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Within the present noisy intermediate-scale quantum-computing era, hybrid quantum-classical-processor algorithms have emerged as
promising avenues for tackling electronic-structure eigenproblems. Among them, the so-called ensemble-variational quantum eigensolver
has been designed to treat ground and excited states on an equal footing and proven effective in capturing features such as conical
intersections and avoided crossings between two electronic states, as we recently demonstrated for formaldimine. We also showed on that
example how the underlying ensemble-variational principle was prone to provide a quasi-diabatic representation “for free”. To date, this
method has been limited to computing only two eigenstates of a Hamiltonian. The aim of the present paper is to show how and under
what conditions this can be generalized to models that involve three coupled electronic states or more. Our approach relies on designing a
parameterized basis transformation that can directly be implemented on a quantum computer for further post-treatment. This nontrivial
step is accompanied by the development of quantum circuits specifically adapted to the several states of interest. An algebraic optimization
strategy for the parameters of the basis transformation is formulated to obtain the target eigenstates as well as the optimally diabatic
states under various objective flavors of the ensemble-variational principle. Our approach was tested for addressing the first three coupled
electronic states of the H+

4 molecular ion as a proof of principle, with three electrons in four spatial orbitals, along various geometries.

1 Introduction
Non-radiative photochemical processes occur in both natural systems, such as animal vision1 and the photostability of nucleic acids
following UV absorption2 as well as in artificial systems, for instance in the case of photoswitches3. During these ultrafast processes,
typically occurring on the timescale of tens to hundreds of femtoseconds, non-radiative transitions can arise in systems exhibiting strong
nonadiabatic couplings (NACs) between several adiabatic electronic states. NACs describe the coupling between the electronic and nuclear
motion4. When these coupling become large, the Born–Oppenheimer approximation (BOA) is no longer valid, and we require an approach
that goes beyond it4,5.
The study of molecular dynamics provides valuable insight into these processes and helps achieve a deeper understanding of their underlying
mechanisms. In principle, a faithful description of their dynamics requires a full quantum treatment of both electronic and nuclear degrees of
freedom, as electron–nuclear dynamics can evolve on comparable energy and timescales in ultrafast regimes6. A fully quantum framework
defines the field of ‘molecular quantum dynamics’, which is based on the vibronic time-dependent Schrödinger equation (TDSE). The
numerical solution of this equation has led to the development of various quantum dynamical methods, including wavepacket propagation
techniques such as the ‘multiconfiguration time-dependent Hartree’ (MCTDH) method7–9. In parallel, and with the aim of capturing
the essential features of the dynamics of these processes at reduced computational cost, mixed quantum–classical approaches have been
developed. Among these approaches, Tully’s ’trajectory surface hopping’ (TSH)10 is one of the most widely used and extensively studied
methods11,12. It is based on an ensemble of classical nuclear trajectories evolving on potential energy surfaces (PESs), with stochastic
transitions between electronic states, and a quantum treatment of the electronic degrees of freedom.
Each of these families of approaches is connected in practice to the electronic-structure problem, requiring the evaluation of electronic
properties as functions of the nuclear geometry. The solution of the electronic-structure problem provides the eigenstates of the electronic
Hamiltonian at each nuclear geometry, thereby defining the adiabatic representation. However, when two adiabatic electronic states
approach degeneracy at a given nuclear geometry, as occurs near conical intersections, which play a central role in non-radiative processes,
the NACs can become very large or formally singular. This behavior has consequences for the formulation and implementation of
nonadiabatic dynamics methods, depending on the nature of the underlying approach.
TSH, which adopts a pointwise description of nuclear motion is most often implemented in the adiabatic representation13,14, where nuclear
dynamics is driven by the gradients of the PES, while NACs between electronic states govern population transfer. In this framework, these
couplings enter as transition amplitudes along individual trajectories. In practice, regions where they become singular are rarely encountered
along most trajectories and therefore do not pose a significant problem for the overall dynamics. Nevertheless, various methodological
developments have been proposed to improve the robustness of surface hopping in such situations15. In contrast, wavepacket-based
methods are fully quantum and inherently non-local with respect to the nuclear coordinates. They therefore involve the evaluation of
multidimensional Hamiltonian matrix elements over nuclear wavefunctions defined in the full nuclear coordinate space. As a result, operators
that are singular or rapidly varying with respect to nuclear coordinates may lead to significant numerical difficulties in the evaluation of
local derivatives and multidimensional integrals. This provides a key rationale for the fact that the adiabatic representation is often not
the most convenient choice in these approaches, and has therefore led to a preference to use so-called (quasi)diabatic representations.
In principle, a diabatic representation corresponds to an electronic basis in which the NACs vanish. A possible way to construct such
a representation consists in applying a geometry-dependent unitary transformation of the electronic basis, commonly referred to as the
adiabatic-to-diabatic transformation. However, such a transformation is not unique and, in general, cannot be defined globally over the
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full nuclear configuration space5. This has led to the development of approximate schemes16–19, commonly referred to as quasi-diabatic
representations, in which the NACs are minimized rather than made to vanish.
Recently, some of the present authors have shown that a quantum algorithm, the so-called ‘state-average orbital-optimized variational
quantum eigensolver’ (SA-OO-VQE)20–22, had a natural propensity to achieve the adiabatic-to-diabatic transformation “for free” 23.
Excited-state quantum algorithms have seen growing interest since the last few years, with developments based on variational deflation
approaches24–29, quantum subspace methods30–47, and others47–59. Extensions to the calculations of NACs and analytical gradients have
also been derived21,60–62, thus enabling the implementation of hybrid quantum-classical (in the sense of quantum and classical computers)
nonadiabatic molecular dynamics63–69. However, they all focus on the preparation of adiabatic states, in contrast to Ref. 23, where
almost optimal quasi-diabatic states were obtained for the two-state formaldimine molecule. In this work, we improve the robustness of
our algorithm to obtain optimal quasi-diabatic states, by combining our rotational-procedure to obtain adiabatic states in Ref. 21 with the
minimization of the diabatic-descriptor derived in Ref. 23. A three-state case of the H+

4 molecule is studied within the ‘full configuration
interaction’ (FCI) picture in a minimal basis. As no active space is considered, orbital optimization is not needed and we only focus
on the state-average VQE method, also called ensemble-VQE. The paper is organised as follows. First, we provide the concepts and
methods in Sec. 2, where we describe the multi-state electronic-structure problem (Sec. 2.1) and the ensemble-VQE approach (Sec. 2.2).
The derivations to prepare the adiabatic states and the optimal quasi-diabatic ones are explained in Secs. 2.3 and 2.4, respectively.
Computational details are given in Sec. 3, where the model system is described together with the details of the implementation. Finally,
results are shown in Sec. 4, with successful preparation of the adiabatic and optimal quasi-diabatic states in Secs. 4.1 and 4.2, respectively.
We conclude in Sec. 5.

2 Concepts and Methods
2.1 General objective: the multi-state electronic-structure problem

For any set of nuclear coordinates, denoted by R, the electronic Hamiltonian, Ĥel[R], is simply defined upon removing the nuclear kinetic-
energy operator from the first-quantized molecular Hamiltonian. It can be viewed as depending locally on R, which thus plays the role
of an external parameter. In the context of this work, the internuclear Coulomb repulsion, hnuc(R), is included within Ĥel[R]. For any
value of R, and provided a one-body basis of spatial orbitals, {r 7→ ϕp(r;R)}, where r denote the electron coordinates, this Hamiltonian,
within the nonrelativistic, spin-free, second-quantization framework, is expressed as70

Ĥel[R] =∑
pq

hpq(R) Êpq +
1
2 ∑

pqrs
gpqrs(R) êpqrs +hnuc(R) Î , (1)

where hpq(R) are the one-electron integrals, including the kinetic energy of the electrons and their Coulomb attraction to the nuclei, and
gpqrs(R) are the two-electron integrals, describing the Coulomb repulsion between electrons. The one- and two-body spin-free excitation
operators are defined as Êpq = ∑σ â†

pσ âqσ and êpqrs = ∑σ ,τ â†
pσ â†

rτ âsτ âqσ , where â†
pσ (âpσ ) denotes the creation (annihilation) operator of

an electron with spin σ in spatial orbital p. Î corresponds to the electronic identity operator.
Within this framework, solving the electronic-structure problem consists in finding the eigensolutions, {|Ψn;R⟩}n≥0 and {En(R)}n≥0, to
the electronic time-independent Schrödinger equation (TISE) at any R,

Ĥel[R] |Ψn;R⟩= En(R) |Ψn;R⟩ . (2)

The so-called adiabatic electronic eigenstates, |Ψn;R⟩, thus depend parametrically on the nuclear coordinates R and their corresponding
eigenvalues, En(R), ordered according to En(R)≤ En+1(R), define continuous functions of R. Namely, the functions R 7→ En(R) are to
be identified to the adiabatic PESs for the motion of the nuclei within the Born–Oppenheimer picture.
Let us recall here some subtlety that is not as innocent as it may seem when translating formal theory into practical algorithms. The
second-quantized Hamiltonian given in Eq. (1) is a faithful representation of the first-quantized one if and only if the one-body orbital basis
is complete (say, within the ‘complete basis set’ – CBS – limit) and if and only if we restrict ourselves to the corresponding Nel-electron
Hilbert sector within the total second-quantized fermionic Fock space of spin-space antisymmetric many-body wavefunctions (note that
the value of Nel is preserved by the Hamiltonian, which provides a block-structured representation).
Since, in practice, we can only work with a finite basis of Norb spatial orbitals, {ϕp(r;R)}Norb

p=1, this implies that, for a given value of

Norb, giving rise to N = 2Norb spin-orbitals (using a spin-restricted picture), and a given value of Nel, we can form up to Ndet =
( N

Nel

)
Slater determinants within the 2N-dimensional fermionic Fock space (where ∑

N
Nel=0

( N
Nel

)
= 2N). Upon projection onto the finite span

of the spin-restricted Slater determinants corresponding to N = 2Norb and Nel, both first- and second-quantized approaches share the
same approximate eigensolutions within the FCI approach. They will be considered in what follows as “variationally exact” within the
Ndet-dimensional FCI Hilbert space.

2.2 Method: the ensemble-variational quantum eigensolver

Current quantum computers belong to the ‘noisy intermediate-scale quantum’ (NISQ) era71, which is characterized by their susceptibility
to various sources of noise that can affect computational accuracy, especially as quantum circuit depth increases. As a result, fully quantum
algorithms such as ‘quantum phase estimation’ (QPE)72, which are in principle capable of solving the electronic-structure problem, remain
limited in practice due to the large circuit depths that they require. In this context, hybrid quantum-classical variational algorithms, such
as the ’variational quantum eigensolver’ (VQE)73, have emerged as particularly attractive approaches, as they enable accurate results while
requiring shallower quantum circuits74. Such a hybrid approach leverages the relative strengths of both quantum and classical computing:
the quantum device avoids the classical limitation of storing an exponentially-large parameterized wavefunction, allowing the exploration
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of a broader Hilbert space (the 2N-dimensional fermionic Fock space being spanned by N qubits only), while the parameter optimization
is efficiently handled classically. However, the parameter landscape in VQE often suffers from local minima and barren plateaus, which
may sometimes undermine any expected potential quantum advantage75–77.
VQE was originally developed to compute the ground state of molecular systems. The ensemble-VQE method extends VQE78 within a
state-averaged framework, allowing the simultaneous calculation of multiple electronic states by treating them on an equal footing. The
present work focuses on generalizing the approach to the particular three-state case. For simplicity, the explicit dependence on R is
omitted from now on, as the method is applied separately for each molecular geometry.

Workflow of ensemble-VQE. Starting from a numerical one-body basis of real ‘atomic orbitals’ (AOs) {χµ (r)}Norb
µ=1, a set of ‘molecular

orbitals’ (MOs) {ϕp(r)}Norb
p=1 is constructed as ‘linear combinations of atomic orbitals’ (LCAO). Within an FCI approach (our focus herein),

the LCAO coefficients are typically obtained from an initial Hartree–Fock calculation, and the resulting canonical MOs are then used to
represent the electronic Hamiltonian Ĥel in second quantization (see Eq. (1)). Yet, any unitary change of MO basis is perfectly acceptable
as well, since the FCI eigensolutions are gauge-invariant (we shall come back to this aspect later on). The algorithm can be divided into
the following steps:
1. Defining the qubit-based representations of the electronic Hamiltonian and of the Slater determinants. To implement the electronic
Hamiltonian Ĥel within a hybrid quantum-classical approach, the Jordan–Wigner transformation is applied to map the second-quantized
Hamiltonian onto the qubit space, where it is usually written as a ‘linear combination of unitaries’ (LCU); namely, Pauli strings79. In
this, the Ndet Slater determinants with Nel electrons in N spin-orbitals are one-to-one mapped to ordered N-lists made of N−Nel zeros
(unoccupied spin-orbitals) and Nel ones (occupied orbitals), referred to as bitstrings or ’occupation number vectors’ (ONVs) and physically
realized as a subset of the span of the 2N Fock states of an N-qubit register: |11100 · · ·0⟩, |11010 · · ·0⟩, |10110 · · ·0⟩, etc.
2. Initialization. The second step of the method consists in preparing three orthonormal initial states on the quantum computer, denoted∣∣Φ0

A
〉
,
∣∣Φ0

B
〉
, and

∣∣Φ0
C
〉

(the model, or “guess”). Each of them correspond to a single Slater determinant (encoded as a basic ONV).
This can be generalized to ‘configuration state functions’ (CSFs) of given total spin S. The idea behind is to select chemically intuitive
electronic configurations (according to the Aufbau principle), that are expected to have dominant contributions in the first three targeted
eigenstates of Ĥel, |Ψ0⟩, |Ψ1⟩, and |Ψ2⟩. Thus, the number of different quantum circuits corresponds to the number of states of the
ensemble, here three.
3. State preparation. A parameterized unitary operator, Û(t), referred to as the ‘ansatz’ is then applied to each of these initial states,
leading to multideterminantal states, |ΦA(t)⟩= Û(t)

∣∣Φ0
A
〉
, |ΦB(t)⟩= Û(t)

∣∣Φ0
B
〉
, and |ΦC(t)⟩= Û(t)

∣∣Φ0
C
〉
, that depend on the ensemble-

variational parameters t. Here, we used as an ansatz the Trotterized – also called disentangled – ‘generalized unitary coupled-cluster single
double’ (GUCCSD)80. It must be understood that Û(t) should allow us, in principle, to navigate through the full span of the numerically
available FCI Hilbert space (assuming a perfectly-expressible ansatz). In addition, the fact that it is defined from the onset as a unitary
operator ensures that the resulting states, |ΦA(t)⟩, |ΦB(t)⟩, and |ΦC(t)⟩, remain orthonormal at all stages of the optimization process
(i.e., for any value of t).
4. Quantum measurements. To estimate the expectation values of the electronic Hamiltonian Ĥel with respect to the prepared states,
denoted HAA(t) = ⟨ΦA(t)| Ĥel |ΦA(t)⟩, HBB(t) = ⟨ΦB(t)| Ĥel |ΦB(t)⟩, and HCC(t) = ⟨ΦC(t)| Ĥel |ΦC(t)⟩, respectively, statistical sampling is
performed through a series of shots on the quantum computer (or deterministically using a classical state-vector emulator, as used in the
present work).
5. Classical optimization. The previous steps are intended to have been performed on a quantum computer for a given set of parameters
t provided by a classical computer. Herein, the parameters have been initialised to zero. Then, in order to determine the subspace of
minimal ensemble-energy, we invoke the ensemble extension of the Rayleigh–Ritz variational principle81,82,

Eens(t) = HAA(t)+HBB(t)+HCC(t)≥ E0 +E1 +E2 , (3)

such that
Eens(t∗) = min

t
{Eens(t)} .

In this, E0, E1, and E2 are the, supposedly-exact, lowest three eigenvalues of the Hamiltonian Ĥel. Within the present context (FCI;
see discussion above), we can assume that they are numerically accessible in principle, which implies that the equality can be reached:
Eens(t∗) = E0 +E1 +E2, and it is our actual objective at stationarity. In more general situations, the exact solution only serves as a lower
bound for the optimization process driven by the variational principle. In any case, the minimization of the functional Eens(t) is performed
using a classical optimization algorithm. To perform each iteration, the quantum algorithm evaluates the function Eens(t) for new sets of
parameters that are classically updated. These parameters are then used to prepare the corresponding parameterized quantum circuits,
and the process is repeated until ensemble-VQE convergence is reached at t∗.

A note on classical vs. quantum computing. It must be understood that, in the above setting, the ensemble-energy minimization
procedure essentially aims at mimicking the result of a (3×3)-block-diagonalization of the many-body Hamiltonian (Ndet×Ndet)-matrix.
Indeed, the minimum of the objective function, Eens(t∗), is simply the subtrace of the target block-matrix, and is gauge-invariant through
any arbitrary unitary/orthogonal transformation within the target subspace. Hence, this produces, from a model subspace of states,
{
∣∣Φ0

I
〉
}I∈{A,B,C}, an optimal set of states, {|ΦI(t

∗)⟩}I∈{A,B,C}, that span the eigensubspace of minimal ensemble-energy, denoted V ens
∗ ,

without being, a priori, detailed eigenstates of Ĥel. They are only so up to some additional unitary change-of-basis (3×3)-matrix (post-
or retro-variational objectives; see Sec. 2.3.1).
The states {|ΦI(t)⟩}I∈{A,B,C} that are prepared on the quantum computer by the unitary operator Û(t) from the “guess” are to be viewed
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as implicit CI expansions over the numerical basis of Slater determinants, {
∣∣Φ0

I
〉
}Ndet

I=1,

|ΦI(t)⟩= Û(t)
∣∣∣Φ0

I

〉
≡

Ndet

∑
J=1

OJI(t)
∣∣∣Φ0

J

〉
, OJI(t) =

〈
Φ

0
J

∣∣∣ΦI(t)
〉
=
〈

Φ
0
J

∣∣∣Û(t)
∣∣∣Φ0

I

〉
. (4)

Let us stress out that a classical-computing perspective would require the explicit evaluation of the elements of the CI-coefficient (overlap)
O(t)-matrix (in practice, here, the (Ndet× 3)-block of its first three columns), while a quantum-computing approach circumvents the
storage of them into memory and rather relies on implementing the direct action of the Û(t)-operator onto the model states (which is
represented by sequences of parameterized elementary unitary gates acting on qubit registers in the quantum computer). This probably is
the most critical difference between both computational strategies.

Taking the spin in to account. Since we are not considering spin-orbit coupling herein, the eigenstates of Ĥel are also eigenstates of Ŝ2

and Ŝz. A single Slater determinant is always an eigenstate of Ŝz, but it is not generally an eigenstate of Ŝ2. Therefore, an arbitrary linear
combination of Slater determinants is not necessarily an eigenstate of Ŝ2 either. Even when we are only considering ensemble-variationally-
optimal “pre-eigenstates”, {|ΦI(t

∗)⟩}I∈{A,B,C}, we want them to be pure-spin states so that further mixing them post-variationally within
the target subspace will eventually produce pure-spin eigenstates too.
Now, although a spin-adapted version of GUCCSD can conserve ⟨Ŝ2⟩ in theory, practical implementations using Trotterization may introduce
some spin contamination83. Therefore, a penalty term defined as

λ ∑
I∈{A,B,C}

∣∣∣⟨ΦI(t)|Ŝ2|ΦI(t)⟩−SI(SI +1)
∣∣∣ , (5)

where λ is some real positive number and SI is the targeted value of the spin quantum number for the state I, can be added to the
objective function Eens(t) to promote the generation of eigenstates of the Ŝ2 operator, as shown in the constrained VQE algorithm84. In
our numerical experiments, setting λ = 1 generally leads to a converged solution without the need for extensive parameter tuning. In some
cases, fine-tuning λ may be necessary to reach convergence. As an alternative, one can minimize the objective while enforcing a constraint
directly using a Lagrangian approach85, where Lagrange multipliers are used to incorporate the constraint explicitly. The ‘sequential
least squares quadratic programming’ (SLSQP) algorithm86, implemented in SciPy87, provides a practical way to handle constrained
minimization, typically without requiring explicit penalty parameter calibration. Although SLSQP can handle an equality constraint, we
observed that enforcing it numerically can reduce the accuracy of the convergence of Eens(t) toward the minimal ensemble-energy Eens(t∗).
Upon enforcing the constraint as an inequality instead, we obtained better convergence properties. We therefore define the constraint as

∑
I∈{A,B,C}

∣∣∣⟨ΦI(t)|Ŝ2|ΦI(t)⟩−SI(SI +1)
∣∣∣≤ εS , (6)

where εS is a small positive real number specifying the tolerance on the constraint.

2.3 Solving for eigenstates
From now on, we shall use the breve symbol, ˘· · ·, over a matrix to signal that it is a (3×3)-block within a “full” (Ndet×Ndet)-matrix (i.e.,
a restriction of it into the model subspace, into the target subspace, or the representation of a transformation between both).
The target-space representation of Ĥel is a real-symmetric matrix H̆(t∗) ∈ S3(R) (the set of real-symmetric (3× 3)-matrices), since the
MO basis φ can be assumed to be real under normal circumstances. Its elements {HIJ(t

∗)}I,J∈{A,B,C} are defined as

HIJ(t
∗) = ⟨ΦI(t

∗)|Ĥel|ΦJ(t
∗)⟩ . (7)

Because the ensemble-variationally-optimal states {|ΦI(t
∗)⟩}I∈{A,B,C} are not, a priori, eigenstates of Ĥel, the off-diagonal elements of

H̆(t∗) can be nonzero. Determining the target eigenstates of Ĥel then amounts to the final diagonalization of H̆(t∗).
At this stage, two different approaches can be distinguished. The first consists in evaluating each matrix element on the quantum
computer, followed by a classical diagonalization to obtain the eigenvalues and eigenstates of the system, as done in most quantum
subspace methods30. The second approach, adopted in the present work and following the one developed in Ref. 21, consists in obtaining
the eigenstates directly on the quantum computer. This strategy opens the way to various post-processing critical tasks, such as gradient
evaluations, the computation of NACs, or the measurement of other physical observables.

2.3.1 Diagonalizing via an orthogonal similarity transformation: toward adiabatic eigensolutions

For any matrix H̆ ∈ S3(R), there exists a nonunique orthogonal matrix Q̆ ∈ O(3) (the group of orthogonal (3×3)-matrices)88 such that

H̆ 7→ H̆ ′ = Q̆⊤H̆Q̆ , (8)

where H̆ ′ is real-diagonal. Such an orthogonal similarity transformation map applied to the variationally-optimized matrix H̆(t∗) leads to
a diagonal matrix H̆ ′(t∗) the elements of which, {H ′IJ(t

∗)}I,J∈{A,B,C}, are defined as

H ′IJ(t
∗) = ⟨Φ′I(t∗)|Ĥel|Φ′J(t∗)⟩ , (9)

where the post-transformed eigenbasis within the target subspace, {
∣∣Φ′I(t∗)〉}I∈{A,B,C}, satisfies∣∣Φ′I(t∗)〉= ∑

J∈{A,B,C}
QJI(t

∗) |ΦJ(t
∗)⟩ , QJI(t

∗) =
〈
ΦJ(t

∗)
∣∣Φ′I(t∗)〉 . (10)
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Now, from Eq. (4), we also have∣∣Φ′I(t∗)〉= ∑
J∈{A,B,C}

QJI(t
∗)Û(t∗)

∣∣∣Φ0
J

〉
= Û(t∗) ∑

J∈{A,B,C}
QJI(t

∗)
∣∣∣Φ0

J

〉
, (11)

where we used the linearity of Û(t∗) to move it left, back in front of the sum. This brings an incentive for introducing a pre-transformed
basis of the model subspace, {

∣∣Φ0′
I (t
∗)
〉
}I∈{A,B,C}, such that∣∣∣Φ0′

I (t
∗)
〉
= ∑

J∈{A,B,C}
QJI(t

∗)
∣∣∣Φ0

J

〉
, QJI(t

∗) =
〈

Φ
0
J

∣∣∣Φ0′
I (t
∗)
〉

, (12)

which will be important later on when implementing this operation on quantum circuits. It is a basis of the model subspace indeed, but
its very definition depends implicitly on the pre-knowledge of t∗, i.e., on the retroactive ensemble-variational optimization of the target
subspace.
It may seem at first sight that, when moving Û(t∗) to the left, we have illegally swapped the order of two noncommuting operations. This
is not the case. Let us re-express the above in matrix form, within the spirit of classical-computing CI. For consistency, we must introduce
the following orthogonally-augmented (Ndet×Ndet)-matrix,

Q=

(
Q̆ 0
0 1

)
. (13)

The classical CI approach assumes ∣∣Φ′I(t∗)〉= Ndet

∑
J=1

[C(t∗)]JI

∣∣∣Φ0
J

〉
, (14)

where C(t∗) is the orthogonal CI-coefficient matrix of the eigenstates with respect to the numerical basis of Slater determinants (or CSFs
if relevant). In practice, here, we are only interested in the (Ndet× 3)-block of the first three columns of C(t∗). The “post-variational”
approach (determine t∗ variationally such that applying Û(t∗) to the model will block-diagonalize, and post-transform the result to
diagonalize) corresponds to

C(t∗) =O(t∗)Q(t∗) . (15)

Alternatively, the “retro-variational” approach (determine t∗ variationally as above and keep it; then, pre-transform the model such that
applying Û(t∗) to the result will diagonalize) corresponds to

C(t∗) =Q(t∗)O′(t∗) . (16)

Both approaches are formally equivalent, simply because O′(t∗) =Q⊤(t∗)O(t∗)Q(t∗). While the former seems more natural, the latter is
required in practice if one wants to keep the eigenstates within the quantum circuit.
From the above, we can obtain pointwise eigensolutions at any R: {

∣∣Φ′I(t∗)〉}I∈{A,B,C} and {H ′IJ(t
∗)}I,J∈{A,B,C} where H ′I ̸=J(t

∗) = 0.
The adiabatic identification and connection, {|Ψn⟩}n∈{0,1,2} ←→ {

∣∣Φ′I(t∗)〉}I∈{A,B,C} and {En}n∈{0,1,2} ←→ {H ′II(t
∗)}I∈{A,B,C}, hence

{A,B,C}←→{0,1,2}, has to be finalized globally according to some conventional increasing-energy order at any value of R: E0 ≤ E1 ≤ E2.
In addition, we have assumed so far that Q̆ ∈ O(3). Yet, by replacing Q̆ with −Q̆, one can impose to always choose for convenience
Q̆ ∈ SO(3), the special-orthogonal group of rotation (3×3)-matrices (with determinant +1). This choice is not restrictive for the purpose
of diagonalization and may appear as sensible in order to help maintaining consistency across different molecular geometries R as regards
the potential introduction of arbitrary sign changes in the states (i.e., ±1 real-phase state factors). Note that we are not concerned by
the concepts nor the implications of the Berry/Longuet–Higgins geometrical/topological phases in the present work5.

2.3.2 Parameterization of the similarity transformation

In order to implement the retro-variational approach, it is necessary to express the transformation in Eq. (11), associated with a rotation
matrix Q̆, in a parameterized form that can be translated into quantum gates. The mathematical procedure to achieve this, inspired by
Ref. 89, consists in expressing the rotation matrix Q̆ as a product of three rotation matrices, each parameterized by an angle.
Rodrigues’ formula provides an explicit expression for the rotation matrix Rn(α), representing a rotation by an angle α around a unit
vector n ∈ R3 (see Ref. 90),

Rn(α) = I3 + sin(α)Kn+(1− cos(α))K2
n , (17)

where Kn denotes the (3×3)-matrix representation of the linear map k̂n : v 7→ n×v, which is defined by the cross product of the unit
vector n with a vector v ∈ R3.
One can show that any rotation matrix Q̆ ∈ SO(3) can then be expressed as a product of three elementary rotation matrices Rni , with
mutually orthogonal axes satisfying n1 ⊥ n2 and n2 ⊥ n3 (see Ref. 91). Thus, combining this result with the real decomposition for
real-symmetric matrices leads to the following corollary: for three unit vectors n1, n2, n3 ∈ R3 such that n1 ⊥ n2 and n2 ⊥ n3, there
exist three angles (θ∗,φ∗,ψ∗) ∈ [−π,π[3 that diagonalize the symmetric matrix H̆(t∗) via the change-of-basis matrix defined as

Rn1,n2,n3(θ
∗,φ∗,ψ∗) = Rn1(θ

∗)Rn2(φ
∗)Rn3(ψ

∗) . (18)

In the present study, the x,z,y axes were respectively used to define the elementary rotation matrices Rn1 ,Rn2 ,Rn3 .

5

Page 5 of 19 Faraday Discussions

Fa
ra

da
y

D
is

cu
ss

io
ns

A
cc

ep
te

d
M

an
us

cr
ip

t

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

8 
M

ay
 2

02
6.

 D
ow

nl
oa

de
d 

on
 5

/3
0/

20
26

 1
2:

58
:0

1 
PM

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online

DOI: 10.1039/D6FD00064A

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d6fd00064a


We now consider the following parameterized similarity transformation,

S3(R)× [−π;π[3→ S3(R)

(H̆,θ ,φ ,ψ) 7→ H̆ ′(θ ,φ ,ψ) ,
(19)

where
H̆ ′(θ ,φ ,ψ) = Rx,z,y (θ ,φ ,ψ)⊤ H̆Rx,z,y (θ ,φ ,ψ) . (20)

Applying the change of basis associated with this transformation to H̆(t∗) yields the target states
∣∣Φ′I(t∗,θ ,φ ,ψ)

〉
I∈{A,B,C} expressed as

∣∣Φ′I(t∗,θ ,φ ,ψ)
〉
= Û(t∗)

∣∣∣Φ0′
I (θ ,φ ,ψ)

〉
(21)

where ∣∣∣Φ0′
A(θ ,φ ,ψ)

〉
= cosφ cosψ

∣∣∣Φ0
A

〉
+(sinφ cosψ cosθ + sinψ sinθ)

∣∣∣Φ0
B

〉
+(sinφ sinθ cosψ− sinψ cosθ)

∣∣∣Φ0
C

〉
, (22a)∣∣∣Φ0′

B (θ ,φ ,ψ)
〉
=−sinφ

∣∣∣Φ0
A

〉
+ cosφ cosθ

∣∣∣Φ0
B

〉
+ sinθ cosφ

∣∣∣Φ0
C

〉
, (22b)∣∣∣Φ0′

C (θ ,φ ,ψ)
〉
= sinψ cosφ

∣∣∣Φ0
A

〉
+(sinφ sinψ cosθ − sinθ cosψ)

∣∣∣Φ0
B

〉
+(sinφ sinψ sinθ + cosψ cosθ)

∣∣∣Φ0
C

〉
. (22c)

For the sake of notational simplicity, we did not indicate the implicit dependence of the pre-transformed model states
∣∣Φ0′

I (θ ,φ ,ψ)
〉

I∈{A,B,C}
on t∗ (which actually occurs via the implicit dependence of the values of the three rotation angles on the pre-knowledge of t∗). As already
stated, the quantum circuits able to generate these linear combinations are relatively easy to design only if the original model states are
trivial in terms of bitstrings (i.e., Slater determinants or CSFs), as shown for instance in Ref. 21 and further discussed in Sec. 3 for the
three-state case presented in the present study.

2.3.3 Various flavors of the eigenproblem objective

Obtaining the eigenstates relies on determining the angles (θ ,φ ,ψ) for which the matrix H̆ ′(t∗,θ ,φ ,ψ), denoted H̆ ′(θ ,φ ,ψ) hereafter for
simplicity, is diagonal. From this perspective, it might appear natural, a priori, to minimize a function constructed from the off-diagonal
elements of H̆ ′(θ ,φ ,ψ). However, this approach would entail designing specific circuits for each of these terms78, which renders this
approach more costly. Thus, the approach adopted here, inspired by that proposed for a two-state system21, relies on constructing an
objective function that depends solely on the diagonal elements of the matrix.

Approach based on the conservation of the Frobenius norm. The Frobenius norm of a matrix is invariant under similarity transformations.
It follows that

∑
I,J∈{A,B,C}

I ̸=J

H ′IJ(θ ,φ ,ψ)2 = ∥H̆(t∗)∥2
F− ∑

I∈{A,B,C}
H ′II(θ ,φ ,ψ)2 . (23)

Thus, minimizing the above left-hand side is equivalent to minimizing the following function,

f F(θ ,φ ,ψ) =− ∑
I∈{A,B,C}

H ′II(θ ,φ ,ψ)2 . (24)

Given the existence of a triplet (θ∗,φ∗,ψ∗) that diagonalizes the matrix, the function f F(θ ,φ ,ψ) possesses a global minimum. However,
it depends on (θ ,φ ,ψ) through sine and cosine functions, which are neither convex nor concave over their entire domains. As a result,
f F(θ ,φ ,ψ) is, a priori, not convex, implying that the search for a global minimum could be complicated by the presence of local minima.

Approach based on the relationship between partial derivatives and off-diagonal terms. Since the goal is to identify the extrema of an
objective function, it can be advantageous to construct this function such that its partial derivatives with respect to each variable are, up
to a multiplicative factor, proportional to the off-diagonal elements of the matrix H̆ ′(θ ,φ ,ψ). Under these conditions, the vanishing of
the partial derivatives is equivalent to the vanishing of these off-diagonal elements, thus leading to a two-step strategy. In the first step,
two rotations are applied to eliminate two of the three off-diagonal terms. The two resulting relations correspond to

∂H ′BB(θ ,φ ,0)
∂θ

= 2cos(φ)H ′BC(θ ,φ ,0) , (25a)

∂H ′BB(θ ,φ ,0)
∂φ

=−2H ′AB(θ ,φ ,0) . (25b)

It consists in seeking an extremum in (θ ,φ) of the function H ′BB(θ ,φ ,0) (or its negative) in order to cancel the off-diagonal terms. It can
be noted that the second condition may be satisfied for φ ≡ π

2 (mod π) without the term H ′BC(θ ,φ ,0) being, a priori, zero, which requires
a separate treatment for this particular case. Denoting by (θ∗,φ∗) the pair that ensures the cancellation of the partial derivatives, one
obtains at the end of this step a matrix H̆ ′(θ∗,φ∗,0) such that

H ′AB(θ
∗,φ∗,0) = H ′BC(θ

∗,φ∗,0) = 0 . (26)
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In a second step, the third rotation is performed to eliminate the remaining term while preserving the vanishing of the first two. The
application of the third rotation Ry(ψ) preserves the cancellation of the two off-diagonal elements H ′AB and H ′BC,

H ′AB(θ
∗,φ∗,ψ) = H ′BC(θ

∗,φ∗,ψ) = 0 . (27)

Furthermore, it yields a third relation
∂H ′CC(θ

∗,φ∗,ψ)

∂ψ
= 2H ′AC(θ

∗,φ∗,ψ) . (28)

The second step therefore consists in seeking an extremum with respect to ψ of the function H ′CC(θ
∗,φ∗,ψ) (or its negative) in order

to cancel the off-diagonal term H ′AC(θ
∗,φ∗,ψ). Relying on these analytical conditions for the cancellation of the partial derivatives,

this approach does not appear to be affected by numerical issues associated with the presence of local minima. Nevertheless, it is less
straightforward to generalize than the approach based on norm conservation.

Approach based on the ensemble-variational principle Since a similarity transformation preserves the trace of a matrix, the states
{
∣∣Φ′I(t∗,θ ,φ ,ψ)

〉
}I∈{A,B,C} remain within the target subspace associated with the minimal ensemble-energy for any choice of the triplet

(θ ,φ ,ψ). Thus, the ensemble extension of the Rayleigh–Ritz variational principle81 with different weights can be applied into this subspace
to obtain the triplet (θ∗,φ∗,ψ∗) that diagonalizes the matrix. Following this idea, we can minimize the objective function f w(θ ,φ ,ψ)
defined as

f w(θ ,φ ,ψ) = ∑
I∈{A,B,C}

wIH ′II(θ ,φ ,ψ) , (29)

with wA,wB,wC three positive real numbers ordered such that: wA > wB > wC > 0. As with the norm-conservation approach, the objective
function does not appear to be convex a priori. Nevertheless, the objective function f w(θ ,φ ,ψ) is likely to be numerically more stable (a
perturbative argument based on small variations is provided in the Supplementary Information). This approach should be as straightforward
to generalize as the norm-conservation approach but choosing adequate values of the weights remains critical from a practical and numerical
perspective (see Refs. 92–94).

2.4 Achieving a quasi-diabatic representation
Following the framework developed in Ref. 23, we explore the capability of the ensemble-VQE method to produce a quasi-diabatic
representation, here for the case of three states. As for the eigenstates, the objective is to obtain the target diabatic states on the quantum
computer. In the case of two states, our previous investigations have shown that the method naturally yields quasi-optimal diabatic states
through the block-diagonalization procedure. Herein, we investigate this feature for three states and, as suggested in Ref. 23, consider
strategies to enforce diabatic optimality when necessary. One of our approaches is based on the same change-of-basis machinery as
developed in the previous section for solving the eigenstates.

Diabatic molecular orbitals and Slater determinants. The model states, {
∣∣Φ0

I
〉
}I∈{A,B,C}, which are Slater determinants (or CSFs if

relevant), can be made “as diabatic as possible” through a suitable least-changing choice of the underlying MO basis with respect to R.
This construction relies on the concept of ‘diabatic orbitals’, as first defined by Werner et al.95,96 and further described in Ref. 23. In
this, a reference geometry R0 is chosen, together with its canonical Hartree–Fock MOs {ϕp(r;R0)}Norb

p=1. At any other given geometry

R, the corresponding canonical Hartree–Fock MOs {ϕp(r;R)}Norb
p=1 are transformed using an orthogonal Procrustes procedure (based on

similar grounds as the symmetric Löwdin orthogonalization), yielding the so-called ‘diabatic’ MO basis {ξp(r;R,R0)}Norb
p=1 that maximizes

its orbital-resolved overlaps with {ϕp(r;R0)}Norb
p=1, and which thus depends parametrically on the current geometry R but also on the

reference geometry R0.

Least-transformation diabaticity criterion. If we were solving the corresponding block-diagonalization problem with a classical-computing
approach, our aim would be to determine the first three columns of the many-body overlap (Ndet×Ndet)-matrix O(t∗), which is orthogonal.
The model-to-target (3×3)-submatrix has already been denoted Ŏ(t∗). Of course, it has no reason to be orthogonal but it will be expected
(see below) to be as close as possible to the (3×3)-identity-matrix if one wants to transfer as much diabatic character as possible from
the model subspace to the target subspace. We shall further define the remaining ((Ndet−3)×3)-submatrix as X(t∗).
Let us specifically denote Ŏ⋆ := Ŏ(t⋆) and X⋆ :=X(t⋆) as the overlap submatrices corresponding to the “optimal diabatization” of the
states belonging to the target subspace of minimal ensemble-energy, V ens

∗ , such that the corresponding parameter t⋆ fulfills

t⋆ = arg min
t∈T ens

∥∥∥Ŏ(t)−1
∥∥∥

F
, (30)

where
T ens =

{
t
∣∣∣ {|ΦI(t)⟩}I∈{A,B,C} ∈ V ens

∗
}

. (31)

The manifold T ens is a priori not made of a single value of t∗ (reflecting the aforementioned gauge freedom of the block-diagonalization),
and t⋆ is some particular value of t∗, which has to be determined through some additional constraint. Since the overlap matrix O(t) is
orthogonal for any t, it follows that

Ŏ⊤(t)Ŏ(t)+X⊤(t)X(t) = 1 . (32)

Hence, requiring Ŏ⋆ to be close to the identity matrix automatically implies that X⋆ be close to the zero matrix. Following Ref. 23, the
“optimal diabatization” can thus be viewed as requiring the following condition to be satisfied as closely as possible for any geometry R,(

Ŏ⋆

X⋆

)
≈
(
1
0

)
. (33)
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The optimal diabatic states thus simply correspond to the least-transformed orthonormal projections of the model states {
∣∣Φ0

I
〉
}I∈{A,B,C}

onto the target subspace V ens
∗

23,95–98.

Descriptors of diabaticity. Our objective is to obtain a particular value of t∗ such that Ŏ(t∗) is as close as possible to 1. In order to
quantify the deviation from this condition, two descriptors were introduced in Ref. 23. Their definitions are recalled below. They are both
based on the ‘singular value decomposition’ (SVD) of Ŏ(t∗), which reads

Ŏ(t∗) = Ŭ(t∗)Σ̆(t∗)W̆⊤(t∗) , (34)

where Ŭ(t∗) and W̆ (t∗) are two orthogonal matrices, and Σ̆(t∗) = diag(σ1,σ2,σ3) with σ1 ≥ σ2 ≥ σ3 ≥ 0 (real-diagonal and positive
semi-definite). Hence, we have the following reverse polar decomposition,

Ŏ(t∗) = Ŏ⋆(t
∗)B̆(t∗) , (35)

where the respective real-symmetric and orthogonal matrix components are

Ŏ⋆(t
∗) = Ŭ(t∗)Σ̆(t∗)Ŭ⊤(t∗) , (36a)

B̆(t∗) = Ŭ(t∗)W̆⊤(t∗) . (36b)

Our first descriptor, d, quantifies the maximal diabaticity that can be achieved in the target subspace from a given model susbspace. It is
defined as23

d(t∗) =
∥∥∥Ŏ⋆(t

∗)−1
∥∥∥

F
=
∥∥∥Σ̆(t∗)−1

∥∥∥
F

. (37)

Its deviation from zero (expected to be finite but small enough) indicates the extent to which the model and target necessarily differ when
considering finite-dimensional subpaces. It indirectly reflects the existence of the so-called ‘irremovable CSF contributions to the NACs’
(due to the moderate but unavoidable variations with R of the MO-LCAO-coefficients and AO-overlaps involved in the MOs that underlie
the Slater determinants). Per construction, its amplitude is globally minimized (and varies as smoothly as possible with R) when one
uses a diabatic MO basis, {ξp(r;R,R0)}Norb

p=1. Its average value over R is essentially incompressible but depends slightly on the choice of
the reference geometry R0. In addition, let us note that any brutal increase of d along continuous variations of R just indicates that the
model subspace has become inadequate as the best guess of the target subspace.
Our second descriptor, r, quantifies the residual deviation of the actual block-diagonalization from diabatic optimality, once the target
subspace of minimal ensemble-energy has been determined. It is defined as23

r(t∗) =
∥∥∥B̆(t∗)−1

∥∥∥
F
=
∥∥∥Ŭ(t∗)−W̆ (t∗)

∥∥∥
F

. (38)

In particular, this descriptor tells us how close Ŏ(t∗) is to the real-symmetric matrix Ŏ⋆(t
∗) and thus to being optimal as regards diabaticity.

It is an indirect measure of the CI-contributions to the NACs and shares with them the property of being fully removable within the target
subspace, as will be illustrated below.
In the case of two states for the formaldimine molecule, our previous results have shown that the block-diagonalization procedure could yield
quasi-optimal diabaticity23. A possible explanation is that the ensemble-VQE algorithm behaves “as lazily as possible” when optimizing
the variational parameters t, particularly when a gradient-based optimizer is employed. The idea is that the optimizer follows the steepest-
descent path and thus tends to follow the “shortest path” in parameter space while converging to the target subspace. In particular,
this reasoning appears to explain the small deviations from optimality in the weights of the initial states

∣∣Φ0
I
〉

within the corresponding
optimized states |ΦI(t

∗)⟩. Nevertheless, it seems that this does not guarantee that the deviation arising from the mixing of the other
initial states

∣∣∣Φ0
J ̸=I

〉
into |ΦI(t

∗)⟩ remains small, especially as the number of states and the size of the basis grow. Therefore, it seems
useful, if not compulsory, to consider more systematic strategies to achieve optimal diabaticity in general situations.

Achieving optimal diabaticity. A way to achieve optimal diabaticity, i.e., to turn the value of the removable diabatic descriptor r(t∗) to
zero, is to incorporate it directly as a penalty term in the objective function. However, unlike in the case of spin, our numerical experiments
indicate that a direct choice of λ = 1 does not yield satisfactory results, especially for the convergence of the ensemble-energy. Reducing
the value of λ can improve the results, but calibrating it to achieve a converged solution appears more challenging. Instead, one can
follow the same strategy as in the spin case and minimize the objective function while enforcing the constraints directly using a Lagrangian
approach85. Following the same rationale as for the spin constraint, this condition is enforced as an inequality defined as

r(t∗)≤ εr , (39)

where εr is a small positive real number specifying the tolerance on the constraint. In any case, this direct approach worked here because
our ansatz was expressible enough, and t⋆ could be obtained as some specific value of t∗ within the T ens-manifold that optimally achieves
block-diagonalization so as to produce V ens

∗ .
Alternatively, this can be reformulated as an orthogonal Procrustes problem (see also Ref. 99 for some recent and similar approach to
diabatization),

r⋆ = min
Q̆(t∗)∈O(3)

∥∥∥Ŭ(t∗)− Q̆(t∗)W̆ (t∗)
∥∥∥

F
. (40)

The optimal solution corresponds to r⋆ = 0 and is obtained from Ŏ(t∗) and its SVD (Eq. (34)) as

Q̆⋆(t
∗) = Ŭ(t∗)W̆⊤(t∗) = B̆(t∗) . (41)
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Hence, upon following the same post- or retro-variational strategy as for the determination of the eigenstates but with a different objective,
we can determine the optimal diabatic states from the pre-optimal target ones (those that have been pre-determined by some ensemble-
variationally-optimal value of t∗) upon using an additional (θ ,φ ,ψ)-parameterized rotation (Eq. (18)). This is the strategy that we used
herein. Note that we also implemented the alternative use of a rotoreflection for situations where det(Q⋆(t

∗)) = −1 may be preferred,
but this has never been encountered in the present work. While we believe that there are good reasons for that, further investigating the
generality of this property is left for future work.
In summary, we can separate the different steps of our objective, i.e., the preliminary ensemble-variational determination of the subspace
of minimal ensemble-energy (given by some t∗), followed by the explicit determination of the rotation (θ⋆,φ⋆,ψ⋆)-angles that are required
for subsequent optimal diabatization. At each iteration step for the current values of (θ ,φ ,ψ) and for some pre-obtained value of t∗, one
measures the actual overlap matrix Ŏ(t∗,θ ,φ ,ψ) on the quantum computer. Its SVD is then performed on the classical computer so as
to get the value of the objective

∥∥∥Ŭ(t∗,θ ,φ ,ψ)−W̆ (t∗,θ ,φ ,ψ)
∥∥∥

F
to be minimized to zero with respect to variations of (θ ,φ ,ψ) until

convergence to (θ⋆,φ⋆,ψ⋆). The advantage of this approach is that it somewhat expands the parametrized-circuit expressibility beyond
that of the original ansatz Û(t). The drawback of this approach compared to the direct one is that we have to effectively implement a
change of basis, which may become challenging as the number of states increases.

3 Computational Details

Model system and molecular-symmetry considerations. The molecular ion H+
4 was experimentally observed for the first time in 1984, as

a dissociation product of H+
5 in a collision cell during mass spectrometry analyses100. A subsequent theoretical study identified ten stable

geometrical configurations for it101. The tetrahedral Td configuration of H+
4 – for which Cartesian coordinates are given in Table 1 –

although not corresponding to a stable geometry according to the Jahn–Teller theorem, provides a relevant starting point for the present
study. This system will serve as a toy-model in what follows.

Atom x y z
H 0.000000000000 0.000000000000 1.142278716718
H 0.807713026596 0.000000000000 0.000000000000
H -0.403856513298 0.699500000000 0.000000000000
H -0.403856513298 -0.699500000000 0.000000000000

Table 1 Cartesian coordinates (in Å) of the H+
4 molecular ion in the optimized Td geometry obtained at the FCI/STO-3G level of theory.

This high-symmetry geometrical configuration features one a1 orbital and a set of three degenerate t2 orbitals, resulting in a threefold
degeneracy of the lowest 2T2 electronic states, which correspond to three spin doublets (S = 1/2). A gradual symmetry descent can
be performed, passing through the symmetries C3v, Cs, and C1. We examined many of such multidimensional descriptions and did not
experience any particular difficulty as regards our various procedures (see the Supplementary Information). Below, we specifically focus
on results obtained for C1 geometries in order to address the most general situation (no symmetry).
The H+

4 molecular ion was initially placed in a tetrahedral configuration. The origin of the Cartesian coordinate system was chosen at the
center of the circumscribed circle of one of the faces lying in the xy-plane. Three nuclei (H2, H3, H4) were positioned in this plane, while
nucleus H1 was placed on the z-axis at the vertex opposite this face, as shown in Fig. 1a. “Variationally exact” adiabatic potential-energy
curves along a C1-coordinate are shown in Fig. 1b.
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−1.60

−1.55

−1.50

−1.45

−1.40

E
n

er
gy

(E
h
)

E0

E1

E2

(b)

Figure 1 (a) Distortion from the tetrahedral Td geometry of H+
4 to C1 geometries. (b) Corresponding adiabatic potential energies of the first three

eigenstates, E0,E1,E2, along ∆z1 (from ∆x2 = 0.1 Å and ∆y3 = 0.05 Å) obtained from a ’restricted open-shell Hartree–Fock’ (ROHF) FCI/STO-3G
calculation with Psi4 102.
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The Cartesian coordinates of nucleus i in the optimized Td geometry (see Table 1) are denoted xTd
i ,yTd

i ,zTd
i . Let xi,yi,zi be the Cartesian

coordinates of nucleus i in the geometry under consideration. The corresponding Cartesian displacements of nucleus i with respect to the
optimized Td geometry are defined as

∆xi = xi− xTd
i , ∆yi = yi− yTd

i , ∆zi = zi− zTd
i . (42)

Ensemble-VQE considerations. The Trotterized GUCCSD ansatz was employed with two repetitions because a standard single repetition
did not appear to provide satisfactory convergence of the ensemble-energy. Heuristically speaking, the twofold Trotterized repetition
seemed to be required here in order to obtain a fully-expressible ansatz. This critical aspect will be further analyzed in more detail in
future publications. In any case, the ansatz was parameterized so as to preserve the total z-spin component (MS = 1/2), corresponding
to two α-spin electrons and one β -spin electron. Its parameters t were initially set to zero and subsequently optimized by minimizing the
function defined in Eq. (3). The optimization was carried out using the aforementioned SLSQP algorithm86 as implemented in the SciPy
library87, with a maximum of 500 iterations and a convergence criterion of 10−10. The tolerances εS and εr for the constraints given in
Ineq. (6) and Ineq. (39) were both set to 10−8. For the eigenstate determination and diabatic optimization, the angles (θ ,φ ,ψ) were
initially set to zero and then optimized upon minimizing the relevant objective function for the chosen approach. Such optimizations were
performed under the same iteration limit, with a convergence threshold of 10−10. Reference eigenstates {|Ψn⟩}n∈{0,1,2}, together with their
eigenenergies, were obtained via classical FCI calculations using Psi4. The ensemble-VQE calculations were made using the open-source
code available in Refs. 22,103.

Implementation of the change of basis under a similarity transformation The implementation of the change of basis described in
Eq. (22) on a quantum computer is illustrated in this section. Here, we adopt a convention for the ONV representation in which all
α-spin orbitals are ordered before β -spin orbitals. Our reference states correspond respectively to

∣∣Φ0
A
〉
= |11001000⟩,

∣∣Φ0
B
〉
= |10101000⟩,

and
∣∣Φ0

C
〉
= |10011000⟩. Starting from an eight-qubit system initialized in the state |10001000⟩, a series of quantum gates is successively

applied to obtain the parameterized states {
∣∣Φ0′

I (θ ,φ ,ψ)
〉
}I∈{A,B,C} such as described in Eq. (22). In the following circuits, only the three

qubits q2, q3, q4, on which the quantum gates act, are shown.

q2 : |0⟩ X X X

q3 : |0⟩ Ry(2ψ) X Ry(2θ)

q4 : |0⟩ Ry(2φ) X X Z

q2 : |0⟩ Ry(2φ) Z

q3 : |0⟩ X X X

q4 : |0⟩ Ry(2θ)

q2 : |0⟩ Ry(2ψ) X

q3 : |0⟩ Ry(2φ) X X

q4 : |0⟩ X X Ry(2θ)

Figure 2 Quantum circuits for preparing the state
∣∣Φ0′

A(θ ,φ ,ψ)
〉
,
∣∣Φ0′

B (θ ,φ ,ψ)
〉
, and

∣∣Φ0′
C (θ ,φ ,ψ)

〉
from the initial state |10001000⟩. The circuits are

shown from top to bottom in the order A, B, C.

In the context of achieving optimal diabaticity, if det(Q⋆(t
∗)) = −1, the quantum circuit for preparing the state

∣∣Φ0′
C (θ ,φ ,ψ)

〉
from

|10001000⟩ is the same as that shown in Fig. 2, with an additional Z gate applied to qubit q1. In the quantum circuits shown in Fig. 2,
quantum gates are applied from left to right, following the usual convention. The Pauli-X , Pauli-Z, and rotation Ry(θ) quantum gates
used in these circuits follow standard definitions (see Ref. 104). In the case of a controlled gate, the filled circle (•) denotes the control
qubit, while the connected gate acts on the target qubit, applied conditionally on the control qubit being in the state |1⟩. Details regarding
the sequence of quantum operations implemented in the circuits are provided in the Supplementary Information.
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4 Results and Discussion
4.1 Solving for eigenstates
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(a) After determining the subspace of minimal ensemble-energy
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(b) After eigenstate resolution

Figure 3 Energies of the ensemble-VQE states: (a) HAA, HBB, HCC after determining the subspace of minimal ensemble-energy; (b) H ′AA, H ′BB, H ′CC
after eigenstate resolution (see Fig. 2 and Eq. (20)). FCI energies of the first three eigenstates: E0, E1, E2. Canonical MOs are used.

Using the ensemble-VQE approach, the diagonal ensemble-variational energies, HAA, HBB, HCC, are shown in Fig. 3a. They differ slightly
from those of the first three eigenstates, E0, E1, E2. The retro-variational ones, H ′AA, H ′BB, H ′CC, fully match the eigenenergies as expected.
Interestingly enough, none of them have been post-reordered by hand, which is consistent with having used canonical MOs here for
defining the model states according to the Aufbau principle; however, this behavior cannot always be guaranteed and may depend on
context. For illustration purposes, a successful optimization deliberately started from a “wrong guess” (doubly excited configurations) is
shown in the Supplementary Information. The procedure is robust enough (and the ansatz expressible enough) that it did not end up at a
local minimum. Indeed, it yields correct values of the targeted eigenenergies at convergence, but now sorted erratically along consecutive
molecular geometries.

4.2 Achieving a quasi-diabatic representation

4.2.1 After determining the subspace of minimal ensemble-energy
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Figure 4 (a) Energies of the ensemble-VQE states, HAA, HBB, HCC, and FCI energies of the first three eigenstates, E0, E1, E2. (b) CI-coefficient (overlap)
submatrix elements of the ensemble-VQE states {|ΦI(t

∗)⟩}I∈{A,B,C}. Diabatic orbitals are used.

In what follows, we chose a Cs reference geometry, R0, for defining the diabatic orbitals23, such that ∆x0
2 = 0.1 Å and ∆z0

1 = −0.1 Å.
This small distortion from Td allows us to clearly discriminate the three singly-occupied orbitals (t2-degenerate in Td), hence to fix the
choice of the three singly-excited model states that will specify the nature of the targeted diabatic representation. Our results are shown in
Fig. 4a after the determination of the subspace of minimal ensemble-energy. Although the energies of the states seem to follow a diabatic
behavior, in contrast to Fig. 3a where they do not cross each others, they are not really smooth functions of the deformation coordinate.
Not surprisingly, this irregular behavior is also observed for the elements of the overlap matrix along the deformation coordinate, as shown
in Fig. 4b. Yet, the relatively large values of the diagonal terms indicate that the optimization procedure leads, as expected, to target
states that remain relatively close to the initial model states (the “guess”).
In both cases, the overlap matrices are not symmetric, and for certain pairs of off-diagonal elements, such as OAC and OCA, the values
appear to be approximately opposite at some points along the deformation coordinate. The overall structure appears to correlate with
the behavior of the r descriptor in Fig. 5. For instance, Fig. 4b reveals that two out of the three pairs of off-diagonal elements remain
close to zero when ∆z1 ≤ 0.15 Å, which appears to be consistent with the relatively small values of the r descriptor in this region.
Regarding the descriptors in Fig. 5, it can be observed that the descriptor r is not smooth at all, in contrast to the two-state case of the
formaldimine molecule studied in Ref. 23. Further numerical tests indicate that a similar irregular behavior of the descriptor r is always
observed, irrespective of the choice made for the reference geometry R0 used to construct the diabatic MO basis (see the Supplementary
Information). This may reflect some sensitivity of the results to the optimization procedure used in the determination of the subspace
of minimal ensemble-energy, potentially due to the relatively large number of parameters in the ansatz. Regarding the descriptor d, it
is smooth on the entire range of ∆z1. This may be due, on the one hand, to the fact that the diabatic orbitals were constructed to
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vary smoothly with respect to R-variations. On the other hand, d is invariant under a change of basis within the subspace of minimal
ensemble-energy, and is therefore not sensitive to the way the states converge to this subspace. Additional numerical experiments indicate
that the value of d depends slightly on small variations in the reference geometry R0 (see the Supplementary Information).
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Figure 5 Diabaticity descriptors r and d.

Overall, while the ensemble-VQE in Ref. 23 led to a quasi-diabatic representation “for free”, a more robust implementation was required
for the three-state case studied herein. In the following, we achieve optimal diabaticity following the strategy described in Sec. 2.4, i.e.,
upon using the parameterized-circuit rotations aimed at minimizing the descriptor r.

4.2.2 After descriptor r minimization
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Figure 6 (a) Energies of the ensemble-VQE states, H ′AA, H ′BB, H ′CC, and FCI energies of the first three eigenstates, E0, E1, E2. (b) CI-coefficient (overlap)
submatrix elements of the ensemble-VQE states {|Φ′I(t∗,θ⋆,φ⋆,ψ⋆))⟩}I∈{A,B,C}. Diabatic orbitals are used.

From Fig. 6a, it is clear that the diabatic energies obtained after the minimization of the descriptor r by a change of basis (as discussed at
the end of Sec. 2.4) are smooth over the entire geometry profile, as expected. The corresponding values of r are close to zero (it remains
below 2× 10−8 for all values of ∆z1), suggesting that the solution is numerically close to the optimal diabatic limit. Indistinguishable
results are obtained by minimizing r(t) without a change of basis, i.e., when it is incorporated into the objective function via a Lagrangian
formulation, as also explained in Sec. 2.4. From Fig. 6b, it can be observed that the overlap matrix is effectively symmetric, with elements
varying only slightly along the deformation coordinate. It can be noted that the diagonal elements of the overlap matrix obtained after
the determination of the subspace of minimal ensemble-energy in Fig. 4b were relatively close to their optimal values, which seems to
support the notion that the optimizer followed a relatively direct path toward the subspace of minimal ensemble-energy, without fully
exploring the variational space. Consistent with the slight dependence of the descriptor d on small variations of the reference geometry
R0 used to construct the diabatic MO basis, the optimized diabatic states also vary slightly with the choice of R0 (see the Supplementary
Information).
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Figure 7 (a) Off-diagonal Hamiltonian matrix elements in the basis of the ensemble-VQE states {|ΦI(t
∗)⟩}I∈{A,B,C} (see Figs. 4a and 4b). (b) Off-

diagonal Hamiltonian matrix elements in the basis of the ensemble-VQE states {|Φ′I(t∗,θ⋆,φ⋆,ψ⋆)⟩}I∈{A,B,C} (see Figs. 6a and 6b). Diabatic orbitals
are used.

12

Page 12 of 19Faraday Discussions

Fa
ra

da
y

D
is

cu
ss

io
ns

A
cc

ep
te

d
M

an
us

cr
ip

t

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

8 
M

ay
 2

02
6.

 D
ow

nl
oa

de
d 

on
 5

/3
0/

20
26

 1
2:

58
:0

1 
PM

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online

DOI: 10.1039/D6FD00064A

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d6fd00064a


Finally, as can be seen in Fig. 7, the off-diagonal Hamiltonian matrix elements before the change-of-basis are not smooth in contrast to
Ref. 23, despite using diabatic orbitals, suggesting again that the optimal diabaticity is more difficult to achieve and requires additional
care. After the change of basis, the off-diagonal Hamiltonian matrix elements become smooth and are still nonzero, which is consistent
with the C1 point group where no symmetry consideration enforces them to vanish. Note that we also checked that two out of the three
off-diagonal Hamiltonian matrix elements become zero when considering the Cs point group, and the three off-diagonal Hamiltonian matrix
elements are zero at ∆z1 = 0.0 when considering the Td point group, due to symmetry considerations (see the Supplementary Information).

5 Conclusions and Outlooks
In photochemistry, the democratic description of quasi-degenerate states – such as the states involved in conical intersections or avoided
crossings – is crucial and can be achieved by using the equi-weighted ensemble-VQE algorithm20. However, the latter only allows for
a block-diagonalization of the Hamiltonian, and preparing the eigenstates requires an extra quantum circuit to implement the rotation
between the many-body basis states, dependent on the initial model states. This additional step was designed and successfully implemented
for two states in our previous work21, when the model states are the Hartree–Fock one and a spin-singlet singly-excited CSF. In the present
study, we applied the algorithm to a three-state case (the H+

4 molecular ion) where the model states are spin-doublet Slater determinants
differing by a single electron excitation. Together with the design of specific quantum circuits to perform rotations among these states,
we also derived several generally applicable objective functions, thus extending the approach to any number of states. In addition, being
inspired by the recent finding that ensemble-VQE has the propensity to prepare quasi-diabatic states23, we developed a rigorous strategy
to prepare optimal quasi-diabatic states with no additional cost compared to the adiabatic ones, while still avoiding any challenging
adiabatic-to-diabatic transformation based on NAC integration. In conclusion, the extensions provided in the present work pave the way
toward excited-state quantum dynamics, such as (i) mixed quantum-classical trajectory-based methods (known as ‘nonadiabatic molecular
dynamics’) using knowledge of the analytical gradients and NACs within the adiabatic basis, or (ii) nuclear wavepacket methods, beyond
the BOA, for which diabatic states are to be preferred in order to build a practical Hamiltonian matrix representation.
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DAS

------------

All data files and Python scripts used in this article for figure generation are available in a 
Zenodo repository at https://doi.org/10.5281/zenodo.20397111. 

The code used in this study for ensemble-VQE computations is available in a GitLab 
repository at https://gitlab.com/Christophe_0103/sa-oo-vqe-qiskit. 

The version employed corresponds to branch ‘dev’ and commit *a303f4ab*, forked from the 
main GitLab repository of the open-source code available at 
https://gitlab.com/MartinBeseda/sa-oo-vqe-qiskit and documented in 
Refs.~\citenum{beseda2024state,SAOOVQE}. 
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