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The simulation of photochemical reactions requires a quantum mechanical treat-
ment of electronic and nuclear dynamics. Most simulation approaches use the Born-
Oppenheimer (BO) approximation and calculations of nonadiabatic couplings to
evolve a wavefunction on a set of BO electronic states. However, the use of BO
states present several challenges such as discontinuous surfaces, singular terms in the
Hamiltonian, and double-valued boundary conditions. We present a direct dynamics
approach for molecular vibronic dynamics which does not invoke the BO approx-
imation simply by avoiding diagonalization of the electronic part of the Hamilto-
nian. By employing a diabatic propagation scheme for the orbitals, we ensure that
all electronic terms vary smoothly as a function of nuclear coordinates in a basis
of configuration state functions (CSFs). We derive equations of motion for mixed
quantum-classical dynamics techniques employing averaged potentials, such that the
simulated trajectories evolve on linear combinations of CSF surfaces. We test our
approach for lithium hydride and ethylene. In contrast with BO electronic surfaces,
we find that all CSF surfaces and couplings are smooth and integrable in the vicinity
of conical intersections and weak avoided crossings. Comparisons of the dynamics
of photoexcited lithium hydride show that Ehrenfest dynamics reproduce changes
in electronic state populations, but lead to over-coherence. Our equations of mo-
tion for coupled-trajectory dynamics fail to reduce the over-coherence problem due
to the reliance of the derivation on the BO approximation. With further work on
the selection of orbitals and the mixed quantum-classical equations of motion, our
work shows the potential of a pre-BO wavefunction ansatz for practical nonadiabatic
dynamics simulations.

1 Introduction
Photochemical reactions involve the excitation of electronic states by the absorption
of light, and the subsequent dispersal of the electronic energy. Understanding their
mechanism is important for the comprehension of biological processes, such as vi-
sion and photosynthesis1–3, as well as for developing new materials such as those
with photovoltaic or photochromic properties4–8. Time-resolved spectroscopic tech-
niques have revealed that the coupling between electronic and nuclear motion play a
crucial role in photochemical reactions9–12. However, the most common approaches
in quantum chemistry use the Born-Oppenheimer (BO) approximation, which ne-
glects the coupling of electronic states due to nuclear motion13–16. Simulations of
photochemical reactions thus have the added challenge of overcoming or correcting
the BO approximation.
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Methods used to simulate photochemical reactions are collectively known as nonadi-
abatic dynamics methods due to their correction of the BO (adiabatic) ansatz. A full
quantum mechanical treatment of nuclear degrees of freedom is only achievable for
small molecules, or simplified models of molecular Hamiltonians17,18. Nonetheless,
a full quantum mechanical treatment can accurately predict short-time observables
such as vibronic spectra for certain molecules using fitted Hamiltonians and numeri-
cally efficient approaches such as multiconfigurational time-dependent Hartree19,20.
To avoid the up-front cost of fitting Hamiltonians, direct dynamics methods use only
local information to propagate an approximate wavefunction. One class of direct dy-
namics methods are mixed quantum-classical (MQC) methods, which use classical
equations of motion to propagate trajectories in nuclear coordinate space21. Meth-
ods such as trajectory surface hopping (TSH) and Ehrenfest dynamics (Eh) require
much less computational resources than their fully quantum mechanical counter-
parts22–26. However, they lack nuclear quantum effects and typically introduce
over-coherence of the electronic states. Several corrections have been formulated to
overcome the over-coherence problem of MQC methods27–30.
The majority of nonadiabatic dynamics methods rely on calculations involving the

BO approximation due to the widespread accessibility of BO-based electronic struc-
ture methods. BO-based methods use the eigenstates of the electronic Hamiltonian
as an electronic state basis. Consequently, the electron-nuclear couplings appear as
derivative couplings between the nuclear momentum and the electronic wavefunc-
tion13,16. A full treatment of the Hamiltonian also includes second-order couplings,
which are very challenging to compute and are often neglected. The derivative cou-
plings in the BO basis are singular at subspaces of the nuclear coordinate space
known as conical intersections, where two (or more) electronic states are degener-
ate. Conical intersections appear as cusps in the potential energy surfaces, and a
BO wavefunction encircling a conical intersection acquires a geometric phase with
double-valued boundary conditions9,13,31,32. These characteristics make simulations
with BO-based methods challenging and typically require additional approximations.
In contrast, pre-BO ansätze avoid employing the BO approximation from the out-

set by treating electrons and nuclei on the same footing. For example, grid-based
methods can simulate electrons and nuclei together on a multidimensional grid at
an exponential computational cost. Other methods reduce the cost by reducing the
basis size, for example by employing Gaussian basis sets depending on correlated
degrees of freedom33,34, or by defining single-particle functions for nuclei akin to
electronic orbitals35,36. Recently, a new framework for pre-BO approaches was pro-
posed in which the electronic degrees of freedom are quantized in an electronic orbital
basis with coefficients depending on nuclear coordinates37,38. The nuclear degrees
of freedom can be subsequently quantized and truncated at a low order37,39. By
choosing a basis where the electronic orbitals vary slowly with nuclear coordinates,
these methods offer the potential for highly accurate calculations of photochemical
properties and dynamics.
The definition of an electronic basis which avoids the problems associated with

BO-based methods is by no means a new problem. A diabatic electronic basis is one
in which derivative couplings vanish, which has been proven to be non-existent for
a finite number of electronic states40–42. Quasi-diabatic bases instead assume that
derivative couplings become negligible where potential energies and couplings are
smooth functions of nuclear coordinates.43 Such approaches are typically fitted to
reproduce BO-based potentials or other properties13,44. Similarly, the adoption of
“diabatic orbitals” is known to produce slowly varying Hamiltonians in a many-body
electronic basis. The diabatization of orbitals is generally achieved using unitary
transformations between orbitals at adjacent nuclear geometries45, and optimiza-
tion of the orbitals and their transformations have led to robust techniques for the
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preparation of quasi-diabatic molecular Hamiltonians43,46–48.
An alternate view of photochemical dynamics arises from the use of the exact fac-

torization formalism. It exactly factorizes the time-evolving molecular wavefunction
as a single product of time-evolving electronic and nuclear wavefunctions49,50. The
formalism introduces a new starting point for nonadiabatic dynamics methods. It
has led to the development of alternate quantum mechanical51 and MQC52–58 ap-
proaches based on the concept of a time-evolving potential energy surface and an
electron-nuclear correlation (ENC) operator. The MQC approaches include terms
originating from the ENC operator, which correct for over-coherence in the BO basis
through the derivation of a collective force that acts between trajectories52–58 as
well as corrections to phase evolution58. Exact factorization has been applied pri-
marily to develop new BO-based nonadiabatic dynamics methods, but it is equally
applicable to any form of the molecular wavefunction.
In this paper, we take the first steps toward a direct dynamics methodology which

simulates photochemical dynamics with a pre-BO ansatz. We derive the full set
of terms in the molecular Hamiltonian with an orbital basis as well as a method
to smoothly propagate the orbitals with or without an active space. We propose
an MQC approximation to the dynamics based on exact factorization. We test
our approach by preparing the elements of the Hamiltonians of lithium hydride and
ethylene, and by simulating exact and MQC dynamics of lithium hydride. Finally,
we conclude by offering paths for improvement to the selection of basis and MQC
equations of motion. Our results show the promise of a pre-BO ansatz for direct
dynamics simulation at an affordable computational cost.

2 Theory

2.1 Quantum molecular dynamics

The molecular Hamiltonian can be written in terms of the nuclear kinetic energy and
the Born-Oppenheimer electronic Hamiltonian, Ĥmol = T̂n + Ĥe, given by

T̂n =−
Nn

∑
ν

1
2Mν

∇∇∇
2
ν , (1)

Ĥe =−1
2

Ne

∑
i

(
∇∇∇

2
i +

Nn

∑
ν

Zν

|ri −Rν |

)
+

Ne

∑
i> j

1
|ri − r j|

+Vnn, (2)

Vnn =
Nn

∑
ν>µ

Zν Zµ

|Rν −Rµ |
, (3)

where Ne is the number of electrons, ri is the position of electron i, ∇∇∇i is its gradient,
Nn is the number of nuclei, Rν is the position of nucleus ν, ∇∇∇ν is its gradient, Zν is
its charge, and Mν is its mass. We use atomic units (ℏ = me = e = 4πε0 = 1) here
and throughout this paper.
The molecular wavefunction can be written as

Ψmol(r,R, t) = ∑
I

χI(R, t)ΦI(r;R) (4)

with a basis of many-body electronic states ΦI(r;R) and nuclear wavefunctions
χI(R, t) projected on each state I, where R =

(
RT

1 RT
2 · · · RT

Nn

)T is a vector
of all nuclear coordinates. With this wavefunction ansatz, the kinetic energy leads
to nonadiabatic coupling terms because ∇∇∇ν acts on the electronic basis. We define
a left-acting gradient operator ∇∇∇

†
ν = −∇∇∇

T
ν which accounts for its anti-Hermiticity,

and we expand the kinetic energy into matrix elements of the many-body electronic
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basis

Tn,IJ = ∑
ν

1
2Mν

⟨ΦI |∇∇∇†
ν ∇∇∇ν |ΦJ⟩r

= ∑
ν

1
2Mν

(
∇∇∇

†
ν ⟨ΦI |ΦJ⟩r ∇∇∇ν +∇∇∇

†
ν ⟨ΦI |∇∇∇ν ΦJ⟩r + ⟨∇∇∇ν ΦI |ΦJ⟩r ∇∇∇ν + ⟨∇∇∇ν ΦI |∇∇∇ν ΦJ⟩r

)
= ∑

ν

1
2Mν

|∇∇∇ν +Dν ,IJ |2 +GIJ , (5)

where |ΦI⟩ is the state vector of ΦI(r;R), the subscript r denotes integration over
electronic coordinates, and | · |2 is the square modulus. The resulting equation con-
tains a vector and scalar potential given by

Dν ,IJ = ⟨ΦI |∇∇∇ν ΦJ⟩r , (6)

GIJ = ∑
ν

1
2Mν

⟨∇∇∇ν ΦI |
(

1−∑
K
|ΦK⟩⟨ΦK |

)
|∇∇∇ν ΦJ⟩r . (7)

In the complete electronic basis limit, GIJ vanishes because it involves the projection
into the orthogonal complement of the basis.
Using the definitions above, the molecular Hamiltonian is expressed as a matrix in

the many-electron basis by

Hmol = ⟨Φ|Ĥmol|Φ⟩
T
r = ∑

ν

1
2Mν

|∇∇∇ν +DDDDDDDDDDDDDDDDDν |2 +V, (8)

where |Φ⟩ is a vector with elements |ΦI⟩, DDDDDDDDDDDDDDDDDν is a matrix of vectors with elements
Dν ,IJ , and V = He +G is the potential energy matrix with He = ⟨Φ|Ĥe|Φ⟩

T
r with

elements [He]IJ = He,IJ and [G]IJ = GIJ . As a result, the molecular dynamics are
described by coupled differential equations for nuclear wavefunctions evolving on
electronic states

i
∂

∂ t
χ(R, t) = Hmolχ(R, t), (9)

where χ(R, t) is a vector with elements χI(R, t).

2.2 Second quantization representation

Using electronic creation and annihilation operators (â†
p and âp, respectively, for

orbital p), the elements of Hmol are given by

He =
No

∑
pq

hp
q(R)⟨Φ|â†

pâq|Φ⟩
T− 1

2

No

∑
pqrs

vpq
rs (R)⟨Φ|â†

pâ†
qârâs|Φ⟩

T
+Vnn(R), (10)

DDDDDDDDDDDDDDDDDν =
No

∑
pq

dp
q,ν (R)⟨Φ|â†

pâq|Φ⟩
T
, (11)

G =
No

∑
pq

gp
q(R)⟨Φ|â†

pâq|Φ⟩
T
, (12)

where No is the number of orbitals, |Φ⟩ is a vector of many-body electronic states
which can be written as linear combinations of configuration state functions (CSFs),
and the nuclear position dependence is expressed by a set of one- and two-electron
integrals hp

q(R), vpq
rs (R), dp

q,ν (R), and gp
q(R).

In what follows, we consider the case where spin-orbit coupling is negligible and
there are no external electric or magnetic fields. The generalization is straightfor-
ward but requires additional terms and a larger electronic basis. Without spin-orbit
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coupling, the integrals are given by

hp
q(R) = δσpσq h̃p

q(R) =−δσpσq

∫
dr1 φ

∗
p(r1;R)

(
1
2

∇∇∇
2
1 +

Nn

∑
ν

Zν

|r1 −Rν |

)
φq(r1;R),

(13)

vpq
rs (R) = δσpσr δσqσs ṽ

pq
rs (R)

= δσpσr δσqσs

∫∫
dr1dr2 φ

∗
p(r1;R)φ∗

q (r2;R)
1

|r1 − r2|
φr(r1;R)φs(r2;R), (14)

dp
q,ν (R) = δσpσq d̃p

q,ν (R) = δσpσq

∫
dr1 φ

∗
p(r1;R)∇∇∇ν φq(r1;R), (15)

gp
q(R) = δσpσq g̃p

q(R)

= δσpσq ∑
ν

1
2Mν

(∫
dr1 φ

∗
p(r1;R)∇∇∇†

ν ∇∇∇ν φq(r1;R)−∑
r

dr†
p,ν (R)dr

q,ν (R)

)
,

(16)

where φp(r1;R) is spatial orbital p, σp is the corresponding electronic spin, δ is the
Kronecker delta, and h̃p

q(R), ṽpq
rs (R), d̃p

q,ν (R) and g̃p
q(R) are spatial integrals. Without

an external magnetic field, the orbitals can be real valued (φ∗
p = φp) without loss of

generality.
The molecular Hamiltonian commutes with spin and electron number operators,

and we can define a singlet excitation operator Ê p
q = â†

pα âqα + â†
pβ

âqβ for spins α

and β . If |Φ⟩ includes only linear combinations of CSFs with a fixed spin and electron
number, this yields the matrix form Ep

q = ⟨Φ|Ê p
q |Φ⟩

T. He becomes

He =
No

∑
pq

h̃p
q(R)Ep

q +
1
2

No

∑
pqrs

ṽpq
rs (R)

(
Ep

r Eq
s −Ep

s δqr
)
+Vnn(R). (17)

Similarly, DDDDDDDDDDDDDDDDDν and G are expressed in terms of spatial integrals and Ep
q . The above

expression holds as long as |Φ⟩ spans the space of CSFs with a given electron number
and spin, such that |Φ⟩T ⟨Φ|= 1.

2.3 Born-Oppenheimer and pre-Born-Oppenheimer frameworks

The Born-Oppenheimer (BO) approximation sets DDDDDDDDDDDDDDDDDν and G to zero such that only
He and the bare nuclear kinetic energy remain, and the nuclear wavefunction evolves
independently on each electronic state. The nonadiabatic coupling is required in
order to describe internal conversion between electronic states. Methods beyond the
BO approximation typically use eigenstates of Ĥe as the many-body electronic basis
(ΦI(r;R)), making He diagonal. Expression of the molecular wavefunction in the
form of Eq. 4 with eigenstates of Ĥe is commonly known as the Born-Huang expan-
sion13. Methods employing the Born-Huang expansion operate in a BO framework,
since DDDDDDDDDDDDDDDDDν and G act as corrections to the BO approximation.
Despite being theoretically exact, the choice of eigenstates of Ĥe as the many-body

electronic basis leads to several numerical problems for quantum molecular dynamics.
The resulting Hamiltonian yields conical intersections, where BO potential energies
have cusps, and derivative couplings DDDDDDDDDDDDDDDDDν are localized and singular. Diagonalization
of He is also a cause of double-valued boundary conditions and the geometric phase
effect31. An exact solution requires an infinite sum over states, whereas in practice
the group BO approximation selects only a small set of BO electronic states and
neglects G and DDDDDDDDDDDDDDDDD†

ν DDDDDDDDDDDDDDDDDν terms outside of the set. G and DDDDDDDDDDDDDDDDD†
ν DDDDDDDDDDDDDDDDDν are often entirely

neglected as a first-order approximation of the nonadiabatic coupling since their
magnitudes are low whereas they have a high computational cost13.
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Choosing a separate many-body electronic basis without special treatment of Ĥe
results in a pre-BO ansatz, since the BO states are not involved in the simulation.
An ideal basis would also remove discontinuities in the Hamiltonian by ensuring that
it varies smoothly with nuclear coordinates38. To simplify the choice of many-body
basis, we consider a basis of individual CSFs rather than their linear combinations.
In Section 2.4 we derive the equations for an active space approximation to reduce
the number of CSFs and thus the computational cost. By propagating the orbitals
in such a way that each orbital is a smooth function of R, we obtain smooth surfaces
without cusps or singularities because all of the spatial dependence is given by one-
and two-electron spatial integrals. Details of the orbital propagation are provided in
Section 2.5.

2.4 Active space approximation
The number of CSFs has a combinatorial dependence on the number of orbitals, the
number of electrons, and the electronic spin. In practical cases, the spin is small
(often zero) and the number of orbitals is proportional to the number of electrons.
This leads to a rapid growth in the many-electron basis that underpins one of the
primary computational challenges of electronic structure theory. Using the full set of
CSFs is equivalent to full configuration interaction (FCI), which provides the exact
eigenstates of the BO electronic Hamiltonian for the chosen orbital basis set.
To reduce the number of CSFs, we can designate a subset of orbitals as active

orbitals (labeled p, q, r and s) and consider every excitation within the subset. The
remaining orbitals are either doubly occupied (labeled a and b) or virtual (labeled
j and k). The active space approximation removes all excitations between orbital
spaces (⟨Ê p

a ⟩ = ⟨Ê j
a⟩ = ⟨Ê j

p⟩ = 0), and fixes ⟨Êb
a ⟩ = 2δab and ⟨Êk

j ⟩ = 0. As a result,
the molecular Hamiltonian is approximated by

Hact
mol = ∑

ν

1
2Mν

|∇∇∇ν +DDDDDDDDDDDDDDDDDact
ν |2 +Vact, (18)

where DDDDDDDDDDDDDDDDDact
ν takes the same form as DDDDDDDDDDDDDDDDDν but only includes active orbitals p and q. The

potential energy Vact is given by

Vact =
No

∑
pq

k̃p
q (R)Ep

q +
1
2

No

∑
pqrs

ṽpq
rs (R)Ep

r Eq
s +Vcons(R), (19)

where the one-electron coefficients and the constant term are given by

k̃p
q (R) = h̃p

q(R)+∑
a

(
2ṽpa

qa(R)− ṽap
qa(R)−∑

ν

1
2Mν

d̃a†
p,ν (R)d̃a

q,ν (R)

)
+

1
2

(
g̃p

q(R)−∑
r

ṽpr
rq (R)

)
, (20)

Vcons(R) =Vnn(R)+∑
a

(
2h̃a

a(R)+ g̃a
a(R)+∑

b

(
2ṽab

ab(R)− ṽab
ba(R)

))
, (21)

where g̃p
q(R) is defined as in Eq. 12 with a sum over only active orbitals r, and g̃a

a(R)

involves only doubly occupied orbitals b in place of r. The extra terms d̃a†
p,ν (R)d̃a

q,ν (R)

arise from the difference DDDDDDDDDDDDDDDDD†
ν DDDDDDDDDDDDDDDDDν −DDDDDDDDDDDDDDDDDact†

ν DDDDDDDDDDDDDDDDDact
ν .

If all terms containing g̃p
q and d̃p

q,ν and equivalent terms for doubly occupied orbitals
are ignored, the remaining Hamiltonian is Hact

e . Specifically, this is the Hamiltonian
for complete active space configuration interaction (CASCI). Employing the active
space approximation with the wavefunction ansatz described above is thus theoreti-
cally equivalent to simulations with CASCI potential energy surfaces and couplings.
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2.5 Orbital propagation
In order to ensure that the elements of the Hamiltonian vary slowly and continuously
as a function of nuclear position, we adopt a scheme to propagate orbitals continu-
ously between nuclear positions. The molecular orbitals (MOs) are expanded in an
electronic basis set

|φ(R)⟩T = |η(R)⟩T c(R), (22)

where |φ(R)⟩ is a vector of MOs with elements |φp(R)⟩, |η(R)⟩ is a vector of basis
functions, and c(R) is a matrix of expansion coefficients. In general, the basis set
may be non-orthogonal and we can define an overlap matrix S(R) = ⟨η(R)|η(R)⟩Tr .
Electronic basis sets can be chosen to be independent of nuclear positions, such as
plane wave bases, in which case much of the following derivation does not apply.
Going forward, we assume an atom-centered orbital basis set with explicit dependence
of the basis on the nuclear positions.
We use the electronic overlap between adjacent nuclear positions R′ = R−δR and

R to propagate the molecular orbital coefficients from c(R′) to c(R). We define a
MO overlap matrix

O(R,R′) = c†
loc(R)S(R)c(R′), (23)

where cloc(R′) are MO coefficients based on only local information at R. We then
choose the propagation of MO coefficients given by

c(R) = cloc(R)O(R,R′)(O†(R,R′)O(R,R′))−1/2. (24)

Without loss of generality, the dependence on cloc(R) can be removed because
cloc(R)c†

loc(R) = S−1(R). This yields the transformation c(R) = c(R′)W−1/2(R,R′),
where W(R,R′) = c†(R′)S(R)c(R′), which approaches 1 as R approaches R′.
When using an active space, W(R,R′) gradually mixes molecular orbitals between

different spaces. To mitigate this effect, we divide c into doubly occupied, active,
and virtual spaces: cdocc, cact and cvirt. Simply replacing c with the coefficients in
each space leads to non-orthogonal MOs. We use Gram-Schmidt orthogonalization
with a projector given by PQ = OQ(O

†
QOQ)

−1O†
Q where Q is the space. We then

project out doubly occupied and active spaces: Oact → (1−Pdocc)Oact and Ovirt →
(1−Pdocc −Pact)Ovirt. This yields

cQ(R) = S−1(R)SQ(R,R′)cQ(R′)W−1/2
Q (R,R′), (25)

where WQ(R,R′) = c†
Q(R

′)SQ(R,R′)cQ(R′), and the effective overlap matrix is given
for each space by

Sdocc(R,R′) =S(R), (26)

Sact(R,R′) =S(R)−cdocc(R′)
(

c†
docc(R

′)S(R)cdocc(R′)
)−1

c†
docc(R

′), (27)

Svirt(R,R′) =S(R)−cdocc(R′)
(

c†
docc(R

′)S(R)cdocc(R′)
)−1

c†
docc(R

′)

−cact(R′)
(

c†
act(R

′)S(R)cact(R′)
)−1

c†
act(R

′). (28)

PQ and SQ are related by PQ = c†
locSQcloc.

The calculation of d̃p
q,ν (R) and g̃p

q(R) require gradients of the MO coefficients, given
by ∇∇∇ν c(R)= c(R′)∇∇∇ν W−1/2(R,R′). The gradient of the transformation W−1/2(R,R′)
is evaluated by solving a Sylvester equation

W−1/2
(

∇∇∇ν W−1/2
)
+
(

∇∇∇ν W−1/2
)

W−1/2 =−W−1 (∇∇∇ν W)W−1, (29)
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where the dependence on R and R′ has been dropped for convenience. The gradient
on the right hand side then simplifies to ∇∇∇ν W(R,R′) = c†(R′)(∇∇∇ν S(R))c(R′), which
can be readily computed with integral packages. The active space approximation
also only requires the gradient ∇∇∇ν S(R) since all other elements depend on R′.

2.6 Mixed quantum-classical dynamics

The simulation of photochemical dynamics with the Hamiltonian described in the
previous sections requires pre-calculation of the orbitals and the Hamiltonian for
regions of R that are energetically accessible. Instead, we adopt a mixed quantum-
classical (MQC) approach, which simplifies the nuclear wavefunction to an ensemble
of classical trajectories. By using an MQC approach, the Hamiltonian can be calcu-
lated on-the-fly as the trajectories evolve. We adopt average-potential based MQC
approaches such as Ehrenfest dynamics because the electronic Hamiltonian is not
diagonal in the CSF basis. The only additional step required is sampling of initial
conditions to reproduce the nuclear probability density.
One can derive exact mixed quantum-classical equations from the exact factoriza-

tion formalism, where a molecular wavefunction is expressed as a single product of
time-dependent nuclear and electronic wave functions

|Ψmol(R, t)⟩= χ(R, t) |ΦR(t)⟩ . (30)

The electronic wavefunction satisfies the partial normalization condition at all R
and t: ⟨ΦR(t)|ΦR(t)⟩r = 1. Consequently, the molecular dynamics is described by a
set of equations of motion for nuclear and electronic wavefunctions coupled via an
electron-nuclear correlation (ENC) operator and time-dependent vector and scalar
potentials. A detailed discussion including derivation and analysis of equations for
exact factorization is available in refs. 49 and 50.
The time evolution of the many-body electronic basis coefficients and the nuclear

force are given as ĊJ = ĊEh
J + ĊENC

J and Fν = FEh
ν +FENC

ν , respectively, where the
ENC terms appears in addition to the Ehrenfest (Eh) terms:

ĊEh
J =− i∑

K
He,JKCK −∑

K
∑
ν

1
Mν

PT
ν Dν ,JKCK , (31)

ĊENC
J =−∑

K

{
∑
ν

1
2Mν

(
Gν ,JK −Pν +∇∇∇ν

)TFν ,JK

}
|CK |2CJ , (32)

FEh
ν =−∑

JK
C∗

J (∇∇∇ν He,JK)CK −∑
JK

C∗
JCK ∑

L

(
D∗

ν ,LJHe,LK +He,JLDν ,LK
)
, (33)

FENC
ν =−∑

JK
Fν ,JK

{
∑
µ

1
2Mµ

(
Gµ,JK −Pµ +∇∇∇µ

)TFµ,JK

}
|CJ |2|CK |2, (34)

where Pν is the nuclear momentum, CJ = |CJ |eiSJ is the expansion coefficient for
the electronic state, |ΦR(t)⟩ = ∑J CJ |ΦJ⟩, Fν ,JK = ∇∇∇ν SJ −∇∇∇ν SK is the difference
of the phase term52, Pν = (∇∇∇ν |χ|2)/|χ|2 is the total quantum momentum, and
Gν ,JK = (∇∇∇ν |χJ |2)/|χJ |2 + (∇∇∇ν |χK |2)/|χK |2 is the projected quantum momentum.
For our MQC equations, we adopt the gauge condition that the time-dependent
scalar potential vanishes58.
The calculation of total and projected quantum momentum terms are straightfor-

ward from the definition of the total and projected nuclear densities. If we expand
the electronic state of the Eq. 30 |ΦR(t)⟩= ∑J CJ |ΦJ⟩ and compare it with Eq. 4, we
obtain χJ(R, t) =CJ(R, t)χ(R, t) and thus |χ|2 = ∑J |χJ |2, where the nuclear densities
can be constructed from the spatial distribution of trajectories and their populations.
We define the BO projected nuclear density for each state as a multi-dimensional
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Gaussian function based on the nuclear configurations and BO populations of tra-
jectories53,

|χJ(R, t)|2 ≡ ⟨|CJ |2⟩(t)
NJ(t)

∏
ν

exp

(
−
|Rν −Rν ,J(t)|2

2σν ,J(t)2

)
, (35)

where Ni is the normalization factor. The center and variance of the Gaussian for
each state are then defined as

Rν ,J(t) =
∑

Ntraj
k |C(k)

J (t)|2R(k)
ν (t)

∑
Ntraj
k |C(k)

J (t)|2
, (36)

σ
2
ν ,J(t)≡

∑
Ntraj
k |C(k)

J (t)|2
∣∣R(k)

ν (t)−Rν ,J(t)
∣∣2

∑
Ntraj
k |C(k)

J (t)|2
, (37)

where Ntraj denotes the number of trajectories and k is the trajectory index. As a
result, we find

Gν ,JK(R) =−

[(
1

σ2
ν ,J

+
1

σ2
ν ,K

)
Rν −

(
Rν ,J

σ2
ν ,J

+
Rν ,K

σ2
ν ,K

)]
, (38)

Pν =−

[
∑
J

(
|CJ |2

σ2
ν ,J

)
Rν −∑

J

(
|CJ |2Rν ,J

σ2
ν ,J

)]
. (39)

The divergence of the phase term ∇∇∇
T
ν Fν ,JK , which is crucial for the correct net

population transfer conservation, is usually approximated as a uniform function ∆ν , jk
to avoid the second-order derivative term calculation58,

∆ν ,JK =−
∑

Ntraj
k

({(
Gν ,JK −Pν

)TFν ,JK

}
|CJ |2|CK |2

)(k)
∑

Ntraj
k

(
|CJ |2|CK |2

)(k) . (40)

The definition of the phase term Fν ,JK in the CSF basis becomes ambiguous
compared its counterpart in the BO basis. In the BO basis the phase term ∇∇∇ν SJ can
be approximated as a state-wise BO momentum56,58 or a BO force integration52,
both exploiting the conceptually well-defined potential energy surface of each BO
state. However, in the CSF basis, such approximations are not directly applicable
due to the off-diagonal terms of the electronic Hamiltonian. Nonetheless, we can use
an analogous definition of the effective potential energy of each CSF state deduced
similarly from Eq. 31:

ECSF
J ≡ ∑K ℜ(C∗

J He,JKCK)

|CJ |2
(41)

such that
Epot = ∑

J
|CJ |2ECSF

J . (42)

We then approximate the phase term to the state-wise CSF momentum parallel to
the true momentum as

∇∇∇ν SJ ≈ Pν ,J ≡ Pν

√√√√max

(
0,

Etot −ECSF
J

Ekin

)
(43)

We neglect the recently derived phase correction term58 since it is very sensitive to
the accuracy of the phase terms, and it would have a more significant effect with
the CSF basis.
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R / Bohr
1.674 2.924 15.024

ϕ0

ϕ1

ϕ2

ϕ3

11
CSF

22 3312 13 23

Figure 1 Molecular orbitals and CSFs of LiH. The set of orbitals (φ0–φ3) are propagated
so that they change smoothly as a function of bond length, R. The lowest energy CSFs all
have φ0 doubly occupied, so they are labeled by the remaining MO occupations.

3 Results and Discussion

3.1 Lithium hydride

As a proof-of-concept demonstration, we test the MQC dynamics in the full config-
uration interaction CSF basis with orbital propagation on the excited state dynamics
of lithium hydride (LiH) with a minimal STO-3G basis. We only consider Σ+ states,
and the linear symmetry allows us to reduce the basis set to two s and one pz atomic
orbitals on the Li atom and one s atomic orbital on the H atom, where z is the
internuclear axis. This results in a total of 20 CSFs for neutral LiH. To provide a
comparison to the exact solution, we first obtained the Hartree-Fock (HF) MOs at
the optimized FCI equilibrium geometry (R = 2.924 Bohr). We then propagated the
orbitals (Section 2.5) with a sampling distance of ∆R = 0.05. We used the calculated
Hamiltonian to perform quantum wavepacket dynamics (Eqs. 8 and 9). We used
the PySCF package59 for electronic structure calculations including electronic inte-
grals, CSF matrix elements, and FCI, and we used geomeTRIC backend of PySCF
for geometry optimization60.
The MOs and low energy CSFs used in the simulation are shown in Fig. 1. The

MOs are ordered by their HF orbital energies at the equilibrium geometry. φ0 is
predominantly the Li 1s core orbital, φ1 is the bonding orbital, and φ2 and φ3 are
anti-bonding orbitals. The orbital propagation results in delocalization across Li and
H at long bond lengths while retaining the overall characteristics of the orbitals at
the equilibrium geometry. The six lowest energy CSFs each have φ0 doubly occupied,
so they are labeled by the occupation of the remaining orbitals.
In Fig. 2, we show the matrix elements of the electronic Hamiltonian, He. The

energies of CSFs with partially occupied φ0 are over 1.5 Eh higher in energy and are
not shown. The diagonal matrix elements of CSFs 11, 12, 23 and 33 each approach
the same asymptotic limit with the covalent character of LiH. CSFs 22 and 13, on
the other hand, tend to an ionic configuration with the electron density localized
on one atom. Off diagonal elements (Fig. 2b) of He reach constant values as R
increases. The largest values are caused by the delocalization of the orbitals. In
particular, φ1 and φ3 are the sum and difference of the H 1s orbital and a Li 2s-2p
hybrid orbital and the large coupling of CSFs 11 and 33 as well as 12 and 23 suggest
that localized orbitals would lower their magnitude.
The elements of the derivative coupling D (Fig. 2c) have magnitudes comparable

to off diagonal elements of He, but they have units of momentum. Their effect
on the dynamics is negligible since they would require a nuclear kinetic energy of
∼ 800 Eh to yield energies proportional to off-diagonal elements of He. Calculation
of G was beyond the scope of the current work, but the magnitude of its values are
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R / Bohr

7.
5

7.
0
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5

E 
/ E

h
(a)

5 10 15
R / Bohr

0.
2

0.
1

0.
0

0.
1

0.
2 (b)

5 10 15
R / Bohr

(c)

11
12
13

22
23
33

12,11
13,11
13,12

22,11
22,12
22,13

23,11
23,12
23,13

23,22
33,11
12,33

13,33
22,33
23,33

Figure 2 Elements of the LiH Hamiltonian in the CSF basis. The equilibrium geometry is
shown by a grey line. (a) Diagonal matrix elements of the electronic Hamiltonian, He,II . (b)
Off-diagonal matrix elements of the electronic Hamiltonian, He,IJ . (c) Matrix elements of
the derivative coupling, DIJ . Units of DIJ are a.u.

5 10 15
R / Bohr

7.
5

7.
0

6.
5

E 
/ E

h

(a)

5 10 15
R / Bohr

0.
0

0.
3

0.
6

0.
9

(b)

2,3

0 1 2 3 4 5

Figure 3 Elements of the LiH Hamiltonian in the BO basis. (a) BO potential energies from
FCI. Diagonal elements of the electronic Hamiltonian in the CSF basis are show in grey. (b)
Nonadiabatic couplings between BO states 2 and 3.

likely on the order D2/M with a reduced mass M, and are thus even smaller than
the derivative couplings.
To provide a comparison to the BO basis, we provide the FCI potential energies

in Fig. 3a equivalent to the eigenvalues of He. The BO electronic states separate
into three pairs as the bond length increases, with many avoided crossings near the
equilibrium geometry. In Fig. 3b we focus on the nonadiabatic couplings between
BO states 2 and 3, with characteristic peaks centered at the avoided crossings.
The strong coupling between BO states and their energetic separation from the
other states makes them a reasonable choice for wavepacket dynamics simulations.
Fig. 4 shows the square overlaps of each CSF for the four lowest BO states, given
by | ⟨ΦBO

I |ΦCSF
J ⟩ |2. BO states 0 and 1 are dominated by single CSFs (11 and 12,

respectively) at equilibrium, but develop a mixed character with longer bond lengths
and delocalized orbitals. In contrast, BO states 2 and 3 have a mixed character at
equilibrium and at longer bond lengths. The change in CSFs highlights the complex
interplay of electronic characters in the BO basis for changing nuclear coordinates.
For the quantum wavepacket dynamics, we prepared a Gaussian nuclear wavefunc-
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Figure 4 Square overlaps of CSFs for BO states as a function of LiH bond length. (a) I = 0.
(b) I = 1. (c) I = 2. (d) I = 3.

tion on |ΦBO
2 ⟩ centered at the equilibrium geometry R0 = 2.924 Bohr. We used a

width σ = 1/
√

2Mω where ω = 0.00766 a.u. is the harmonic frequency obtained
from FCI calculation and M = 1604.38 a.u. is the reduced mass. The initial state
was given by

|Ψ(R,0)⟩= χ(R,0) |ΦBO
2 (R)⟩= (2πσ

2)−1/4 exp
(
− (R−R0)

2

4σ2

)
|ΦBO

2 (R)⟩ . (44)

We used a sinc discrete variable representation for the nuclear grid, R∈ [0.974,25.024]
Bohr with ∆R = 0.05 Bohr, and a time-interval of ∆t = 2.0 a.u. The wavefunction
was evolved in the CSF basis for direct comparison to MQC results.
In Fig. 5, we show the populations ⟨|CI |2⟩ and coherences ⟨|CI |2|CJ |2⟩ of the quan-

tum dynamics of LiH in the BO and CSF bases. The populations in the BO basis
(Fig. 5a) show the expected population transfer between BO states 2 and 3 at t = 300
a.u., after which the populations stabilize. The time evolution leads to dissociation
of the LiH bond, leading to a gradual mixing of CSFs shown in Fig. 5b. The oscil-
latory behaviour of CSF populations occurs due to the constant off-diagonal values
of He at long bond lengths.
The BO coherence (Fig. 5c) between states 2 and 3 shows a sharp rise during

population transfer, followed by a gradual decrease as the wavepackets on the two
BO states separate due to their different potential and kinetic energies. The CSF
coherences (Fig. 5d) show more complex behaviour that reflects the CSF composi-
tion of the populated BO states as well as the time evolution of CSF populations.
Interestingly, the CSF coherences also gradually approach zero with increasing time
despite the sustained oscillations of CSF populations. The two largest values of
coherence at t = 1000 a.u. are between CSFs 11 and 13, and 33 and 13, which are
the populated CSFs of BO state 2 at long bond lengths.
We performed MQC dynamics simulations by sampling 100 initial positions and

momenta from the Wigner distribution of the initial state (Eq. 44)61,62. For each
trajectory we used the FCI state at the sampled geometry as the initial electronic
state. The MOs were propagated along the trajectory with timesteps of ∆t = 2 a.u.,
and the Hamiltonian was calculated in the CSF basis at each timestep.
The Eherenfest dynamics result (Fig. 6) shows excellent agreement for population

dynamics in both the BO and CSF bases. However, the BO coherences (Fig. 6c)
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Figure 5 Electronic dynamics obtained from exact quantum wave packet dynamics simula-
tion. (a) Populations of BO states. (b) Populations of CSFs. (c) Coherences between BO
states 2 and 3. (d) Coherences between CSFs. Refer to Fig. 2 for line labels.
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Figure 6 Electronic dynamics obtained from Ehrenfest dynamics simulation. Exact results
are shown as grey lines for comparison. (a) Populations of BO states. (b) Populations of
CSFs. (c) Coherences between BO states 2 and 3. (d) Coherences between CSFs. Refer to
Fig. 2 for line labels.
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Figure 7 Electronic dynamics obtained from coupled trajectory dynamics simulation. Exact
results are shown as grey lines for comparison. (a) Populations of BO states. (b) Populations
of CSFs. (c) Coherences between BO states 2 and 3. (d) Coherences between CSFs. Refer
to Fig. 2 for line labels.

show the over-coherence effect after the population transfer. The Ehrenfest dynam-
ics evolve on an average potential energy surface, meaning the nuclear wavepacket
cannot decohere without reaching another strong coupling region on the potential
energy surface. Consequently, in the CSF basis the coherences oscillate around con-
stant values that reflect the two populated BO states. Whereas the only disagree-
ment with the exact result stems from slight differences in the nuclear wavepackets,
the over-coherence has the potential to alter the electronic dynamics as well in larger
molecules with more degrees of freedom.
In an attempt to correct for the over-coherence of the Ehrenfest dynamics, we

performed coupled-trajectory (CT) dynamics simulations. The results in Fig. 7 show
that the ENC effect is immediately non-zero in the CSF basis as the initial state is
a BO state and CSF states are coherent at the beginning of the dynamics. Ideally,
a correct reproduction of the ENC effect should initially have an average net effect
of zero considering the initial accuracy of the Ehrenfest dynamics. However, the
CT results show inaccurate electronic dynamics even before the initial population
transfer seen in the exact result. Around t = 100 a.u., the CT trajectories undergo
partial population transfer to BO states 1 and 4. In the CSF basis, this population
change manifests as suppressed population of CSF 13 and increased population of
several other CSFs, particularly CSF 22. Furthermore, the BO and CSF coherences
(Fig. 7c and d) persist similar to the Eh results with a lower magnitude, indicating
persistent over-coherence.
Fig. 8 shows a comparison of nuclear densities for two representative timesteps,

t = 350 a.u. and 840 a.u. At the earlier time, the nuclear wavepacket remains
localized as the electronic population transfer proceeds between BO states 2 and 3.
The Ehrenfest and CT trajectories have a wider distribution than the exact nuclear
wavepacket, and the CT results in particular has trajectories around R = 3 and 9
Bohr. This disagreement is a direct result of the incorrect ENC force leading to
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Figure 8 Comparison of LiH nuclear densities. Exact total densities are shown as dashed
grey lines in each figure. (a) Densities projected onto BO states 2 and 3 at t = 350 a.u.
(b) Densities projected onto CSFs at t = 350 a.u. (c) Ehrenfest (Eh) and coupled trajectory
(CT) densities at t = 350 a.u. (d) Densities projected onto BO states 2 and 3 at t = 840 a.u.
(e) Densities projected onto CSFs at t = 840 a.u. (f) Eh and CT densities at t = 840 a.u.

wavepacket spreading. At t = 840 a.u., the BO densities have begun to separate
due to their different energies, and the CSF states likewise separate into two groups.
The CT and Eh densities agree reasonably well with the exact result, but the CT
density still shows a broader overall distribution.
Because the CT algorithm was originally derived in the BO representation, the

calculations of ENC terms have been designed to specifically work well for BO states.
The dominant ENC effect in the BO representation is the decoherence, and thus
the algorithm has been consequently aimed at correctly reproducing electronic state
decoherence. Our results confirm that simply replacing the BO state potential energy
with CSF energies for the ENC effect is not a good approximation of the phase term.
Furthermore, our results highlight the need for a more sophisticated design rule for
the approximation of the phase term.

3.2 Ethylene

To demonstrate the applicability of the active space approximation for larger molecules,
we propagated the orbitals of ethylene in the vicinity of the twist-pyramidalization
minimum energy conical intersection (MECI) and plotted the elements of the Hamil-
tonian. Using a complete active space of two electrons in two orbitals, we optimized
the MECI between BO states 0 and 1 with the complete active space self consistent
field (CASSCF) method using a 6-31G** basis. We employed the MECI optimiza-
tion method described in ref. 63. Finally, we calculated the gradient difference (g)
and nonadiabatic coupling (h) vectors. All optimizations, gradient calculations, and
integrals were calculated using PySCF59.
From the g and h vectors, we obtained orthonormal vectors eg and eh. Starting

from the MECI geometry, RCI, and the CASSCF MOs, we propagated the orbitals
in the coordinate space given by R = RCI + geg + heh, where g and h are positions
in the two-dimensional branching space. We used steps of ∆g = ∆h = 0.02 Bohr.
The two-electron, two-orbital active space yields a total of three CSFs with singlet
multiplicity. We label the CSFs 0, 1 and 2 for the open-shell configuration, double
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Figure 9 Electronic Hamiltonian matrix elements of ethylene in the CSF basis. (a) Diagonal
element He,00. (b) Diagonal element He,11. (c) Diagonal element He,22. (d) Off-diagonal
element He,01. (e) Off-diagonal element He,02. (f) Off-diagonal element He,12.

occupation of the lone pair orbital and double occupation of the p-type orbital,
respectively.
The elements of the electronic Hamiltonian in the CSF basis are shown in Fig. 9.

The minimum of CSF 2 is roughly 0.2 Eh above CSFs 0 and 1, which are degenerate
at g = h = 0. The minima of CSFs 0 and 1 are slightly displaced primarily along the
g direction. The off-diagonal elements between CSFs 0 and 1 and CSFs 0 and 2
both have a node near g = h = 0, with a roughly linear change along h. The 1-2 off-
diagonal element, on the other hand, is non-zero but small across the full coordinate
range. Taken together, these surfaces show the typical picture of a strong coupling
region for a quasi-diabatic Hamiltonian.
The more common view of a MECI is shown in Fig. 10, which provides the CASCI

energies obtained by diagonalizing He. The lowest CASCI state (Fig. 10a) has a
shallower potential than CSFs 0 and 1, but it also has a cusp at g = h = 0. The
minimum of the next CASCI state (Fig. 10b) is located at g = h = 0, completing
the double cone of the conical intersection. Aside from slight changes in energy, the
third CASCI state closely resembles CSF 2 due to the energetic separation and weak
coupling to the other CSFs.
Finally, we show the derivative coupling of ethylene in the CSF basis in Fig. 11. The

derivative coupling is a vector, so we provide projections in and out of the branching
space. We plot D10 since it is equal in magnitude to all other non-zero values
(D10 = −D20 = −D01 = D02, and D12 = D21 = 0). Projections into the branching
space are given by Dg,10 = eTg D10 and Dh,10 = eTh D10, and we define the residual as

Dz,10 =
√

|D10|2 −D2
g,10 −D2

h,10. (45)

Each of the derivative coupling values shown in Fig. 11 vary smoothly as a function
of g and h. None of the values show a particular change around g = h = 0, but Dg,10
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Figure 10 CASCI potential energies of ethylene from the BO approximation. (a) EBO
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Figure 11 Derivative coupling matrix elements of ethylene in between CSFs 1 and 0. (a)
Derivative coupling projected along eg, Dg,10. (b) Derivative coupling projected along eh,
Dh,10. (c) Derivative coupling orthogonal to the g-h plane, Dz,10. (d) Length of the derivative
coupling vector, |D10|.
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and Dz,10 increase with greater g and h and have similar magnitudes. Similar to
LiH, the magnitude of the derivative coupling is similar to the off-diagonal values
of He. When nuclear mass is taken into account, this suggests that the effect of
the derivative coupling is much smaller than the electronic potential energy without
extremely high kinetic energies. Although we have not calculated G, we expect it to
have a similar magnitude to |D10|2 divided by the reduced mass, suggesting that it
may be negligible.

3.3 Outlook

Our results for LiH and ethylene suggest a broad applicability of the pre-BO frame-
work for photochemical dynamics. However, it also presents several lines of investi-
gation that were beyond the scope of this work.
For both molecules, the values of the derivative coupling DDDDDDDDDDDDDDDDDν were at a scale that

has a negligible effect on the dynamics. We were unfortunately unable to present
values of the scalar coupling G in this work, but based on its form we expect it to be
similarly small. Further work is needed to determine the cumulative effect of DDDDDDDDDDDDDDDDDν and
G on dynamics simulations. We speculate that the derivative and scalar couplings
may be safely neglected with an appropriate orbital propagation scheme for many
molecules. Nonetheless, cases where the couplings are significantly large would be of
particular interest because they are likely poorly described by standard nonadiabatic
dynamics methods.
We adopted the orbital propagation scheme used in this manuscript due to its sim-

plicity. However, the results for LiH suggest room for improvement. Although our
orbital propagation yields a smooth description of bond breaking, it results in delo-
calized orbitals with large, constant off-diagonal values in the electronic Hamiltonian.
In the case of LiH, it is easy to see that linear combinations of the orbitals would
become localized. However, adopting purely local orbitals (including AOs) would
lead to large off-diagonal values for bonded geometries. The outstanding challenge
is to find a balance between the two cases where the off-diagonal values are largest
only during the change in bonding character, while maintaining the ability to find
analytic derivatives of the MO coefficients.
Our wavefunction ansatz does not use eigenstates of the electronic Hamiltonian,

which inspired us to use of MQC methods based on averaged potentials due to
their generalizability. However, we found that the CT method is not readily gener-
alizable. In particular, we found that past phase term derivations were specific to
BO-based representations. Therefore, although the formalism is independent of the
electronic basis, implementation of the ENC effect requires a new derivation with
more concrete approximations for pre-BO representations. The orbital propagation
yielded consistently smooth surfaces which point to the suitability of the pre-BO
wavefunction ansatz for other average-potential direct dynamics methods.
Finally, we note that throughout this work the major distinction between BO-based

and pre-BO methodologies with an orbital basis is whether or not the electronic
Hamiltonian is diagonalized. Using electronic creation and annihilation operators,
it was easiest to derive the equations for FCI and CASCI; however, other electronic
structure methods may be equally applicable where diagonalization is the final step
in the method. The wide array of available electronic structure methods offers
many avenues of future investigation for computationally efficient and accurate direct
dynamics simulations with a pre-BO ansatz.

4 Conclusion
We have presented a framework for photochemical dynamics simulations that cir-
cumvents the use of BO electronic states. We expressed the molecular Hamiltonian
in a basis of CSFs and propagated the set of MOs such that all elements of the
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Hamiltonian are smooth functions of nuclear coordinates. Furthermore, we showed
how the Hamiltonian simplifies with an active space approximation, and we derived
the equations of motion for MQC dynamics simulations.
Our proof-of-concept calculations of the Hamiltonians of LiH and ethylene showed

that all elements of the Hamiltonian vary slowly in the vicinity of strong nonadiabatic
coupling between electronic states in the BO basis. Furthermore, the propagated
orbital basis led to derivative couplings that were negligible in comparison to off-
diagonal elements of the electronic Hamiltonian. Dynamics simulations of photoex-
cited LiH revealed the complex nature of CSF couplings throughout the simulation.
As expected, Ehrenfest dynamics accurately captured the population transfer be-
tween electronic states but also led to an over-coherent wavefunction. We derived
an adaptation of coupled-trajectory dynamics for the CSF representation, but our
results show that further work is needed to correctly capture electron-nuclear corre-
lation in the CSF basis.
Our work has provided a valuable perspective for the potential of a pre-BO wave-

function ansatz in photochemical dynamics simulations. We have identified several
key areas for further investigation, including the significance of derivative and scalar
couplings, the choice of orbital propagation scheme, and the derivation of coupled-
trajectory equations of motion. Our work is a step towards practical simulations of
nonadiabatic effects in chemically relevant systems without a reliance on the BO
approximation.
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