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le of the time parameter in DNA
base-pair genetic information exchange and
assembly: applications of Frenet–Serret formulas
to circular and elliptical helix models

May-Ru Chen, *a Wilson Agerico Diño, b Federico Palazzettic and Toshio Kasai*bd

This study employs tools from differential geometry to quantitatively reexamine the relationship between

the chemical structure of biomacromolecules, such as DNA, and their geometric organization relevant to

genetic information storage. We introduce the concept of an action-time parameter, t, and its

correlation with the arclength, s, of three-dimensional curves, as exemplified by the canonical double

helix, to provide a geometric framework for assessing the robustness of structural descriptors commonly

used in chemical and biochemical studies of DNA. Using the Frenet–Serret formulas, we demonstrate

a clear linear relationship between t and s. This highlights a consistent geometric parametrization of

molecular structure. The invariance of curvature and torsion under geodesic curve conditions is a key

geometric feature of structural regularity, highlighting the interplay between topological constraints and

chemical bonding networks. Numerical analysis of an elliptical helix model indicates that minor

perturbations in chemical geometry change do not disrupt this linearity, underscoring the system's

structural tolerance. We expect that this study will serve as a valuable perspective for future research in

physical-chemistry, where the interplay between molecular geometry, bonding interactions, and

energetic stability can be quantitatively explored.
1 Introduction

The canonical double helix structure of deoxyribonucleic acid
(DNA), which resembles a spiral staircase, has been investigated
since the discovery by Watson and Crick.1 DNA macro-
molecules have the primary function of storing genetic infor-
mation. The double helix is composed of two polynucleotide
chains. The single monomeric unit, called a nucleotide,
consists of nitrogen containing nucleobases, also called
nitrogenous bases (adenine (A), cytosine (C), guanine (G), and
thymine (T)), a ve-carbon sugar (deoxyribose), and a phosphate
group. The nitrogenous bases of the DNA helix store all the
genetic information necessary for cellular activity. Hydrogen
bonds hold the nitrogenous base pairs together: adenine pairs
with thymine (A–T) and guanine pairs with cytosine (G–C). The
number of base pairs of the human genome, for instance, is
three billion (30 × 108). In the present work, we aim to examine
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the approximation properties of idealized helical models that
underlie many geometric descriptors used in structural
chemistry.

The twisting geometry of the double helix results from
hydrophilic and hydrophobic interactions between DNA mole-
cules and neighboring water/solvent molecules, temperature,
and so on. In recent years, experimental manipulation of the
higher order DNA structure through chemical modication has
elucidated mechanisms that inuence the structural organiza-
tion of genetic information by regulation of gene expression,
nucleic acid therapeutics, nucleic acid medicine, and gene
therapy drugs.2–5 It has also been shown that DNA can be used
as a platform for engineered systems that exploit its structural
properties in information processing and nanotechnology
applications. Those medical and engineering applications
indicate that DNA plays a central role not only as individual
static genetic memory, but also as a self-assembly function in
controlling successive processes.

One might thus wonder whether the twisting double helix
structure of DNA is merely one of the results of a variety of
chemical interactions without any specic meaning, or, on the
contrary, DNA structure exhibits geometric regularities that
motivates the question of whether such features can be
consistently described within an idealized mathematical
framework. Geometric properties of themacromolecular system
© 2026 The Author(s). Published by the Royal Society of Chemistry

http://crossmark.crossref.org/dialog/?doi=10.1039/d5ra09032f&domain=pdf&date_stamp=2026-05-19
http://orcid.org/0000-0002-7573-6130
http://orcid.org/0000-0001-6154-7681
http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5ra09032f
https://pubs.rsc.org/en/journals/journal/RA
https://pubs.rsc.org/en/journals/journal/RA?issueid=RA016029


Paper RSC Advances

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

9 
M

ay
 2

02
6.

 D
ow

nl
oa

de
d 

on
 5

/2
5/

20
26

 3
:2

0:
30

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online
also relate the stereo-dynamical interactions in a concerted
way.6,7 In this context, the present study employs tools of
differential geometry to quantitatively reexamine the relation-
ship between the chemical structures of biomacromolecules
and their geometric organization associated with information-
carrying molecular structures. We introduce the concept of an
action-time parameter, t, and its correlation with the arclength,
s, of the canonical double helix to provide a framework for
describing the geometric regularity associated with
information-carrying molecular structures. Using the Frenet–
Serret formulas, we demonstrate the relationship between t and
s. This highlights a consistent geometric relationship between
molecular structure and curve parametrization.

From a chemical perspective, the geometric invariants of
the DNA helix, curvature and torsion, provide a compact
description of how stabilizing interactions are distributed
along the polymer. In its canonical physiological form (B-
DNA), the double helix adopts a right-handed geometry with
a highly regular arrangement of base pairs along the molecular
axis.8 Within this structure, hydrogen bonding between
complementary bases, p–p stacking among aromatic nucleo-
bases,9 and electrostatic repulsion between phosphate
groups10 combine to generate a quasi-periodic stabilizing
potential. The near constancy of curvature and torsion in the
circular helix model reects this underlying chemical unifor-
mity: on average, each base pair experiences a similar local
environment along the axis. From this point of view, the Fr-
enet–Serret framework complements rather than replaces
chemical models, offering a mathematically controlled repre-
sentation of the structural regularity that emerges from
collective chemical interactions.

In the present study, we formulate conversion equations
between the time parameter t for the information action and the
arclength s in the circular helix case (model 1) and the elliptical
helix case (model 2). These equations are signicant for
applying the Frenet–Serret formulas to the geometry of the DNA
double helix. Here, we consider the single helix curve instead of
the double helix curve, simply because the single helix curve
represents the same differential geometry property. We also
examine the elliptical helix because the arrangement of ve-
carbon sugar (deoxyribose) and phosphate groups at both
ends of the nucleotide units may somehow deform the double
helix structure. The elliptical helix curve function we considered
in the present work is as follows:

rðtÞ ¼ ðacost; bsint; ctÞ; a; b. 0; c$ 0 and t˛R ;

where a and b denote the semi-major and semi-minor axes of the
underlying elliptic cylinder, and c governs the axial rise per radian.
To reduce notational complexity, we set a = c = 1. We then
compare the two cases and nd that for b-values in the range 0.95
# b # 1.05, the calculated results closely approximate those ob-
tained at b= 1. Therefore, for clarity and without loss of generality,
the subsequent study of the Frenet–Serret moving formulas
considers only the circular geometry. With the aid of differential
geometry, we conclude that the arclength s representation together
with the Frenet–Serret moving formulas plays a central role in
providing a convenient parametrization of progression, due to the
© 2026 The Author(s). Published by the Royal Society of Chemistry
fact that they have the same value for curvature k and torsion s. We
conrmed the linearity between the arclength s and the action
time t in elliptical double-helix geometry.
2 Mathematical formulations
2.1 One-parameter representation of three-dimensional
curves

It is convenient to use one parameter t to express a three-
dimensional space curve r(x, y, z), thus it is given as r(t) with
x(t), y(t), z(t). Suppose we imagine the trace of a point's move-
ment along a space curve which results in a trajectory r(t) so that
the parameter t is a notional parameter used to describe
progression along the curve, in the present work. It means that
we need to introduce “time” in mathematics, while physics
describes motion always using the variable “time” t. Mathe-
matics does not require “time” for operations in algebra and
geometry. We recall that there is another type of one-parameter
representation of a three-dimensional curve r, the arclength s.
In the following, we formulate conversion formulas between the
two parameters t and s in the circular helix and elliptical helix
models, respectively.
2.2 Circular helix model

A circular helix curve aligned along the z-axis provides
a canonical example of a spatial curve with the same constant
curvature and torsion.11 Due to its special geometric regularity,
it serves as a natural reference model, particularly for the DNA
double-helix biopolymers. The helix curve r can be parameter-
ized using the following equation.

rðtÞ ¼ ðxðtÞ; yðtÞ; zðtÞÞ ¼ ðcost; sint; tÞ; t˛R ;

Note that at this moment, the curve parameter t should be
interpreted purely as a geometric variable rather than as the
physical time of motion or information transfer action in the
present study. Here, we may use it as a convenient notional
parameter without physical interpretation. The corresponding
tangent vector at an arbitrary point on the curve

vðtÞ ¼ dr

dt
¼ ð�sint; cost; 1Þ

is given by the constant norm kvðtÞk ¼ ffiffiffi
2

p
for the circular helix

curve.
Consequently, the arclength s(t), measured from t = 0, is

given by eqn (1)

sðtÞ ¼
ðt
0

kvðuÞkdu ¼
ðt
0

ffiffiffi
2

p
du ¼

ffiffiffi
2

p
t (1)

and the derivative of s(t), denoted by ds/dt, due to the differ-
ential of a composite function, is given below.

ds

dt
¼ kvðuÞk ¼

ffiffiffi
2

p
:

Therefore, we can conrm that the derivative of s(t) is
a constant, establishing a linear relationship between the
RSC Adv., 2026, 16, 27048–27056 | 27049
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arclength s and the curve parameter t. This identity allows us to
express all intrinsic geometric quantities, such as curvature and
torsion, in the Frenet–Serret equation in terms of s. Conse-
quently, t can be written explicitly in terms of s, eliminating the
need for further parameterization. As mentioned, the curve
parameter t is typically interpreted as the speed of the repre-
sentative point moving along the curve.
Fig. 1 (a) Structure of DNA (1RN9 from https://www.rcsb.org). (b)
Sketch of the double strand of DNA in panel (a) showing the
nitrogenous base pairs corresponding to the first, fifth, and tenth
nucleotide residues: A–T, T–A, and C–G. The blue pentagon
represents deoxyribose, and the orange circle indicates the
phosphate group. The blue dashed line with double arrows
represents the outer diameter, whose value in nanometers (nm) is
indicated by the same color of the line. The outer diameter is
determined by the distance between the phosphorus atoms of two
symmetric nucleotide units. The inner diameter is indicated by the
red dotted line with double arrows. Its value in nm is also shown in
red. The inner diameter is given by the distance between the carbon
atoms indicated as C

0
1 of two symmetric nucleotide units. The atom

C
0
1 is the carbon atom of the deoxyribose unit linked to the

nitrogenous base.
2.3 Elliptical helix model

As discussed in Subsection 2.2, the circular helix of DNA is
a prototypical example of a three-dimensional space curve with
the same constant value of curvature and torsion. Suppose that
some parts of the DNA macromolecule become somehow
anisotropic due to additional chemical bonds, as shown in
Fig. 1(a), where the sugar-phosphate backbone exhibits two
distinct groove widths. DNA is essentially composed of two
helical chains coiled around the same axis with a pitch of
3.4 nm; the pair of chains has a diameter of 2.0 nm and the
nucleotide unit is 0.33 nm wide.12–16 Therefore, the groove width
of the sugar-phosphate backbone may cause a slight deviation
from the helix curve function. In this subsection, we account for
this slight structural deviation using the elliptical helix curve
function with the parameter t and the additional constants a, b,
and c as given by the following equation.

rðtÞ ¼ ðacost; bsint; ctÞ; a; b. 0; c$ 0 and t˛R ;

where a and b are the semi-major and semi-minor axes of the
underlying elliptical cylinder, and c governs the axial rise per
radian. To reduce notational complexity and facilitate dimen-
sionless analysis, we set a = c = 1. With this normalization, the
shape of the helix is determined solely by the parameter b,
which characterizes the ellipticity of the cross-section. When b >
1, the semi-major axis lies along the y-axis. In contrast, when 0 <
b < 1, the semi-major axis lies along the x-axis. The case b = 1
corresponds to the circular helix. The elliptical helix model,
with a suitably wide range of b value, can therefore be inter-
preted as a reference conguration that enables controlled
analysis of deviations from ideal helical symmetry, rather than
as a physically realistic representation of chemical modica-
tions in DNA structures observed in experiments or structural
databases. The following equation gives the corresponding
(unnormalized) tangent vector in the elliptical helix model.

v(t) = (−sin t, b cos t, 1),

whose magnitude is given as follows:

kvðtÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2tþ b2cos2tþ 1

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2t

q
:

Like to the circular helix curve function, the b-dependent
arclength, sb(t) measured from t = 0 is given by the eqn (2)

sbðtÞ ¼
ðt
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2u

q
du (2)
27050 | RSC Adv., 2026, 16, 27048–27056
and the derivative of sb(t) is given by the equation

dsbðtÞ
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2t

q
:

For the circular helix, we know that the derivative of the
arclength function, s(t), is constant. This yields a linear rela-
tionship between the arclength s and the curve parameter t. In
contrast, for an elliptical helix, the derivative of the arclength
function sb(t) is no longer constant since

dsbðtÞ
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2t

q
explicitly depends on the parameter t. As a result, the arclength
sb does not grow linearly with t, and no closed-form inversion
between sb and t can generally be obtained. This nonlinear
relationship between sb and t complicates the description of
intrinsic geometric quantities such as curvature and torsion
within the Frenet–Serret framework. Furthermore, since the
curve invariants of the elliptical helices usually exhibit periodic
behavior, the next subsection presents numerical simulations
© 2026 The Author(s). Published by the Royal Society of Chemistry
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Fig. 2 The left panel shows elliptical helices with b = 0.95, 1.00, and
1.05. The solid lines represent the helices, while the dashed lines
indicate their planar projections. The right panel presents their planar
projections. For b = 0.95, the projection is an ellipse with semi-major
axis 1 along the x-axis and semi-minor axis 0.95 along the y-axis. For
b = 1.05, the projection is an ellipse with semi-major axis 1.05 along
the y-axis and a semi-minor axis 1 along the x-axis.

Table 1 Arclength sb(p) of the elliptical helix as a function of the y-axis
semi-radius b, with normalized ratios relative to the circular case (b =

1). As b increases, both the arclength and the ratio sb(p)/s1(p) increase
monotonically

y-Axis semi-radius b Arclength sb(p) Ratio sb(p)/s1(p)

0.95 4.388 0.988
0.96 4.399 0.990
0.97 4.410 0.993
0.98 4.421 0.995
0.99 4.432 0.998
1.00 4.443 1.000
1.01 4.454 1.002
1.02 4.465 1.005
1.03 4.477 1.008
1.04 4.488 1.010
1.05 4.499 1.013
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examining the values of sb(t) as a function of b in the range 0.95
# b # 1.05.
Fig. 3 Arclength of the elliptical helix as a function of b. Within the
examined range, the dependence is nearly linear, indicating that small
variations in ellipticity produce proportional changes in helix length.
2.4 Numerical computation and discussion

In Subsection 2.3, we have seen the b-dependent arclength, sb(t)
measured from t = 0:

sbðtÞ ¼
ðt
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2u

q
du:

Our analysis shows that the arclength sb does not increase
linearly with t. In other words, the derivative of sb explicitly
depends on t. This nonlinearity contrasts with the special case
b = 1, which corresponds to the circular helix, in which the
growth of the arclength s1(t) is strictly proportional to t (Fig. 2).

Closed-form expressions involving complete elliptic integrals
are available only for b = 1, which corresponds to the circular
helix. For general values of b, however, the arclength function
sb(t) does not admit an analytical form and must be evaluated
numerically. In this study, we use Maple to compute sb(t) via
standard numerical integration techniques. Suitable methods
include Romberg integration and adaptive quadrature algo-
rithms, such as those implemented in the QUADPACK library.17,18

We consider deviations of up to ±5% from helical geometry,
as a representative small-perturbation range for assessing the
sensitivity of the geometric invariants. This range is also
comparable in magnitude to variations associated with the
groove width of the DNA sugar-phosphate backbone. Since cos t
is periodic with a period of 2p and the elliptical helix is
symmetric about the x-axis, the arclength at t = np (where n is
an integer) is n times the arclength over [0, p]. Table 1 reports
the computed values of the arclength sb(p) for selected values of
b in the range 0.95 # b # 1.05. The dependence of sb(p) on b is
illustrated in Fig. 3. As b increases, both the arclength and the
ratio sb(p)/s1(p) increase monotonically.

From this periodicity, it follows that
© 2026 The Author(s). Published by the Royal Society of Chemistry
sbðnpÞ ¼ n

ðp
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2u

q
du:

Consequently, the long-term mean arclength growth rate,
denoted mb, is obtained from the limit of sb(t)/t. That is,

sbðtÞ
t

/mb ¼
1

p

ðp
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2u

q
du; as t/N: (3)

This limit shows that mb quanties the asymptotic arclength
increment per unit change in the parameter t. Equivalently, for
large t (for example: t > 28p),

sb(t) ∼ mbt.
RSC Adv., 2026, 16, 27048–27056 | 27051
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Table 2 Asymptotic arclength growth rate mb of the elliptical helix as
a function of the y-axis semi-radius b, with normalized ratios relative to
the circular case (b = 1)

y-Axis semi-radius b Growth rate m Ratio mbb/m1

0.95 1.3968 0.988
0.96 1.4003 0.991
0.97 1.4037 0.993
0.98 1.4072 0.995
0.99 1.4107 0.998
1.00 1.4142 1.000
1.01 1.4178 1.003
1.02 1.4213 1.005
1.03 1.4249 1.008
1.04 1.4285 1.010
1.05 1.4322 1.013

Fig. 4 Graphical representation of the arclength growth rate sb(t)/t as
a function of the y-axis semi-radius b. Larger b yields larger sb(t)/t, and
hence larger mb.

Fig. 5 Three orthonormal coordinate vectors along the curve: tangent
vector T, normal vector N, and binormal vector B. The parameter s
represents arclength, while k and s denote the curvature and torsion of
the curve, respectively.
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Table 2 lists the values of mb for representative b in the range
0.95 # b # 1.05, while Fig. 4 displays the arclength growth rate
sb(t)/t. As t grows, this ratio stabilizes at a constant mb for each b.
A larger b corresponds to a larger mb. Moreover, eqn (3) yields

t

sbðtÞ/
1

mb

;

so that 1/mb represents the asymptotic axial rise per full 2p
revolution of the curve.

In molecular terms, this relation provides a practical
correspondence between the contour length and axial
displacement for a polymer constrained to an elliptical–helical
scaffold: local torsional uctuations do not affect the asymp-
totic dri 1/mb.
3 Frenet–Serret formulas

The geometric evolution of any nonlinear curve in the three-
dimensional Euclidean space is governed by the Frenet–Serret
equations:19
27052 | RSC Adv., 2026, 16, 27048–27056
dT

ds
¼ kN;

dN

ds
¼ �kTþ sB;

dB

ds
¼ �sN:

(4)

These equations describe the orthonormal moving frame
{T, N, B} along the spatial trajectory as a function of arclength
s, namely r(s). This provides a complete local geometric
characterization through the curvature of scalar invariants k
and torsion s. As shown in Fig. 5, the tangent vector T indi-
cates the instantaneous direction of motion. The normal
vector N points to the center of curvature, and the binormal
vector B = T ×N completes a right-handed orthonormal
triad. Together with the position vector r(s), this moving
frame constitutes the classical Frenet–Serret frame, which is
a fundamental tool in differential geometry and molecular
conformational analysis, including that of the circular and
elliptical DNA helix.
3.1 Frenet–Serret formula for circular helix model

For Section 2.2 and the linear relationship sðtÞ ¼ ffiffiffi
2

p
t, the

circular helical curve can be reparametrized in terms of
arclength as follows

rðsÞ ¼
�
cos

sffiffiffi
2

p ; sin
sffiffiffi
2

p ;
sffiffiffi
2

p
�
:

The corresponding unit tangent vector of the circular helix is
given as follows.

TðsÞ ¼ drðsÞ
ds

¼
�
� 1ffiffiffi

2
p sin

sffiffiffi
2

p ;
1ffiffiffi
2

p cos
sffiffiffi
2

p ;
1ffiffiffi
2

p
�
:

© 2026 The Author(s). Published by the Royal Society of Chemistry
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Differentiating T(s) with respect to s and normalizing yields
the unit normal vector,

NðsÞ ¼ dTðsÞ=ds
kdTðsÞ=dsk ¼

�
� 1ffiffiffi

2
p cos

sffiffiffi
2

p ;
1ffiffiffi
2

p sin
sffiffiffi
2

p ; 0

�
;

and the unit binormal vector is given by

BðsÞ ¼ TðsÞ �NðsÞ ¼
�

1ffiffiffi
2

p sin
sffiffiffi
2

p ;� 1ffiffiffi
2

p cos
sffiffiffi
2

p ;
1ffiffiffi
2

p
�
:

The curvature and torsion of the curve are calculated as

kðsÞ ¼ kdTðsÞ
ds

k ¼ 1ffiffiffi
2

p ;

sðsÞ ¼ �dBðsÞ
ds

$NðsÞ ¼ 1ffiffiffi
2

p ;

and hence the ratio k(s)/s(s) = 1, which characterizes a uniform
helix geometry. Furthermore, using eqn (4), the Frenet–Serret
equations are as follows.

dTðsÞ
ds

¼ 1ffiffiffi
2

p NðsÞ;

dNðsÞ
ds

¼ � 1ffiffiffi
2

p TðsÞ þ 1ffiffiffi
2

p BðsÞ;

dBðsÞ
ds

¼ � 1ffiffiffi
2

p NðsÞ:

Using the Frenet–Serret frame to analyze the DNA double
helix provides direct geometric insight into its structural
regularity. For an ideal DNA helix, the arclength s is linearly
related to the helical angular parameter t via sðtÞ ¼ ffiffiffi

2
p

t. This
implies a uniform helical progression with constant curvature
and torsion. This relationship enables the arclength to serve as
an affine surrogate for progression along the DNA molecular
axis. Furthermore, the constant curvature and torsion imply
that the local conformational geometry remains invariant
along the helix. This is consistent with the view that, within an
idealized helix model, base-pair positions can be described
within a homogeneous geometric scaffold. Thus, this
geometric framework provides a controlled representation of
helical regularity and can be used to assess the robustness of
curvature- and torsion-based descriptors under small
perturbations.
3.2 Frenet–Serret formula for elliptical helix models

To obtain the Frenet–Serret formulas for elliptical helices using
eqn (4), we rst need to calculate their arclength. As noted
above, there are no closed formulas available for this arclength.
Therefore, we use t as a parameter to compute the curvature k

and torsion s of an elliptical helix and derive the corresponding
Frenet–Serret formulas.

Let r(t) be dened as in Subsection 2.3 with a= 1= c. That is,

rðtÞ ¼ ðcost; bsint; tÞ; b. 0 and t˛R :
© 2026 The Author(s). Published by the Royal Society of Chemistry
From the denition of curvature and torsion,19 curvature and
torsion are functions of the variable b, and we have the
following expression.

kbðtÞ ¼ kr0 � r
00 k

kr0 k3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b2 � �b2 � 1

�
cos2t�

2þ �b2 � 1
�
cos2t

�3
vuut ; (5)

sbðtÞ ¼
	
r
0 � r

00

$r

0 0 0

kr0 � r
00 k2 ¼ b

2b2 � �b2 � 1
�
cosðtÞ2 : (6)

From the above expressions, we see that the curvature kb(t)
and torsion sb(t) are not constants except when b = 1 (for the
circular case). In fact, the curvature k1(t) = 1/2 and the torsion
s1(t) = 1/2 are equal to 1/2 for the circular helices. We also nd
that the ratio kb(t)/sb(t) is not equal to one unless b = 1 (the
circular case). Specically, this ratio is given as follows:

kbðtÞ
sbðtÞ ¼ b

 
2b2 � �b2 � 1

�
cos2t

2þ �b2 � 1
�
cos2t

!2=3

s1 ¼ k1ðtÞ
s1ðtÞ :

The Frenet–Serret formulas for an elliptical helix model are
as follows:

dTðtÞ
dt

¼ kvðtÞkkbðtÞNðtÞ;
dNðtÞ
dt

¼ �kvðtÞkðkbðtÞTðtÞ þ sbðtÞBðtÞÞ;
dBðtÞ
dt

¼ kvðtÞksbðtÞNðtÞ:

By substituting the expressions for curvature and torsion
into the above equations, we obtain the following complicated
formulas:

dTðtÞ
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b2 � �b2 � 1

�
cos2t

q
2þ �b2 � 1

�
cos2t

NðtÞ;

dNðtÞ
dt

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b2 � �b2 � 1

�
cos2t

q
2þ �b2 � 1

�
cos2t

TðtÞ

þ
b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2t

q
2b2 � �b2 � 1

�
cos2t

BðtÞ; dBðtÞ
dt

¼
b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �b2 � 1

�
cos2t

q
2b2 � �b2 � 1

�
cos2t

NðtÞ:

We used Maple to calculate the curvature kb(t) and torsion
sb(t) for selected values of b in the range 0.95 # b # 1.05,
considering deviations up to 5% from the standard helical
geometry, as presented in Tables 3 and 4, which are provided in
Appendix A. Fig. 6 illustrates the dependence of kb(t) and sb(t) on
b. Eqn (5) and (6), show that both kb(t) and sb(t) are periodic
functions due to their dependence on cos t. This is also reected
in Fig. 6, which is also provided in the Appendix B. Conse-
RSC Adv., 2026, 16, 27048–27056 | 27053
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quently, Tables 3 and 4 only report the values of kb(t) and sb(t)
over the interval t ˛ [0, p/2]. Additionally, in Tables 3 and 4, the
values (ratios) in red indicate the maximum, while the values in
blue indicate the minimum. The maximum ratio (kb(t)/k1(t) or
sb(t)/s1(t)) is approximately 1.05, and the minimum is approxi-
mately 0.95.
4 Discussions and conclusions

In this work, we employed mathematical tools to conrm that
applying the Frenet–Serret moving frame to the DNA double
helix provides not only a mathematical description of its
geometry but also a geometric grounded perspective on its
structural regularity. For the circular DNA helix, the arclength s
is linearly related to the helical angular parameter t via the

relation sðtÞ ¼ ffiffiffi
2

p
t, indicating uniform helical progression with

constant curvature and torsion. This correspondence allows the
arclength s to serve as an affine surrogate for the progression
along the molecular axis. Furthermore, the constant curvature
and torsion imply that the local conformational geometry is
invariant along the helix. This reinforces the idea that base-pair
positions can be described using the linear parameter t within
a globally homogeneous geometric framework. The invariance
of curvature and torsion is consistent with the high degree of
structural regularity observed in DNA helices, where hydrogen
bonding between complementary bases, p–p stacking interac-
tions among aromatic nucleobases, and electrostatic repulsion
between phosphate groups are typically distributed in a quasi-
periodic manner along the molecular axis. This uniformity is
associated with a reduced variation of local geometric descrip-
tors along the model helix. The uniform parameter s provides
a convenient parametrization for describing uniform progres-
sion along the idealized helical geometry. This geometric
framework provides a consistent representation of helical
regularity and highlights the robustness of curvature- and
torsion-based descriptors used to characterize DNA structure.
Accordingly, we have presented the mathematical interpreta-
tion of how the double-helix geometry can be consistently
described within an idealized geometric framework. This
provides a consistent geometric framework for describing base-
pair organization within an idealized helical model. Although
the exact chemical bond of DNA is complex, the numerical
results of the elliptical helix model indicate that when b falls
within the range of 0.95# b# 1.05, the system can be effectively
treated as a circular helix.

To place these geometric deviations in a chemical context, it
is useful to compare them with the canonical structural
parameters of B-DNA. In its physiological form, B-DNA adopts
a right-handed double helix with a diameter of approximately
2.0 nm, a helical pitch of about 3.4 nm, and roughly 10–10.5
base pairs per helical turn.8 These values reect the quasi-
periodic distribution of stabilizing interactions along the poly-
mer, including hydrogen bonding between complementary
bases, p–p stacking among aromatic nucleobases, and
27054 | RSC Adv., 2026, 16, 27048–27056
electrostatic repulsion between phosphate groups.10 Within this
framework, a ±5% variation in cross-sectional ellipticity corre-
sponds to geometric perturbations comparable in magnitude to
those induced by common local chemical modications, such
as methylation or oxidative lesions. The numerical results ob-
tained for the elliptical helix model thus provide a quantitative
estimate of the tolerance of the DNA scaffold to chemically
induced distortions, and support the use of the circular helix as
a robust reference geometry in structural and physico-chemical
analyses.

This reinforces the idea that base-pair positioning can be
described within a globally homogeneous structural
ensemble. The stability of this geometry is further supported
by the cooperative nature of hydrogen bonds and stacking
forces, which absorb small perturbations without signicantly
altering the overall geometric characteristics. This geometric
framework supports a consistent molecular mechanism for
base-pair interactions and highlights the architectural effi-
ciency of DNA as a geometrically robust framework for orga-
nizing genetic information. We expect that this study will serve
as a valuable perspective for future research in physical-
chemistry, where the interplay between molecular geometry,
bonding interactions, and energetic stability can be quanti-
tatively explored. By framing the DNA double helix within
a geometric physical model, our results highlight how curva-
ture and torsion translate into stability against chemical
perturbations and efficiency in information transfer. This
physico-chemical viewpoint opens pathways to investigate
DNA not only as a carrier of genetic code but also as a para-
digmatic system for understanding how structure governs
function in complex biomacromolecules.
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Table 4 Simulation values of the torsion sb(t) for different curve parameter t and the y-axis semi-radius b. Each entry shows sb(t) (top) and the
normalized ratio sb(t)/s1(t) (bottom). Values in red indicate the maximum, while values in blue indicate the minimum

The parameter t

The y-axis semi-radius b

0.95 0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04 1.05

0 0.499
(0.998)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.499
(0.998)

p/8 0.503
(1.006)

0.503
(1.005)

0.502
(1.004)

0.501
(1.003)

0.501
(1.001)

0.500
(1.000)

0.499
(0.999)

0.498
(0.997)

0.498
(0.995)

0.497
(0.994)

0.496
(0.992)

p/4 0.512
(1.025)

0.510
(1.020)

0.507
(1.015)

0.505
(1.010)

0.502
(1.005)

0.500
(1.000)

0.498
(0.995)

0.495
(0.990)

0.493
(0.985)

0.490
(0.980)

0.488
(0.975)

3p/8 0.522
(1.044)

0.518
(1.036)

0.513
(1.026)

0.509
(1.018)

0.504
(1.009)

0.500
(1.000)

0.496
(0.991)

0.492
(0.984)

0.487
(0.975)

0.483
(0.967)

0.479
(0.959)

p/2
0.521
(1.042)

0.515
(1.031)

0.510
(1.020)

0.505
(1.010)

0.500
(1.000)

0.495
(0.990)

0.490
(0.980)

0.485
(0.971)

0.481
(0.962)

Table 3 Simulation values of the curvature kb(t) for different curve parameter t and the y-axis semi-radius b. Each entry shows kb(t) (top) and the
normalized ratio kb(t)/k1(t) (bottom). Values in red indicate the maximum, while values in blue indicate the minimum

The parameter t

The y-axis semi-radius b

0.95 0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04 1.05

0
0.520
(1.040)

0.515
(1.030)

0.510
(1.020)

0.505
(1.010)

0.500
(1.000)

0.495
(0.990)

0.490
(0.980)

0.485
(0.970)

0.480
(0.960)

0.476
(0.952)

p/8 0.518
(1.036)

0.514
(1.028)

0.511
(1.022)

0.507
(1.014)

0.504
(1.008)

0.500
(1.000)

0.496
(0.992)

0.493
(0.986)

0.489
(0.978)

0.486
(0.972)

0.482
(0.964)

p/4 0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

0.500
(1.000)

3p/8 0.482
(0.964)

0.486
(0.972)

0.489
(0.978)

0.493
(0.986)

0.496
(0.992)

0.500
(1.000)

0.504
(1.008)

0.507
(1.014)

0.510
(1.020)

0.514
(1.028)

0.517
(1.034)

p/2
0.480
(0.960)

0.485
(0.970)

0.490
(0.980)

0.495
(0.990)

0.500
(1.000)

0.505
(1.010)

0.510
(1.020)

0.515
(1.030)

0.520
(1.040)

0.525
(1.050)
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Appendix B
Fig. 6 The left figure shows the curvature k and the right figure shows the torsion s. Both curvature k and torsion s of the elliptical helix are
functions of t for different values of b. Deviations of b from unity increase the oscillatory amplitudes of both k and s, while keeping the mean
values close to 0.5, which reflects the sensitivity of helical geometry to ellipticity.

© 2026 The Author(s). Published by the Royal Society of Chemistry RSC Adv., 2026, 16, 27048–27056 | 27055
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