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The glass transition width and its dependence on fragility, 
nonexponentiality and nonlinearity  

Jiří Málek,*a 

This paper presents a comprehensive and critical analysis of the glass transition width (1/Tg -1/Tg’) or the reduced width 
(Tg/Tg’) observed in simulated Differential Scanning Calorimetry (DSC) heating and cooling scans. The study employs the 
Tool-Narayanaswamy-Moynihan model (TNM) for 24 diverse materials, encompassing inorganic glasses, organic polymers 
and molecular glassy systems. The analysis reveals an important novel finding. The width (or the reduced width) of the glass 
transition cooling scan is shown to be inversely proportional to the activation energy (h*/R), or fragility index (m), as well as 
the sum  the non-exponentiality 𝛽 and nonlinearity 𝑥 parameters, following the relationship: [(h*/R)(𝛽+𝑥)]-1 or [m(𝛽+𝑥)]-1. 
With precise determinations of Tg and Tg’, the estimated sum of (𝛽+𝑥) achieves an accuracy comparable to Hutchinson’s 
established peak shift method.

1. Introduction
The glass transition, defined as the continuous 

transformation of a supercooled liquid into a glassy state upon 
cooling to sufficiently low temperatures, is an essential feature of all 
glassy materials, including organic polymers, oxides, chalcogenides, 
metallic alloys, and molecular systems. This phenomenon is primarily 
kinetic; nonetheless, it exhibits distinct thermodynamic 
characteristics - such as a step change in heat capacity or thermal 
expansion coefficient – resulting from the loss of configurational 
degrees of freedom as molecular motion is arrested. 

Over 30 years ago, Moynihan's work1 established a correlation 
between the width of the glass transition region (as measured by 
Differential Scanning Calorimetry, DSC) and the activation energy 
(h*/R) for the structural relaxation of high-Tg inorganic glasses. 
Moynihan defined a dimensionless parameter, C, as a constant 
specific to certain inorganic glasses. 1,2 This parameter is derived from 
the reciprocal temperatures at the onset (1/Tg) and end (1/Tg‘) of the 
glass transition on a DSC thermogram:
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The equation (1) is valid provided that the ratio of cooling to heating 
rates qc/qh remains fixed. Moynihan1 also determined that Tg and 
Tg’ for a given glass remain invariant, within experimental error, as 

long as the cooling/heating rate ratio stays within the range of 0.2 to 
5. This correlation was later extended to molecular glasses by 
combining DSC and dielectric relaxation data and utilizing the F1/2 

fragilities.3

However, this extension of the Moynihan correlation has been 
challenged. Johari et al. 4 used simulations to show that a simple 
relationship between the DSC endotherm width and the non-
Arrhenius temperature dependence of a liquid's kinetic property 
requires explicitly including the distribution of relaxation times. The 
method's general applicability was further questioned by Hancock et 
al.5, who tested it on various pharmaceutical glass-forming materials. 
They concluded that the conditions required for equation (1) to be 
universally applicable with a constant C are not met for a wide range 
of glassy materials. 

Pikal et al.6 later provided a detailed analysis of experimental 
data for (poly)vinyl pyrrolidone, sucrose, and trehalose. Their 
approach, which combined various experimental procedures 
combined with simulations of theoretical curves, was equivalent to 
the comprehensive Tool-Narayanaswamy-Moynihan (TNM) 
formalism. Within this work, Pikal et al. found that a modification of 
Moynihan's original equation provides a much better correlation for 
both their experimental and simulated data.6 This modified equation 
incorporates the stretched exponential parameter β (a measure of 
non-exponentiality) to more accurately describe the relaxation 
behaviour of these glassy materials. They reformulated eqn (1) to 
account for this non-exponentiality:

ggg TT
C

RT
h
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In this equation, Tg = Tg' - Tg and C’ is a constant. 

Building on this, Chen et al.7 reported that the reduced glass 
transition width, Tg/Tg, is influenced by the fragility index, m = 
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(h*/RTg)/ln(10), and the stretched exponential parameter, β. In 
contrast, they found no significant relationship between the 
nonlinearity parameter (x of the TNM model) and Tg/Tg. More 
recently, Bogdanova and Kocherbitov8 applied this formalism to a 
sucrose-water system and arrived at very similar conclusions, 
corroborating the findings of Chen et al. This convergence suggests 
that the relationship between fragility, non-exponentiality, and the 
width of the glass transition may hold for a broader class of glassy 
materials.

In his seminal papers,9-10 Donth utilized the glass transition width 
determined from DSC thermograms even earlier than the 
aforementioned studies.1-8 By assuming mean temperature 
fluctuation within cooperatively rearranging regions (CRRs), Donth 
proposed a method to estimate average size of these 
thermodynamic subsystems based on the shape of thermal 
relaxation spectrum. This approach has since been applied to the 
analysis of conventional, modulated, and fast DSC data for polymers, 
a-Se,11 and metallic glasses.12 Recently, Schawe et al.,13 compared  
the characteristic length of dynamic heterogeneities across a wide 
range of glass-formers. Their work discussed the correlation between 
chemical structure, the size of dynamic heterogeneities, and the 
macroscopic kinetics of the glass transition, revealing nearly 
universal behaviour among studied systems.

Previous studies1-8 were restricted to analyzing heating DSC 
curves, typically measured or simulated immediately after a prior 
cooling from equilibrium supercooled liquid well above the glass 
transition. This paper provides a comprehensive and critical analysis 
of the glass transition width within a DSC thermal cycle, utilizing 
simulated cooling and subsequent heating curves based on TNM 
parameters for 24 diverse materials, including inorganic glasses to 
organic polymers and some molecular systems. The results indicate 
that the width of the cooling DSC curve exhibits an inverse 
proportionality to the material’s fragility and to the combined sum of 
the non-exponentiality (β) and nonlinearity (x) parameters.

2. The TNM model
The Tool-Narayanaswamy-Moynihan (TNM) formalism, an important 
model for structural relaxation in glassy materials, integrates three 
fundamental concepts. The first concept, introduced by Tool,14,15 
posits that relaxation time depends on both temperature T and the 
material's actual structure, represented by the fictive temperature Tf. 
The fictive temperature essentially defines the temperature at which 
an equilibrium supercooled liquid would possess the same structure 
as the non-equilibrium glass. It is defined by an empirical equation

 















f
f RT

hx
RT
hxATT )1(exp, (3a)

where 0 < x  1 is the nonlinearity parameter, h*/R is the effective 
activation energy and A is an adjustable parameter. An alternative 
approach provides a natural separation of T and Tf. Building on the 
Adam-Gibbs16 cooperative relaxation theory, Hodge17 derived the 
following expression for relaxation time:

   











f
f TTT

QTT
/1

exp,
2

0         (3b)

where 0 is a constant and Q = NAs*/kBC. In the Adam-Gibbs 
theory, s* and  represent the minimum entropy required for 
rearrangement and the activation energy for a single rearrangement, 
respectively. The parameter T2 is conceptually similar to the Fulcher 
or Kauzmann temperature and C is the extrapolated value of the 
configurational heat capacity at that temperature. In the equilibrium 
state above the glass transition where Tf = T, eq 3b reduces to the 
Vogel-Fulcher-Tammann equation with T0 = T2. Comparing equation 
(3a) and (3b), the nonlinearity can be expressed as T2/Tg   (1-x).

The second essential concept was introduced by 
Narayanaswamy.18 According to his model, the structural relaxation 
should be linear in terms of the material (or reduced) time defined 
by        

 
t

fTT
dt

0 ,
 (4)

Material time quantifies how fast individual processes take place 
during physical aging, effectively reflecting the existence of a 
material 'inner clock.' While Dyre19 later utilized the nonlinear 
fluctuation-dissipation theorem to derive the TNM 
phenomenological theory and suggested a pathway connecting this 
concept with material time in rheology, it is interesting to note that 
Hopkins20 proposed a similar concept for stress relaxation in 
viscoelastic substances under varying temperature even earlier than 
the Narayanaswamy’s seminal paper. More recently, Douglas and 
Dyre21 have suggested that the inherent harmonic mean-square 
displacement - which emphasizes the behaviour of the slowest-
moving particles - is likely the key quantity controlling material time.  

The third fundamental concept integrates Tool's fictive 
temperature with the material-time concept. Mazurin et al.22 and 
Moynihan et al., 23,24 employed the stretched exponential function, 
, to account for the nonexponentiality of the structural relaxation, 
as shown in eqn. (5). 

   exp (5)

In this equation, the non-exponentiality parameter 0 < β  1 is 
inversely proportional to the width of the distribution of relaxation 
times. Together, equations (3a), (4), and (5) fully constitute the Tool-
Narayanaswamy-Moynihan formalism, a cornerstone model for 
understanding structural relaxation in glassy materials. 23,24

3. Simulation of DSC curves in the glass transition 
range
The structural relaxation is usually simulated in terms of evolution of 
the fictive temperature for a well-defined time-temperature 
protocol. This protocol captures the entire thermal history of a glassy 
material from the very first moment of its departure from metastable 
equilibrium supercooled liquid well above the glass transition. The 
structural relaxation can be described by combining the material-
time concept (eq 4), and the Boltzmann superposition principle for 
any given time-temperature protocol.24

For practical implementation, the protocol is often discretized 
into several consecutive steps, which may involve a heating/cooling 
ramp or isothermal annealing. For the TNM model, the evolution of 
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the fictive temperature during continuous heating or cooling at a 
constant rate qk = dT/dt (negative for cooling) then can be 
expressed22 by eqn (6a) and (6b): 
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where Tini  is the initial temperature corresponding to the metastable 
equilibrium supercooled liquid, where Tf(Tini)= Tini. Equation 6a 
represents an implicit function for the relaxation time k, as its 
expression depends on the function’s value itself – specifically, the 
fictive temperature at the end of the previous step, Tf,k-1. The heating 
or cooling experiment is modelled using small discrete temperature 
steps, Tk  100 mK, with the fictive temperature calculated 
iteratively at the end of each temperature step, using eqn (6a) and 
(6b). To maintain linearity within these subintervals, Tk must be 
sufficiently small that Tf decays by less than approximately 100 mK 
between steps. The temperature derivative of the fictive 
temperature dTf/dT following the n-th step is obtained from the 
following equation24

n

nfnf

n

f

T
TT

dT
dT












 1,, (7)

 

Fig.1 The fictive temperature Tf   and its derivative dTf/dT, calculated using eqn 
(6) and (7) for the TNM parameters: h*/R = 51.2 kK, ln(A/s) = 90.8, x = 0.96, β 
= 0.84. The temperature program used was Tini= 310oC, qc = -10 K/min, qh = 
+10 K/min. Open triangles mark inflection points. Full circles and full squares 
indicate the extrapolated inflectional tangent intersection with dTf/dT = 0 and 
dTf/dT = 1 lines, respectively. Inflectional tangents for heating data are 
represented by dashed lines, while those for cooling data use solid line. Arrow 
indicates limiting fictive temperature. 

Figure 1b shows a thermal cycle, illustrating the simulated cooling 
(#1) and subsequent heating (#2) curves from eqn (6) and (7) using 
an identical scanning rate q = 10 K/min. The cooling (dTf/dT) curve 
exhibits a simple sigmoidal shape, contrasting sharply with the more 
complicated heating curve, which features kinetic phenomena such 
as a minimum (undershoot) and maximum (overshoot). Figure 1a 
clearly indicates that the limiting fictive temperature Tlim is identical 
for both scans – a characteristic result for this type of thermal cycle. 
Tlim is situated close to the inflectional point of the cooling curve and 
the extrapolated onset of the heating curve (Tg). 

The derivative dTf/dT in fact corresponds to the heat capacity 
CpN, which is equivalent to a DSC curve scaled between 0 and 1:

 
  dT

dT
CC

CC
C f

Tpgpl

TpgpN
p

f







  (8)

where Cpg  and Cpl are heat capacities of the glass and supercooled 
liquid, respectively. Any experimental DSC data can easily be 
converted to CpN versus T dependence by using the eq (8). 

To demarcate the lower end of the glass transition region for 
DSC heating curve Moynihan1 used “extrapolated temperature of 
onset of rapid rise of the Cp vs. T curve, Tg”, as shown in Figure 1b. To 
demarcate upper end of the glass transition for heating DSC data 
“the extrapolated temperature of completion of the overshoot, Tg’ 
was used. “However, this manual approach is inadequate for the 
precise numerical analysis of simulated DSC data. To overcome this 
limitation, we propose a refined numerical procedure. Step1: The 
inflection points of the simulated DSC heating data are first 
determined numerically; step 2: Tangents are then calculated at 
these inflection points using linear regression, based on 10 to 20 
adjacent data points to ensure a correlation coefficient greater than 
0.9999; step3: The intersections of these tangents define the 
characteristic temperatures: Tg is the intersection with dTf/dT = 0, 
and Tg’ is the intersection with dTf/dT = 1. The dashed lines in Fig.1b 
illustrate this; the same procedure was similarly employed for the 
analysis of simulated DSC cooling data, which is represented by the 
solid line in Fig. 1b.      

4. Results and discussion

Table 1 presents a selection of previously reported Tool-
Narayanaswamy-Moynihan (TNM) parameter sets for 24 diverse 
materials, encompassing a wide range of properties. The apparent 
activation energies of these materials span from 12 to 225 kK. 
Similarly, the nonlinearity parameter x varies from 0.10 to 0.96, and 
the non-exponentiality parameter 𝛽 ranges from 0.23 to 0.86. This 
broad range ensures a comprehensive test of validity of the eqn (1) 
and (2) across different material types.

Table 1 The TNM parameters for selected non-crystalline materials reported 
in literature17, 24-43

Material h*/R [kK] -ln(A/s)     x ß    Ref. 

PVC 225.0 622.0  0.10 0.23 17    

PMMA 138.0 357.8 0.19 0.35 17
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PS bulk        83.4 212.5 0.18 0.43   25 

ZBLA 165.0 282.6 0.19 0.50 26

Li2O.SiO2 111.8 150.8 0.27 0.48 27

PC 150.0 353.6 0.22 0.54 28

Glycerol   16.0   81.0 0.29 0.51 29

EG gel    12.0   75.5 0.46 0.39 26

PVAc     71.3 223.6 0.35 0.57 30

PS 126.6 334.7 0.29 0.69 31

Se     42.8 133.0 0.42 0.58 32

TPD bulk 109.5 321.0 0.64 0.37 33

B2O3    45.0   75.6 0.40 0.65 24

LiCl gel    12.0   70.5 0.67 0.39 26

ASAHI plate glass   73.0   83.8 0.45 0.62 34 

As2S3   32.4   62.1 0.31 0.82 35

Se70Te30   34.5 100.0 0.43 0.73 36

As2Se3   41.0   85.5 0.49 0.67 37

(GeSe2)30 (Sb2Se3)70  62.1 120.0 0.52 0.67 38

(GeS2)30 (Sb2S3)70   60.2 113.0 0.57 0.72 39 

NBS711     45.0   57.4 0.65 0.65 40

P-SK57     82.2 101.5 0.75 0.77 41

(GeS2)50 (Sb2S3)50   51.2   90.8 0.75 0.86 42

(GeTe4)60 (GaTe3)40   40.9   91.9 0.96 0.84 43

A complete DSC thermal cycle, - specifically, cooling scan #1 (-10 
K/min) from the equilibrium supercooled liquid at Tini to a 
temperature well below Tg, followed by subsequent heating scan #2 
(+10 K/min) back to Tini - was calculated using eqn (6) and (7) for all 
TNM parameter sets listed in Table 1 (see Supplementary 
Information). These simulated curves are analyzed separately in the 
following sections.

4.1. Analysis of simulated DSC heating scans

Moynihan's proposed equation (1) suggests that (1/Tg)= 1/Tg -
1/Tg‘, derived from simulated DSC heating scans (+10 K/min), 
multiplied by the reduced activation energy of structural relaxation 
h*/R, should equal a constant parameter, C.  However, our analysis 
of 24 diverse materials from Table 1 demonstrates that C depends on 
the non-exponentiality parameter 𝛽 (Figure 2a), a finding previously 

observed by several authors. 6-8 For the specific range of 𝛽 the values 
of 𝐶 approximate Moynihan's proposed constant (C  4.8).1 

Equation (1) can thus be reformulated into a different form     




)/*(
)/1(

Rh
DT hg

(9)

that resembles eq (2) proposed by Pikal et al. 6 A plot of (1/Tg)h vs. 
[β(h*/R)]-1 should produce a straight line passing through the origin, 
with a slope equal to D, as illustrated in Fig.2b. Linear regression 
confirms this relationship, yielding a proportionality constant D of 
3.69  0.06 (R2 = 0.993). 

  

Fig.2 Analysis of heating DSC scans (qh = +10 K/min) following cooling from 
equilibrium supercooled liquid (qc = -10 K/min), simulated using the TNM 
parameters from Table 1 (points). (a) Dependence of parameter C (eqn 1) on 
β. (b) Glass transition width (eq 9) as a function of [(h*/R)β]-1. (c) Reduced 
glass transition width (eq 10) as a function of [mβ]-1. Solid and dashed lines 
represent linear regressions, with slopes D = 3.690.06 and D’ = 1.480.04, 
respectively.
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Alternatively, the reduced glass transition width can be 
expressed (Tg/Tg’)h = (Tg’-Tg)/Tg’. Equation (1) can then be rewritten 
in the following form    












 

m
D

T
T

hg

g '
'

(10)

where m is the fragility index and D’  D/ln(10). The fragility index in 
this study is defined as m = (h*/RTg)/ln(10), although alternative 
definitions of fragility have recently been discussed in the 
literature.44 A plot of (Tg/Tg’)h vs. [mβ]-1 should yield a straight line 
passing through the origin (Fig.2c). Linear regression validates this 
relationship, with the proportionality constant D’ found to be 1.48  
0.04 (R2 = 0.980). 

Fig.3 Analysis of cooling DSC scans (qc = -10 K/min) from equilibrium 
supercooled liquid, simulated using the TNM parameters from Table 1 
(points). (a) Dependence of parameter E (eq 11) on (β+x). (b) Glass transition 
width (eq 12) as a function of [(h*/R)(β+x)]-1. (c) Reduced glass transition 
width (eq 13) as a function of [m(β+x)]-1. Solid and dashed lines represent 
linear regressions, with slopes F = 9.70.2 and F’ = 4.100.07, respectively.  

4.2. Analysis of simulated DSC cooling scans

A similar relationship to equation (1) can be assumed for cooling 
DSC scans 

E
TTR

h
gg




















'
11* (11)

The determination of Tg and Tg’ followed the procedure detailed in 
Section 3. The inflection point was first calculated numerically from 
the simulated DSC cooling data. A tangent was then fitted to this 
point via linear regression of twenty nearest data points, ensuring a 
correlation coefficient better than 0.9999. As illustrated by a solid 
line in Fig.1b, Tg and Tg’ are defined by the intersection of this tangent 
line with dTf/dT = 0 and dTf/dT = 1, respectively. 

In contrast to the heating scan analysis, Figure 3a illustrates that 
the parameter E for cooling process is dependent on the sum of both 
nonexponentiality and nonlinearity parameters, specifically (β+x). 
Consequently, equation (11) can be rewritten as 

)()/*(
)/1(

xRh
FT cg 




(12)

Thus, a plot of (1/Tg)c vs. [(h*/R)(β+x)]-1 is expected to yield a 
straight line that passes through the origin (Fig.3b). The 
proportionality constant F, determined via linear regression, is 9.7  
0.2 (R2 = 0.992). 

Similarly, mirroring the observation for the heating scan, the 
reduced glass transition width for cooling can be expressed as

 xm
F

T
T

cg

g












 


'

'
(13)

where m = (h*/RTg)/ln(10) is the fragility index and F’  F/ln(10). A 
corresponding plot of (Tg/Tg’)c versus [m(β+x]]-1 should also 
produce a straight line passing through the origin (Fig.3c). The 
proportionality constant F’ found by this linear regression is 4.10  
0.07 (R2 = 0.992).   

If the glass transition width (1/Tg)c is obtained from the cooling 
scan, equation (12) can potentially be used to estimate the value of 
the sum (β+x), provided the activation energy is known. However, 
such an estimated value is often distorted (usually overestimated), 
carrying an error margin of about 0.2. Very similar results are 
obtained when applying eq (13). Applying the same procedure to 
heating scans provides even less reliable results; the error margins 
for the values of β obtained from eqn (9) and (10) exceed 0.2. The 
primary challenge across all these estimations lies in the 
uncertainties associated with the accurate determination of (1/Tg)h 
and (Tg/Tg’)h. It appears that even the modified procedure detailed 
earlier in this paper does not provide satisfactory results for 
accurately determining the nonexponentiality and nonlinearity 
parameters. 

As already pointed out by Johari et al.,4 it is advantageous to use 
a more self-consistent method for determining (1/Tg) and Tg/Tg’. 
In this approach, Tg is defined as the temperature at which the 
normalized heat capacity (CpN  dTf/dT) equals a specific value z. 
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Subsequently, Tg’ is determined as the temperature where the 
normalized heat capacity reaches a value 1-z. Figure 4 illustrates this 
determination for DSC cooling scans at different scanning rates 
calculated for PVC and As2S3. 

Fig.4 Determination of the Tg and Tg’ (for z = 0.15) from simulated cooling DSC 
scans for PVC (a) and As2S3 (b). Curves are shown for various scanning rates 
using TNM parameters listed in Table 1. 

Figure 5a represents a plot of (1/Tg)c versus [(h*/R)(β+x)]-1,  
determined using DSC cooling scan at -10 K/min and a value z = 0.15 
for all TNM parameter sets listed in  Table 1. Linear regression of this 
data yields the proportionality constant F = 9.33  0.05 (R2 = 0.999). 
Similarly, Figure 5b shows a plot of (Tg/Tg’)c versus [m(β+x)]-1 for the 
same TNM parameter sets and z value. The resulting proportionality 
constant F’ is 3.98  0.03 (R2 = 0.998). These dimensionless constants, 
F and F’  F/ln(10) are invariant across different cooling rates and 
TNM parameter sets. They solely depend on quantity z that has been 
used for their determination. Table 2 provides their values for 
selected values of  z. 

Table 2 The proportionality constants defined by eqn (12) and (13), 
determined for various values of parameter z as illustrated in Fig.4. 

z       F      F’

0.01 25.2  0.4 10.8  0.3

0.05 16.1  0.1 6.9  0.1

0.10 11.89  0.06 5.08  0.05

0.15 9.33  0.05 3.98  0.03

0.20 7.39  0.04 3.15  0.02

0.25 5.84  0.04 2.49  0.02

0.30 4.45  0.03 1.90  0.01

0.35 3.24  0.03 1.38  0.01

0.40 2.13  0.02 0.904  0.008

 

Fig.5 Analysis of simulated cooling DSC scans (qc = -10 K/min) using TNM 
parameters from Table 1 (points). (a) Glass transition width defined by eq 
(12). (b) Reduced glass transition width defined by eq (13). Lines represent 
linear fits with F = 9.330.05 (solid line) and F’ = 3.980.03 (dashed line). Tg 
and Tg’ values were determined using the procedure defined in Fig.4 with z = 
0.15.

4.3. Estimation of nonexponentiality and nonlinearity

Utilizing the method detailed in Fig.4 (for z  0.15) for cooling DSC 
scans allows for estimation of (β+x) values from eqn (12) and (13) 
with significantly higher precision than achievable with Moynihan’s 
method, assuming the activation energy (h*/R) or fragility m is 
known (Fig.3 vs.Fig.5). The error margin for the resulting (β+x) values 
is typically less than 0.1. This accuracy aligns with  the typical error in 
the nonlinearity parameter x estimated via the peak shift method 
proposed by Hutchinson,45,46 and validated in recent extensive 
testing.47 Paradoxically, the method suggested by Johari et al.4 does 
not perform adequately for the heating scans for which it was 
originally proposed; the linear fit is considerably poorer and the error 
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margins significantly exceed those of the corrected Moynihan's 
method.

Moynihan et al.48,23 established that the glass transition 
temperature Tg is related to cooling rate qc by the following equation:   

Rh
Td
qd

g

c /*
)/1(

ln
 (14)

Figure 6 displays the Tg derived from cooling scans of PVC using data 
from Fig.4, plotted in accordance with eq (14). The slope of the linear 
lnqc versus 1/Tg plot directly yields the activation energy h*/R. For 
PVC we determined h*/R to be 225.50.8 kK (R2 = 0.9999), and for 
As2S3 33.370.02 kK (R2 = 1). These values slightly overestimate (by 
about 0.5 – 1 kK) the parameters used in TNM model calculation of 
cooling curves, which appears to be an inherent characteristic of eq 
(14).49 Nearly identical values are obtained for Tg’ data, confirming 
that both linear dependences are parallel. Consequently, their 
differences remain constant regardless of the scanning rate: 
(1000/Tg)c = 0.12700.0002 K-1 for PVC and 0.26760.0001 K-1 for 
As2S3. By inserting these values (1/Tg)c, (h*/R) and F (for z = 0.15) 
into eqn (12) we estimate (β+x) values of 0.33 for PVC and 1.08 for 
As2S3. Similarly, we can find the reduced glass transition widths: 
(Tg/Tg’)c = 0.04390.0003 for PVC and 0.11530.0059 for As2S3. By 
inserting these values, fragility m and the proportionality constant F’ 
(for z = 0.15) into eq (13) we estimate (β+x) values of 0.32 for PVC 
and 1.09 for As2S3. All calculated values exhibit good agreement with 
the established parameters for these materials listed in Table 1. 

Fig.6 Determination of the activation energy (h*/R) and the glass transition 
width (1000/Tg)c using the cooling curves for PVC and As2S3 presented in 
Fig.5. 

Combining equations (12) and (14) yields the following 
relationship:

T
qq

Fx
/121 /ln 










 (15)

where lnq1/q2 = lnq1 - lnq2 is obtained at the constant value of 
1000/T, as indicated in Fig. 7b. An obvious advantage is that, 
according to this relationship, the sum of the parameters (β+x) can 
be estimated even without explicit knowledge of the activation 
energy value. 

Figure 7a displays the calculated curves for various cooling rates 
of the (GeTe4)60(GaTe3)40 chalcogenide glass,43 including the 
determination of the Tg and Tg’ values for z = 0.3.  Figure 7b presents 
the linear dependencies lnqc versus 1000/T, from which lnq1 and 
lnq2 are determined. Linear regression of these plots yields lnq1/q2 
= 2.40 at 1000/T = 2.4 K⁻¹. Using equation (15) and the factor F 
corresponding to z = 0.3 (Table 2), an estimate of (β+x) = 1.850.03 
is obtained, which agrees well with the parameters for this material 
listed in Table 1. Similarly, lnq1/q2 values of 8.92 for PVC and 28.76 
for As₂S₃ are estimated from the data shown in Fig. 4. Applying 
equation (15) with F corresponding to z = 0.15, yields (β+x) estimate 
of 0.320.03 for PVC and 1.050.03 for As₂S₃; these results closely 
match the values in Table 1. While the nonlinearity and 
nonexponentiality parameters cannot be extracted separately from 
the glass transition width of cooling DSC scans alone, they can easily 
be resolved from the temperature down-jump and up-jump 
experiments of the same magnitude.50,51

Fig.7 (a) Determination of Tg and Tg’ (at z = 0.3) from simulated cooling DSC 
scans of (GeTe4)60 (GaTe3)40 glass at various scanning rates using TNM 
parameters from Table 1. (b) Evaluation of lnq1 and lnq2 at 1000/T=2.4 K⁻¹ 
based on the cooling curves presented in Fig.7a.

Measuring DSC cooling curves across a wide range of scanning 
rates can be challenging. The primary difficulty lies in achieving high 
cooling rates, particularly at lower temperatures. Conversely, at low 
cooling rates, a significant level of noise can complicate experimental 
data, especially for systems exhibiting only a small change in Cp in 
the glass transition region. Given these limitations, dilatometric 
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experiments, especially modern implementations like spectroscopic 
ellipsometry,52 appear to be more suitable. If the glass transition 
cannot be reliably measured across different cooling rates, then 
equation (15) is inapplicable. However, the parameter 𝐸, defined by 
eq (11), remains applicable for (β+x) estimation in a single-cooling-
rate experiment if the activation energy is known. Figure 8a 
illustrates the dependence of E as a function of 1/(β+x) for all 
materials listed in Table 1 (points corresponding to data sets shown 
in Fig.4 and Fig.7 are highlighted). 

The solid lines in Fig.8a represent the result of linear regression: 
E = -0.42 + 9.61/(β+x) for z = 0.15 and E = 0.47 + 3.88/(β+x) for z = 
0.30. For a rough estimate of the nonexponentiality, the parameter 
C, defined by eq (1), can be used analogously. Fig. 8b illustrates its 
dependence on 1/β for all materials listed in Table 1. The 
determination of Tg and Tg’ was performed according to the 
numerical procedure detailed in Section 3. The solid line in Fig.8b 
represents the linear regression result: C = -3.84 + 5.57/β.

Fig.8 (a) Dependence of the parameter E (calculated by eq 11) on 1/(β+x). 
Green points represent data for all materials listed in Table 1. Solid lines 
represent linear regression fits. Tg and Tg’ values were determined from 
cooling scans using the procedure shown in Fig.4 for z = 0.15 (R2 = 0.996) and 
z = 0.30 (R2 = 0.992). Open triangles represent data reported by Chen et al.7 
(b) Dependence of the parameter C (calculated by the eq 1 using data shown 
in Table 1) on 1/β (red points). Tg and Tg’ values were determined from 
heating scans according to the procedure described in Section 3. The solid line 
represents a linear regression fit (R2 = 0.975). Open squares represent data 
and corresponding linear fit (R2 = 0.857) extracted from Chen et al.7 
Highlighted points represent data sets shown in Fig.4 and Fig.7. 

In their study, Chen et al.7 utilized the original Moynihan1 
graphical method with DSC experiments at a 20 K/min heating rate 
to determine the Tg and Tg’ values for approximately 70 molecular, 
metallic, oxidic, and other glass-forming systems, and reported their 
TNM parameters. The open data points shown in Fig.8b represent 
the parameter C calculated for this dataset. The linear regression C = 
-4.84 + 6.59/β of Chen’s data set is weaker (R2 = 0.857) compared to 
stronger correlation observed for materials in Table 1 (R2 = 0.975). 
More importantly, the slope of the C vs. 1/β dependence is steeper 
compared to our dataset (dashed line, Fig.8b). This suggests that, the 
specific proportionality constant C might depend slightly on the 
methodology used to determine Tg and Tg' values.

Chen et al.7 do not provide measured cooling DSC curves; 
however, these curves can easily be obtained by simulation using the 
TNM parameters they report. In Fig.8a, the open points represent 
the parameter E obtained by eqn (11), using the Tg and Tg’ values 
determined via the Johari method (as described in Section 4.2, with 
z = 0.15 and 0.30, for simulated cooling curves at qc = -10 K/min). The 
results show excellent agreement with both the data and the linear 
fit for all materials listed in Table1. This demonstrates that the Johari 
method provides highly robust and reliably reproducible Tg and Tg’ 
values, facilitating meaningful comparison across different materials. 
Consequently, the proportionality constant E remains invariant for a 
given value of z. In contrast, the analysis of heating scans may 
introduce systematic inaccuracies in the glass transition width that 
significantly exceed typical expectations.

5. Conclusions

The glass transition width (1/Tg) or the reduced width Tg/Tg’ 
derived from DSC heating and cooling scans was comprehensively 
analyzed across 24 diverse materials, including inorganic glasses, 
organic polymers, and select molecular systems. An analysis 
employing the Tool-Narayanaswamy-Moynihan (TNM) model 
revealed significant differences between the cooling and heating 
processes. 

The width of the glass transition during cooling scans from 
metastable equilibrium supercooled liquid is independent on 
scanning rate. Instead, it is inversely proportional to the activation 
energy or the fragility index m, and the sum of the nonexponentiality 
𝛽 and nonlinearity 𝑥 parameters: [(h*/R)(𝛽+𝑥)]-1 or [m(𝛽+𝑥)]-1. 
Notably, applying the method proposed by Johari4 for cooling DSC 
scans allows for the estimation of the (β+x) value with an accuracy 
comparable to that achieved via the established Hutchinson’s peak 
shift method.45,46   

In contrast the glass transition width of heating scan is influenced 
by both the current heating rate and the previous cooling rate. This 
width is inversely proportional to the activation energy or fragility, 
and solely the nonexponentiality parameter: [(h*/R)𝛽]-1 or [m𝛽]-1. 
However, the 𝛽 value estimated from the glass transition width of 
heating scans is considerably less accurate than the (β+x) derived 
from cooling scans.  
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