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Colloidal particles self-assemble into a wide variety of equilibrium and non-equilibrium 
structures. Small changes in their interparticle interactions can affect the phase diagram 
significantly. In this work, we have developed a gradient-based active learning acquisition 
framework to efficiently identify the phase boundary between dilute and condensed 
phases. The system under investigation is comprised of colloidal particles at several 
volume fractions interacting with an isotropic potential of varying strength and interaction 
range. Even such a simple potential leads to a computationally expensive, three-
dimensional phase diagram.  We have applied the gradient-based active learning 
framework to quickly target the boundary in one-dimensional and two-dimensional slices 
of the phase diagram within a few dozen simulations. Short molecular dynamics 
simulations yield a number of nearest neighbors metric that changes abruptly at the phase 
boundary, making it suitable for gradient-based acquisition strategies. This rapid 
exploration will enable the rapid prediction of multi-dimensional phase diagrams of 
colloidal particles. 
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Gradient-based Active Learning For Intelligent Discovery
Of Colloidal Phase Diagrams

Sumeet Vadhavkar,∗a Pradeep Bajracharya,a Md Shakil Zaman,a Poornima Padmanabhan∗b,
and Linwei Wanga

Rapid and accurate prediction of the colloidal phase diagrams is necessary for controlling their struc-
ture and properties. Mapping these multi-dimensional phase diagrams with molecular dynamics
(MD) is costly, especially when sharp, localized transition boundaries demand dense sampling to
resolve the boundaries. We target this challenge by actively learning the boundary where the order
parameter—the number of nearest neighbours, Nnn—undergoes an abrupt change. We describe col-
loids interacting via isotropic pair potentials with tunable range of interaction and aim to identify
the boundary between the dilute and condensed phases. We model Nnn = f (x) with a Gaussian
process (GP) and derive a novel gradient-aware acquisition strategy that prioritizes locations with
large and/or uncertain spatial derivatives of the GP posterior. The gradient-aware strategy is based
on the thermodynamic principle of large susceptibility, i.e., large derivative of the order parameter,
at phase boundaries. A simple ellipse-based exclusion heuristic helps spread acquisitions along the
boundary manifold. Across 1D and 2D planes of the phase diagram, the proposed strategy localizes
phase boundaries accurately with significantly fewer MD runs than dense grid search and outper-
forms random acquisition or standard acquisition strategies unaware of the gradient of the GP. The
framework can be readily extended to higher-dimensional space and support multi-fidelity MD simu-
lations, providing a practical route to sample-efficient and physics-aligned discovery of colloidal phase
diagrams.

1 Introduction
Colloidal systems, characterized by microscopic particles dis-
persed within a solvent, permeate our world1 2. Their unique
properties stem from their diverse phase behaviors, encom-
passing states resembling solids, liquids, gels, and glasses.
Accurately predicting the phases of colloidal systems offers a
powerful tool for controlling their properties. This capability
has transformative potential for various fields, including ma-
terials science, drug delivery, and environmental engineering3 4 5.

Computational models, such as Molecular Dynamics (MD)6

simulations, are commonly employed to simulate colloidal par-
ticles under varying conditions (e.g., temperature, concentration)
in order to construct phase diagrams. In this context, the pa-
rameter space comprises all relevant tunable inputs (such as tem-

a College of Computing and Information Sciences, Rochester, NY 14623, USA. E-mail:
sv6234@rit.edu
b Department of Chemical Engineering, Rochester Institute of Technology, Rochester, NY
14623, USA. Tel: +1-585-475-4877; E-mail: poornima.padmanabhan@rit.edu
∗ Corresponding authors
† Electronic Supplementary Information (ESI) available: [details of any supplemen-
tary information available should be included here]. See DOI: 00.0000/00000000.

perature, concentration, and interaction strength) that dictate the
system’s phase behavior. By systematically probing this parameter
space, researchers can identify phase boundaries, predict material
properties, and significantly reduce the need for extensive physi-
cal experimentation.7 Traditionally, grid search is used, which ex-
haustively samples the chosen range of each parameter to provide
high-resolution information to construct the phase diagram.8

Although often faster than physical experimentation, MD
simulations can still be computationally expensive9 10. This
high cost becomes a significant limitation when employing grid
search methods to explore phase diagrams. This is particularly
true when dealing with high-dimensional parameter spaces,
where the number of grid points required increases rapidly
with the number of dimensions—a phenomenon known as the
‘curse of dimensionality.’11 12 Specifically, if a parameter space is
divided into n segments per dimension, the total number of grid
points for a d-dimensional space becomes nd . This rapid growth
in the number of required simulations leads to a significant
increase in computational cost, making grid search inefficient
and even infeasible for large-scale problems. Moreover, phase
diagrams are characterized by regions that are almost piecewise
smooth with sharp transition boundaries between different
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phases13 14. To capture these sharp boundaries of phase tran-
sition necessitate a high grid-resolution15, which exacerbates
the curse of dimensionality while wasting significant redundant
computations outside the region of interest (i.e., boundaries of
phase transition). Finally, simple MD simulations are prone to
incorrect predictions due to the lack of adequate sampling or
convergence of results, which often necessitates additional, more
computationally expensive methods such as the Gibbs ensemble
and Gibbs-Duhem integration methods to accurately determine
phase boundaries.16 17

While the aforementioned methods are well-suited for systems
at equilibrium (stable state), they become invalid or insufficient
in rapidly evolving, non-equilibrium environments. Hence, they
may not be suitable for the increasingly important fields of gels,
glasses, or active matter systems that are not at equilibrium18 19.
The dynamic nature of these non-equilibrium systems poses
additional challenges that traditional grid-search methods may
not adequately address.

Therefore, there is a pressing need for more efficient
techniques that can minimize the computational burden of
grid-search approaches while identifying approximate phase
boundaries in compute-intensive, high-dimensional, and non-
equilibrium systems. The approximate phase boundaries can
subsequently be used for more detailed investigation through
appropriate advanced techniques and/or physical experimen-
tation. Active learning presents a promising solution to this
challenge20 21. When learning to approximate a function over an
input parameter space, an active learner will strategically select
new points in the input space to query the input-output values of
the function of interest, such that the number of points needed to
learn the function can be minimized. More specifically, consider
a function y = f (θ), f : Rn → R, where y is the function value
of interest (e.g., a measure of the system’s phase) and θ is the
set of parameters under which the system is simulated. Instead
of approximating f passively from random or uniform samples,
active learning uses an acquisition function (AF) to guide the
intelligent selection of θi to query the true value of yi = f (θi),
considering a balance between two competing goals: exploration
and exploitation. Exploration involves sampling points in unex-
plored regions of the parameter space to gain new information
(often driven by the uncertainty in the current approximation of
f ), while exploitation focuses on refining the model in regions
where the function values are of the most interest, typically the
optimum (e.g., maximum or minimum of y over the space of θ).
In other words, standard AF design in active learning is focused
on the magnitude and uncertainty of the approximated output of
function f 22 23. This is typically done using a Gaussian Process
(GP) to model f which allows the predictive mean and variance
of the GP to be analytically calculated and used in the AF. They
have been successfully applied to search the parameter space
of a complex system to discover the region of interest with a
minimum number of simulations or experiments24 25.

In learning to approximate the phase diagram, however,

the region of interest is not the phase but the boundary of
phase transitions that are known to be sharp and localized. In
learning to approximate the phase diagram, one can alternately
describe it as identifying the boundary (manifold) where the
order-parameter of interest undergoes a sharp transition. In
thermodynamics, susceptibility is the derivative of the order
parameter with respect to a thermodynamic property of the
system that is often one of the axes of the phase diagram.
Characteristically, the susceptibility exhibits a sharp peak at a
phase transition. For multi-dimensional phase diagrams, one
would analogously consider the gradient of the order parameter
as the susceptibility vector. Standard AF design, not concerned
with the rate of change (i.e., gradient)22 23 of the underlying
function of interest, is thus not suited for capturing the narrow
boundaries of phase transitions if directly applied. Moreover,
standard AFs often focus on selecting individual query points
in isolation over the parameter space, without considering a
broader region of interest. This can lead to sampling localized
clusters of points near a phase-transition boundary without
accurately mapping its complete manifold.

A recent effort attempts to address these challenges by
modeling the phase-transition boundaries as a classification
boundary to be learned by active learning26. It involves casting
the problem as a classification task where, upon querying the
MD simulation at a particular point in the parameter space, a
label (e.g., -1 or 1) is assigned based on the simulation output
to indicate the current phase of the colloid at that point. A GP
is used to approximate these binary labels across the parameter
space, with the AF designed to guide the selection of new
query points towards regions with high uncertainty (i.e., high
variance of the GP) or near the classification boundary (i.e.
predicted label value close to 0). While demonstrating promising
results in directing computational resources toward refining the
transition region, this approach relies on a heuristic strategy
that approximates the sharp boundary of phase transitions as
a classification boundary between two discrete values. This
approximation, partly dependent on a threshold to binarize a
otherwise continuous phase diagram, introduces errors in the
delineation of phase transition boundary. Furthermore, the
assumption that the phase transition will occur at points where
the value of y approaches 0 is not necessarily physically realistic.
Rather, one must account for some physics-informed criterion
such as the behavior of the susceptibility, rather than a unique
value of the order parameter, at a phase transition.

In this work, we propose a novel active learning framework
for rapidly localizing and approximating the sharp boundaries
of phase transition in colloidal systems with a small number of
queries for MD simulations. Our approach features two main
contributions. First, we derive an analytical gradient-based AF
that focuses on the first-order derivatives of the GP approxi-
mation of the phase diagram. In other words, we focus on the
underlying rate of change of the approximated order parameter
over the parameter space, considering both its magnitude and
uncertainty, to guide the acquisition of query points towards
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Fig. 1 Snapshots of particle positions at the end of the simulation.
Particles are colored according to their radii. (a) An instance of low
Nnn = 2.88 at V ∗ = 2.08, φ = 0.05, κa = 29.5, showing a homogeneous,
well-dispersed phase. (b) An instance of high Nnn=7.28 at V ∗ = 4.19,
φ = 0.05, κa= 30.0, showing clusters which is a hallmark of the condensed
phase.

the phase transition boundary. Second, to prevent excessive
and localized sampling in high-gradient regions, we introduce a
heuristic strategy that prevents new queries within an elliptical
neighborhood of existing points in the parameter space. This
strategy promotes the identification of the complete phase-
transition manifold while further enhancing computational
efficiency.

We validated our framework on one-dimensional (1D) and
two-dimensional (2D) colloidal systems, in comparison to uni-
form grid sampling and active learning with commonly used
upper-confidence-bound (UCB) AF without considering the gra-
dient of the underlying function. Our results demonstrated rapid
and reliable convergence to accurate phase diagrams—even with
randomly chosen initial samples. We further investigated the
effect of the length scale of the GP and the radii of the el-
lipse. Looking ahead, our method can be naturally extended to
three-dimensional (3D) systems and further integrated into multi-
fidelity active learning where lower-fidelity simulations provide
fast lower-resolution approximations while higher-fidelity simula-
tions can be dedicated to refine critical transition zones as guided
by active learning.

2 Problem Formulation
In this work, we target the phase diagrams of attractive colloids
with highly tunable interactions. For many colloidal systems, the
interactions can be tuned in several ways including patchiness,
range of attraction, shape anisotropy, and many others.27 To
showcase our method, the interaction potentials chosen in this
study vary in interaction strength and range, while remaining
isotropic. Phase diagrams produced by such potentials are known
to exhibit a multitude of equilibrium (dilute gas-like, dense
liquid-like, and crystalline solid) as well as non-equilibrium (gel,
attractive glass, repulsive glass) phases.15,28 We will limit the
scope of this paper to delineating the phase boundary between
the dilute phase and condensed phases, which can be obtained
unambiguously for most experimental systems by detecting
changes in turbidity and/or rheology. In simulations, condensed

phases can be characterized by a dramatic increase in local
volume fraction or local structural correlations. To incorporate
additional phases in the phase diagram, further physics-based
classification criteria can be developed.

We utilize molecular dynamics (MD) simulations to study the
self-assembly of colloidal particles interacting with a tunable
Morse potential given by Equation S1 in the Supplementary In-
formation. Our input parameters to the MD simulations represent
temperature changes, volume fraction, and the range of interac-
tion. Mathematically, the parameters are scaled attractive energy
V ∗ = V0/kBT , volume fraction of the colloids φ , and κa that con-
trols the range of interaction relative to the radius of the particle
a. In summary, each simulation tracks the evolution of 62,500
polydisperse colloidal particles of average radius a in implicit sol-
vent undergoing Brownian motion, at the specified points in the
phase diagram (attractive energy, volume fraction, and range) for
4000 Brownian times. The MD simulations are executed using
LAMMPS with computing resources from Research Computing at
RIT.10,29,30 Additional simulation details are available in the Sup-
plementary Information . At the end of each simulation, we track
the local structure around each particle and compute the num-
ber of nearest neighbors Nnn from the radial distribution function
(Equation S2 in the Supplementary Information). In the litera-
ture, similar order parameters have been used to distinguish di-
lute and condensed phases. For instance, the discrete number of
particles in the neighborhood of a single particle, also called con-
tact number, have been used to identify the water to vapor tran-
sition31,32 and to classify non-equilibrium colloidal phases (gels
and glasses)15,33 The exact value of this contact number, Nnn, at
the phase boundary is often taken to be 6, the mid-way point be-
tween the maximum allowable range,31,32, but more generally,
a rapid change of the order parameter will occur at the phase
boundary which would naturally lend itself to a gradient-based
acquisition method. Two sample snapshots of the particles are
shown in Figure 1, where low and high Nnn are able to distin-
guish dilute and condensed phases. The phase diagram we are
approximating is thus represented by the following function:

Nnn = f (V ∗,φ ,κa). (1)

3 Methodology

Rather than exhaustively sampling the entire parameter space
x = (V0,κ,φ) to approximate Nnn = f (x), we employ an active
learning strategy to adaptively select points in the parameter
space to query MD simulations as described in the Supplementary
Information, in order to learn a GP approximation of f (x) and
localize the phase transition boundary with a minimal number of
MD simulation queries.

Our active learning approach leverages a gradient-based AF,
which uses both the magnitude and uncertainty of the first-order
derivatives of the approximated f (x) to prioritize regions where
sharp transitions are likely. In doing so, we efficiently map the
boundaries of phase transitions within a phase diagram with
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fewer simulations, focusing computational resources on param-
eter combinations most indicative of phase boundaries. As sum-
marized in Algorithm 1, the active learning process involves the
following main components. First, the GP is initialized with an
initial set of labeled points. It then enters an iterative process of
optimizing an AF to choose new parameter values, at which we
query the MD simulations and update the GP with newly acquired
data. The iteration continues until a convergence criteria is met.

Algorithm 1 Active Learning Procedure for Identifying Phase
Boundaries
Require: Predefined labeled initial points representing various

states of the colloidal material
1: Initialization: Initialize with a set of predefined labeled ini-

tial points
2: repeat
3: Selection of New Query Points:
4: Use a gradient-based Upper Confidence Bound (UCB) ac-

quisition function to select new query points
5: MD Simulation Queries:
6: Perform additional simulations or experiments at the se-

lected query points to obtain new data
7: GP Update:
8: Update the GP model with the newly acquired data
9: Stopping Criteria Check:

10: Monitor the rolling mean of the GP’s predictions over con-
secutive windows

11: until the change in the rolling mean is consistently below a
predefined threshold

3.1 Iterative Gaussian Process Updates

To model Nnn = f (x) as defined earlier, we approximate it as a GP
as:

f ∼ GP
(
µ(x), k(x,x′)

)
, (2)

where µ(x) is the mean function representing the expected value
at x, and k(x,x′) is the covariance function (or kernel) describing
the correlation between function values at x and x′. In our ap-
proach, we use the Radial Basis Function (RBF) kernel, defined
as:

k(x,x′) = exp
(
−∥x−x′∥2

2ℓ2

)
, (3)

where ℓ is the length scale parameter of the kernel. The RBF
kernel is chosen for its smoothness and ability to model complex,
non-linear functions.

Given training data {(xi,yi)}n
i=1, the joint distribution of the

observed outputs y∈Rn and the (scalar) function value y∗ = f (x∗)
at a single test point x∗ is(

y

y∗

)
∼ N

((0
0

)
,

(
K(X ,X) K(X ,x∗)
K(x∗,X) K(x∗,x∗)

))
, (4)

where X = [x1, . . . ,xn]
⊤, K(X ,X) is the n × n kernel matrix,

K(X ,x∗) ∈Rn×1, and K(x∗,x∗) ∈R. Conditioning yields the poste-

rior predictive mean and variance at x∗:

µ∗(x∗) = K(x∗,X) [K(X ,X)]−1 y,

σ∗(x∗) = K(x∗,x∗) − K(x∗,X) [K(X ,X)]−1 K(X ,x∗).
(5)

The training is initialized with p labeled pairs (x,y) (see Sec-
tion 3.4), and increases by two at each acquisition (see Sec-
tion 3.2). The GP is iteratively updated with each newly acquired
simulation result.

3.2 Gradient-based Acquisition Function Design

To target the acquisition of simulations around the unknown
boundary of phase transition, we design the AF to focus on the
spatial derivatives of the GP. Fortunately, the derivative of a GP
is also a GP: for the RBF kernel used in this paper, the derivative
with respect to x is:

∂k(x,x′)
∂x

= − (x−x′)
ℓ2 k(x,x′), (6)

and the covariance between the derivatives at points x and x′ is
obtained by differentiating the kernel twice:

∂ 2k(x,x′)
∂x∂x′

=
( 1
ℓ2 − (x−x′)2

ℓ4

)
k(x,x′). (7)

Let ∇y∗ represent the derivative of y with respect to x at the test
point x∗. The joint distribution of y and ∇y∗ at the test points is:

(
y

∇y∗
∣∣
x=x∗

)
∼N

((0
0

)
,


K(X ,X)

∂K(X ,x)
∂x

∣∣∣
x=x∗

∂K(x,X)

∂x

∣∣∣
x=x∗

∂ 2K(x,x′)
∂x∂x′

∣∣∣
x=x′=x∗

).
(8)

Therefore, the predictive mean and standard deviation of the
derivative at a test point x are:

∇µ(x∗) =
∂K(x,X)

∂x

∣∣∣∣
x=x∗

[K(X ,X)]−1 y,

Σ∇(x∗) =
∂ 2K(x,x′)

∂x∂x′

∣∣∣∣x=x∗
x′=x∗

− ∂K(x,X)

∂x

∣∣∣∣
x=x∗

[K(X ,X)]−1 ∂K(X ,x′)
∂x′

∣∣∣∣
x′=x∗

.

(9)

Note that the GP derivatives are calculated separately for each
dimension in the parameter space, where regions of high deriva-
tive magnitude are expected to be narrow and localized, provid-
ing essential information for phase-change detection. We thus
acquire points based on the spatial derivative per dimension, ex-
ploiting the high gradient magnitude along that dimension along
with its variance. For dimension j of a n-dimensional x, this
is achieved via a derivative-based UCB acquisition function ex-
pressed as:

α j(x∗) =
∣∣∇x j µ(x∗)

∣∣ + β

√[
Σ∇(x∗)

]
j j, j = 1, . . . ,n. (10)
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For each coordinate j, we choose x( j)
∗ that maximizes α j over a

candidate set , producing up to n points per iteration (after ellipse
filtering) as described in the following section. The hyperparam-
eter β controls the balance between exploitation of high-gradient
regions and exploration of regions the algorithm has yet to visit:
in this paper, the value of β is set to 1.

3.3 Heuristics to Capture Boundary Manifold

By exploiting high gradient magnitudes, α(x) runs the risk of se-
lecting localized dense clusters of points within the phase transi-
tion boundary, without being able to capture its complete man-
ifold efficiently. To prevent this, we create ellipses around the
points that have already been selected to represent regions that
are no longer considered for future acquisitions. Our ellipse-
based strategy is inspired by the work in Dai & Glotzer26, where
circles are constructed around past acquisition points to prevent
placement of new acquisition points. In our gradient-based ac-
quisition, the region of interest is directional. For instance, if the
goal is to capture a phase transition boundary with a steep gra-
dient along the x-direction, the region of interest will be narrow
along x but extended along y. In this case, designing an ellipse
with its long axis aligned to the perpendicular y-direction allows
query points to be more widely distributed along y while main-
taining tight coverage along x. Namely, to capture the high x-
gradient, points are given vertical ellipses to force exploration in
y. Conversely, to capture the y-gradient, points are given horizon-
tal ellipses to force exploration in x. This dual strategy enables the
efficient tracing of the boundary’s complex curvature. The exact
radii of each ellipse for each dimension of acquisition are listed
in Table 1 and they are tuned using domain expertise. Broadly
speaking, larger magnitudes of the variable will result in larger
exclusion radii.

3.4 Initial Samples and Stopping Criteria

Initial Samples: For each two-dimensional (2D) parameter,
we begin by selecting five points at random from within the
specified parameter bounds. This random initialization ensures
that we explore a broad portion of the phase space without
bias. However, if prior domain knowledge is available (e.g.,
approximate ranges or known transition regions), it can be used
to guide a more informed selection of the initial points. Such an
approach may lead to faster convergence, as the GP model starts
with samples in physically relevant areas rather than spending
simulations locating them. Other studies have also chosen
points at the edges or boundaries as a convenient initial sample
choice.34

Prior to initialization, we define the GP prior as a zero-mean
function with the RBF kernel as described earlier. A white noise
kernel is added to this to account for observation noise from the
MD simulations. To provide a data-driven starting point, the RBF
kernel’s initial length scale for each dimension is set heuristically
to the median of the pairwise distances of the initial five samples.
Stopping criteria: When learning to approximate the phase dia-
gram and identify phase boundaries, the GP’s predictions should

stabilize as the active learning process converges. We monitor
this with the rolling mean µrolling(t) of the predicted function cal-
culated as a moving average over a specified window of recent
acquisitions:

µrolling(t) =
1
w

t

∑
i=t−w+1

µi, (11)

where µi represents the mean prediction of the GP model at
iteration i and w is the window size.

To determine if the model has stabilized, the change in the
rolling mean is compared to a predefined threshold ε. If the
change in the rolling mean over consecutive windows is consis-
tently below ε, it indicates that the model’s predictions are stabi-
lizing. Formally, the process can be considered converged if∣∣µrolling(t) − µrolling(t −w)

∣∣ < ε (12)

for several consecutive windows.

In the current work, we performed all experiments with a pre-
defined number of iterations, while evaluating the validity of the
stopping criteria.

4 Experiments and Results
In this section, we demonstrate the effectiveness of our gradient-
based active learning framework for identifying phase boundaries
in colloidal systems. We present results for identifying bound-
aries of phase transition over both one-dimensional (1D) and two-
dimensional (2D) parameter space using MD simulations.

4.1 Experimental Setup

Data Generation: We considered parameter ranges in V ∗, φ ,
and κa that defined the Morse potential and volume fraction
relevant to colloidal interactions. In the 1D setup, we fixed
two parameters (e.g., φ = 0.20 and κa = 30) and varied V ∗ over
[1,5]. For the 2D setup, we fixed one parameter and varied the
other two over practical ranges, for example φ ∈ [0.01,0.50],
κa ∈ [10,60], and V ∗ ∈ [0.1,5]. Our Molecular Dynamics (MD)
simulations produced an observable Nnn (number of nearest
neighbors), from which we identified a phase transition boundary.

Implementation Details: There are several important hyperpa-
rameters in our active learning method. First, the hyperparameter
to optimize is the lengthscale of the GP. Compared to regular
active learning, the focus on the sharp gradient region increases
the risk of overfitting the lengthscale hyperparameters to such
local regions and result in highly fluctuating GP functions.
Therefore, instead of naive likelihood-based optimization of
this hyperparameter, we adopt a dynamic scheme to adjust
the lengthscale values throughout the active learning process,
utilizing the spatial distribution of the training points over time.
More specifically, we initially calculate a lengthscale value in
each dimension by examining pairwise distances among the early
sample points, discarding any zero distances, and then taking the
median of the remainder. At specified intervals (e.g., every few
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Fig. 2 One-dimensional phase diagram with φ = 0.20 and κa = 30, comparing the derivative based acquisition method to grid search. (a): The
derivative based method was able to get a decent solution in just 8 simulations achieving an HD 0.087 of and Mean squared error of 0.19, compared
to the reference established from 20 MD simulations. (b): The derivative of the GP mean highlights region of high gradient magnitude at the phase
transition boundary. (c): The acquisition function peaks sharply in this same region, guiding the next sample to the most informative location.

Table 1 Optimal ellipse radii for each 2D plane. “N/A” indicates that
dimension is not part of that plane.

φ vs V ∗ κa vs V ∗ φ vs κa
κa N/A 1 20
φ 0.05 N/A 1
V ∗ 1 1 N/A

active learning iterations), we recompute this median distance
to reflect newly explored points and multiply it by preset factors
to define the lower and upper bounds. This dynamic approach
prevents the length scale from shrinking too much or growing
excessively, striking a balance between localized resolution and
broader search.

Another set of important hyperparameters is the ellipse radii
to avoid excessive clustering of acquisistion points and promote
exploration of the phase-transition boundary. Their values are
determined based on domain expertise. Table 1 lists the radii
values we use for each 2D parameter space (φ vs. V ∗, κa vs.
V ∗, and φ vs. κa). Each row represents individual parameters,
while the columns correspond to the planes over which the phase
diagrams are being computed. For instance, in the first row, κa
is left unused in constructing the phase diagram on the φ vs. V ∗

plane, and the value of the ellipse radius is set to 1 and 20 along
the κa direction for identifying the phase-transition boundary in
the κa vs. V ∗ and φ vs. κa planes, respectively.

Grid Search based Ground Truth: A dense uniform sampling
in the parameter space is performed, which we also treat as the
ground truth for the phase diagrams. In the 1D experiment, 20
equidistant points are used for estimating the phase diagram. In

2D, an equispaced grid of 100 points are used.

Baselines for Comparison of Methods: We compare the pre-
sented gradient-based acquisition method with alternative acqui-
sition methods including:

• Acquisition based on the mean of the GP: We consider a stan-
dard UCB acquisition function that does not use the gradient
information and simply targets the mean of the GP. Given by
the following equation:

α(x) = |µ(x)|+β ∗σ(x) (13)

where β is a constant that can be tuned to tune exploration.
For our experiments we use β = 1.

• Random sampling: In this approach, the model is constructed
by incrementally fitting a GP to a growing set of sampling
points. In each iteration, the training set is augmented with
two new points randomly sampled from a pre-defined set of
100 uniformly-sampled points in the parameter space that
was used in constructing the reference phase diagram. Be-
cause the candidate points for sampling define our refer-
ence, the performance of this approach is expected to be
stronger than true random sampling in the grid, constituting
a stronger baseline for comparison.

Metrics: We evaluated the performance of all methods (gradient-
based active learning and baselines) against the ground truth by:

• Accuracy is measured by the discrepancy between the pre-
dicted and ground-truth phase boundaries using the Haus-
dorff distance (HD). Hausdorff distance measures how far
two shapes are from each other. Given two sets of points A
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(a) Two dimensional plane in φ and κa with fixed V ∗ = 4

(b) Two dimensional plane in V ∗ and κa with fixed φ = 0.05

(c) Two dimensional plane in φ and V ∗ with fixed κa = 50

Fig. 3 Gradient-based active-learning progression for three two-dimensional planes. In each panel, the leftmost column is the ground-truth phase
diagram (100-simulation grid); subsequent columns show the GP mean (top) and contour comparison (bottom) as active learning proceeds.
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and B (e.g., two contours), it looks at the point in A that is
farthest from any point in B, and the point in B that is far-
thest from any point in A; the larger of those two numbers is
the Hausdorff distance. We use the usual Euclidean distance
between points.

• Efficiency measured by the number of MD simulations
needed to achieve the desired accuracy in delineating the
phase-transition boundaries. obtained from a dense grid of
100 MD simulations.

4.2 1D Results

We first illustrate our method in a simplified 1D scenario by fix-
ing φ = 0.20 and κa = 30, and varying V ∗ ∈ [0.1,5]. We select two
query points at the ends of the range and evaluate them via MD
simulations to initialize the GP. Figure 2(a) shows that within
just four active learning simulations (left panel), our gradient-
based approach reconstructs the phase transition remarkably
well. Compared to the reference established by the grid search
method with 20 MD simulations (blue line), the presented active
learning is able to achieve an HD score of 0.087 and a mean-
squared error of 0.19 using a fraction of simulations (4 vs. 20).
Figure 2(b), showing the derivative of the GP mean, highlights
that the algorithm strategically adds new query points precisely
in the region of the highest gradient, which corresponds to the
phase boundary. This targeted sampling is driven by the acquisi-
tion function Figure 2(c), which peaks sharply in the area deemed
most informative for the next evaluation.

4.3 2D Results

We next extend our approach to 2D phase diagrams by fixing one
parameter and varying the other two, including the (φ ,κa) plane
at V ∗ = 4 (Figure 3a), the (V ∗,κa) plane at φ = 0.05 (Figure
3b), and the (V ∗,φ) plane at κa = 50 (Figure 3c). In each
figure, the leftmost column shows the reference phase diagram
learned using 100 MD simulations, where the colorbar codes the
values of Nnn. The sequences of images demonstrate the updated
approximation of the phase diagram (top row) and its contour
maps (bottom row) as active learning continues.

Ground Truth for 2D Phase Diagrams: Figure 3a shows
the phase diagram for fixed V ∗ = 4, where the majority of the
phase diagram shows the stable condensed phase with high Nnn

in red. A clear dilute phase with low Nnn appears for high κa
and low φ in the top-left, showing that the phase boundary is
near the edge of the phase diagram. Delineating boundaries near
the bounds of the phase diagram is particularly challenging as
(i) randomly selected points on the plane will exhibit high Nnn

and predict low gradients, and (ii) gradients tend to be poorly
defined near the edges. Therefore, this plane is expected to be
the most challenging for the gradient-based method. Figure 3b
shows the phase diagram for fixed φ = 0.05. A dilute phase
with low Nnn appears for low V ∗ and a condensed phase with
high Nnn appears for high V ∗. The gradient appears to vary
primarily in the V ∗ direction with a smaller gradient in the κa

direction appearing near the edge. Finally, Figure 3c shows the
well-known phase diagram of colloids with V ∗ related to inverse
temperature. Regions in high V ∗ exhibit condensed phases, while
the phase boundary occurs diagonally from the top left to the
middle right. The diagonal nature suggest that gradients in both
directions will need to be accurately sampled by the actively
learning methodology. The ground truth are qualitatively similar
to well-known phase diagrams published in the literatures15,28.
The three planes exhibit different kinds of gradients and are
chosen to demonstrate the applicability of the methodology.

Accuracy and Efficiency of the Gradient-based Acquisition:
The quantitative HD metrics for the visual results in Figure 3 are
summarized in Figure 4. As shown, for the phase diagram at
V ∗ = 4 (Figure 3(a)), the presented gradient-based acquisition is
able to predict the high-gradient phase boundary in the top-left
by simulation 13, directing subsequent acquisition points in that
region (along with the boundary in the bottom of the phase
diagram). By simulation 19, the phase boundary in the top
left has been reasonably captured (with an HD close to 0.1
compared to the reference). The subsequent acquisitions focus
on refining both this boundary and that at the bottom, achieving
an HD ≤ 0.1 by simulation 40. A detailed examination of the
contour maps in Figure 3(a) shows that most of the challenges
come from an accurate approximation of the boundary at the
bottom, while the top-left phase boundary is well localized and
remains stable since simulation 25.

For the phase diagram at φ = 0.05, the primary boundary with
the largest gradient in the V ∗ direction is rapidly captured by
simulation 13, while the secondary boundary in the orthogonal
direction in the κa direction near the edge takes a bit longer until
simulation 19 to be localized, achieving a HD ≤ 0.1 beyond 17
simulations.

For the phase diagram at κa = 50, the diagonal phase bound-
ary is again quickly detected at simulation 13, with subsequent
acquisitions directed towards this region. By simulation 19, the
diagonal structure of the phase boundary is well captured with
a HD ≤ 0.1 and, by simulation 24, the detailed shape of the
boundary near the top left of the diagram is well captured, with
a HD well below 0.1 throughout the rest of the simulations.

Overall, as summarized in Figure 4, the presented gradient-
based acquisition is able to detect the primary boundary within
9–11 simulations and, by simulation 17–21, accurately capture
the detailed shape of the phase boundary with a HD ≤ 0.1 if the
primary boundary is not near the edge of the phase diagram.
This means a reduction of over 80% computation compared to
the reference (17 vs. 100 simulations). In the more challenging
case where the primary phase boundary in near the edge of the
phase diagram, the presented method is still able to accurately
capture the primary boundary by simulation 24 (70% reduction
of computation) and delineate even the secondary boundary in
about 40 simulations (50% computation). This ability to localize
phase boundary near edges can be important when applying
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(a) Two dimensional plane in (φ ,κa) at V ∗ = 4 (b) Two dimensional plane in (V ∗,κa) at φ = 0.05 (c) Two dimensional plane in in (V ∗,φ) at κa = 50

Fig. 4 Hausdorff Distance (HD) between the predicted and ground-truth phase boundary against the number of sequential MD simulations.

(a) Two dimentional plane in V ∗ and κa with fixed φ = 0.05 using randomly sampled points

(b) Two dimentional plane in V ∗ and κa with fixed φ = 0.05 using acquisition based on mean targeted UCB.

Fig. 5 (a): Progression of active learning with random acquisition for φ = 0.05. b) Progression of active learning with mean targeted UCB for φ = 0.05.

to physical experimentation, where the feasible windows of
parameters could be constrained by other practical factors.

Comparison to Alternative Acquisition Methods: Figure 5
provide examples of results from the two alternative methods
where new parameter points are acquired randomly in Figure
5(a) or by targeting the max mean of the GP as in standard UCB
in in Figure 5(b). Additional results for two other planes are
included in Figure S3 of the Supplementary Information.

As shown in Figures 5(a), for the phase diagram at φ = 0.05,
the random sampling approach struggles to correctly capture the

top left of the transition boundary. This is in contrast with the
gradient-based acquisition in Figure 3b that starts to refine this
boundary at simulation 13 and correctly captures its detail by
simulation 19.

As shown in Figures 5(b), for the phase diagram at φ = 0.05,
acquisition explicitly targeting a high mean quickly captures the
top left boundary as early as simulation 7, but fails to learn
the bottom right boundary which was along the edge and high
in gradients in the y direction. As a result, it was not able to
correctly capture the shape of the phase-transition boundary
even with more than 45 simulations.
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Fig. 6 Comparison of HD metrics across three strategies for the plane
in and V ∗ and κa with fixed φ = 0.05 as the number of simulations
increases. Each curve reports HD between the predicted and ground-
truth phase boundary.

These visual observations are confirmed by the quantitative
HD metrics in Figure 6, which shows that the HD metrics by
the gradient-based acquisition drops significantly faster and stays
lower compared to the two alternative methods. An important
advantage of the gradient-based acquisition is that it does not
require prior knowledge or assumption about the Nnn value on
which to locate the phase boundary; It remains effective even
when such knowledge is absent. We compared this method to a
baseline where we explicitly used the knowledge that the bound-
ary lies at NNnn = 6 and the gradient method was comparable to
this method. Additional details are in Figures S4 and S5 of the
Supplementary Information.

4.4 Additional Method Analysis
Stopping Criterion. Although we present fixed-iteration results
in this paper, our method naturally supports stopping once the
GP’s predictions stabilize. Section 3.4 describes a rolling-mean
approach to detect when changes remain below a threshold ε for
multiple iterations. For each two-dimensional phase diagram, we
monitor six rolling statistics:

1. GP rolling mean (leftmost panel) – the moving average of the
GP mean over all parameter pairs;

2. Mean-error to ground truth – the absolute difference between
the GP mean and the reference mean;

3. GP rolling mean of ∂ f/∂x1 or ∂ f/∂x2 – moving average of
the derivative along each direction;

4. Derivative-error in x1 or x2 – absolute difference between the
derivative and the ground truth in each direction.

An example is shown in Figure 7 here the rolling mean drops
below ε = 0.2 which is the threshold for stopping at this point
the RSME has achieved a small value close to 0.5 indicating good
results. Beyond this point the GP is further refined but at the cost

(a) The plane in V ∗ and κa with fixed φ = 0.05

Fig. 7 Convergence diagnostics for the phase diagram at φ = 0.05, in-
cluding the rolling mean of the GP prediction (blue) and its deviation
from the ground-truth (red).

of additional simulations. In each case, a rolling-mean threshold
ε = 0.2 would have stopped the run before the maximum number
of simulations is reached. Moreover, when the rolling mean is
under the threshold ε = 0.2, not only is the mean difference
with the ground truth low but also the difference in the means
of derivatives in both directions is low. See supplementary
information for more comprehensive convergence metrics. For
φ = 0.05, this happens at simulation 27. This suggests that under
the threshold value, we get accurate phase boundary across both
dimensions. Fine-tuning ε therefore offers a principled way to
trade off efficiency and accuracy depending on the application
need.

Ellipse–Based Heuristic. To further evaluate the effect of the
ellipse-based heuristic, we compare our presented method with
and without the ellipse-based heuristic. Figure 8 visualises the
progression of gradient-based AL across iterations without the
ellipse-based heuristics. Here, symbols marked as ∗ are acquisi-
tion points in the x−direction and symbols marked as ∆ are in the
y− direction; the ellipses are not used in the acquisition method,
but displayed to illustrate the clustering of successive acquisition
points which does not happen when the ellipse-based heuristics
are used. As shown, successive acquisitions tend to concentrate
along one portion of the boundary, delaying explorations of the
phase boundary elsewhere. In contrast, ellipse heuristics helps to
distribute acquisitions along the entire boundary, yielding higher
accuracy with fewer MD runs.

Figure 9 summarizes the quantitative results for the fixed κa =

50 plane with and without ellipse-based heuristics. The HD met-
rics show that the ellipse-heursitics strategy reaches an error < 0.1
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Fig. 8 Active-learning progression on the phase diagram for κa = 50 without the ellipse–exclusion rule. Black markers denote sampled points.
Successive queries cluster along a single segment of the phase boundary, leaving other regions under-sampled and delaying global refinement. The
ellipses shown are not used in the acquisition method, but displayed to illustrate the clustering of successive acquisition points which does not happen
when the ellipse-based heuristics are used.

within 9 simulations and stabilizes within 17, whereas the one
without drops quickly to HD < 0.1 within 13 simulations but is
unable to stabilize and reaches an HD as high as 0.7 within sub-
sequent simulations. If necessary, one can adjust the rate of con-
vergence by adjusting the exclusion ellipse radii.

5 Discussion

Convergence on Random Initialization. A noteworthy outcome
of our two-dimensional experiments was the method’s robustness
to its initial conditions. Each experiment was initialized using
only five randomly sampled points, providing the model with
a sparse and potentially uninformative starting set without any
prior knowledge of the phase boundary. Despite this uninformed
initialization, the results (Section 4.3) demonstrated that our
approach not only consistently converged to a high-fidelity solu-
tion but did so with remarkable sample efficiency. This suggested
that the algorithm was not highly sensitive to the initial sampling
and could reliably perform its exploratory–exploitative search, a
significant practical advantage for real-world applications where
well-chosen initial samples were not available.

Importance of Domain Knowledge. Although this strategy was
largely data-driven, domain knowledge was critical for setting the
scaling factors and bounding the length scale appropriately. Col-
loidal phase boundaries could be sudden and steep, and incorrect
parameter choices might have caused the model to either miss
the transition or oversample irrelevant regions. By combining ap-
proximate knowledge of parameter ranges (φ , κa, V ∗) with our
ellipse-based heuristic and adaptive length-scale updates, the al-
gorithm more reliably focused on steep gradients where phase
changes occurred, reducing the computational effort needed to
map narrow transition zones, particularly when the phase bound-

Fig. 9 Hausdorff distance between the predicted and reference Nnn = 6
contour on a two-dimensional plane in φ and V ∗ with fixed κa = 50.
The ellipse rule (blue) accelerates convergence and maintains a low error,
whereas omitting the rule (orange) slows convergence and leaves a higher
residual error.

aries were close to the upper and lower bounds of the parameters.
In practice, the phase diagram of a given colloidal system may

also be drawn using different representations of the variables
in each dimension. In the present study, the temperature
dependence was reported using V ∗ = V0/kBT corresponding to
inverse temperature, but it is common practice to use dimen-
sionless temperature (T ∗ = kBT/V0), or the reduced second virial
coefficient, which is a non-linear function of V0 and T .15 In
such representations, the new range of variables labeling that
dimension will inform the heuristic choice of parameters, namely,
the length-scale parameter in the kernel (Equation 3) and the
radius of the exclusion ellipse.
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Improvements to the Acquisition Protocol. Two of the acqui-
sition methods investigated presented distinct advantages which
might suggest a superior hybrid acquisition approach, especially
when the target value is unknown apriori and the simulations
are expensive. In the hybrid approach, the gradient-based
acquisition could be used to converge on the phase boundary
in a few iterations, from which the target value is also learned.
Following this, the target-based acquisition can be utilized to
accelerate convergence. This might be particularly advantageous
in case of order parameters that are (i) experimentally relevant
and (ii) for which the value at the phase boundary is not easily
known, such as the magnitude of structure factor for equilibrium
phase boundaries or storage/loss moduli for non-equilibrium
boundaries.

Applications to Other Phase Diagrams & Future Work.
The presented active-learning methodology was suitable for
rapid discovery of phase-transition boundaries in applications
where the underlying phase diagrams were expected to be
piecewise smooth with localized, sharp boundaries between
phases. Such sharp boundaries are observed in numerous soft
material systems such as mixtures containing polymers, colloids,
solvents, biomaterials, synthetic polypeptides, and proteins. This
methodology can be applied to those systems as well as novel
material systems, provided that the phase boundary is sharp.
In contrast, target-value-based acquisition function requires a
well-defined metric to identify the transition region, which may
be unavailable when novel material systems have not undergone
complete experimental characterization.

In this work, the phase diagram was represented by a one-
dimensional scalar value, Nnn, and approximated by a GP, to
distinguish two phases (a dense and dilute phase). This could
be extended in future work to allow phase diagrams to be
represented by multi-dimensional variables, either for a more
complete characterization of a single phase boundary of interest,
or for characterizing multiple phase boundaries using different
metrics. This can be achieved by replacing a single-output GP
with multi-output GPs35,36 or a neural network37,38. If the
intent is to use the multi-dimensional output to identify a single
phase boundary, the proposed gradient-based acquisition can be
extended to consider the vector output with respect to each input
dimension. For example, the characterization of glassy phases
might require identification of both local structure and dynamics;
local structure (Nnn) alone would be insufficient. If the intent is
to use each dimension of the output vector to identify different
phase boundaries, the proposed gradient-based acquisition can
be applied to each output dimension, thereby running several
acquisition simulations per iteration while sharing information
from the acquired simulations. For example, to incorporate the
glassy phase in the phase diagram in addition to the dilute and
condensed phases, one would use this approach to simultane-
ously identify at least two boundaries – the dilute-condensed line
and the fluid-glass line.

In the current method, to avoid excessive placement of local
clusters of acquisition points near high-gradient regions, we
adopted heuristic ellipses to encourage acquisitions to be evenly
placed along the phase-transition boundary. Future work could
improve this heuristic by designing an acquisition function
that searches for the high gradient manifold of the phase di-
agram, instead of searching for individual points of high gradient.

Finally, the presented method could be used in a multi-fidelity
simulation setting, where coarse-scale simulations would provide
rapid initial localization of the phase-transition boundary,
followed by more complex simulations actively selected near
the initial boundary to iteratively refine its delineation. The
high-fidelity simulations could take one of two approaches:
refinement of the order parameter that describe the molecular
behavior, or refinement of the estimation of the thermodynamic
properties of the phase boundary itself. In the first approach,
physics-informed techniques using principal component analysis
(PCA) as described in Ref.38 can be used to construct high-fidelity
order parameters near the vicinity of the phase boundary that
can elucidate underlying complex mechanisms of the phase
transition. In the second approach, expensive high-fidelity simu-
lations such as coexistence simulations or free energy methods
to compute the underlying energy landscapes can be performed.
More recently, the expense of high-fidelity simulations was
shown to be dramatically reduced by the use of generative
thermodynamic maps (TMs) to predict free energy distribu-
tions in the context of phase transitions,39,40 but more work
is needed in this area to improve the accuracy of the distributions.

6 Conclusions
Mapping colloidal phase diagrams with molecular dynamics
(MD) remains a central bottleneck for materials design because
the regions of primary scientific value the phase transition
boundaries are typically sharp, localized, and embedded within
otherwise smooth portions of parameter space. Dense grid-based
sampling can resolve such narrow transition zones, but at a
computational cost that grows rapidly with dimensionality and
often wastes simulations far from the boundary. In this work, we
introduced a gradient-based active learning framework designed
specifically to accelerate the discovery of phase boundaries in col-
loidal phase diagrams while maintaining physical interpretability
that phase transitions are more universally characterized by high
susceptibility of the order parameter rather than a unique value
of the order parameter. Compared to existing active learning
approaches used in phase boundary detection26, our proposed
method automatically discovers the unknown region of sharp
phase transition (i.e., high gradient magnitude) from the learned
phase diagram, without requiring a known value to target
the phase boundary nor relying on heuristic assumptions to
approximate the phase boundary as a boundary between binary
classes as in Ref.26.

Across one-dimensional and two-dimensional planes of the
phase diagram, the proposed gradient-aware strategy consis-
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tently localized phase boundaries with substantially fewer MD
simulations than dense grid search. In addition, it outperformed
random acquisition and conventional GP acquisition strategies
that operate only on the predicted mean and variance of Nnn

and are not explicitly sensitive to sharp spatial transitions.
Importantly, because the approach uses gradient information
rather than assuming a fixed target level of the order parameter,
it remains effective even when the precise boundary value is un-
certain or varies across conditions—an advantage for exploratory
studies where a universal threshold may not be known a priori.

Beyond the immediate results, the framework provides a practi-
cal route toward scalable, physics-aligned phase-diagram discov-
ery. The gradient-based acquisition principle naturally extends to
higher-dimensional parameter spaces, where grid search becomes
prohibitive, and it is compatible with multi-fidelity workflows in
which inexpensive, lower-accuracy simulations provide coarse lo-
calization while high-fidelity MD is reserved for refining critical
boundary segments. More broadly, the methodology is applica-
ble to other soft-matter and self-assembly systems where phase
behavior is piecewise smooth with localized transition zones and
where an order parameter exhibiting sharp changes can be de-
fined. Taken together, these findings demonstrate that incorpo-
rating gradient information into active learning enables sample-
efficient, boundary-focused exploration of colloidal phase dia-
grams and offers a computationally efficient alternative to ex-
haustive simulation campaigns.
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The data that supports the findings of this article are available upon reasonable request 
to the corresponding authors.
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