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1 Introduction

Universal Scaling Formalism and Analytical Optimization
Criterion for Multiscale Geometric Design of Thermo-
electric Metamaterials’

Xanthippi Zianni*¢

Thermoelectric (TE) generators directly convert heat into electricity, yet their performance is of-
ten limited by small temperature gradients. Width-modulated metamaterials with constrictions and
expansions (constricted geometries) sustain larger temperature differences AT than constant-width
counterparts due to reduced Transmissivity (Tr)—the geometric ratio of constriction to expansion
cross-sections. A scaling behavior of transport and key TE performance metrics with Transmissivity
is demonstrated from the nanoscale to the macroscale using analytical formalism and simulations
across single- and multiple-constriction profiles. It is shown that AT, electrical and thermal resis-
tances, efficiency, and output power are governed by a single scaling function g(7r)—the conductance
of a constricted geometry relative to a uniform-width counterpart—independent of carrier type, ma-
terial, or operating conditions. Universal scaling formalism leads to Performance Design Maps and
an analytical optimization criterion: maximum TE performance occurs at an optimal Transmissivity
Tropt, where g(Tr,p) = Bi, with Bi = hL/k denoting the Biot number and £, L, and k the convection
coefficient, length, and thermal conductivity, respectively. Compared with the uniform geometry, the
optimal constricted geometry produces a maximum output power reduced under fixed AT, by a factor
of Bi/4, and enhanced under identical convective operating conditions by a factor of (1+Bi)?/(4Bi).
This work provides a theoretical framework for multiscale design and optimization of constricted
geometries, thereby enabling systematic exploration of design strategies for next-generation TE mod-
ules based on advanced thermoelectric metamaterials analogous to nature's hierarchical structures
for optimized functionality.

though materials with high ZT values have been discovered, their

Thermoelectric (TE) energy conversion directly transforms heat
into electricity, offering a solid-state solution to energy and en-
vironmental challenges [1-3]. Thermoelectric devices, with their
compact and scalable design, offer a sustainable response to the
growing power demands of microelectronics, Al, autonomous
sensors, and next-generation technologies by directly converting
heat into electricity and recycling waste heat [3-10].

The performance of TE devices is governed by a combination
of properties of the material constituting the TE leg - primarily
the figure of merit (ZT), which depends on the Seebeck coeffi-
cient, the electrical conductivity, and the thermal conductivity - as
well as device-level factors such as maintenance of high tempera-
ture gradients with the use of efficient heat exchangers [2,11,12],
low contact/interface resistances to decrease output power losses
[1,2,13-16] and alternatives to the traditional 7-module geom-
etry to meet the needs of various applications [12,17-19]. Al-
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integration into efficient modules remains limited due to unre-
solved technological challenges [16]. Today, a revolutionary shift
in TE research recognizes material geometry as an independent
factor capable of maximizing the thermal resistance of the leg
and maintaining a high temperature difference, AT, under var-
ious operating conditions. Optimizing conventional TE leg ge-
ometry involves adjusting the height and cross-sectional area of
a cuboid-shaped material to balance the requirements for high
thermal resistance and low electrical resistance [2,14,20]. Non-
cuboid shapes with variable cross-section - particularly pyrami-
dal geometries - have drawn research interest in TEs since the
early years of research [21-23], but remained of limited focus un-
til recent advances in metamaterials science and technology re-
newed attention. Width-modulated metamaterials featuring con-
strictions and expansions (constricted geometries) were proposed
to increase the TE efficiency by geometrical tuning the electrical
and thermal transport [24-28]. Research interest in pyramidal
[29-32] and constricted geometries [33-35] has been reignited,
theoretically demonstrating enhanced TE performance. Further-
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more, significant progress in advanced manufacturing techniques
- such as additive manufacturing and Direct Ink Writing - enabled
fabrication of non-conventional TE legs and initial experimental
validation of predictions [36-37]. These findings sparked a surge
of research on non-cuboid TE leg configurations [38-53]. Future
advances will depend on multi-factor optimization of TE devices
based on non-cuboid legs [16,54,55]. Optimizing metamaterial
geometry with respect to TE performance metrics is a central pre-
requisite for advancing thermoelectric devices. Numerical stud-
ies have examined a wide range of non-cuboid shapes, demon-
strating that variable cross-sections can improve performance un-
der diverse boundary conditions and constraints (e.g., constant
volume, constant surface area) [33,35,37,43,46,56-58]. Among
these, constricted geometries consistently outperform cuboid and
other variable cross-section designs [34,35,37,49]. Recent pro-
posals for novel TE leg architectures - enabled by advanced man-
ufacturing techniques - underscore the growing emphasis on en-
hancing TEG efficiency through geometry optimization, informed
by high-fidelity simulations [16]. Despite this progress, three key
challenges persist [54]: (i) an incomplete understanding of how
shape governs the thermal and electrical resistances of metama-
terials, (ii) the lack of validated optimization criteria applicable
across different geometries, and (iii) the absence of standardized
descriptors required for Al-driven design. The present work ad-
dresses these challenges introducing a physically grounded anal-
ysis, global optimization criteria, and performance metrics, sup-
ported by universal scaling formalism validated through finite ele-
ment calculations across a range of geometry modulation profiles.

Geometry modulation affects transport on two distinct levels:
material and structural. At the material level, it influences elec-
tric and thermal transport by modifying the energy states of elec-
trons and phonons and altering their scattering [24-26,59]. At
the structural level, transport is constrained by reduced Transmis-
sivity - a mechanism arising purely from geometry, and fundamen-
tally different from conventional boundary or interface scattering
mechanisms [27]. The concept of Transmissivity, fully defined by
the geometry-modulation profile, was first introduced as an intu-
itive framework for analyzing nanoscale thermal transport in con-
stricted metamaterials [27]. Follow-up studies employing phonon
Monte Carlo simulations validated these initial insights and un-
covered distinct features associated with this mechanism [28].
A central finding was the characteristic scaling between thermal
conduction and Transmissivity [27,28]. In this work, this concept
is extended to the macroscale by demonstrating universal scal-
ing dependence of electrical transport, thermal transport, and TE
performance metrics on Transmissivity in constricted geometries
with single- and multiple- constriction profiles at millimetric di-
mensions (Figure 1). A universal scaling formalism is developed,
together with and an analytical performance optimization crite-
rion in terms of Transmissivity, which is thereby established as
a fundamental geometric descriptor enabling general multiscale
design rules and global optimization criteria for enhancing TE
performance.

Section 2 introduces the theoretical model and methodology.
Section 3 presents and discusses the simulation results along with
the analytical formalism, establishing universal scaling relations
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for electrical resistance, thermal resistance, temperature differ-
ence, efficiency and maximum output power with Transmissiv-
ity. It also introduces Performance Design Maps, formulates a
global optimization criterion for maximizing the TE performance
of metamaterials with constricted geometry and discusses the ap-
plication of the geometry optimization formalism in connection
with device-level factors and practical device design.

2 Method and validation

Calculations were carried out using the finite element method
where the structure is discretized into individual cells. At two
opposite sides of the material are imposed electrical potential dif-
ference AV and temperature difference AT. The current densities,
J, and heat flux, q, are calculated using the following definitions
[2,14]:

J=—0(VV+SVT) (1)

q=—kVT +STJ )

where o is the electrical conductivity, S is the Seebeck coeffi-
cient and k is the thermal conductivity of the material. The elec-
trical potential, V, and the absolute temperature, T, profiles are
determined applying electric current continuity and energy con-
servation conditions:

V-J=0 3

V.q=-VV-J 4

Calculations performed across different materials, dimen-
sions, and temperature gradients consistently revealed the same
trends. For clarity, we present representative results for n-type
BiyTey7Seq 3 constricted geometries with single- and multiple-
constriction modulation profiles. In the calculation, the experi-
mentally measured [60] temperature dependence of the electrical
conductivity, Seebeck coefficient, and thermal conductivity were
used for the corresponding material parameters. The discretiza-
tion of the structures varied depending on the complexity of the
modulation and the length of the structure. For each geometry,
the mesh was refined until further reduction of the cell size pro-
duced no change in the computed temperature and bias profiles.
Convergence was assumed when additional refinement loops left
these profiles unchanged and the continuity conditions were sat-
isfied to within a few percent (typically 1-5 %). A constant elec-
trical bias was applied at the two opposite ends of the TE leg.
Currents were then calculated as a function of the applied bias,
and independent simulations were performed for a series of bias
values to determine the current—voltage characteristics. The tem-
perature at the hot side was fixed (Equation A.2). At the cold
side, the boundary condition depended on the operating mode:
the temperature was set equal to the ambient temperature 7, un-
der fixed-temperature conditions, whereas Equation A.3 was ap-
plied under convective cooling. Calculations were tested over a
range of boundary-condition parameters. Representative results
are presented for a hot-side temperature of 7, = 400 K, ambient
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temperature at 7, = 300 K and convection coefficients 1= 200
Wm 2K~ (efficient convection) and h= 20 Wm 2K ! (weak con-
vection).

Simulation results are interpreted by analytical formalism;
their mutual comparison provides validation for both approaches.
The finite-element simulations were also compared with recent
experimental data, and very good agreement was obtained [61].
These experimental results were originally reported to be consis-
tent with COMSOL simulations. Our calculations show quantita-
tive agreement with those simulations as well as with other stan-
dard finite-element solvers widely used in the community, and can
be readily reproduced using such tools. In addition, the Monte
Carlo calculations were performed using an advanced simulator
that is now publicly available [62].

3 Results and Discussion

3.1 Scaling of transport with Transmissivity

Evaluation of a TE device performance typically relies on the fig-
ure of merit ZT, the conversion efficiency, 1, 1,u4x and the maxi-
mum output power, P, of the material constituting the TE leg

[2]:

2
ZT = GSk T (5)
=gt (6a)
m
AT V1+ZT -1
Nmax = —— — 7. (6b)
T VI+ZT + 7
V2 S2AT?
Py = -9C —
max = Jr T 4Ry @)

where P,; is the electrical output power and Q;, is the incoming
thermal power. V¢ is the open circuit voltage, 7j.) is the temper-
ature of the hot (cold) side of the material, AT is the temperature
difference across the structure and R,; is the material electrical
resistance.

To improve TE efficiency, it is essential to enhance the intrinsic
material’s figure of merit ZT and maintain a large temperature
difference AT across the material [Equation (6b)]. The value of
ZT can be increased by engineering the material microscale mor-
phology to optimize the transport properties: o, S, and k. Preserv-
ing a high AT requires minimizing the thermal conductance of the
material G;;, (or equivalently, maximizing the material’s thermal
resistance R,j,), thereby reducing parasitic heat flow. This reduc-
tion can be achieved by lowering the material’s intrinsic thermal
conductivity at the microscale or by geometrically tuning G, (R;)-
Among various geometry design strategies, constricted geome-
try is a suitable approach because width-modulated materials
by constrictions exhibit lower G;; than the corresponding G?h of
constant-width cuboids. This was initially demonstrated in width-
modulated nanostructures [27,28]. In particular, it was shown
that the thermal conductance G;j, of width-modulated nanoslabs
(wires and films) decreases monotonically with decreasing the
constriction width, relative to the conductance G?h of the corre-
sponding uniform structure with constant width. For multiple-
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constriction modulation profiles (Figure 1a), this monotonic re-
duction follows a simple analytical relation [28]:

G—gh ~Tr (8)
G
Ac
Tr=—
=7 C)]

where A and A¢ are the cross-sectional areas of the expansions
and the constrictions respectively (Figure 1). Tr defined as the
ratio of the two characteristic cross-sections of the modulated ma-
terial, expresses the Transmissivity of the actual constricted geom-
etry [27,28]. This definition should be appropriately modified for
other metamaterial geometries.

Equation (8) makes it explicit that in constricted geometries G;;
is smaller than G?h because the constriction area A¢ is smaller
than the expansion area A(Tr < 1). Moreovet, this equation shows
that the ratio G;;,/ G?h scales directly with Tr, i.e. the decrease in
Gy, relative to G?h is governed by the ratio Ac/A. Consequently,
the relative decrease in thermal conductance induced by geomet-
ric modulation will be identical across structures with different
absolute values of A (or A¢) as long as they have the same 7.

The scaling of thermal conductance with Transmissivity holds
irrespective of the modulation profile, although the exact func-
tional dependence is dictated by the specific form of that profile
[28,63,64]. Equation (8) can therefore be recast in a more gen-
eral form to account for this dependence:

G
GO

th

=g(Tr) (10
where g(Tr) denotes the functional dependence of Gy;,/GY, on
Tr.

The reduction of Gy in constricted metamaterials, relative to
G;)h, can be fully attributed to the decreased Transmsissivity im-
posed by the modulation geometry. The scaling dependence
of the relative conductance G,, /G?h on Tr — a quantity deter-
mined solely by geometry - reflects the geometric origin of the
reduced thermal conductance in this class of metamaterials. This
scaling behavior has been consistently observed across different
nanoscale modulation profiles [28,63,64].

Here, this behavior is demonstrated in constricted materials
with millimetre-scale dimensions, as in typical TE legs. Finite ele-
ment calculations were performed varying cross-sectional areas A
and Ac. Representative results are shown for single-constriction
(Figure 2) and multiple-constriction modulation profiles (Figure
3), under both one- (1D) and two- (2D) dimensional width-
modulation schemes: (i) varying A while keeping A fixed, and
(ii) varying A¢ with A held constant. In all cases, the simulations
confirm that Gy;,/GY, scales with Tr.

Notably, electrical conductance exhibits the same dependence
on Tr as thermal conductance. Regardless of the absolute val-
ues of thermal or electrical resistance, the normalized ratios
Gunten)/ G?h(d) follow the same functional form g(7r) (Figure 4).
This universality observed across all modulation profiles (Figures
2-4) indicates that the impact of geometry modulation on trans-
port is inherently geometric and independent of the nature of car-
riers. Hence, it holds:

Journal Name, [year], [vol.], 1-77 |3
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constriction cross section

opening cross section

Fig. 1 Multiscale Scaling with Transmissivity. Thermal conductance of width-modulated metamaterials versus Transmissivity (a) at the nanoscale
[28], and (b) at the macroscale, for dimensions detailed in Figure 2. Thermal conductance is expressed relative to that of the constant-width material.
(c) Definition of Transmissivity Tr as the ratio of the cross-sectional area of the constriction Ac to that of the expansion A. (d) Artistic representation
of the concept of multiscale design of constricted metamaterials for energy convertors, reminiscent of nature-inspired designs that employ hierarchical

scaling for optimized functionality.

Table 1 Classification of geometry types and modulation schemes.

Geometry Class Modulation Scheme Figure Color Coding
Single Constriction 1D and 2D Figure 2 1D: purple; 2D: blue and cyan
Multiple Constrictions 1D and 2D Figure 3 1D: purple; 2D: blue and cyan

Modulation Strategy A | Vary Ac with A fixed

all Figures

Blue and purple symbols

Modulation Strategy B | Vary A with A¢ fixed

all Figures

Cyan symbols

Gel
—0 8 (Tr)
Gel

(1n

Equations (10) and (11) make explicit that, in constricted meta-
materials electrical and thermal conduction remain coupled simi-
larly as in uniform materials, meaning that geometry modulation
by itself does not offer a way around the persistent trade-off be-
tween them.

The functional form g(7r) is determined by the specific modu-
lation profile. Both nanoscale [28,63,64] and macroscale calcu-
lations, indicate the following approximate relation:

g(Tr) ~Tr" (12)

with n ~ 1 for multiple-constriction modulation and n = 0.5 for
single-constriction modulation.

These scaling exponents are consistent with the underlying
physics. For a single constriction, the dominance of constriction
(spreading) resistance in the 3D solution of Laplace’s equation
leads to an effective conductance scaling as G « /A, implying
g(Tr) o< Tr%3. For a series of constrictions along the current path,
the current is repeatedly ‘pinched’ and never fully spreads into
the volume of the intervening expansions. The effect depends
on the modulation degree (constriction density) [28,64]. When

4 Journal Name, [year], [vol.], 177

the constriction modulation is sufficiently dense, the structure be-
haves effectively as a resistor of cross section A¢ giving G «< A¢ and
therefore g(Tr) o< Tr.

This behaviour holds at both the macroscale and the nanoscale
within the diffusive transport regime that dominates in good
TE materials. At the macroscale, this has been demonstrated
through finite-element analysis, which is well suited for macro-
scopic transport and which we used to understand and opti-
mize width-modulated TE legs with millimetric features. At the
nanoscale, additional mechanisms - such as boundary scattering,
size-dependent thermal conductivity, and non-diffusive (ballis-
tic or quasi-ballistic) transport - become important. These ef-
fects have been examined in our previous work using Monte
Carlo simulations, which are appropriate for nanoscale trans-
port and for analysing width-modulated nanostructures. These
studies showed that the conductance-scaling behaviour holds at
the nanoscale and that size-dependent effects are captured by
the uniform-width nanomaterial conductivity [28]. Deviations
from this scaling behavior are expected in the single-constriction
regime in nanostructures whose dimensions fall well below the
carriers mean free paths. Electron mean free paths in typical TE
materials are on the order of Inm. For example, in crystalline
BiyTes the electron mean free path - depending on doping - lies
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Fig. 2 Scaling behavior for single-constriction width-modulation. (a) Calculations for structures with 1D (purple) and 2D (blue and cyan) width-
modulation geometries. (b) Relative ()electrical and thermal) conductance/resistance. (c) Temperature difference AT. (d) Open-circuit voltage Voc.
(e) Maximum output power density P, /A, under three operating conditions with decreasing convection coefficient: & = oo (fixed AT), 200 Wm™2K~!,
and 20 Wm™2K~!. The inset in (e) corresponds to h= 20 Wm 2K~!. Two modulation schemes are compared: fixed A = 4mmX4mm with variable Ac

(blue and purple symbols), and fixed Ac = 2mmX2mm with variable A (cyan symbols). The structure length L is fixed at 8mm.

in the range of 2-5nm at 500K. In nanostructured TE materials,
this mean free path may be further reduced due to distorted crys-
tallinity, allowing electron transport to be safely treated as dif-
fusive. Large phonon mean free paths contribute significantly
to thermal transport in materials with high thermal conductiv-
ity. In good TE materials, which have low thermal conductivity,
phonons with short mean free paths dominate heat transport. For
instance, crystalline Bi,Te; has a thermal conductivity of order 1
Wm~1K~!, corresponding to phonon mean free path of roughly
1nm. In nanostructures, contributions from phonons with long
paths are suppressed by scattering at defects, boundaries, and in-
terfaces - one of the key reasons nanostructuring is an effective
strategy for reducing thermal conductivity and enhancing TE per-
formance. Consequently, ballistic phonon effects are not expected
to dominate in nanostructured TE materials, and thermal trans-
port can be treated as diffusive when optimizing constricted TE
legs with nanoscale features.
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The relative conductance Gy, /Grh(en decreases monotoni-

cally with decreasing Tr (Figures 2b,3b). In contrast, the absolute
values of conductance (or resistance) may not vary monotonically
with Tr, as the outcome depends on which dimension is held
constant. This effect is illustrated in Figure 4 where resistance
is shown in both absolute and relative terms. Specifically, resis-
tance increases with decreasing Tr when A decreases at fixed A,
whereas it decreases with decreasing 7r when A increases at fixed
Ac. These opposite trends arise because, in the first case, R?h<el>
remains constant, and resistance is governed solely by the varia-
tion in Tr due to varying Ac. In the second case, however, R?h<gl>
itself varies with A, so resistance is primarily determined by the

increase in R%, . as A decreases.
th(el)

The demonstrated scaling dependence has been validated

across different materials and temperature gradients, confirming
that varying Transmissivity serves as a purely geometric mecha-
nism for tuning conduction. This mechanism is thus distinct from
conventional mechanisms such as intrinsic scattering or bound-
ary/interface roughness scattering, which depend on carrier type
and intrinsic material properties. The consistent scaling behavior
of transport with Tr—across length scales from the nanoscale to
the macroscale—demonstrates that Transmissivity reflects a ge-
ometric property of the constricted metamaterial rather than a
simple geometric ratio. For example, assigning the same numer-
ical ratio A¢/A to pyramidal geometries would not capture the
physical essence of Transmissivity. Owing to this scaling relation-
ship, the reduction (increase) in conductance (resistance) in a
constricted metamaterial relative to the corresponding uniform
material can be fully determined by this geometric property, po-
sitioning Transmissivity as a robust descriptor of the effect of ge-
ometry modulation on transport across multiple scales.

These results establish that conduction in constricted metama-
terials exhibits a universal scaling dependence on Transmissivity —
independent of transport carrier (electrons or phonons), intrinsic
material properties, or specific modulation profile.

3.2 Scaling of AT and TE efficiency with Transmissivity.

The efficiency of a TE module is governed by the temperature dif-
ference AT across the leg material [Equation (6b)]. This differ-
ence reaches its maximum under fixed contact temperature con-
ditions. In practical operating environments, however, contact
temperatures often fluctuate due to convective heat exchange.
Under such convective conditions, the contact temperature is de-
termined by both the thermal resistance R, of the leg and the

Journal Name, [year], [vol.], 1-77 |5
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voltage Voc. (e) Maximum output power density Py /A, under three operating conditions with decreasing convection coefficient: i = e (fixed AT),

200 Wm=2K~!, and 20 Wm2K~!
presented in Figure 2.

strength of convective flow - quantified by the convection heat
transfer coefficient, 4. For uniform materials, it can be shown
(Appendix A) that:

AL
~ k+hL

where AT,x = T, — T,. L denotes the length of the material
along the temperature gradient.

AT nax (13)

A higher value of i corresponds to stronger heat exchange,
causing the contact temperature to approach that of the ambient.
In the theoretical limit 4 — , the contact temperature equals that
of the environment yielding AT = AT,,.x. As h decreases, the at-
tainable AT is reduced, a well-known challenge for TE devices
operating under weak convection. This relationship is captured
by Equation (13) and is confirmed by the finite element calcula-
tions for constant-width geometries (Ac = A and Tr = 1) (Figures
2c and 3c). The thermal conductivity is weakly temperature de-
pendent [60]. Simulations show exact quantitative agreement
with Equation (13) when using the average thermal conductiv-
ity k= 1.8 Wm~'K~! and the length L = 8 mm of the simulated
structures.

Finite element calculations indicate that, under convective con-
ditions AT is higher in constricted materials (Ac <A and Tr < 1)
than in the corresponding uniform material with constant cross-
section A (Figures 2c¢ and 3c). This demonstrates that the temper-
ature difference AT diminishes less (is preserved better) in con-
stricted geometries compared to their cuboid counterparts under
the same convective operating conditions. Importantly, AT in-
creases monotonically as Tr decreases, reflecting the concurrent
increase of the relative thermal resistance (R; /R ) and exhibits
a direct scaling relationship with 7r. These simulation results are

6| Journal Name, [year], [vol.], 177

. The inset in (e) corresponds to & =20 Wm2K~!. Symbol colours and structures dimensions are identical to those

further validated by the following analytical formalism obtained
by extending Equation (13) to non-uniform materials (Appendix
A):

hL/k

S el R— 14
G/ GO, +hL/k

max

Equation (14) and finite element calculations show quantita-
tive agreement across all simulated structures (7r < 1). The sim-
ulation results in Figures 2c and 3c match exactly the predictions
of Equation (14) when using k = 1.8 Wm~'Kk~!, L = 8 mm and
the calculated values of G,/ Grh in Figures 2b and 3b.

Equation (14) makes clear that the enhancement of AT arises
from the reduced relative thermal conductance G,/ G?h, which is
directly governed by the smaller Transmissivity of the constricted
geometry. It also interprets the scaling of AT with Tr observed
in the simulations, showing that it originates from the scaling de-
pendence of G,/ G?h on Tr. A key implication of this scaling is
that structures with identical modulation ratios (A¢/A) - and thus
the same Tr — will exhibit the same AT, regardless of their abso-
lute cross-sectional areas. This leads to the important conclusion
that, for fixed h, L and k, AT is determined by the Transmissivity
of the material constricted geometry.

A comparison of the results for a given & (Figures 2c¢ and 3c)
shows that AT rises more sharply with decreasing 7r in multiple-
constriction modulations than in single-constriction cases. This
behavior stems from the fact that G,;,/GY, is lower in structures
with multiple constrictions than in those with a single constriction
at the same Tr (Figures 2b and 3b). As the number of constric-
tions increases, conductance decreases (and resistance increases)
progressively with the degree of modulation [62]. Consequently,
geometries with more extended modulation yield a more pro-
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y—asa function of Transmissivity for width-modulated structures with: (a) single-constriction and (b) multiple-

constriction profiles. Blue and cyan symbols correspond to the two modulation schemes described in the caption of Figure 2.

nounced increase in AT as Tr decreases.

At the macroscale, the figure of merit ZT remains constant
since the intrinsic material transport properties (o,k and S) are
independent of the material dimensions. As a result, the TE effi-
ciency directly follows the behavior of AT [Equation (6b)]. The
maximum efficiency 1,,,, increases monotonically as Tr increases
(Figure 3c). Like AT, N4y also scales with Tr, owing to its depen-
dence on the ratio G,/ G?h, as captured by the following analytical
expression derived from Equations (6b) and (14):

. _ AT ax VI+ZT —1 hL/k
max =
T, \/7 AT nax hL/k G, h/GO +/’lL/k
1+ZT +1— th/ Yt
Ty Guy/GY,+hL/k
(15)

From Equations (10),(14) and (15), universal scaling relations
for AT and My can be derived in terms of the same function
g(Tr):

hL/k

AT = ————— AT, 16
g(Tr)+hL/k =" (16)
S VIFZT —1 hL/k
max —
T, ATpar  hLJk  g(Tr) +hLJk
VI+ZT +1-
el T, g(Tr)+hL/k
a7

The optimization of the constricted geometry is strongly dic-
tated by its Transmissivity, which serves as a key design parame-
ter. Enhancement in TE efficiency [Equation (6b)] arises primar-
ily from the elevated thermal resistance R;;,, compared with R?h.
Equation (14) explicitly shows that the increase (decrease) in R,
(G,p,) directly enhances the temperature difference AT under con-
vective operation. To explore the role of the constriction, the data

of Figure 2c for AT due to a single-constriction modulation are
re-plotted against the Inverse Transmissivity (7+~') (Figure 5b).
Then, a distinct progression is observed regardless of the specific
constriction profile - whether abrupt or gradual (Figure 5a): an
abrupt growth in AT is followed by saturation, where the plateau
asymptotically approaches the ambient temperature. This satu-
ration limit is prescribed by Equation (14), which identifies the
convection coefficient 4, material conductivity , and length L as
the key determinants of the plateau height. The emergence and
extent of the plateau are governed by the functional g(7r) [Equa-
tion (16)], thereby linking the phenomenon directly to geometric
Transmissivity.

Analysis of the temperature distribution (T-profile) across the
constricted material provides further insight into the underlying
mechanism for the occurrence of the plateau (Figure 5b). For
large Tr, the T-profile is nearly linear. As Tr decreases, however,
it progressively distorts and eventually develops into a broad, sta-
ble window centered at the constriction. By Fourier’s law, thermal
conductivity is inversely related to the local temperature gradient.
Thus, the sharp gradient appearing at the constriction at the on-
set of the plateau signals the formation of a dominant thermal
resistance. This localized resistance, referred to as Constriction
Thermal Resistance (CTR), first identified at the nanoscale (Figure
5d) [28] and demonstrated here at the macroscale (Figure 5c) -
remains nearly constant within the plateau regime, as indicated
by the weak variation in T-profiles across different 7r values. The
formation of CTR accounts for the abrupt rise in AT below a criti-
cal Tr. As a result, maximum TE efficiency is achieved at the onset
of this plateau, marking the transition into the CTR-dominated
regime.
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3.3 Scaling of the output power density with Transmissivity.
The maximum output power P, is governed by the trade-off be-
tween the open-circuit voltage Ve and the electrical resistance
R,; [Equation (7)]. Vg is directly proportional to AT following
the relation: Vpc = SAT. The calculated values of V¢ (Figures 2d
and 3d) are fully consistent with this relation. Moreover, the spa-
tial distribution of voltage across the constricted material mirrors
the corresponding temperature distribution (Figure 6).

Under fixed AT, P, of a constricted material is lower than that
of the corresponding uniform material P .. This occurs because
Voc remains unchanged, while R,; is reduced relative to R(e)l. This
relationship is made explicit by the following expression derived
from Equation (7):

P
Boax = maxo = P;?zax(Gé’l/GSl) = Pr(t)laxg(Tr) (18)
R /Rel
S2AT?
0 _ max
Prax 4R(e)l 19

Equation (18) shows that the ratio Py /P,?m is directly pro-
portional to G,;/ Ggl, and therefore decreases as Tr is reduced.
Furthermore, P, /P2, follows the same scaling dependence on
Tr, governed by the function g(7r).

From Equation (19) it is obtained:

0SZAT?
Phax = A~ " (20)
Equations (18) and (20), give:
Puax  OS?ATZ,.
= max,(r 21
A i o) (2D

Equation (21) demonstrates that the output power density
Puax/A scales with the same functional dependence as the rela-
tive conductance G,/ GS,, consistent with the simulation results
(Figures 2e and 3e).

Both Pugy/PY,. and P, /A decrease monotonically with Tr
according to g(7Tr). However, the absolute value of By, does
not necessarily vary monotonically with 7r, depending on which

8| Journal Name, [year], [vol.], 177

structural dimension is held constant — analogous to the case of
R,;. As shown in Figure 7, P, decreases with decreasing Tr
when Ac decreases at fixed A, whereas it increases when A in-
creases at fixed Ac. These trends arise directly from the corre-
sponding dependencies of R,; (Figure 4) and their previously dis-
cussed interpretation.

Under convective operating conditions, the combination of
Equations (7) and (14) yields:

2
hL/k
Puax=Pog | ———| (Gu/G 22
M Gy /GY, +hL K < el el) @2
or equivalently, using Equations (10) and (11):
Lk 12
_ p0
Pmax _Pmax {g(Tr)—)—hL/k} g(Tr) (23)
Then, the output power density P,,,./A can be expressed:
GS? AT, hL/k ? 0
P A = max G G 24
nas/ 4L | Gy/GY, +hL/k ( et/ Ge > 24
or equivalently:
OS2 AT2,, hL/k 17
Boac/ A = =77 e vnnge ) 87 (25)

For uniform materials (Tr = 1), Pyq decreases with decreas-
ing convection coefficient /4, due to the corresponding decrease
in AT as expected by Equations (7) and (14) and illustrated by
finite element calculations in Figure 7. P/ P,gm and Py /A also
decrease accordingly [Equations (22) and (24)]. Moreover, they
are functions of g(7r) and thus scale with Transmissivity [Equa-
tions (23) and (25)]. Corresponding finite element calculations
are shown in Figures 2e and 3e for Py, /A.

For constricted materials (Tr < 1), P4, may not vary monoton-
ically with Transmissivity depending on which dimension is kept
fixed, as explained in the case of R,;. Finite element calculations
show that, contrary to the fixed AT case, under convective bound-
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Fig. 6 Temperature and voltage distribution.
convective operating conditions.

ary conditions, Py /P,(,)mx and P4y /A may show non-monotonic
variation with Tr. Such a non-monotonic dependence is illus-
trated in Figure 3e for weak convection with & =20 Wm2K~'. In
this case, Pyqx/A shows a maximum at an optimal Transmissivity
Trops = 0.09. The non-monotonic dependence is depicted by the
analytical formalism, Equations (23) and (25). These equations
have global maximum when:

hL
&

At Tropt, Pnax/Pya, and Pyac/A reach their maxima. This re-
sult is confirmed by the finite element calculations. For exam-
ple, applying this criterion to the dataset of Figure 2b - where
g(Tr) =~ Tr%5 - yields Tryy ~ 0.8 for h =200 Wm 2K~! and
Trop: = 0.008 for h =20 Wm~2K~!, consistent with the simulation
results (Figure 2e). Similarly, applying it to the dataset of Figure
3b — where g(Tr) ~ Tr - yields Tr,p ~ 0.9 for h =200 Wm=2K~!
and Tryp = 0.09 for h =20 Wm~2K~!, again consistent with the
simulation results (Figure 3e).

Equation (26) states that P, /P . and P /A are maximized
when the functional g(7r) equals the Biot number Bi (= hL/k).
The Biot number quantifies the balance between external con-
vection and internal conduction. For strong convection, Bi = 1
indicating that internal conduction is comparable to surface con-
vection. In this regime, a significant temperature gradient is es-
tablished across the material, and uniform-width geometry with
high electrical conductance are optimal for maximizing TE output
power. For weak convection, Bi < 1 indicating that internal heat
conduction is much faster than external convection establishing
nearly uniform temperature in the material. In this regime, a con-
stricted geometry with low Transmissivity is preferred because it
has decreased thermal conduction and thus preserves higher tem-
perature gradient and enhanced output power.

The relevance of this condition for optimizing constricted ge-

8(Tropt) = (26)
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ometries for maximum TE performance becomes even clearer
when considering that: (i) constricted geometries consistently
yield higher TE efficiency than uniform-width geometries due
to enhanced AT under convective operating conditions, but (ii)
the corresponding output power density does not necessarily in-
crease, because while the reduced Tr boosts AT, it also increases
the relative electrical resistance, partially offsetting the efficiency
gains in efficiency. Therefore, maximizing TE performance ulti-
mately requires maximizing output power density. In this context,
Equation (26) provides the optimization criterion for designing
constricted geometries for maximum output power and maximum
TE performance under convective operating conditions. By apply-
ing Equation (26) to Equations (23) and (25) yields the optimal
maximum output power Poh,, which can be expressed as follows:

PO hL
P = % m 27)
SZAT2  hL
Popt A = T2 max 22 (28)

16L k
Equations (23), (25), and (26), along with their graphical rep-
resentations (such as in Figures 2e and 3e) constitute analytical
TE Performance Desing Maps. These maps provide practical, pre-
dictive tools for evaluating constricted metamaterial geometries.
They enable designers to determine, in advance, whether a cer-
tain constricted geometry will yield a net increase in output power,
and if so, to quantify its magnitude for a given choice of geomet-
ric parameters and cross-sectional areas (A and A¢). Equations
(27) and (28) provide a means to calculate the maximum output
power - and its density- attainable with the optimized constricted
geometry. Equation (27) can be rewritten in terms of the Biot

number as:
Bl = Pl

muxz

(29

Journal Name, [year], [vol.], 1-77 [9
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fixed AT (h=o0), h =200 Wm™2K~! and h =20 Wm 2K~

Equation (29) explicitly shows that the maximum output power
of the optimal constricted geometry is inferior to that of the uni-
form geometry under fixed temperature difference by a factor of
Bi/4.

The maximum power for the uniform, cuboid structure PS1boid
is obtained from Equation (23) by setting g(7r) = 1:

, hL/k 1?
Pcubmd _ PO 30
Equations (29) and (30) give:
a (14 Bi)?
Pt = P ™ " (31)

Equation (31) analytically shows that, under identical operat-
ing conditions, the optimal constricted geometry produces a max-
imum output power greater that that of the uniform (cuboid)
geometry by a factor (1+ Bi)?/(4Bi). It consistently yields that
PPl = peuboid for Bi — ¢(Tr) = 1 reflecting that the cuboid struc-
ture is preferable to the constricted geometry for efficient convec-
tive cooling.

3.4 Geometry optimization formalism, device-level factors
and device design.

The derived scaling formalism and the analytical optimization
condition provide a rigorous and systematic scheme for optimiz-
ing the constricted geometry of a TE leg with cross-sectional area
A and length L. The optimal constriction geometry - whether
single or multiple- characterized by Agp ", can be obtained either
graphically from the TE Performance Design Maps or numerically
from the analytical condition g(7r) = Bi under the relevant op-
erating conditions. This optimization scheme can be seamlessly
integrated into standard TE device-optimization frameworks that

10| Journal Name, [year], [vol.], 1-9

account for additional device-level factors such as contact thermal
resistance, electrode losses, and mechanical stability. In practice,
the optimal TE leg dimensions A,,; and L, can be first deter-
mined using established device-level optimization methods, after
which the optimal constricted geometry can be derived using our
analytical criterion. This enables a truly global optimization of TE
devices - something that has not been possible previously due to
the absence of a validated optimization framework for constricted
material geometries.

The importance of optimizing the material geometry as a pre-
requisite for optimizing composite TE legs - comprising both the
constricted material and the contact resistances - was demon-
strated in our recent work [61], where the scaling formalism was
used to interpret experimental observations on hourglass-shaped
TE legs. In that study, we developed a unified optimization frame-
work that incorporates both the constricted material and the con-
tact electrodes. This analysis revealed that performance enhance-
ments previously attributed to geometry modulation may;, in fact,
arise predominantly from contact resistance rather than from ge-
ometry alone. Moreover, the commonly used geometric parame-
ter, which was employed to interpret the experiment , was shown
to be an inappropriate metric for guiding the design of constricted
legs: it violates current-continuity requirements and fails to cap-
ture the full influence of geometry modulation on electrical and
thermal resistances. In contrast, this influence is fully governed
by Transmissivity through its scaling relationship with transport
properties, establishing it as a robust and physically sound de-
scriptor of the impact of geometry modulation on TE perfor-
mance.

To examine the effect of the contact thermal resistance R{, on
the optimization condition - and on the resulting optimal Trans-
missivity - the Biot number of the composite leg, consisting of the
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leg and the two contact resistances, is expressed as:

hL
Bicomp = ki (32)
comp
The thermal resistance of the composite leg is:
R = 2R, + Ry, (33)

Assuming that the contact thermal resistance per interface is a
fraction f of the leg thermal resistance R, yields that:

R = (14+2/)Ryy (34)
It is thereby obtained that:

kcomp = k/(l + Zf) (35)
and

Bicamp = (1 + 2f)Bi (36)

For well-designed TE modules, the contact thermal resistance
per interface is a small fraction of the leg thermal resistance and
neither the Biot number nor the optimal Transmissivity is expected
to be significantly affected by contact thermal resistance. For in-
stance, for contacts with thermal resistance equal to 5% of the
leg thermal resistance, f=0.05, Bicomp = 1.1Bi, Trop" = 1.12Trgy
for single constriction and Tr5;"” = 1.1Tr,; for multiple constric-
tions.

4 Conclusions

A universal scaling behavior of transport and key TE performance
metrics with Transmissivity is demonstrated in width-modulated
metamaterials with constrictions and expansions, spanning from
the nanoscale to the macroscale, using analytical formalism and
simulations across a range of modulation profiles with single and
multiple constrictions.

Analytical formalism quantitatively interprets finite element
calculations and shows explicitly that the effect of geometric mod-
ulation on temperature difference AT, electrical and thermal re-
sistances, TE efficiency, and output power is governed by a sin-
gle scaling function, g(7r) of the Transmissivity Tr. This func-
tion, defined by the ratio G/ G?h(e]), represents the (ther-
mal/electrical) conductance of a constricted geometry relative to
a uniform-width counterpart. Crucially, this relationship is inde-
pendent of carrier type, material choice, exact constricted geome-
try profile and operating conditions. Transmissivity is thereby es-
tablished as a reliable, multiscale design parameter for engineer-
ing transport properties - analogous to nature’s use of hierarchical
structures to achieve optimized functionality.

Constricted geometries consistently enhance TE efficiency com-
pared to uniform-width structures - primarily through increased
AT under convective operating conditions. However, this en-
hancement does not always translate into higher output power.
The analytical scaling formalism for the output power density
together with its graphical representation, constitute TE Perfor-
mance Design Maps - practical, predictive tools that identify the
conditions under which constricted geometries can enhance TE
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performance. Furthermore, an analytical optimization criterion
is established: maximum TE performance is achieved at an op-
timal Transmissivity, Trop;, Where g(Trop) = Bi, with Bi = hL/k
the Biot number. The optimization condition leads to the generic
conclusion that compared with the uniform geometry, the optimal
constricted geometry produces a maximum output power reduced
under fixed AT, by a factor of Bi/4, and enhanced under identical
convective operating conditions by a factor of (1 + Bi)?/(4Bi).

Although the physical meaning of the Biot number is well estab-
lished in thermal science, its connection to a geometry-dependent
scaling function and its use as an analytical optimization condi-
tion for constricted TE legs have not been previously reported.
The condition g(T7,,;) = Bi emerges uniquely from the common
scaling of electrical and thermal conductance with Transmissiv-
ity—an insight introduced here for the first time. Unlike previous
models based on equivalent resistances, which can inadvertently
neglect current continuity requirements, our formalism provides
a mathematically rigorous design rule. The criterion g(T'r,,) = Bi
therefore provides the first explicit, closed-form optimization con-
dition for geometry-modulated TE legs.

The universal scaling formalism provides a rigorous framework
for evaluating TE performance in constricted metamaterials and
establishes the foundation for a unified optimization strategy for
composite TE legs that incorporate both metamaterial and elec-
trode contacts. Beyond establishing this universal framework,
our results provide the missing analytical tools required to in-
tegrate geometry-modulated legs into full device-level optimiza-
tion workflows. By enabling the systematic determination of op-
timal constricted geometries and their coupling with contact and
module-level constraints, the present formalism offers a practical
pathway toward globally optimized thermoelectric devices—an
advance that was previously not achievable due to the absence of
a validated optimization strategy for geometry-modulated mate-
rials.

This work offers a theoretical platform for multiscale design
and optimization of constricted geometries, enabling systematic
exploration of design strategies for next-generation TE modules
based on advanced thermoelectric metamaterials.

Appendix A: Analytical formalism for the temperature dif-
ference AT in uniform and non-uniform materials under con-
vective operation conditions.

Let us consider a uniform cuboid material of cross-sectional
area A and length L. For a hot-side temperature 7}, the cold-
side temperature 7, under convective conditions is determined by
the solution of the 1D steady-state thermal conduction equation:

d’T
— =0 = T(x)=C1x+C2

2 (A1)

where constants C; and C, are determined applying the bound-
ary conditions:
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