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Coupling Effects on Access Resistance of In-Series
Nanopores

Jacob Bair, Thor Burkhardt, Zachery Gottshall, and Matthias Kuehne∗

We present an analytical model for the electrical resistance of two nanopores in series, where the
membrane thickness is considered negligible—a configuration relevant to nanopores in atomically
thin 2D materials such as graphene, hexagonal boron nitride, or molybdenum disulfide. We con-
sider an axisymmetric (cylindrical) geometry with a finite-size central compartment separating two
non-permselective nanopores and adopt a radial inverse square root current density distribution
(i(r) ∝ 1/

√
(1− r2/r2

n)) in each nanopore of radius rn, which we demonstrate is required for accurate
quantitative description of the access resistances. Finite element simulations validate the analytical
predictions for nanopore-to-central-compartment radius ratios rn/rc up to 0.5. Our results accurately
describe the crossover from two uncoupled pores in series to a single nanopore as the central com-
partment length decreases from infinity to zero. We quantify inter-pore coupling via a characteristic
coupling length ℓ95, defined as the central compartment length at which the total access resistance
decreases to 95% of the uncoupled value. We find that ℓ95 exhibits a nonlinear dependence on rn/rc:
for small rn/rc (≲ 0.1), the coupling length can reach up to an order of magnitude greater than rn,
whereas for larger rn/rc (approaching 0.5), ℓ95 approaches rn. We additionally find that nanopore
coupling is accompanied by a focusing of the current density towards the nanopore center. Our work
provides criteria that allow for the better-informed design of nanopores in series devices for use in
single biomolecule sensing experiments.

1 Introduction
There is significant interest in the use of nanopores as resistive
pulse sensors for single biomolecule detection and characteriza-
tion.1–4 While single nanopores have long been used for this pur-
pose, nanopores connected in series are receiving increased at-
tention and various geometries have been investigated, includ-
ing pore-cavity-pore (through-plane) devices,5–20 in plane pores
in series devices,21–28 tug-of-war devices,29–34 but also alter-
nate geometries such as multi-barrel nanopipettes.35–37 In-series
nanopore devices have enabled advanced characterization of var-
ious analytes, such as of their electrophoretic mobilites in time-
of-flight measurements,7 the analysis of escape times in nar-
row escape problems,6 and the analysis of virus capsid assem-
bly through monitoring of the size of the assembly intermedi-
ates.23,24 In-series nanopores have also enabled the manipulation
of the dynamics of particles to allow trapping of molecules in the
space between two pores and its use as a reaction chamber to
modify the molecules for subsequent characterization,8,20 and it
has been proposed that a pores-in-series geometry would allow
the separation of polymers by length.13

Department of Physics, Brown University, Providence, RI 02912, United States. E-mail:
kuehne@brown.edu

Resistive pulse sensing and the design of the devices that are
meant to carry it out requires knowledge of the conductance, or
equivalently the resistance, of the nanopore system. For a sin-
gle nanopore, the total resistance is usually treated as the bulk
resistance of the system plus an additional term, the access re-
sistance, which arises from the convergence of the charge carrier
streamlines to each side of the pore. The contribution to the ac-
cess resistance from one side of a single circular nanopore with
radius rn has previously been established as38

Ra =
ρbulk

4rn
(1)

in the limit where the pore is contacted on each side by a
semi-infinite electrolyte reservoir. However, if finite sized ex-
ternal reservoirs are considered, the access resistance associated
with these external reservoirs may differ significantly from Eq. 1.
This has been shown explicitly for long, rectangular nanopores
("nanochannels") connected to microchannel compartments.39

Such finite size effects on the access resistance are expected to
be more important in cylindrical geometries.39 In addition to the
outer compartments, for a two nanopores in series device, the fi-
nite size of the central compartment may also have pronounced
effects on the access resistance.
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Fig. 1 Schematic of the nanopores-in-series configuration considered in this work (not to scale) when the length lc of the central compartment is long
enough that the two pores are essentially uncoupled (left), when lc is small so that the associated access resistances are noticeably reduced (center),
and the limiting case where lc = 0, and the system becomes a single nanopore (right). The two pores are assumed to have equal radii rn and connect
to exterior electrolyte compartments of macroscopic length lm and radius rm = lm ≫ rn. Streamlines of the ionic current resulting from a potential
difference ∆V applied across each model are included. The inset shows the assumed radial inverse square root dependence of the current density in
each nanopore, Eq. (11).

Herein we present an analytical model for the electrical re-
sistance of two nanopores in series as schematically shown in
Fig. 1 for the case of no surface charge on the pores so that they
are not permselective. We consider the case of negligible thick-
ness of the membranes in which the nanopores are embedded.
This most closely resembles the important case of nanpores in 2D
materials such as graphene, hexagonal boron nitride, or various
transition metal dichalcogenides such as molybdenum disulfide
(MoS2), which are attractive not only for their high mechani-
cal strengths and chemical durabilities, but also for their unique
transport properties arising from their minimal thickness and the
effects of surface charge.40–48 While surface charge effects can be
significant in such nanopores, particularly at low ionic strengths,
we focus here on the limit where these effects are negligible, al-
lowing us to isolate the geometric contributions to the access re-
sistance. The use of nanopores in 2D materials has also recently
been demonstrated in nanopore in series devices for trapping and
enhanced temporally and spatially resolved tracking of DNA.19,20

We compare the predictions of this analytical model to the results
of finite element simulations and identify a coupling regime for
which the resistance of the system is no longer well approximated
with the use of Eq. (1) for the access resistance on both sides of
each pore. We then comment on the limitations of the validity
of the analytical model as revealed by the simulations and dis-
cuss the aspects of the analytical model that may be useful in the
design of nanopores in series devices for the detection of single
molecules.

2 Analytical Model

We consider two nanopores connected in series as represented by
the axisymmetric 3-compartment model depicted in Fig. 1 in the
limit of vanishing permselectivity. To keep the system analytically
tractable, we assume two nanopores of equal radius rn and neg-
ligible length ln centered on the z-axis. The two nanopores are
separated by a central compartment of length lc and radius rc.
We consider each nanopore to be further connected to an exterior
compartment as would be the case in a nanofluidic experiment.
We consider similarly sized exterior compartments of length lm
and radius rm = lm. A voltage difference ∆V is applied across the
model, with the top side held at −∆V

2 and the bottom side at ∆V
2 .

The compartments are filled with a symmetric, monovalent, bi-
nary electrolyte characterized by its bulk resistivity

ρbulk =
kBT

c02e2D
, (2)

where kB is Boltzmann’s constant, T is the temperature of the
system, c0 is the salt concentration, e is the elementary charge,
and D is the diffusion coefficient (assumed identical for the two
ions). The outer walls of all of the channels are assumed to be
rigid and impermeable.

We use a continuum-based approach and assume a sufficiently
dilute electrolyte solution such that the steady-state convection-
less transport of ions in our system is governed by the Poisson-
Nernst-Planck (PNP) equations (see Eqs. (39)-(40)). In the limit
of vanishing permselectivity considered here—corresponding to
zero surface charge on the pore walls—the local ion concentra-
tion remains uniform throughout the system and equal to the bulk
concentration, c0. Under these conditions, the PNP equations re-
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Fig. 2 The case of a single pore of radius rn. The pore connects two
compartments of radius rm and length lm. The top side of the system is
held at −∆V/2 and the bottom side is held at ∆V/2. Equipotential false
coloring and current streamlines are shown.

duce to Laplace’s equation for the electric potential

∇
2
φ = 0 (3)

in each region. We therefore seek the solution to Laplace’s equa-
tion for the specified geometry that satisfies all of the appropriate
boundary conditions. It is important to note that, due to the use
of the PNP framework, the model can only be expected to hold
down to pore sizes of approximately 1-2 nm. For smaller pores,
continuum assumptions may break down and the Poisson-Nernst-
Planck equations will no longer remain valid, although the exact
limit for the validity of the PNP equations is still an active area
of research.49–51 Ion-ion correlations may also violate the PNP
framework at electrolyte concentrations upwards of 0.1 M.49

2.1 Case of a Single Nanopore

We first consider the limiting case of a single nanopore where
lc = 0 as shown in Fig. 2. We define the bottom edge of the system
to be located at z = 0 in a cylindrical coordinate system and first
consider the solution in the region 0 ≤ z ≤ lm. The solution to
Laplace’s equation for this geometry is given by52

φ (r,z) = A+Bz +
∞

∑
g=1

agJ0
(
kgr

)
sinh

(
kgz

)
(4)

where J0 is the zeroth-order Bessel function and A, B, ag, and kg

are undetermined coefficients to be obtained from the relevant
boundary conditions. In the macroscopic exterior compartment,
we have

φ (r, 0) =
∆V
2

(5)

and require no flux of the electric potential through the compart-
ment walls so that

∂φ

∂ r

∣∣∣∣
r=rm

= 0 (6)

From Eq. (5) and Eq. (6) we obtain kg = βg/rm and Am = ∆V/2,
where βg is the gth positive zero of the first order Bessel func-
tion, J1 (x). At z = lm, the electrical current density through the
nanopores is given by

i(r) =− 1
ρbulk

(
∂φ

∂ z

)
(7)

The impermeable walls enforce i(r) = 0 outside the nanopore, so
that

∂φ

∂ z

∣∣∣∣
z=lm

=

{
−ρbulki(r) 0 ≤ r < rn

0 rn ≤ r ≤ rm
(8)

Integrating each side of this expression over the proper domains
gives

B =−ρbulk
I

πr2
m

(9)

where I is the total current flowing through the system.

Using the orthogonality of Bessel functions, we can multiply
Eq. (8) by J0

(
βg′r/rm

)
and integrate each side of the equation

over the proper domains to solve for each ag′ individually. To
solve for these coefficients, however, we first need to know the
form of the current density in the nanopore, i(r). At this point, a
constant current density given by

i(r) =
I

πr2
n

(10)

could be assumed, which has worked well before with individ-
ual, in parallel, and asymmetric four-layered nanochannel sys-
tems where ln is very large compared to rn under the assumption
that, analogous to fluid flow through pipes, the large length of the
channel allows the current streamlines to fully develop to become
parallel and evenly spaced.39,53,54 However, for our system, since
we consider the case where ln is negligible, it is unreasonable to
assume that the current streamlines will become fully developed
so that there is a constant current density in the nanopores. In
fact, it has been shown that the assumption of a uniform cur-
rent density is not sufficient to predict transition times in the
chronopotentiometric response of permselective membranes and
is therefore not a good assumption in modeling ionic transport
in electrochemical systems, and that the correct current density
must increase near the boundary of the pores.55 An additional
discussion can be found in Section S1 of the Supplementary Infor-
mation where we show that, even for very long nanochannels, the
assumption of a uniform current density should not be expected
to hold. To find a more appropriate form for the current density
within the pore, we note that the access resistance problem of
a single nanopore of negligible thickness between two infinitely
sized electrolyte reservoirs maps to the problem of electrical cur-
rent flow through a circular constriction between two infinitely
sized electrical conductors. Instead of a constant current density,
we turn to a radial inverse square root dependence that has been
established for this problem in electrical contact theory by directly
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solving Laplace’s equation for the case where rn/rm → 0, which is
given by the expression56

i(r) =
I

2πr2
n

√
1− r2/r2

n

(11)

Eq (11) has been shown to be a good approximation for the cur-
rent density in a constriction as long as the radius of the constric-
tion is less than about half of the radius of the adjoining com-
partments, rn ≲ 0.5rm.57 It is worth noting here that at r = rn the
approximated current density given by Eq. (11) diverges. The
singularity is simply a consequence of the sharp edge geometry of
the system and is expected due to the sudden change in bound-
ary conditions at rn. For a real system, the singularity would be
regularized as real edges cannot be infinitely sharp due to atomic
scale roughness. Using the radial inverse square root current den-
sity and carrying out the integration as described yields

ag′ =−
ρbulkIsin

(
βg′rn/rm

)
πrnβ 2

g′J
2
0
(
βg′

)
cosh

(
βg′ lm/rm

) (12)

Having solved for all of the coefficients, we now shift the origin
of the z-axis to be located at the plane of the nanopore so that,
due to the symmetric geometry of the system, the antisymmetry
of the electric potential requires φ (r, 0) = 0. Using this condition
at r = 0, we arrive at the expression for the resistance of the entire
system,

R = ∆V/I = Rbulk +2Ra (13)

where the bulk resistance term is given by

Rbulk =
2ρbulklm

πr2
m

(14)

and the access resistance Ra, which arises on both sides of the
nanopore, is given by

Ra =
∞

∑
g=1

ρbulksin
(
βgrn/rm

)
tanh

(
βglm/rm

)
πrnβ 2

g J2
0
(
βg
) (15)

For comparison, we can also solve for the resistance of the sys-
tem with the assumption of a uniform current density. To do so,
we simply replace i(r) in Eq. (8) with the form given by Eq. 10).
From there, the calculation is the same as for the case with the
inverse square root current density. The expression for B is still
given by Eq. (9). To solve for the coefficients ag, const, we multiply
the modified Eq. (8) by J0

(
βgr/rm

)
and once again integrate over

the proper domains to obtain

ag′,const =−
2ρbulkIJ1

(
βg′rn/rm

)
πrnβ 2

g′J
2
0
(
βg′

)
cosh

(
βg′ lm/rm

) (16)

for the coefficients. The total resistance for the system under the
assumption of a constant current density is therefore

Rconst = ∆V/I = Rbulk +2Ra,const (17)

where the bulk resistance term is again given by Eq. (14) and
the access resistance, Ra, const, which arises on both sides of the

nanopore, is given by

Ra,const =
∞

∑
g=1

2ρbulkJ1
(
βgrn/rm

)
tanh

(
βglm/rm

)
πrnβ 2

g J2
0
(
βg
) (18)

The form of this solution is almost the same as the form
of Eq. (15) but with the sin

(
βgrn/rm

)
term replaced with

2J1
(
βgrn/rm

)
. Therefore, while the dependence of the access re-

sistance on the ratio of the size of the nanopore to the size of
the adjoining compartments is different for each of the two mod-
els, the assumption of a radial inverse square root current density
predicts the same dependence of the access resistance on the ra-
tio of the longitudinal and transverse dimensions of the adjoining
compartments that is predicted using the assumption of a uni-
form current density within the pore. This dependence of the
access resistance on the ratio of the dimensions of the adjoining
compartments is in agreement with several previous studies for
nanochannel geometries that assume uniform current densities
at the mouths of the channels.52,58–65

Since we are generally concerned with the case where lm ≥
rm ≫ rn, we have βg

lm
rm

> βg > β1 so that tanh
(

βg
lm
rm

)
≥ tanh(β1) =

0.999. It is therefore safe to set tanh(βglm/rm) ≈ 1 for all g in
Eq. (32). As rm → ∞, for the argument in the sine term, rn/rm ≈ 0

so that sin
(

βg
rn
rm

)
≈ 0 except for when βg becomes very large.

We further note that in the limit of high g, βg ≈ π(g + 1/4) ≈
πg and that, for x → ∞, J0 (x)→

√
2

πx cos
(
x− π

4
)
.66 We therefore

have β 2
g J2

0 (βg) ≈ 2(g+ 1/4) ≈ 2g. It can then be shown through
evaluation of a well-known Fourier series that

lim
lm,rm→∞

Ra = lim
rm→∞

ρbulk

πrn

∞

∑
g=1

sin
(

πg rn
rm

)
2g

=
ρbulk

4rn
, (19)

recovering Eq. (1), i.e., the established access resistance of a cir-
cular nanopore in contact with a semi-infinite electrolyte reser-
voir,38 as expected. Similarly, we can consider the limiting be-
havior for the access resistance derived using the assumption of
a constant current density, as given by Eq. (18). Using the same
approximations that were used for the case of the radial inverse
square root current density along with the integral representation
of the first order Bessel function, J1 (x) = 1

π

∫
π

0 sinθ sin(xsinθ)dθ ,
we can once again reduce the limit to an evaluation of a well-
known Fourier series to arrive at

lim
lm,rm→∞

Ra, const = lim
rm→∞

ρbulk

πrn

∞

∑
g=1

J1

(
gπ

rn
rm

)
g

=
ρbulk

πrn
, (20)

which is larger than the expected expression, Eq. (1). The failure
of Eq. (18) to exhibit the correct limiting behavior for rm, lm →
∞ demonstrates that a uniform current density is indeed a bad
assumption when considering pores of negligible thickness.

2.2 Case of Two Nanopores in Series

We now move on to the case where lc ̸= 0 so that we now have two
nanopores connected in series. The system is symmetric about a
plane perpendicular to the axis of symmetry and running through
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the middle of the central compartment, which we define to exist
at z = 0. We consider only the solution in the half-space z ≤ 0.
The solution to Laplace’s equation in each region for this geome-
try is again given by Eq. (4). We approach this problem by sepa-
rately solving for the potential in each of the two compartments
existing in the half-space, the lower exterior compartment and
the lower half of the central compartment, separately and subse-
quently matching the solutions at z =−lc/2 to obtain the relation-
ship between the applied voltage and the current. Using the same
assumption of a radial inverse square root current density in the
pores, for the outer macroscopic compartment, the boundary con-
ditions remain the same as for the case of a single pore but with
the z-coordinates shifted by lm + lc/2. Therefore, we have kg,m =

βg/rm, Bm = ρbulkI/πr2
m, Am = ∆V/2−ρbulkI (2lm + lc)/2πr2

m, and

ag′,m =−
ρbulkIsin

(
βg′rn/rm

)
πrnβ 2

g′J
2
0
(
βg′

)
cosh

(
βg′ lm/rm

) (21)

where the subscript ’m’ indicates that we are considering the so-
lution in the macroscopic exterior compartment, −(2lm + lc)/2 ≤
z ≤ −lc/2. We now consider the solution for the potential in the
bottom half of the central compartment. Due to the symmetric
geometry of the system, the electric potential will be antisymmet-
ric, φ (r, −z) = −φ (r, z), so that, for the portion of the central
compartment that exists in the half-space z ≤ 0, we have

φc (r, 0) = 0 (22)

where the subscript ’c’ indicates that we are considering the solu-
tion in the bottom half of the central compartment, −lc/2 ≤ z ≤ 0.
Again, we require no flux of the electric potential through the
compartment walls so that

∂φc

∂ r

∣∣∣∣
r=rc

= 0 (23)

from which we obtain kg,c = βg/rc and Ac = 0.

At z = −lc/2, the electrical current density through the
nanopores is given by

i(r) =− 1
ρbulk

(
∂φc

∂ z

)
(24)

so that, in combination with the condition of impermeable walls,

∂φc

∂ z

∣∣∣∣
z=−lc/2

=

{
−ρbulki(r) 0 ≤ r < rn

0 rn ≤ r ≤ rc
(25)

Integrating over the proper domains gives

Bc =−ρbulk
I

πr2
c

(26)

and, by assuming the radial inverse square root current density
given by Eq. (11), we can multiply Eq. (25) by J0

(
βg′r/rc

)
and

once again integrate to solve for each ag′,c individually to yield

ag′,c =−
ρbulkIsin

(
βg′rn/rc

)
πrnβ 2

g′J
2
0
(
βg′

)
cosh

(
βg′ lc/2rc

) (27)

We now have the solution for the electric potential in both com-
partments. Matching the solutions at the boundary where the
nanopore connects the two compartments

φm

(
r, − lc

2

)
= φc

(
r, − lc

2

)
(28)

we arrive at the expression for the resistance of the entire system

R = ∆V/I = Rbulk +2Ra,c +2Ra,m (29)

where the bulk resistance term is given by

Rbulk =
ρbulklc

πr2
c

+2
ρbulklm

πr2
m

(30)

and the access resistances Ra,c and Ra,m, which arise on both sides
of each nanopore, are given by

Ra,c =
∞

∑
g=1

ρbulksin
(
βgrn/rc

)
tanh

(
βglc/2rc

)
πrnβ 2

g J2
0
(
βg
) (31)

and

Ra,m =
∞

∑
g=1

ρbulksin
(
βgrn/rm

)
tanh

(
βglm/rm

)
πrnβ 2

g J2
0
(
βg
) (32)

As was done for the case of a single pore, for comparison, we
may solve for the resistance of the two pore system under the as-
sumption of a constant current density. The calculation proceeds
in exactly the same was as for the case with the inverse square
root current density but with i(r) replaced by Eq. (10) instead
of Eq. (11). The coefficients remain exactly the same with the
exception of

ag′,c, const =−
2ρbulkIJ1

(
βg′rn/rc

)
πrnβ 2

g′J
2
0
(
βg′

)
cosh

(
βg′ lc/2rc

) (33)

and

ag′,m, const =−
2ρbulkIJ1

(
βg′rn/rm

)
πrnβ 2

g′J
2
0
(
βg′

)
cosh

(
βg′ lm/rm

) (34)

Matching the solutions at the boundary gives

Rconst = ∆V/I = Rbulk +2Ra,c,const +2Ra,m,const (35)

where the bulk resistance term is again given by Eq. (30) and
the access resistances, Ra,c and Ra,m, which arise on both sides of
each nanopore, are given by

Ra,c,const =
∞

∑
g=1

2ρbulkJ1
(
βgrn/rc

)
tanh

(
βglc/2rc

)
πrnβ 2

g J2
0
(
βg
) (36)

and

Ra,m,const =
∞

∑
g=1

2ρbulkJ1
(
βgrn/rm

)
tanh

(
βglm/rm

)
πrnβ 2

g J2
0
(
βg
) (37)

Again, these forms are almost the same as the form of Eq. (31)
and Eq. (32) but with the sin(βkrn/rm) terms replaced with
2J1

(
βgrn/rm

)
.

Eq. (32) is exactly the same expression as Eq. (15) so that the
limit of Ra,m as lm,rm →∞ is again ρbulk/4rn. Note that for rm, lm →
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Fig. 3 (a) Access resistance as given by Eq. (31), q = c, or Eq. (32),
q=m, in the uncoupled pore limit (lc → ∞) plotted with respect to rn/rc
and normalized by ρbulk/4rn (black). Rosenfeld and Timsit’s 67,68 result
based on a more accurate radial current density (Eq. (38), blue). (b)
access resistance as given by Eq. (31) plotted as a function of rn/rc
and normalized by ρbulk/4rn for different values of the relative central
compartment length lc/rc.

∞, if we let lc → 0 in Eq. (31), we obtain R = Rbulk + 2Ra,m =

Rbulk +
ρbulk
2rn

. In other words, if the central compartment vanishes,
the system we recover is that of a single nanopore with its two
associated access resistances (see Fig. 1 right). Note also that Eqs.
(31) and (32) are identical in the case where rc = rm and lc = 2lm.
In this case, and for rm, lm → ∞, we obtain R = Rbulk + 4Ra,m =

Rbulk +
ρbulk

rn
, i.e., the access resistance contributions to the total

resistance are those of two uncoupled nanopores each in contact
with semi-infinite electrolyte reservoirs on both sides.

We further explore the dependence of the access resistances
given by Eqs. (31) and (32) on the ratios rn/rc and rn/rm, re-
spectively. In Fig. 3a, we consider the uncoupled nanopore limit
(lc, lm → ∞) so that the hyperbolic tangent terms in the expres-
sions for the access resistance are set equal to 1. For rn ≪ rm

(respectively rn ≪ rc), we recover Ra,m ≈ ρbulk/4rn (respectively
Ra,c ≈ ρbulk/4rn), i.e., the expected expression of the access resis-
tance associated with a nanopore in contact with a semi-infinite
electrolyte reservoir (Eq. (1)). However, as the nanopore radius
becomes comparable to the radius of the neighboring compart-
ment, the associated access resistance drops. The dependence
we derive based on the inverse square root form of the current
density in the nanopore (Eq. (11)) is shown in black in Fig. 3a.
It compares very well with the more accurate dependence (blue
line in Fig. 3a) derived by Rosenfeld and Timsit67,68 for the case

of a constriction in an infinite cylindrical conductor without the
assumption of a specific current density in the constriction

Ra,Timsit =
ρbulk

4rn

[
1−1.41581

(
rn

rm

)
+0.06322

(
rn

rm

)2

+0.15261
(

rn

rm

)3
+0.19998

(
rn

rm

)4
]

(38)

in the relevant range rn/rm ≤ 0.5 (respectively rn/rc ≤ 0.5) where
the inverse square root current density is supposed to hold well.
For ratios greater than 0.5, the access resistance given by Eq. (38)
approaches 0 while the access resistance given by Eqs. (31) and
(32) tend towards negative values.

Next, we explore the access resistance in the central compart-
ment as we vary lc. Eq. (31) predicts the dependencies shown in
Fig. 3b. As can be seen, while for lc/rc ≫ 1 we obtain the same
trend as shown in Fig. 3a, for lc/rc < 1 we see a pronounced re-
duction in Ra,c down to small ratios of rn/rc. This is the hallmark
effect of interpore coupling on the access resistance in the central
compartment.

3 Numerical Computation
In order to validate our analytical results, we performed numer-
ical simulations across a range of geometries using the finite ele-
ment solver COMSOL. A voltage difference of ∆V = 0.1 V was cho-
sen for the simulations so that the top side of the system was held
at 0.05 V and the bottom side of the system was held at −0.05 V.
Since the simulations required a finite length of the nanopores,
the length was chosen so that ln/2rn ≪ 1 in order to mimic the re-
sults for a true constriction of zero length. The outer walls of the
channels were set to be rigid and impermeable so that J⃗± · n⃗ = 0,
where J⃗± represents the fluxes of the positive and negative ion
species and n⃗ is the unit vector normal to the channel walls. The
bulk concentration was set to be C = 10 mol/m3. For all simu-
lations, the charge numbers of the two ion species were chosen
to be z± =±1. The transport of ions in the simulations was then
governed by Poisson’s equation

∇
2
φ =−ρ

ε
(39)

and the steady state Nernst-Planck equation

J⃗± =−D±(⃗∇c±± e
kBT

c±∇⃗φ) (40)

Values of D± = 1.0× 10−9 m2/s for the ion diffusivities, close to
that of the constituent ions in many dilute aqueous monvalent
salt solutions, T = 293.15 K for the temperature, and εr = 80 for
the relative permittivity of the fluid, the approximate value for an
aqueous electrolyte, were chosen for the simulations. To reduce
the computational complexity of our simulations, we chose values
of rm = lm on the order of several nanometers, noting that as long
as rm = lm ≫ rn the contribution to the total access resistance from
these exterior compartments should remain well approximated
by Eq. 1 and will therefore be similar to that of exterior com-
partments of larger dimensions. These equations constitute the
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Fig. 4 Characteristic nanopore coupling length, ℓp, normalized by rc
(top) and rn (bottom) and plotted as a function of rn/rc, where p is the
percentage of the uncoupled value of Ra,c (obtained in the limit where
lc → ∞). The inset shows ℓp normalized by rn as a function of p for
different rn/rc.

Poisson-Nernst-Planck (PNP) framework for ion transport, which
forms the basis for validating our analytical model. Note that for
the zero surface charge conditions considered here, the simula-
tions confirm that the concentration remains uniform throughout
the domain, consistent with the assumptions underlying the ana-
lytical derivation.

4 Results
Before examining the results of the simulations, we first present
the expected behavior of the access resistance as described by
our analytical model. For the design of nanopores in series de-
vices it is important to have a thorough understanding of the
impact that the design parameters will have on the resistance
of the device. We therefore wish to determine the degree of
nanopore coupling via the lengths ℓp at which the total access
resistance, ∑Ra = 2Ra,c + 2Ra,m, has dropped to a percent value
p = 97.5,95,90,85,80,75 of its uncoupled value (the value ob-
tained for lc → ∞ in Fig. 3). The top of Fig. 4 shows the de-
pendency of the ratio ℓp/rc on the ratio rn/rc for different values
of p as predicted from Eq. (31) and (32), where we have set
lm = rm = rc. As p decreases, the values of ℓp/rc decrease as well,

with the relationship between ℓp/rc and p being nonlinear. Less
of a decrease in ℓp/rc is required to achieve the same decrease in
p as the value of p decreases. This behavior indicates that, even
for lc just below that which results in a reduction of the access
resistance by 5%, the access resistance becomes very sensitive to
small changes in lc.

Further insight can be gained by considering the relationship
between ℓp and rn as rn/rc changes. The slopes of the curves in
the top of Fig. 4 approach unity for small values of rn/rc, meaning
that, for these small values of rn/rc, the ratio of ℓp to rn will be
a constant that is dependent on the chosen value of p. The satu-
ration of the curves in the bottom of Fig. 4 at low values of rn/rc

highlights this effect, as well as the nonlinear behavior in the in-
set at the top of Fig. 4 for small rn/rc. Additionally, the bottom of
Fig. 4 shows that, regardless of the value of p, for rn/rc approach-
ing 0.5, ℓp will be very close to the dimensions of the nanopore.
This effect is highlighted by the inset in the top of Fig. 4. Simi-
larly, Chou et al.19 recently defined the coupling length for two
asymmetric nanopores in series as the length at which the total
conductance of the system departs from the uncoupled reference
case, i.e., where the two nanopores are spaced apart by a length
significantly greater than their dimensions. In this case, Chou et
al.19 found numerically that coupling occurs when the separation
between nanopores is roughly the same as their diameters. Our
model and definition of nanopore coupling predict similar cou-
pling lengths for rn/rc ≳ 0.1. However, as can be seen in Fig. 4,
for small values of rn/rc nanopore coupling noticeably reduces the
access resistance in the central compartment already at lengths ℓp

up to an order of magnitude greater than rn. To achieve ∼ 25 %
reduction in access resistance compared to the uncoupled pore
case, we nonetheless need lc ≈ rn.

Having established the expected behavior of the resistance
of the system, we now present the result of the finite element
method simulations. These results are divided into two distinct
cases. We first present results for the case where the radius of the
central channel matches the radius of the two exterior compart-
ments in Section 4.1. In Section 4.2, we present the results when
the radius of the central channel is allowed to vary.

4.1 Case I: rc = rm

Fig. 5a shows an example of one of the geometries considered
for this case with rc = rm = 40 nm, rn = 8 nm, and lc = 80 nm.
The equipotential false coloring and current streamlines were ex-
tracted from the simulation data. For this case, rc was always set
equal to rm and rn/rc, was allowed to vary up to 0.5. The length
of the central compartment, lc, was varied as well.

The total access resistance, ∑Ra = 2Ra,c +2Ra,m, was obtained
from the simulation data by subtracting the bulk resistance from
the total resistance of the system. In Fig. 5b, the total access
resistance as a function of the central channel length ranging from
2 nm to 200 nm is plotted for rn/rc ratios of 0.025, 0.05, 0.1, 0.3,
and 0.5. The total access resistances computed from Eq. (31)
and Eq. (32) are shown by the solid lines in the figure, and the
total access resistances computed from the same model but using
the uniform current density described by Eq. (10) are shown by
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Fig. 5 Simulation results for Case I where rc = rm. (a) System cross section with equipotential false coloring and current streamlines for rn/rc = 0.2
and lc/rc = 2.0. (b) Total access resistance for various ratios of rn/rc compared to the predictions of the model assuming either an inverse square
root current density (Eq. 11, solid lines) or a constant current density (Eq. (10, dotted lines). (c) The current density in the nanopore normalized
by Eq. (11) for various values of rn/rc when lc/rc = 5.0. (d) The normalized current density for various values of lc/rc and constant rn/rc = 0.3. (e)
Normalized coupling length for different values of rc = rm as a function of rn/rc plotted alongside the predictions of the analytical model.

the dashed lines in the figure. The access resistance approaches
the expected value equal to that of two completely independent
nanopores each in contact with semi-infinite electrolyte reservoirs
on both sides at large values of lc, and drops towards the value
expected for a single pore in contact with semi-infinite electrolyte
reservoirs on both sides as lc decreases. The values obtained from
Eq. (31) and Eq. (32) agree well with the simulated data with
a slight deviation at low values of lc and provide a much better
match to the data than the values obtained using the assumption
of a uniform current density.

The current densities, i(r), in the nanochannels are also ex-
tracted from the simulation data. Fig. 5c shows the current den-
sity normalized by Eq. (11) as a function of the normalized ra-
dius, r/rn, for a set value of lc = 200 nm and for rn/rc ratios of
0.025, 0.05, 0.1, 0.3, and 0.5. Note that in Fig. 5c, the graph
is cut off near r/rn = 1, since, for r/rn → 1 , the current density
given by Eq. 11 approaches infinity. In the region that has been
cut from the graph, the normalized current density rapidly ap-
proaches zero. The data shows that the current density in the
pore is in good agreement with the assumed form of the current
density for ratios of rn/rc less than 0.5, at which point more of
the current density spreads towards the center of the nanopore as
opposed to being concentrated towards the edge and the devia-
tion of the current density from the approximated form begins to
become significant. Fig. 5d shows the current density normalized
by Eq. (11) as a function of the normalized radius, r/rn, for a set
value of rn = 12 nm and for lc values of 2 nm, 4 nm, 20 nm, 40 nm,
80 nm, and 200 nm, where again the graph has been cut off near
r/rn = 1 due to the divergence of Eq. 11 for r/rn → 1. For large
values of lc, the current density agrees very well with the form

given by Eq. (11). As lc decreases, the current density begins to
deviate from the approximate form by focusing more towards the
center of the pore, reaching a maximum point of deviation and
then tending back towards the form of Eq. (11) as the geome-
try begins to approach that of a single pore. The deviation from
the assumed current density corresponds to the deviation of the
simulation extracted total access resistances from those expected
from the model for small values of lc.

We arbitrarily define the coupling length to be ℓ95, the length
at which the total access resistance drops to 95% of the saturated
value for large lc, as beyond this 5% deviation, the total access
resistance drops rapidly and the effects of the coupling cannot be
ignored. Additionally, a 5% reduction is significant as it repre-
sents a reasonable threshold that may be experimentally distin-
guished from spurious effects related to tolerances and noise. We
extract the coupling length as a function of the nanopore radius
for rc = rm = 40 nm, 60 nm, and 80 nm and plot it in Fig. 5e.
The data collapses onto the same curve for the three different
values of rc = rm showing that, for this geometry, the coupling
condition is influenced only by the ratio of the nanopore radius
to the radius of the central channel, since for this geometry the
radius of the central channel and the radius of the exterior com-
partment are set to be the same. For the specific geometry con-
sidered in Fig. 5d, the ratio of the coupling length to the radius
of the central compartment is 0.665. For lc/rc above this value,
the current density in the nanopores matches very well with the
approximated form, while for ratios below this value, focusing of
the current density towards the center of the nanopore occurs,
showing that the coupling of the nanopores not only reduces the
access resistance but is also accompanied by a deviation of the
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Fig. 6 Simulation results for Case II where rc ̸= rm = 40 nm. (a) System cross section with equipotential false coloring and current streamlines for
rc/rn = 10.0 and rn = 2 nm. (b) Total access resistance for various ratios of rc/rn and constant rn compared to analytical predictions assuming either
an inverse square root current density (Eq. 11, solid line) or a constant current density (Eq. (10), dotted line). (c) The current density in the nanopore
normalized by Eq. (11) for several values of rc/rn and constant rn and lc. (d) The normalized current density for several values of lc/rc and constant
rn and rc. (e) Normalized coupling lengths for different values of rc plotted alongside the predictions of analytical model.

current density from the form given by Eq. (11).

4.2 Case II: Varying rc

Fig. 6a shows an example of a geometry considered for this sec-
ond case with rm = 40 nm, rc = 20 nm, rn = 2 nm, and lc = 40 nm.
The equipotential false coloring and current streamlines were ex-
tracted from the simulation data. For this case, rc was varied
between 10 nm and 40 nm, and rn/rc was allowed to vary up to
0.5. The length of the central channel, lc, was also varied. The
value of rm was kept constant at 40 nm.

Again, the total access resistance was obtained from the sim-
ulation data by subtracting the bulk resistance from the total
resistance. In Fig. 6b, the total access resistance as a func-
tion of the central channel length ranging from 2 nm to 200
nm is plotted for a constant value of rn = 2 nm and values of
rc = 10 nm, 20 nm, 30 nm, and 40 nm. The total access resis-
tances computed from Eq. (31) and Eq. (32) are shown by the
solid lines in the figure, and the total access resistances computed
from the same model using the uniform current density are shown
by the dashed lines. For all values of rc, the access resistance
drops towards the expected value for a single pore in contact with
semi-infinite electrolyte reservoirs on both sides as lc decreases.
However, as rc decreases, the total access resistance no longer
approaches that of two completely independent nanopores each
in contact with semi-infinite electrolyte reservoirs on both sides,
even for large values of lc, as the effect of a finite sized central
channel remains important for these smaller values of rc. Again,
the values obtained from Eq. (31) and Eq. (32) agree with the
simulated data with a slight deviation at low values of lc and pro-
vides a better description than the model using the assumption of

a uniform current density in the pore.
The current densities in the nanochannels were again extracted

from the simulation data for this second case. Fig. 6c shows the
current density normalized by Eq. (11) as a function of the nor-
malized radius for set values of lc = 200 nm and rn = 2 nm and
for rc/rn ratios of 5.0, 10.0, 15.0, and 20.0. As was done for pre-
vious graphs of current densities normalized by Eq. 11, the graph
in Fig. 6c is cut off near r/rn = 1 due to the divergence of Eq. 11
when r/rn → 1. In all cases, the current density in the pore is in
good agreement with the assumed form of the current density, as
the ratio of rn to rc remains well below the value of 0.5 at which
the validity of the approximation begins to break down. Fig. 6d
shows the normalized current density as a function of the nor-
malized radius for set values of rn = 2 nm and rc = 30 nm and
for lc values of 2 nm, 4 nm, 20 nm, 40 nm, 80 nm, and 200
nm where we have once again excluded the region of the graph
near r/rn = 1. For large values of lc, the current density agrees
very well with the form given by Eq. (11). As lc decreases, the
current density begins to focus more towards the center of the
pore, corresponding to the deviation of the access resistances ob-
tained from the simulations from those obtained from the model
for small values of lc as seen in Fig. 6b.

We extract the coupling length as a function of the nanopore ra-
dius and plot it, for values of rc = 10 nm, 20 nm, 30 nm, and 40 nm
in Fig. 6e. For this plot, we normalize both the coupling length
and the nanopore radius by the radius of the central channel,
and the value of the radius of the exterior compartments is kept
constant at rm = 40 nm. The curves for the different central chan-
nel radii take a similar shape, but are compressed as the radius
decreases. As expected, the coupling length therefore becomes
dependent on both rc/rm and rn/rm in addition to the ratio rn/rc.
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For the specific geometry considered in Fig. 6d, the ratio of the
coupling length to the radius of the central compartment is 0.33.
As was seen for the first case, for lc/rc above this value the cur-
rent density in the nanopores matches very well with the approxi-
mated form, while for ratios below this value, noticeable focusing
of the current density towards the center of the nanopore occurs.

5 Discussion
Our results provide an accurate description of the access resis-
tance of a nanopores in series pair from which the correct ratios
can be determined to either achieve or avoid coupling of the pores
in the design of nanopores in series devices. The analytical model
is limited by the validity of approximating the current density in
the nanopores by Eq. (11), which we have shown works well
for ratios of rn/rc up to 0.5, in agreement with previous find-
ings.57,67,68 The results show that, as expected, the simplified
assumption of a constant current density cannot be used. We
also demonstrate that the coupling regime is characterized by a
focusing of the current density from the edges of the pores to
their centers, leading to slight deviations from the predictions of
our model. Accurate determination of the access resistance in
nanopore in series systems is therefore strongly dependent on the
determination of the correct current density within the pores, and
an interesting direction for future work could be the determina-
tion of a more accurate description of the current density for both
the case where rc ̸= rm and the cases where rn/rc and rn/rm may
be greater than 0.5.

We note that the current density focusing reported here arises
naturally from the geometry of the system. A physical expla-
nation for the focusing of the current density in the coupling
regime can be found by considering the spreading of the ionic
current in the central channel. As the length of the central chan-
nel decreases, the electrical resistance penalty incurred as a con-
sequence of spreading radially throughout the compartment be-
comes very large in comparison to the resistance associated with
remaining close to the system’s center. Therefore, the density of
the current streamlines at the center of the system increases as
the two pores approach, as more of the current will flow along
the paths of lower resistance. Fig. 7 shows the current density in
the middle of the central compartment (z = 0) for a typical geom-
etry that was studied, which drops rapidly to zero for values of
r greater than rn at small values of lc, illustrating this tendency
for more of the current to remain closer to the system’s center.
The reduction in the spreading of the current causes the access
resistance to decrease and leads to the coupling behavior present
in both the simulations and the analytical model. It follows that
the greater deviation in the current density in the nanopores from
the approximated form at small values of lc also arises from this
focusing of the current density towards the center of the system.
The radial inverse square root current density was derived for
the case of a constriction between two infinitely sized electri-
cal conductors56 and therefore is expected to break down when
these conductors, or equivalently the electrolyte compartments
surrounding the pores in our system, become finite in size and
the spreading of the current becomes limited. When the current
density is kept radially more collimated in the space between the

pores, the current density near the radial center of the pores gets
enhanced compared to the radial inverse square root approxima-
tion. Essentially, since the current remains concentrated mostly
near the center of the system, the central channel has an effec-
tive radius that is no longer much larger than the radius of the
nanopore, leading to a focusing effect that is similar to what can
be seen in Fig. 5c for rn/rc = 0.5.

Fig. 7 Current density in the middle of the central channel, normalized by
I/πr2

c , for different lengths of the central compartment. Here rn = 12 nm
and rm = rc = 40 nm.

In addition to being characterized by a deviation of the current
density in the nanopores from the form of Eq. (11), the coupling
is also characterized by a high sensitivity to changes in lc/rc. The
high sensitivity of the resistance to changes in the geometry of
the system within this coupling regime could be taken advantage
of in the design of nanofluidic sensing devices. Additionally, the
value for ℓ95/rc peaks at a specific value of rn/rc. The value of
rn/rc where this maximum coupling length occurs is an important
parameter in the design of coupled nanopores in series devices,
as it sets an upper limit on what the separation length may be
for the pores to remain coupled as well as what the size of the
pores must be to achieve this length. While the analytical model
predicts a peak in the value of ℓ95/rc as well, the model predicts
these peaks to occur for higher values of rn/rc and overestimates
the coupling length near rn/rc = 0.5 due to the deviation in the
actual current density from the radial inverse square root form
that was assumed.

While we assume the pores to have a negligible thickness in our
model to approximate the case of nanopores in 2D materials, in
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real systems and for very small pores, the radius of the pore may
approach the finite thickness of many 2D materials. As discussed
in Section S2 of the Supplementary Information, the model we
derive under the assumption of negligible thickness still works
well provided that the bulk resistance from the nanopores is in-
cluded in the expression for the total resistance of the system.

Our model is also derived under the assumption of vanishing
permselectivity (zero surface charge), which ensures uniform ion
concentration throughout the system. As described in more detail
in Section S3 of the Supplementary Information, the model can
still be expected to hold for low values of the surface charge den-
sity at concentrations such that the Dukhin length is very small
compared to the radius of the pore. For nanopores with signifi-
cant surface charge, particularly at low salt concentrations where
the Debye length becomes comparable to the pore dimensions,
permselectivity effects would need to be incorporated. The exten-
sion of this framework to account for surface charge and permse-
lective effects represents an important direction for future work.

6 Conclusions
In this work we have derived analytical expressions for the electri-
cal resistance of two nanopores in series for the case of vanishing
permselectivity and negligible pore thickness. The model adopts a
radial inverse square root current density profile within the pores,
which we demonstrate is essential for accurate quantitative pre-
dictions—in contrast to the constant current density assumption
often used for long nanochannels. We validate our analytical
model against finite element simulations and show good agree-
ment for nanopore-to-central-compartment radius ratios rn/rc up
to 0.5. Our model correctly recovers the expected limiting be-
haviors: as the central compartment length lc → 0, the system
reduces to a single nanopore with its two associated access resis-
tances; as lc → ∞, the resistance approaches that of two uncou-
pled nanopores; and for rn ≪ rc (respectively rn ≪ rm), the access
resistance reduces to Hall’s classical result, ρbulk/4rn. We quantify
inter-pore coupling through a characteristic coupling length, ℓ95,
at which the total access resistance decreases to 95% of the uncou-
pled value. This coupling length exhibits a nonlinear dependence
on rn/rc: for small rn/rc (≲ 0.1), ℓ95 can reach up to an order of
magnitude greater than rn, whereas for larger rn/rc (approaching
0.5), ℓ95 approaches rn. We additionally find that nanopore cou-
pling is accompanied by a focusing of the current density from the
pore edges toward the center, and that the access resistance be-
comes highly sensitive to small changes in lc within the coupling
regime. Our results provide a framework for determining the re-
sistance of nanopores in series systems and can be used to extract
design parameters for the construction of coupled and uncoupled
nanopore devices for single biomolecule manipulation, sensing,
and characterization.
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The data that support the findings of this study are available in Zenodo, at 
https://doi.org/10.5281/zenodo.17809814, reference number 69. 
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