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rostatic moments through the lens
of atoms: assessing variational Hirshfeld methods

Maximilian van Zyl, a Carlos Castillo-Orellana,b Leila Pujala and Farnaz Heidar-
Zadeh *a

Atomicmultipoles are key components of many computational models; however, there is no uniquemethod for

computing them. This motivates our benchmark study to evaluate how accurately the atomic moments from

variational methods approximate the molecular moments, offering insight into their ability to capture the

underlying electron density. We show the chemical utility of higher-order atomic multipoles and demonstrate

their conformational stability across diverse organic and inorganic molecules and protein fragments. We focus

on the recently proposed Additive Variational Hirshfeld (AVH) method and compare its performance to two

other popular variational Hirshfeld approaches, the Iterative Hirshfeld (HI) and Minimal Basis Iterative

Stockholder (MBIS) methods, as well as the Charge Model 5 (CM5) and electrostatic potential fitted charges.

We first show that commonly used integration grids can introduce significant numerical errors, undermining

the reliability of quantitative comparisons of atomic dipoles and quadrupoles. We then demonstrate that while

AVH charges may not always provide the most accurate approximation of molecular moments on their own,

they outperform HI and MBIS in approximating the molecular quadrupole when atomic dipoles are taken into

account. More severely, for HI and MBIS, the addition of atomic dipoles can sometimes increase the

molecular quadrupole error. These findings suggest that AVH moments offer a more systematic improvement

with increasing multipole order.
1 Introduction

Molecular dipole, quadrupole, and higher-order moments are
important molecular characteristics that determine how a mole-
cule interacts with external electric elds and with other mole-
cules.1 These molecular moments arise from the electronic charge
distribution and inuence physical and chemical properties of
molecules, like spectroscopic transition intensities and intermo-
lecular forces. Accurate computation of thesemoments is essential
for reliable quantum chemistry models, which is why modern
density functional development oen uses dipole moments as
a key benchmark for accuracy.2–5 For a molecule with M atomic
nuclei {ZA} positioned at {RA} and the electron density rmol(r), the
molecular moments are calculated by (in atomic units):

q ¼
XM
A¼1

ZA �
ð
rmolðrÞ dr (1)

m ¼
XM
A¼1

RAZA �
ð
r rmolðrÞ dr (2)
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A¼1

�
3½RA�i½RA�j � kRAk2dij

�
ZA � 1

2

ð �
3rirj

� krk2dij
�
rmolðrÞdr (3)

where q, m, and [Q]ij are the molecular charge (L = 0), molecular
dipole vector (L = 1), and the ij-th element of traceless molec-
ular quadrupole matrix (L = 2), respectively; here, L represents
the order of the molecular multipole moment. In this work, we
will not consider molecular multipoles beyond second-order.

Molecular moments are oen expressed in terms of their
atomic counterparts, known as the atomic multipole moments,
which are computed through postprocessing quantum chem-
istry calculations. This decomposition is chemically intuitive
and provides an atom-centered description of the electronic
charge distribution within a molecule. In addition, atomic
multipole moments are a key component in computational
chemistry research, such as force eld development,6–14 elec-
trostatic potential modeling,15–19 reactivity analysis,20–32 and
machine learning approaches for predicting long-range
interactions.33–39 Given a set of M atomic densities each
centered at the position of the corresponding nucleus, {rA(r)},
which collectively reconstruct the molecular electron density,
rmolðrÞ ¼

P
A
rAðrÞ; the molecular moments can be expressed in

terms of its atomic-centered atomic moments by replacing the
molecular density with its sum of atomic density (in atomic
units):
© 2026 The Author(s). Published by the Royal Society of Chemistry
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q ¼
XM
A¼1

ðZA �NAÞ ¼
XM
A¼1

qA (4)

m ¼
XM
A¼1

ðqARA þ mAÞ (5)

½Q�ij ¼
1

2

XM
A¼1

�
2½QA�ij þ 3½mA�i½RA�j þ 3½mA�j½RA�i þ 3qA½RA�i½RA�j

�

� dij

�
2ðRA � mAÞ þ qAkRAk2

�
(6)

where NA, qA, mA, and [QA]ij denote the atomic population,
atomic charge (l = 0), atomic dipole vector (l = 1), and the ij-th
element of the traceless atomic quadrupole matrix (l = 2),
respectively; here, l represents the order of atomic multipole
moment. This shows the contribution of individual atoms to
the molecular moments and demonstrates that atomic multi-
poles of rank l > L do not contribute to molecular multipoles of
rank L.

While the mathematical relationships between molecular
and atomic moments are well-dened, computing these atomic
terms remains a challenge because there is no universally
accepted denition for atomic densities {rA(r)} and atomic
moments. This has motivated the development of various
density-based atoms-in-molecule schemes that exhaustively
partition the molecular electron density into atomic
contributions.40–43 Alternatively, one can bypass the need for
explicitly dening atomic densities by using approaches that t
atomic moments to reproduce either molecular moments or the
electrostatic potential, ensuring consistency with the overall
electronic distribution.44–46 The caveat of these methods is that
because there is no atomic density, other atomic properties (like
volume) cannot be computed. The existing methods result in
atomic moments that can vary both qualitatively and quanti-
tatively, so assessing their relative performance is critical.14,47

While atomic charges are commonly used to compare different
methods, higher-order atomic moments remain less
explored.48–54 Molecular multipole moments are used as
a stringent test for assessing atomic moments.49,55–58 Atomic
point charges cannot capture the anisotropic nature of the
electron density,15,16 so even though some may reproduce the
total dipole moment reasonably well, they oen fail to accu-
rately represent the quadrupole moment.

This study investigates how the recently proposed additive
variational Hirshfeld (AVH)59 atomic moments approximate
molecular dipole and quadrupole moments across a range of
organic, inorganic, and protein-fragment systems. We demon-
strate the importance of accurate integration grids for obtaining
reliable numerical results when computing atomic moments.
We compare our results with mathematically related Hirshfeld
methods, the Iterative Hirshfeld (HI)60,61 and Minimal Basis
Iterative Stockholder (MBIS)62methods, as well as ChargeModel
5 63 and electrostatic potential derived charges, which are
designed to accurately reproduce the molecular dipole moment
and electrostatic potential, respectively. This assessment
© 2026 The Author(s). Published by the Royal Society of Chemistry
provides a deeper insight into density-derived atomic moments,
guiding their development and application in computational
modeling.
2 Preliminaries
2.1 Hirshfeld atoms-in-molecules

The Hirshfeld method denes atomic densities, {rA(r)}, that
closely resemble reference atom-centered densities, {rA

0(r)},
known as proatoms.43,64–69 For atom A, the corresponding
Hirshfeld atomic density is dened as,

rAðrÞ ¼
�

r0AðrÞ
r0molðrÞ

�
rmolðrÞ (7)

where rmol
0(r) denotes the promolecular density dened as the

sum of atom-centered proatom densities. While this atomic
density denition was empirically proposed by Hirshfeld in
1977,70 it was later demonstrated that the family of f-divergences
is both necessary and sufficient for deriving Hirshfeld atomic
densities.64–69,71–74 This rigorously established the mathematical
framework of Hirshfeld partitioning schemes, highlighting its
pervasiveness and formalizing the development of variational
methods for selecting proatoms.43,59,69 Hirshfeld originally
selected isolated neutral ground-state atomic densities as
proatoms,70 but this arbitrary choice naturally results in small
atomic charges and is unsuitable for charged molecules and
ionic compounds (e.g., LiH).75 To address this, numerous
Hirshfeld variants introduce system-specic proatoms, leading
to improved atomic densities and properties.13,56,59,60,62,76–88 In
parallel, reference-free approaches have been proposed that
bypass proatoms altogether.89 Below, we briey describe the
methods used in this study.

The popular iterative Hirshfeld (HI)60 partitioning scheme
iteratively optimizes the proatom charges to match the corre-
sponding atomic charges, where the proatom density with
fractional population is obtained through piecewise linear
interpolation. It was recently shown that this self-consistent
approach can be reformulated as minimizing the deviation
between atomic and proatom populations using an invex
function.61 Although HI is a widely used approach,13,51,61,90–95 it
oen relies on highly charged anions that are diffuse or
unbound, making it computationally undesirable. This leads to
atomic densities with slow decay and atomic charges that are
oen larger than expected based on chemical intuition.43,59,84,96
2.2 Variational Hirshfeld methods

Leveraging the f-divergence framework,69 two variational
Hirshfeld methods were proposed, minimal basis iterative
stockholder (MBIS)62 and additive variational Hirshfeld (AVH).59

Although they use different proatom models, both methods
optimize their proatom parameters to minimize the extended
Kullback–Leibler divergence between molecular and promo-
lecular densities. This guarantees that each proatom model
produces a promolecular density that closely approximates the
molecular density. MBIS represents each proatom as a sum of
core and valence densities, each modeled using an s-type Slater
RSC Adv., 2026, 16, 5296–5308 | 5297
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functions, where their width and population are optimized. Due
to the presence of nonlinear parameters (i.e., width), the opti-
mization does not have a unique solution, and therefore, MBIS
requires reasonable initial guesses.62 Since its introduction in
2016, MBIS has been rapidly adopted for a wide range of
applications, like deriving non-bonded force eld
parameters,8–12 calculating hydration free energies,97,98

improving host–guest binding affinity predictions,10 and
providing reference atomic moments for training machine
learning models.33,35,37,38

On the other hand, AVH utilizes a linear combination of
isolated neutral and charged reference densities, where their
coefficients are optimized; this results in a convex optimization
with a unique solution. The AVH proatom densities are written
as:

r0Aðr; cAÞ ¼
XKA

k¼1

cA;kr
0
A;kðrÞ (8)

where KA is the number of proatom basis functions for atom A,
and cA = [cA,1,cA,2,.,cA,KA] are the positive basis coefficients for
each basis function r0A,k(r). Setting K= 1 for all atoms results in
the minimal AVH (AVH-M), where a single coefficient scales the
neutral reference densities. AVH-M closely aligns with the
original Hirshfeld method in spirit. Including all the bound
charged states of each atom denes the bound AVH (AVH-B). In
this approach, cationic and neutral proatomic basis functions
are included for all atoms, while anionic basis functions are
only incorporated if they are physically bound (e.g., anions are
excluded for nitrogen atoms).59,96
2.3 Datasets

In this study, we considered datasets that include organic and
inorganic molecules as well as protein fragments. The organic
dataset consists of 214 molecules containing H, C, N, O, F, Si, P,
S, Cl, and Br atoms, with a diverse range of hybridizations and
molecular topologies. This dataset combines two previously
published datasets: one developed to evaluate the performance
of iterative Hirshfeld charges in approximating the molecular
electrostatic potential,17 and the other designed to benchmark
quantum chemistry methods for computing molecular dipole
moments and polarizabilities against experimental data.3 The
Silica dataset consists of 248 silica clusters that were curated to
evaluate the transferability of atomic charges derived from the
Hirshfeld-E partitioning scheme and their accuracy in repro-
ducing the molecular electrostatic potential.99 These clusters
follow the SixO2x−yH2y chemical formula, including all possible
silicon-oxide structures with two to eight silicon atoms that
adhere to specic geometric and bonding criteria to realistically
model silica materials.

The alanine–dipeptide dataset includes 10 conformations of
alanine dipeptide sampled to evaluate the conformational
stability of atomic charges computed by the constrained itera-
tive Hirshfeld method.61 These conformers cover a range of
molecular geometries relevant to biological systems, sampling
j dihedral angle from −30°to 150° with steps of 20°, each with
variationally optimized f dihedral angles. The protein
5298 | RSC Adv., 2026, 16, 5296–5308
fragments include backbone and sidechain monomers derived
from 200 backbone–backbone and 610 sidechain–sidechain
dimers sampled from molecular dynamics trajectories to
investigate the nature of pi-contact interactions.100 Compiling
the neutral monomers, we obtain the Backbone dataset, con-
sisting of 400 N-methylacetamide conformers, and the Side-
chain dataset containing 790 neutral amino acid sidechains,
including aromatic (130 PHE, 180 TRP, 70 TYR, and 60 HIS) and
hydrophilic (170 ASN and 180 GLN) conformers. These two
datasets provide conformational sampling of N-methyl-
acetamide and different sidechains.

Fig. S1 shows the distribution of molecular dipole norms,
highlighting the range and variability of the dipole magnitudes
for molecules in each dataset.
3 Results and discussion

To qualitatively and quantitatively compare atomic moments, it
is essential to ensure they are numerically reliable. Section 3.1
shows that while charges can be computed accurately using
relatively small molecular integration grids, dipole and quad-
rupole moments require substantially ner grids to achieve
numerical stability. We then assess the performance of
numerically reliable atomic moments obtained using additive
variational Hirshfeld (AVH) and compare them with other
Hirshfeld-based methods, including Hirshfeld (H), iterative
Hirshfeld (HI), and minimal basis iterative stockholder (MBIS).
Section 3.2 and 3.3 investigate how well lower-order atomic
moments approximate molecular dipole and quadrupole
moments, respectively, and assess the computational robust-
ness of these approximations. When using only atomic charges,
we also compare our results to Charge Model 5 (CM5)63 and Hu,
Lu, and Yang (HLYGAt)46 methods. CM5 renes Hirshfeld
charges to better reproduce molecular dipole moments, making
it a suitable benchmark for evaluating our variational
approaches. HLYGAt provides electrostatic-tted charges that
best approximate the electrostatic potential on molecular
surfaces. Section 3.4 further examines the conformational
stability of atomic moments in reproducing molecular multi-
pole moments.
3.1 Sensitivity to numerical integration grids

Although molecular moments can be computed analytically,
calculating atomic moments requires numerical integration, so
their accuracy depends on the molecular grid used.102,103 Using
a Becke–Lebedev104 molecular grid, Fig. 1 shows how changing
the number of radial and angular grid points affects the accu-
racy of numerical integration when calculating molecular
moments using eqn (1)–(3). It shows that molecular charges can
be accurately reproduced with relatively small integration grids;
however, dipole and quadrupole moments converge more
slowly with increasing grid size. In general, the number of radial
and angular grid points should be increased together to achieve
higher accuracy. For example, increasing the angular grid alone
does not necessarily reduce the error to zero if the radial grid is
too sparse; this is demonstrated when using only 50 radial
© 2026 The Author(s). Published by the Royal Society of Chemistry
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Fig. 1 Convergence of numerical integration error when computing molecular multipole moments, against the exact moments from the
uB97X-D/Def2-TZVPD level of theory, for molecular charge (left plot), y-components of molecular dipole (middle plot), and yy-component of
molecular quadrupole (left plot) of the largest molecule in the Organic dataset. Molecular integrations were performed with the exponential
radial grid and the Becke–Lebedev angular grid of HORTON 2,101 using different numbers of radial (nrad label) and angular (x-axis) grid points.
Here, dipole and quadrupole components with the highest errors are presented, and other components of the molecular moments are included
in Fig. S2. Dotted vertical green lines indicate the minimum number of Lebedev angular grid points required (170 for charge, 434 for y-
component of dipole, and 974 for yy-component of quadrupole) to achieve an error below 10−2 for each multipole moment when using 100
radial grid points.
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points in Fig. 1. Also, for a given number of radial grid points,
different numbers of angular grid points are required to achieve
the desired accuracy for each moment. For example, using 100
radial grid points for the molecule in Fig. 1, at least 170, 434,
and 974 Lebedev angular grid points are required to reach
a 10−2 accuracy threshold for charge (in e), dipole components
(in D), and quadrupole components (in D Å), respectively.
Fig. S2–S5 demonstrate that these observations hold for
different molecules sampled from each dataset. Using
a different radial grid type (e.g., Gauss–Chebyshev103) can lead to
faster convergence with respect to the number of radial and
angular grid points, especially at lower radial resolutions, but
still, similar overall trends were observed.

This shows the importance of using accurate numerical grids
when computing atomic dipole and quadrupole moments to
minimize numerical error, particularly when quantitatively
comparing different schemes. For the calculations performed in
the following sections, we ensured that the molecular grids
achieved a numerical integration accuracy of 10−3 a.u. for
molecular dipole components and 10−4 a.u. for molecular
charges; see Section 4 for further details.
Table 1 Mean dipole error (in Debye) for approximating the molecular
dipole using point charges, as defined in eqn (9), compared to the
exact molecular dipole computed at the uB97X-D/Def2-TZVPD level
of theory. The error is defined as the average norm of the difference
vector jmexact − mapproxj over all molecules in each dataset. Fig. S6
presents the error distributions across each dataset

Schemes Organic Silica Backbone Sidechain

H 0.679 0.053 1.113 0.771
AVH-M 0.469 0.095 0.488 0.459
AVH-B 0.413 0.099 0.377 0.389
HI 0.366 1.283 0.280 0.242
MBIS 0.269 0.583 0.362 0.238
CM5 0.202 0.460 0.363 0.341
HLYGAt 0.03 0.02 0.048 0.029
3.2 Approximating molecular dipole

Eqn (5) decomposes the molecular dipole into charge-transfer
contributions, arising from atomic charges, and polarization
contributions, arising from atomic dipole. This means that the
molecular dipole (L= 1) can be approximated using only atomic
charges (l = 0) by:

mexact z
X
A

qARA ¼ mapprox (9)

To assess the importance of polarization contributions (l = 1),
Table 1 reports the mean dipole error for each dataset,
capturing deviations in both magnitude and direction from the
exact dipole. As expected, the approximated molecular dipoles
using HLYGAt charges show an almost perfect agreement with
© 2026 The Author(s). Published by the Royal Society of Chemistry
the exact molecular dipole, reaching a mean dipole error <0.05
D for all datasets. On the other hand, Hirshfeld (H) charges
exhibit the poorest performance, with the highest mean dipole
errors (except for the Silica dataset), underscoring the impor-
tance of polarization contributions from the H scheme. CM5
was developed to improve H charges for reproducing molecular
dipoles, so it has lower mean dipole errors for all datasets except
for Silica, where H charges perform better. Across these data-
sets, MBIS charges perform comparably with CM5 charges in
reproducing molecular dipoles, although they were not explic-
itly parameterized for this purpose. Aer HLYGAt, HI charges
result in the lowest mean dipole errors for the Backbone and
Sidechain datasets, but yield higher errors for the Organic and
Silica datasets compared to CM5 and MBIS. AVH-M introduces
minimal exibility to the Hirshfeld proatom model, which
lowers the mean dipole error; however, its performance still lags
behind CM5, HI, and MBIS. Using a more exible proatom
model, AVH-B charges offer an improved description of
molecular dipoles. AVH-B charges perform almost perfectly on
the Silica dataset (comparable to ESP-tted charges), are on par
RSC Adv., 2026, 16, 5296–5308 | 5299
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with MBIS and CM5 for the Backbone dataset, andmatch CM5's
performance on the Sidechain dataset. However, for the Organic
dataset, AVH's performance is close to HI, but falls below that of
CM5 and MBIS.

Taking a closer look, Fig. 2 shows how accurately different
charge models reproduce the molecular dipole moment norm,
revealing overall trends for different datasets. In addition, Fig. 3
compares the magnitude and direction of mapprox to mexact for
each molecule in various datasets. For all datasets, the magni-
tude and direction of mapprox by HLYGAt are in excellent agree-
ment with the reference exact value across datasets. This is
because ESP-derived charges implicitly capture the effect of
higher multipoles. Although the approximated dipole norms
fromH charges show over 90% correlation with the exact values,
they almost always underestimate the dipole magnitude (except
for the Silica dataset and the PHE amino acid conformers,
which have the smallest dipoles). At the same time, they
generally capture the correct direction. These observations are
not surprising, given the characteristically small charges of the
Hirshfeld method. Although CM5 charges still tend to under-
estimate dipole magnitudes, their maximum errors are notably
Fig. 2 Comparing the point-charge approximation of molecular dipole g
level of theory for (a) organic, (b) silica, (c) backbone, and (d) sidechain da
stockholder (MBIS), Additive Variational Hirshfeld with Minimal (AVH-M) a
and Yang (HLYGAt) electrostatic-fitted charges. The dipole norms are rep
method. The dashed gray line is the y = x representing the identity line. Fi
dataset.

5300 | RSC Adv., 2026, 16, 5296–5308
smaller. CM5's maximum jmexact − mapproxj errors are 0.83, 1.18,
0.52, and 0.66 Debye for the Organic, Silica, Backbone, and
Sidechain datasets, respectively. They also outperform Hirsh-
feld charges in capturing the dipole direction, except for the
Silica dataset and one other exceptions in Fig. 3. The largest
CM5 errors are observed for the Silica dataset, which is unsur-
prising given that these systems were underrepresented in the
dataset used to parameterize CM5.

MBIS charges tend to overestimate dipole magnitudes due to
their generally larger point charge values. MBIS's maximum
jmexact − mapproxj errors are 1.34, 1.38, 0.57, and 0.55 Debye for
the Organic, Silica, Backbone, and Sidechain datasets, respec-
tively. However, MBIS charges are not as good as CM5 in
capturing the direction of molecular dipole moments. HI
charges also tend to overestimate dipole magnitudes more
oen than MBIS charges, but also underestimate them some-
times. For HI charges, the maximum jmexact − mapproxj errors are
2.08, 3.03, 0.50, and 0.69 Debye for the Organic, Silica, Back-
bone, and Sidechain datasets, respectively. Additionally, HI
charges more frequently fail to capture the correct direction of
the molecular dipole, as illustrated in Fig. 3 for Silica and
iven in eqn (9) to the exact value computed at uB97X-D/Def2-TZVPD
tasets using Hirshfeld (H), Iterative Hirshfeld (HI), minimal basis iterative
nd Bound (AVH-B) proatom basis, Charge Model 5 (CM5), and Hu, Lu,
orted in Debye (D), and the R-squared is reported for each partitioning
g. S6 extends this analysis by presenting the error distributions for each

© 2026 The Author(s). Published by the Royal Society of Chemistry
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Fig. 3 Cosine similarity versus norm difference for point-charge-approximated and exact molecular dipoles, computed at the uB97XD/Def2-
TZVPD level of theory for (a) organic, (b) silica, (c) backbone, and (d) sidechain datasets. The cosine similarity of two vectors, defined as

Scosineðv;uÞ ¼ v � u
kvkkuk ; measures the alignment of two vectors. A cosine similarity of 1.0 indicates perfect alignment of vector directions, which–

together with a norm difference of zero–represents the ideal agreement between the approximate and exact dipole moments. The dashed gray
line at x= 0 highlights the boundary between overestimation and underestimation of themolecular dipole, making these deviationsmore visually
apparent.

© 2026 The Author(s). Published by the Royal Society of Chemistry RSC Adv., 2026, 16, 5296–5308 | 5301
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Table 2 Mean quadrupole error (in Debye$Å) for approximating the
molecular quadrupole using atomic charges and atomic dipoles,
Q(0)

approx +Q(1)
approx defined in eqn (10), computed at the uB97X-D/Def2-

TZVPD level of theory. The error is calculated using eqn (11) for each
molecule, and then averaged over all molecules in each dataset. CM5
and HLYGAt are purely charge-based models, so they cannot be used
for this approximation

Schemes Organic Silica Backbone Sidechain

H 0.983 0.573 0.774 0.934
AVH-M 1.001 0.468 0.795 1.044
AVH-B 0.667 0.326 0.236 0.382
HI 1.407 3.040 1.296 2.032
MBIS 0.879 0.398 2.100 2.992
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Sidechain datasets. This suggests that HI charges may better
capture dipole behavior in biomolecular fragments but are less
reliable for broader chemical diversity or more polar inorganic
systems. Overall, HI charges have the worst performance for the
Silica dataset. Like H charges, AVH-M tends to underestimate
the dipole norm, though to a much lesser extent (especially
evident in the Backbone and Sidechain datasets), and offers
a slight improvement in accurately capturing dipole direction.
AVH-B charges perform almost perfectly on the Silica dataset
(comparable to ESP-tted charges), are on par with MBIS and
CM5 for the Backbone dataset, and match CM5's performance
on the Sidechain dataset. However, for the Organic dataset,
AVH's performance is close to HI, but falls below that of CM5
and MBIS. For AVH-B charges, the maximum jmexact − mapproxj
errors are 1.55, 0.25, 0.59, and 1.00 Debye for the Organic, Silica,
Backbone, and Sidechain datasets, respectively.

It has been shown that the dipole moment depends on the
level of theory used.2–4 Fig. S7 evaluates the robustness of
molecular dipole norms and mean dipole errors for the Organic
dataset, based on nine different levels of theory. This demon-
strates that the error in the point-charge approximation of the
molecular dipole is insensitive to the level of theory for all
partitioning schemes considered. This is consistent with earlier
reports for the Organic dataset, indicating that the atomic
charges remain unchanged when the method or basis set is
changed.43,58,59
3.3 Approximating molecular quadrupole

Based on eqn (6), the molecular quadrupole can be approxi-
mated using atomic charges and dipoles through Q(0)

approx +
Q(1)
approx, where:h

Qð0Þ
approx

i
ij
¼ 1

2

XM
A¼1

3qA½RA�i½RA�j � dij

�
qAkRAk2

�
h
Qð1Þ

approx

i
ij
¼ 1

2

XM
A¼1

3½mA�i½RA�j þ 3½mA�j½RA�i � 2dijðRA � mAÞ

h
Qð2Þ

approx

i
ij
¼

XM
A¼1

½QA�ij
(10)

Adding the atomic quadrupole term, Q(2)
approx, results in the total

molecular quadrupole (up to the numerical integration error) as
dened in eqn (3). For each molecule, the quadrupole error is
given by its Frobenius norm:

��Qexact �Qapprox

�� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i;j

�
½Qexact�ij �

�
Qapprox

	
ij

�2
s

(11)

where Qexact represents the exact molecular quadrupole,
computed analytically at a given level of theory. Table 2 presents
the mean quadrupole error for each dataset using different
partitioning schemes. The results show that the AVH methods,
particularly AVH-B, consistently outperform both HI and MBIS
across all datasets. This is most notable for the Backbone and
Sidechain datasets, where the AVH-B average error is < 0.7
Debye Å. HI results in the highest quadrupole errors, even larger
5302 | RSC Adv., 2026, 16, 5296–5308
than H, which indicates its exaggeration of atomic moments.
Surprisingly, MBIS achieves a comparable error to AVH
methods for the Silica and Organic datasets, despite having
higher errors in other cases. Fig. 4 presents the corresponding
quadrupole error distributions for each scheme and dataset.
This more clearly demonstrates that the error distribution from
AVH-B is consistently several orders of magnitude smaller for all
molecules across datasets. This indicates the superior perfor-
mance of AVH-B when atomic dipoles are included, and
suggests that atomic quadrupole moments from the HI and
MBIS methods are oen signicant and should not be
neglected.

In addition, Table S1 presents the quadrupole approxima-
tion errors when only using atomic charges, denoted by
Q(0)
approx, for each dataset. In this case, HI and MBIS have the

lowest average errors, except for the Silica dataset, where AVH-M
and AVH-B achieve errors that are several orders of magnitude
smaller. This is consistent with the results in Section 3.2, where
atomic charges were used to approximate molecular dipoles,
reinforcing that the generally larger magnitudes of HI andMBIS
charges lead to more accurate point-charge approximations of
higher-order moments. Similarly, ESP-tted charges exhibit the
lowest errors, while CM5 charges perform comparably to MBIS
charges. Hirshfeld charges consistently exhibit higher average
errors across most datasets, except for the Silica dataset, where
they outperform HI and MBIS and are comparable to AVH.
Although including atomic dipoles reduces the overall error
distribution and lowers its mean, this trend does not consis-
tently hold for individual molecules. For some molecules, the
Q(0)
approx + Q(1)

approx approximation can produce larger errors than
Q(0)
approx alone. For each scheme, Table S2 reports the percentage

of molecules in each dataset for which the error increases when
the atomic dipole is included. These convergence anomalies are
more common for HI and MBIS, while they are signicantly less
frequent for AVH methods.

Fig. S9 shows that molecular quadrupole moments them-
selves are to some extent sensitive to the level of theory, espe-
cially when small basis sets (e.g., def2-SVPD) or the Hartree–
Fock method are used. The mean quadrupole error for
Q(0)
approx remains relatively insensitive to the level of theory used.

This is also reected in the computational robustness of atomic
charges in Fig. S10. However, the mean quadrupole error for
© 2026 The Author(s). Published by the Royal Society of Chemistry
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Fig. 4 Distribution of errors in approximating the molecular quadrupole moment (in Debye Å) using atomic charges and dipoles, Q(0)
approx +

Q(1)
approx, defined in eqn (10), computed at the uB97X-D/Def2-TZVPD level of theory for (a) organic, (b) silica, (c) backbone, and (d) sidechain

datasets. For each molecule, the error is calculated as the Frobenius norm of the full difference matrix jQexact − Qapproxj defined in eqn (11). The
mean absolute error (MAE) values provided in the legend match Table 2.
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Q(0)
approx + Q(1)

approx shows greater variability with respect to the
level of theory, especially when small basis sets are used. This
variability is most pronounced for the HI scheme, and to
a lesser extent for H, AVH-M, and AVH-B. A likely reason for this
sensitivity is the use of negatively-charged proatoms in these
partitioning schemes, which are computed at the same level of
theory as the molecular calculation. The increased sensitivity
observed for HI is consistent with the behavior of its atomic
dipoles and quadrupoles, which are more affected by the level of
theory than atomic charges, as shown in Fig. S10. Specically,
the asymptotic decay of negatively charged proatomic densities,
commonly used in HI, is known to exhibit greater variability
with the level of theory.96 This effect is less pronounced in the
other methods, as they either do not rely on negatively charged
proatoms (e.g., H and AVH-M) or use only physically bound
anions as proatoms (e.g., AVH-B). MBIS shows minimal
dependence on the level of theory because it does not rely on
© 2026 The Author(s). Published by the Royal Society of Chemistry
proatoms. These observations support the idea of using xed
proatom densities for schemes that depend on proatoms, to
improve their computational robustness.

3.4 Conformational stability

The molecular dipole norm for alanine dipeptide conformers
varies signicantly with changes in the dihedral angle, ranging
from over 6 Debye to less than 2 Debye (Fig. S1). Fig. 5 shows
that the dipole and quadrupole approximation errors intro-
duced in Sections 3.2 and 3.3 vary smoothly with molecular
conformation. This is expected as atomic charges, atomic
dipole norms, and atomic quadrupole norms remain largely
stable across the 10 conformers for most partitioning schemes
(Fig. S10–S12). For all schemes, except HLYGAt, it is notable that
dipole approximation errors are larger for conformers with
larger molecular dipoles (see Fig. S1). While HLYGAt charges
exhibit a pronounced sensitivity to conformational changes
RSC Adv., 2026, 16, 5296–5308 | 5303
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Fig. 5 Conformational sensitivity of dipole and quadrupole moment approximations for Alanine–Dipeptide conformers using various atomic
partitioning schemes: (Left) Norm of the difference between themolecular dipole and that approximated using atomic charges (jmexact− mapproxj),
and (Right) Frobenius norm of the difference between the molecular quadrupole and the approximation including both monopoles and dipoles
(jQexact − (Q(0)

approx + Q(1)
approx)j). Errors are shown as a function of the j dihedral angle across ten conformers.
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(Fig. S10), they yield the lowest and most conformationally
stable errors when approximating the molecular dipole (see le
plot in Fig. 5). For other schemes, the dipole errors are more
sensitive to conformational change, with H, AVH-M, and MBIS
in particular showing noticeable variation in dipole approxi-
mation error across the dihedral scan. AVH-B and CM5 charges
exhibit very similar proles, surpassing the accuracy of HI
beyond j = 70°.

In approximating molecular quadrupoles using atomic
charges and dipoles (see right plot in Fig. 5), the HI scheme
exhibits the largest errors, while AVH-B produces errors that are
smaller by several orders of magnitude. MBIS errors are slightly
higher than AVH-B. These are consistent with results in Table 2.
AVH-B shows robust performance, achieving the lowest quad-
rupole errors overall when both charges and dipoles are
considered, and maintaining stability across conformational
space.
4 Computational Details

The molecular geometries for each dataset were obtained from
their respective source articles. Only the structures in the
Organic dataset were optimized at the unrestricted uB97XD/
Def2-SVPD level of theory, and the XYZ Cartesian coordinates
for all other datasets were used as provided. Single-point gas-
phase calculations were performed at (unrestricted) uB97X-D/
def2-TZVPD level of theory for all datasets. Hybrid functionals
combined with augmented triple-zeta basis sets have been
shown to accurately predict molecular dipole moments in
benchmark studies.3,5,105 To assess the computational robust-
ness of the Organic dataset, additional single-point gas-phase
calculations were performed using Hartree–Fock (HF) and two
density-functional theory (DFT) approximations (B3LYP104,106,107

and uB97XD108) combined with the def2-SVPD, def2-TZVPD,
and def2-QZVPD basis sets109 All quantum chemistry calcula-
tions were performed with Gaussian16 (version C.01)110 to
5304 | RSC Adv., 2026, 16, 5296–5308
obtain the wavefunction and the HLYGAt and CM5 charges.
Symmetry=None keyword was used in the Gaussian input les,
which utilizes the (0, 0, 0) origin for the calculation of molecular
multipole moments.

The resulting formatted checkpoint les were used to
calculate various atomic charges with the free and open-source
HORTON 2,101 ChemTools,111,112 IOData,113 Grid,103 GBasis,114,115

and DensPart libraries. The proatom densities were computed
at the same level of theory as the molecule on an “insane”
Becke–Lebedev grid all datasets.101,103 However, achieving
a numerical integration accuracy of 10−3 (in atomic units) for
molecular dipole components required different integration
grid specications for each dataset. We initially used the
“insane”molecular integration grid for all databases, and if this
accuracy threshold was not met, the grid size was further
increased. For example, this setting was sufficient for the Silica
dataset and most molecules in the Organic dataset, except the
largest one (shown in Fig. 1), for which an “exp: 5 × 10−4 : 5 ×

101 : 125 : 974” molecular grid was used. For the Backbone
dataset, 38 (out of 400) N-Methylacetamide monomers required
a larger grid; we used the “exp: 5 × 10−4 : 3 × 101 : 150 : 1202” to
achieve the desired numerical accuracy. For the Sidechain
datasets, only 129 (out of 790) monomers required an increased
grid of “exp: 5 × 10−4 : 3 × 101 : 150 : 1202”, and the other 14
needed an “exp: 5 × 10−4 : 3 × 101 : 200 : 2030” specication.
When computing atomic properties, all Hirshfeld methods,
except MBIS, used the full molecular integration grid, elimi-
nating additional numerical errors. To minimize the extended
KL divergence in the AVH algorithm, we used the sequential
least squares programming (SLSQP) algorithm (from SciPy116)
with a termination tolerance of 1.0 × 10−6. The initial guess for
proatom charges was chosen randomly between 0 and 1: this
does not affect our results because the AVH optimization is
convex, but making a random choice proves the numerical
robustness of our procedure. For all Hirshfeld-based methods,
the neutral and charged proatom densities were computed at
© 2026 The Author(s). Published by the Royal Society of Chemistry
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the same level of theory as the molecule with an unrestricted
wavefunction.

5 Conclusions

Capturing the anisotropy of electron density requires going
beyond atomic charges to include higher-order atomic
moments. Through a systematic evaluation of variational
Hirshfeld–based schemes, this work assesses the robustness
and practical usefulness of atomic moments for approximating
molecular dipoles and quadrupoles across a diverse set of
organic, inorganic, and protein fragment systems. We speci-
cally highlight an oen-overlooked aspect of computing atomic
moments: before comparing them qualitatively or quantita-
tively, it is essential to verify their numerical accuracy, which
depends on the molecular integration grid used.

Our analysis shows that when molecular dipoles are
approximated using atomic charges, the AVH-B scheme
outperforms other methods, including CM5, for the Silica
dataset and exhibits comparable or slightly lower accuracy for
the remaining datasets. Using atomic charges and dipole to
approximate the molecular quadrupole, AVH-B delivers
consistently superior performance, indicating smoother and
faster convergence than HI and MBIS. Moreover, for most
molecules, adding dipoles decreases the quadrupole error
within the AVH framework, while HI and MBIS frequently show
the opposite trend. These results position AVH-B as a promising
framework for force-eld development, enabling the derivation
of higher-order electrostatic parameters directly from quantum-
chemical calculations rather than through empirical tting.

The computational robustness of our conclusions was tested
using the Organic dataset evaluated at nine levels of theory.
Atomic charges and their resulting molecular dipole and quad-
rupole approximations are largely stable across methods and
basis sets, whereas atomic dipoles and quadrupoles show greater
variability, with HI being the most sensitive. Consequently,
molecular quadrupole approximations that include atomic
dipoles exhibit stronger dependence on the level of theory.
Conformational stability, assessed using alanine–dipeptide
conformers, reveals that although molecular dipole norms
change notably with dihedral rotation, atomic moments remain
relatively unaffected. Charge-based dipole and quadrupole
approximations vary smoothly with conformation, while inclu-
sion of dipoles in the quadrupole approximation yields stable
errors for AVH-B and MBIS but increased variability for HI.

Our results challenge the common assumption that the
scheme providing the best atomic charges also produces the
most reliable higher-order multipole moments; in fact, this is
not necessarily the case. Based on the presented results, we
propose AVH-B as a more reliable reference scheme for
computing atomic moments to develop next-generation force
elds and machine-learning models for atomistic simulations.
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