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Machine learning methods are increasingly used in experimental design in phase diagram determination.
Some methods perform batch design, where multiple points are sampled from the design space. In this
case, it is essential to diversify samples to avoid performing almost identical experiments, and control the
diversity level appropriately. Manual diversity control is unintuitive and may require additional trial-and-
error in prior to the experiments are started. We propose a Bayesian model called determinantal point
process for phase diagram construction (DPP-PDC) that can perform batch design and automatic
diversity control simultaneously. Central to this model is the uncertainty-weighted determinantal point
process that samples a set of points with high uncertainty under diversity control. Experiments with Cu—
Mg—-Zn ternary system demonstrate that DPP-PDC can actively control the sample diversity to achieve

rsc.li/digitaldiscovery high efficiency.

1. Introduction

A phase diagram maps various phases of a material depending
on theomodynamic variables such as composition, temperature
and pressure." Numerous phase diagrams have been drawn for
alloys and compounds®* and magnetic strutures.>” Deter-
mining the phase diagram of a material is an essential step in
materials development, but it requires a considerable number
of well-designed experiments by experts with changing experi-
mental parameters, which is cost-intensive in terms of time and
human effort.

Some machine learning methods predict the entirety of
a phase diagram based on available data, without requiring any
experiments.** Meanwhile, active learning methods aim to
guide experiments by recommending experimental parameters
for the next attempt.”™* In formalization of active learning,
a black-box function that maps a design space to an outcome
space is given. In phase diagram determination, the design
space is specified by the experimental parameters and the
outcome space is the set of all possible phase labels. The eval-
uation of the black-box function at a point in the design space
corresponds to phase measurement. The purpose of active
learning is to estimate the black-box function with as few eval-
uations as possible. Given existing data, an active learning
algorithm recommends a point in the design space for next
evaluation. Intuitively, it is better to suggest the points close to
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phase boundaries to estimate the function quickly. An active
learning method, PDC,** based on label propagation® and
uncertainty sampling,"” recommends the point of highest phase
uncertainty. PDC has been favorably tested both in bench-
marks,"*® and a real-world study identifying the phase diagram
for Zn-Sn-P film deposition using molecular beam epitaxy."® In
addition, web application AIPHAD"® offers its active learning
service based on PDC.

Active learning algorithms are classified into two types:
single-probe and batch-based.?® PDC is a single-probe method,
where the function evaluation is done one-by-one. Batch-based
methods assume that evaluations are conducted at multiple
points at once. Recently, the importance of batch-based
methods is increasing due to the advent of self-driving labora-
tories.”* Tamura et al.™ proposed several batch-based methods,
but users need to determine a variable to adjust sample diver-
sity manually in advance. Mancias et al.>> proposed to take
a percentage of points with maximum uncertainty derived via
a Gaussian process and apply a k-medioid clustering method to
sample a batch of points. In this case, the percentage deter-
mines the diversity. Fig. 1 shows the importance of diversity
control schematically. Misspecification of the diversity level
would lead to disastrous results.

To eliminate the need for manual diversity control, we
propose a Bayesian approach® called DPP-PDC based on the
uncertainty-weighted determinantal point process (UwDPP).
Given a set of points and the kernel matrix describing closeness
among them, the determinant of the kernel matrix represents
their diversity. In the k-determinantal point process (k-DPP),>*
a subset of size k is assigned a probablity proportional to the
determinant. UwDPP modifies k-DPP so that the points with
higher phase uncertainty are more likely to be chosen. UwDPP
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Fig. 1 Diversity control in phase diagram determination. (Left) When diversity is too low, the samples are concentrated to one point. (Middle)
When diversity is properly controlled, they distribute close to phase boundaries. (Right) When diversity is too high, the samples are scattered all

over the phase diagram.

© u E
Fig. 2 Graphical model of DPP-PDC. Circular and square nodes

represent random and non-random variables, respectively. The arrows
from X to Y represent that the generative model of Y depends on X.

has a control variable to adjust how strongly diversity is
imposed. A prior distribution is specified to the control variable,
making DPP-PDC a Bayesian model. Markov chain Monte Carlo
sampling® from the posterior distribution allows batch
recommendation with automatic diversity adjustment. Note

that our method is applicable to any uncertainty measure
including the one used by Mancias et al.??

Using the phase diagram of Cu-Mg-Zn ternary system,*® we
demonstrate that DPP-PDC controls the sample diversity during
iterations appropriately to achieve high efficiency in active
learning.

2. Method

2.1. PDC

Let us denote the set of candidate points in the design space by
X = {xy, ..., xy}. Usually, they are designated as grid points in
a phase diagram. Let the set of possible phase labels be C.
Assume that, for training data points T < [1, N], the phases
{yi}ic r are known. The task is to recommend a point not in T for
our next evaluation. To infer the phases of the remaining
points, the scikit-learn*” implementation of the label propaga-
tion algorithm®® was used. A fully connected graph among X is
constructed first, and each edge is weighted with an RBF kernel
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RS stands for random sampling. (b) Evolution of control parameter ¢°.
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(a) Phase discovery curves. The x-axis corresponds to the number of samples and the y-axis shows the number of discovered phase labels.
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with a lengthscale of 1/20. Based on the weighted graph, the
likelihood of point j belonging to phase c € C is computed as f;;
€ [0, 1]. The uncertainty of point j is induced as

Uy = 11— maX s (1)
ceC

and the point with maximum uncertainty j,ax is chosen for
recommendation. As a result of the experiment, we obtain a new
label y; . The point is added as T < T U {jiax} and the above
procedure is repeated until the budget is met. In early itera-
tions, it is likely that not all phase labels are included in {y;};c 1.
In that case, the uncertainty (1) is computed only with the
existing labels. As iterations go on, previously unseen phase
labels are discovered increasingly.

2.2. Determinantal point process

Let L is a kernel matrix among x, ..., x5 Commonly, the kernel
is determined as a Gaussian kernel, L(x;, x;) = exp(—y|x; — x/{|%),
where y determines its width. Determinantal point processes
have been used for sampling a diverse subset S from X in
various machine learning applications.***®**° The most funda-
mental form of DPP is L-ensemble,

PDPP(S) o det LS

~ o det(IT+ L)’ 2)

where Lg is the submatrix of L restricted to S. For two points, it is
easy to understand that L-ensemble assigns high probability to
distant pairs, because

det Ls = L(xy, x1)L(x2, x2) — L(x}, X2)™.

In the two points are close, L(x;, X,) gets large, leading to small
PP, In batch recommendation, it is convenient to have
a cardinality constraint. In such a case, one can use k-DPP,*

det LS
S det Ly’

S'e Xy

Pk-DPP (S) —

where 2 is the set of all size-k subsets of X. Kathuria et al.?®
found it useful to have a parameter to control the diversity and
proposed k-DPP with mutual information kernel:

det(I + Ls/)
> det(l + Ly /02) ’

S'e Py

Pk-DPPMI (S) —

(3)

where ¢ is a control parameter. Let A;, ..., A5) denote the
eigenvalues of Lg. Then, the numerator of (3) is described as

|S|

det(I + Ls/o*) = [ (1 + 7).

i=1

If ¢ is small and two samples in S are identical, one of the
eigenvalue A; becomes zero and the probability of S is extremely
small. In general, PS°P"MI(s) is larger when the points are
farther from each other, and ¢~ determines the strength of the
repulsive force. When ¢ approaches to infinity, P*
DPPMI (S) converges to the uniform distribution, completely
losing the ability to impose diversity.
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2.3. DPP-PDC

Our batch recommendation method, DPP-PDC, uses the same
machine learning model as PDC. Given the training data 7, it
provides the phase uncertainty score U = {u;};_," for all points.
Instead of choosing the point of maximum phase uncertainty,
we need to pick up several diverse points for batch recom-
mendation. To this aim, k&-DPP with mutual information kernel
is modified such that those with high uncertainty scores are
more likely to be chosen,

P{;-DPPMI (S) Hu[
PUWDPP S) = ieS ) 1
4 ( ) Z Pl;-DPPMI (S’) H ” ( )

s'e Xy ieS

We call this distribution uncertainty-weighted DPP. To auto-
mate the choice of parameter ¢, the prior distribution of ¢ as
a log-normal distribution,

log(a?) ~ N (u, w),

where hyperparameters are fixed as follows: 4 = —4 and w = 4.
The graphical model of this Bayesian model is described as
Fig. 2.

The posterior distribution of this Bayesian model P(S|U, u, w)
cannot be described analytically. However, sampling S and ¢ is
possible with a Markov chain Monte Carlo (MCMC) method.>
In MCMC, samples are perturbed randomly and the movement
is either accepted or canceled according to a certain rule.
Among a plethora of MCMC algorithms, we chose Non-U-Turn
sampler® implemented in pyMC.* This algorithm is particu-
lary useful, because the step size in perturbation is automati-
cally derived. As for S, the perturbation is done by replacing one
element randomly. The sampler starts from a random point and
the 1000-th sample is adopted as the final solution of S and o.

3. Results

To test DPP-PDC, we used the phase diagram of Cu-Mg-Zn
ternary system.>® This alloy has applications in automotive and
aerospace industries due to low density and exceptional
strength. The diagram was calculated by CALPHAD, but
confirmed to match available experimental measurements.>®
This phase diagram has three degrees of freedom, that is,
fraction of Cu, fraction of Mg and the temperature. The
temperature ranges from 500 K to 1500 K. Coexisting phases are
given distinct labels (e.g., HCP-ZN + MG2ZN11). This resulted in
71 phase labels in total. Candidate points are defined as the grid
points, where 1% and 50 K intervals are adopted for the frac-
tions and the temperature, respectively.

For different batch sizes 5, 8, 10 and 12, DPP-PDC is applied
until the number of total samples reach 300. In PDC, top-k
samples in terms of the uncertainty are taken as a batch. Fig. 3a
shows the number of discovered phase labels against the
number of samples (i.e., phase discovery curves). The curve and
error bar correspond to the average and standard deviation over
10 runs, respectively. Fig. 4 shows the area under the phase
discovery curve for random sampling, PDC and DPP-PDC.
Evaluations with respect to other performance measures are

© 2026 The Author(s). Published by the Royal Society of Chemistry
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Fig. 4 Area under the phase discovery curve for random sampling
(RS), PDC and DPP-PDC.

shown in Fig. S1 in the SI. As expected, DPP-PDC and PDC
performed significantly better than random sampling. In all
cases, DPP-PDC performed better than PDC, showing the merit
of diversity control.

Fig. 3b shows the evolution of control parameter o> for
different batch sizes. Although ¢” has certain variability among
iterations, we can observe the clear trend that a smaller value of
o, therefore high diversity, is preferred as the number of
batches increases. It matches our intuition that diversity must
be imposed more strongly in large batch cases to avoid
unwanted concentration of recommendations. This result
demonstrates that DPP-PDC has an ability to control diversity
appropriately and can at least avoid a catastrophic failure
caused by extremely small or large diversity.

We tried different hyperparameter settings of DPP-PDC, but
the results showed little difference (Fig. S2 in the SI). It is
because our prior distribution is set to enforce a minimally
weak constraint to allow adaption to data.

We applied the batch sampling method by Mancias et al.,**
where the cut-off parameter is set to 2.5% as instructed in the
paper. As shown in Fig. S3 in the SI, its performance was not as
good as ours. Batch optimization methods are known to be
sensitive to diversity parameter. Bayesian adaptation of the cut-
off parameter to our dataset may have improved the perfor-
mance, but it is out of scope of this paper.

4. Conclusion

In this paper, we have shown how Bayesian modeling can be
applied to batch-based phase diagram determination. This
approach is more theoretically principled than manual diversity
control, and may find various applications in self driving labo-
ratories. Non-Bayesian heuristic methods do not have system-
atic ways of parameter determination. Their parameters are
often determined by prior trial-and-error. When data acquisi-
tion is costly as in self-driving laboratories, the cost of trial-and-
error would exceed the computational cost of MCMC sampling
necessary in Bayesian methods.

Experimental phase measurements may contain noise. At
phase boundaries, mislabeling due to noise is likely to occur.
We used computational phase diagrams only in our experi-
ments, and did not consider experimental noise. To apply DPP-

© 2026 The Author(s). Published by the Royal Society of Chemistry

View Article Online

Digital Discovery

PDC in experimental phase diagrams, some countermeasures
against noise may be necessary.

One drawback of our approach is that the prior distribution
of ¢” is determined in an ad-hoc manner. Given a plenty of
phase diagram data, however, it could be determined by cross
validation or related model selection methods. Another
restriction is that the sampling points are limited to the grid
points. It may be problematic when a phase diagram of higher
resolution is needed. It would be an interesting future work to
develop a Bayesian method for completely continuous settings.
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