phys., 2002, 298, 210–226.

55 Z. Jiang, A. Kalev, W. Mruczkiewicz and H. Neven, Optimal
fermion-to-qubit mapping via ternary trees with
applications to reduced quantum states learning,
Quantum, 2020, 4, 276.

56 D. A. Mazziotti, Reduced-Density-Matrix Mechanics: With
Application to Many-Electron Atoms and Molecule, Adv.
Chem. Phys, 2007, 134, 3–11.

57 A. J. Coleman, Structure of Fermion Density Matrices, Rev.
Mod. Phys., 1963, 35, 668.

58 A. Coleman and V. Yukalov, Reduced Density Matrices:
Coulson's Challenge, Lecture Notes in Chemistry, Springer
Berlin Heidelberg, 2000.

59 C. Garrod and J. K. Percus, Reduction of the N-Particle
Variational Problem, J. Math. Phys., 1964, 5, 1756.

60 H. Kummer, N-representability problem for reduced density
matrices, J. Math. Phys., 1967, 8, 2063.
9642 | Chem. Sci., 2026, 17, 9633–9643
61 R. M. Erdahl, Representability, Int. J. Quantum Chem., 1978,
13, 697.

62 D. A. Mazziotti, Variational reduced-density-matrix method
using three-particle N-representability conditions with
application to many-electron molecules, Phys. Rev. A: At.,
Mol., Opt. Phys., 2006, 74, 032501.

63 A. Haar, Der massbegriff in der theorie der kontinuierlichen
gruppen, Ann. Math., 1933, 34, 147.

64 S. E. Smart, J.-N. Boyn and D. A. Mazziotti, Resolving
correlated states of benzyne with an error-mitigated
contracted quantum eigensolver, Phys. Rev. A, 2022, 105,
022405.

65 E. J. Candès and B. Recht, Exact Matrix Completion via
Convex Optimization, Found, Math. Comput., 2009, 9, 717.

66 J.-F. Cai, E. J. Cands and Z. Shen, A Singular Value
Thresholding Algorithm for Matrix Completion, SIAM J.
Optim., 2010, 20, 1956.

67 T. E. O'Brien, B. Senjean, R. Sagastizabal, X. Bonet-Monroig,
A. Dutkiewicz, F. Buda, L. DiCarlo and L. Visscher,
Calculating energy derivatives for quantum chemistry on
a quantum computer, Npj Quantum Inf., 2019, 5, 113.

68 C. Overy, G. H. Booth, N. S. Blunt, J. J. Shepherd, D. Cleland
and A. Alavi, Unbiased reduced density matrices and
electronic properties from full conguration interaction
quantum monte carlo, J. Chem. Phys., 2014, 141, 244117.

69 G. Gidofalvi and D. A. Mazziotti, Molecular properties from
variational reduced-density-matrix theory with three-
particle N-representability conditions, J. Chem. Phys., 2007,
126, 024105.

70 J. P. Evans and R. E. Steuer, A revised simplex method for
linear multiple objective programs, Math. Program., 1973,
5, 54.

71 M. Zeleny, Linear Multi-Objective Programming, Springer-
Verlag, New York, NY, 1974.

72 J. J. Foley and D. A. Mazziotti, Measurement-driven
reconstruction of many-particle quantum processes by
semidenite programming with application to
photosynthetic light harvesting, Phys. Rev. A: At., Mol., Opt.
Phys., 2012, 86, 012512.

73 A. Kotil, E. Pelofske, S. Riedmüller, D. J. Egger, S. Eidenbenz,
T. Koch and S. Woerner, Quantum approximate multi-
objective optimization, Nat. Comput. Sci., 2025, 5, 873.

74 B. Recht, M. Fazel and P. A. Parrilo, Guaranteed minimum-
rank solutions of linear matrix equations via nuclear norm
minimization, SIAM Rev., 2010, 52, 471–501.

75 C. Beck and R. D'Andrea, Computational study and
comparisons of LFT reducibility methods, in Proceedings of
the 1998 American Control Conference (ACC), IEEE, 1998,
vol. 2, pp. 1013–1017.

76 M. Mesbahi and G. Papavassilopoulos, On the rank
minimization problem over a positive semidenite linear
matrix inequality, IEEE Trans. Autom. Control, 1997, 42,
239–243.

77 Y. Wang, I. Avdic, M. Rose, L. I. P. Torres, A. O. Schouten,
K. J. Sung and D. A. Mazziotti, Correlated purication for
restoring n-representability in quantum simulation, 2025.
© 2026 The Author(s). Published by the Royal Society of Chemistry

https://doi.org/10.48550/arXiv.2504.02861
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d5sc09162d


Edge Article Chemical Science

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

7 
M

ar
ch

 2
02

6.
 D

ow
nl

oa
de

d 
on

 6
/1

5/
20

26
 8

:1
5:

55
 P

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online
78 J. Liebert, A. O. Schouten, I. Avdic, C. Schilling and
D. A. Mazziotti, Rening ensemble n-representability of one-
body density matrices from partial information, 2025.

79 J. Liebert, F. Castillo, J.-P. Labbé and C. Schilling,
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