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Recent progress in quantum computation has allowed for the simulation of dissipative quantum dynamics

on current noisy quantum hardware. While most of these algorithms currently rely on phenomenological

frameworks, microscopic approaches offer essential insights into various relaxation processes. Within

classical simulation, the Bloch-Redfield equation serves as a microscopic method for modeling

relaxation dynamics with applications in quantum information science and spintronics. Here, we utilize

a diagonal dilation approach to map the Bloch-Redfield master equation in Liouville space into

a compact set of circuits to simulate the dissipation of a spin system, akin to a dissipative process for
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a single molecule magnet. We demonstrate this algorithm in a variety of parameter regimes, including at

different temperatures and external magnetic field strengths, on both quantum simulators and lonQ's

DOI: 10.1039/d5dd00405e

rsc.li/digitaldiscovery quantum platforms.

1. Introduction

In recent years, there has been remarkable development in
quantum computing science, especially with respect to
addressing challenges in computational chemistry."® While
hardware, software, and error correction have all improved, we
remain in the Noisy-Intermediate Scale Quantum (NISQ) era
where we have access to relatively few qubits, that are highly
susceptible to noise.*® In this regime, hybrid quantum-classical
approaches have shown great promise by leveraging both clas-
sical and quantum computers for their respective strengths.®
Early use of hybrid quantum-classical algorithms in chemical
applications focused primarily on the static electronic structure
problem, with a heavy emphasis on Variational Quantum
Eigensolvers to find ground state energies of molecular
systems.””® More recently, applications of these algorithms have
expanded to advance computational catalysis,"®'* drug design
and metabolism,”™* and modeling of dissipative, or open,
quantum system dynamics.'®"’

Regarding dissipative quantum systems, current simulations
of non-unitary evolution are restricted by both typical algo-
rithmic challenges and the unitary computing architecture of
many available hardware platforms. To address the latter issue,
several block-encoding quantum algorithms dilate the Hilbert
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Aria-1 quantum computer. This work broadens the scope of dissipative dynamics simulatable on

space of the non-unitary system into a unitary framework via
techniques such as the Sz-Nagy dilation, unitary dilation of
diagonals, and unitary decomposition approaches.’**” Open
quantum systems can also be modeled on quantum hardware
with a variety of other methods, including purification,****
quantum  imaginary time  evolution,**?**  variational
techniques,*® collision models,**' and Monte Carlo simula-
tions,** among others.**>*

While the design of hybrid quantum-classical algorithms to
capture dissipative dynamics in general is challenging, the
majority of current research has focused on applying the Gor-
ini-Kossakowski-Sudarshan-Lindblad (GKSL) formalism.*"*>*
The GKSL equation is a phenomenological approach to
modeling dissipative dynamics®*> which has been applied in
both the zero- and finite-temperature limits.*>**** While
phenomenological approaches provide many benefits including
ease of use, often a microscopic approach is desirable. Classi-
cally there are several microscopic open quantum system
approaches to simulate temperature-dependent relaxation,®%
though these approaches may not preserve positivity
throughout the time evolution.””> The Bloch-Redfield formu-
lation,””* derived under the Born-Markov approximation, is
effective for capturing steady-state populations and relaxation
dynamics for a variety of chemical and molecular systems at
temperature, notably in the fields of photosynthetic light
harvesting’>”” and single molecule magnets (SMMs).”®7#5 In
SMMs, for example, observed spin relaxation is mostly deter-
mined by the spin-phonon relaxation (T;), which is highly
temperature dependent.®*® The quantum simulation of the
Bloch-Redfield equation on quantum hardware could facilitate
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the study of temperature-driven relaxation in open quantum
systems, providing insight into the behavior and properties of
molecules and advanced spin-devices at ambient temperatures.

Here, we introduce a hybrid quantum-classical algorithm to
consider the dynamical evolution of a molecular spin system
under the influence of a bosonic reservoir via an ohmic spectral
density using the Bloch-Redfield equation. We demonstrate our
algorithm by simulating the dynamics of a two-level system
interacting with an external magnetic fied, which is the simplest
model of an SMM. By determining the form of the quantum
circuits directly with respect to the system and environment
parameters, our Redfield-based quantum algorithm is general
for treating molecular spin relaxation under different system-
environment coupling parameters. The present form of this
algorithm is not designed with fault-tolerant quantum
computing in mind; instead this approach presents a NISQ-
friendly algorithm with compact circuits, demonstrated on
both noisy quantum simulators and IonQ's Aria-1 quantum
machine. Importantly, this work broadens the scope of simu-
latable dissipative dynamics on quantum hardware to a regime
where a spectral function can be explicitly included into the
circuit parameters.

2. Theory

2.1. Redfield equation

The Bloch-Redfield master equation is a microscopically-
derived open systems approach to consider environmentally-
driven dynamics under the Born-Markov approxima-
tion.”*”*7484 These approximations imply that this theory is
valid for weak system-environment couplings, and when the
environment relaxes sufficiently quickly such that memory
effects do not play a role in the dynamics. The dynamics of
a system's density matrix p can be written in atomic units as,
dp

& =il

s AT NSRS B o R sl s
—0—2( =58 Vq/kV o+ Vq,kV pS; — qujk VTS]' + sijqj,(V ),

TF
1)

where H is the system Hamiltonian, V" are the eigenvectors of H,
and §; are the system operators which dictate how the system
couples to an environment.”** The strength of coupling to the
environment is represented through the ¢ operators as,

X 1 o
(q/'k)n,m - EC/k(wm h (1),,) (V Sk V)nm’ (2)

and

X 1 IS BN
(qjk) nm - Eij(w" B w’“) (V Sk V) an7 (3)

where o are the eigenvalues of H, n, m denote the matrix
elements with respect to a basis indexed with 7 and m,”® and Cj
is the spectral function, which describes the temperature-
dependent distribution of coupling frequencies present in the
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environment. This equation can also be written as a propagator
equation in the so-called Liouville space,*®

(1)) = €¥|p(10)), (4)

where

R=iH"®1-1® H)

+3 (10 8ViV + 5T @ Vv
~ (5)
“STEIV VT 01 - VGV @ 3)),
g,k

where 1 is the identity operator, and ® is the Kronecker
product. The dimension of the vectorized density matrix, |p(z)),
is quadratically larger than the dimension of p in the original
Hilbert space; however, |p(f)) can be normalized to be a pure
state in Liouville space, which facilitates the simulation of the
dynamics on unitary quantum computers.

2.2. Unitary mapping of Bloch-Redfield dynamics

The propagator in eqn (4) is in general non-unitary, which
requires a unitary mapping for implementation on unitary-gate-
based quantum devices. We use a diagonal dilation technique
to apply the exponentiated superoperator probabilistically.>*
This requires diagonalizing the propagator; however, we find
this yields a parameterized quantum circuit for the propagation
with respect to the system-environment variables and time. This
circuit is generally applicable to any two-level system evolving
according to the Bloch-Redfield equation, thus the cost of
diagonalization produces a parameterized quantum circuit that
can simulate a variety of dynamical evolutions. The super-
operator in eqn (5) is diagonalizable under appropriate
parameter regimes,

Re = K'RK, (6)

where K is an invertible transformation matrix, or the matrix of
eigenvectors, and Ry is the diagonalized Bloch-Redfield tensor.
The dynamical evolution in the vectorized equation can then be
written as,

lo(1)) = Ke®'K(p(0))
= KeR[3(0)), @

where |p(0)) is the initial vectorized density matrix transformed
with the transformation matrix K. We then simulate e™4¢|5(0))
via quantum gates, where we can use dilation techniques to
apply the non-unitary diagonal operator e®4!.2%#” This is in
contrast to quantum trajectory approaches, where the density
matrix is constructed by trajectory sampling. In that case, the
system operators are in Hilbert space and the quantum jumps
can be applied using ancilla resets. The complexity of the
density matrix construction is sensitive to the system relaxation
time, in constrast to direct superoperator methods like the
vectorized approach described here. Through a minimal one-
dilation, the dynamics can be simulated probabilistically,
conditioned on the state of the single additional ancilla.

© 2026 The Author(s). Published by the Royal Society of Chemistry
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Specifically, a non-unitary diagonal matrix can be dilated into
a unitary diagonal matrix,

S e {A& ;}, (8)

where X, are diagonal matrices whose entries are,
1 — i)
(B

Rat

Xey=xtix; 9)
where x; are diagonal elements of ™. Importantly eRat and X,
are unitary, and X, +X_ = 2¢”¢ which allows the use of the
Linear Combination of Unitaries (LCU) technique to prepare
the desired state probabilistically.”* In general for an
r-dimensional operator Rq, the dilated unitary is 2r, with the
pairs x4 on the diagonal. The circuit decompositions of diag-
onal unitaries have a well known form, which we use in the
present work.”” Exact implementation of diagonal operators
scales exponentially; however, these operators can alternatively
be implemented polynomially with controlled error.** The
dilated operator is applied to a quantum state, and the positive
linear combination of the subspaces results in the desired time
evolution.

After measurement, the density matrix can be classically
transformed to the original basis to obtain the system evolution.
This classical transformation step results in the hybrid
quantum-classical algorithm for simulating the Redfield
dynamics. For quantum devices with reduced noise, we could
apply both K * and K on the quantum circuit with additional
ancilla qubits; however, the initial diagonalization of the Red-
field superoperator is still performed classically. To measure
observables of the dynamical system using a noisy quantum
simulator, we apply K after the time-propagation.

2.3. Measuring observables

In addition to investigating the dynamics, this framework can
be used to determine observables. To measure an observable of
O on the quantum device directly, we must apply the trans-
formation K on the device since, in general, K and O do not
commute. The expectation value of a general observable can
then be found through the Hadamard test.”* We implement the
non-unitary transformation matrix K on a quantum circuit by
using the singular value decomposition (SVD),

K = UZP', (10)
where U and P are unitary matrices and ¥ is diagonal and non-
unitary.” In order to implement this decomposition, we dilate
to make it unitary using the same technique as in the previous
section, requiring a second ancilla qubit.

3. Methods

The Bloch-Redfield equation yields an approximate method to
consider processes such as excitonic transport through photo-
synthetic light-harvesting antennae,”””” electron-transfer
dynamics,”* and molecular spin relaxation in SMMs.?>** SMMs

© 2026 The Author(s). Published by the Royal Society of Chemistry
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consist of transition metal ions coordinated to organic ligands
with a paramagnetic electron housed on the ion. Techniques in
synthetic chemistry offer a significant degree of flexibility in
tuning the surrounding ligand field, making these systems
relevant for contemporary technologies;**®® however, the
vibrational structure of the SMMs limits their practical use via
spin-phonon coupling induced relaxation at elevated tempera-
tures.'® As an example of our theory above, we will consider
a two-level system coupled to a bosonic reservoir via an ohmic
spectral density as the simplest example of an SMM starting
with a specific coupling parameter, then generalize to arbitrary
system-environment coupling.

The circuits derived in this section are analytically depen-
dent on the system and environment parameters of the physical
system being studied. This implies that the circuits derived in
Section 3.1 can be used for any two-level system coupled to an
environment with any spectral density through a ¢, interaction,
including varying magnetic fields and temperatures. The
parameters derived in Section 3.3 generalize further, lifting the
constraint on the system-environment coupling operator, thus
providing circuits parametrized for the most general two-level
system Redfield dynamics.

3.1. Dynamics of a two-level system interacting with
a bosonic reservoir

1
Consider an §= > two-level system defined by the

Hamiltonian,

= ga (11)

where ¢ = upBogS is the Zeeman splitting energy in an external
magnetic field By, ugp is the Bohr magneton, g is the Lande
tensor,” and g, is the Pauli-z operator. For this example, we will
consider a system-coupling operator of the form § = 6., where ¢,
is the Pauli-x operator. The environment will be a bath of
phonons with a temperature-dependent population of modes,
and we will invoke an ohmic spectral density to quantify the
coupling strength between system and bath operators at each
frequency,”****

h

w
Cjk(&)) =W Cothméj}” (12)
with
—hw
Cir(—w) = e Gy (w), (13)

where w > 0, d; is the Kronecker delta function, kg is the
Boltzmann constant, % is reduced Planck's constant, and T is
the temperature. This form is commonly used in the study of
quantum optics and non-equilibrium statistical physics, where
the thermal effects play a significant the
dynamics‘76,101,102

For a two-level system, the dimension of the propagator in
Liouville space is 4, making the dilated unitary an 8 by 8, or 3-
qubit, operator. For a 3-qubit diagonal unitary, we can apply the
dilated €™ to a quantum circuit with angles that are related to

role in
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the system and bath parameters of the dissipative two-level
system. From the system Hamiltonian and the system-
environment coupling operator ¢,, we can rewrite R as,

R=Q0"®1+1®0+ (6.9(+(®b,), (14)
where
i .
Q: (_Eeaz_qu)> (15]
and
0 —C(wz—wl)
g= (16)
—C(a)l —a)z) 0

1 1
Setting a = EC(wz —wp)and b = EC(wl — wy), the explicit

form of R is given by,

—2b 0 0 2a
| 0 —a—-b+ie a+b 0
R= 0 a+b —a—b—ie 0 (17)

2b 0 0

Under these conditions the transformation matrix and
diagonal superoperator are written in terms of the dynamical
parameters,

a
- - 0 0
b
ie—c ie+c
0 0
K= a+b a+b|> (18)
0 0 1 1
|11 0 0 |
and,
0 0 0 0
0 —2a-—2b 0 0
Ra=1lo 0 —a-b-c 0 o (19)
0 0 0 —a—b+c

where ¢ =/(a+b—¢)(a+b+e). We note that K is non-
invertible when a + b = ¢.

After initial state preparation, we apply the diagonal dilated
unitary eRitasa 3-qubit operator in terms of R, and CNOT gates
by using Walsh functions,*”

- N
eRdt — I I eia, Wy
=1

(20)

= Rz(al) @ Rz(a2) @ Rz(aS) @ R:(Oé4), (21)
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where N is the size of the dilated unitary, a; are the Walsh
coefficients, 1; are the Walsh functions, @ is the direct sum,
and R,(«) is the rotation about the z-axis. The angles are,

1
0, = Z((X] +012+0£3+0t4),
1
0, = Z(al +op — o3 — ),
(22)
1
03 = Z(O{] 7&2+C(370(4),
1
b4 = Z(al - — a3+ ag),

where o; = arctan(X, ;) and X, ;;'s are given by eqn (9), which are
found from the exponential of the diagonal elements of R4 in
eqn (19). This circuit is shown in Fig. 1, and the explicit forms of
the angles in terms of system-environment parameters are given
in the SI.

After propagation with the diagonal operator, we perform
conditional quantum state tomography on the 2-qubit system,
which we perform by measuring the state repeatedly in the
complete Pauli basis. The measurement cost is O(4") for N
system qubits, and the number of required measurements scale

N

as (’)(i—z) with precision ¢. Next, we classically apply K on the
result of the tomography, which returns the density matrix to
the original basis. It is known that quantum state tomography
does not give positive semi-definite (PSD) density matrix in
general, so as a final classical step, we project the result to the
nearest PSD density operator through semi-definite
programming.’®'° Alternatively, one can perform linear
inversion optimization to find the nearest PSD density
operator.*”’

3.2. Magnetization of a two-level system interacting with
a bosonic reservoir

We determine the magnetization, M, of our molecular system by
calculating the expectation value of 4,
M = Tr(pa.). (23)

Because the quantum state is in the Z-basis, we can compute
magnetization directly from the populations of the ground- and
excited-states after transformation by K, which requires neither
full tomography nor the Hadamard test. To implement the non-
unitary transformation K, we use the SVD-dilation method to
make ¥ unitary as we did for ™, previously shown in eqn (10)
and (8). Notably, for the present example the SVD can be found
analytically. With the SVD and the dilation on ¥, we implement

la) [R.(61)] W? [R.(6)] W?

|90)
lq1)

Fig. 1 Quantum circuit for the unitary dilated propagator eRat An
ancillary qubit, |a), is introduced due to the dilation, and the angles are
defined in the main text.

© 2026 The Author(s). Published by the Royal Society of Chemistry
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la) ———R(1) R:(o»%m(m)keﬁ&(m) F#A

Fig. 2 Quantum circuit for the operator K, where |a) is the same
ancilla for e®4, |3) is the second ancilla for K due to the dilation of X,
and H is the Hadamard gate.

this decomposition on the circuit as shown in Fig. 2, where
the angles ¢;'s are derived in the same way for the angles 4;'s,
and the P' and U gates are the unitary matrices found from the
SVD.

3.3. Extension to arbitrary system-environment couplings

In the circuits derived above the spectral density and external
magnetic field are parameters that can be altered without the
need for further derivations. To generalize this approach
further, we can generalize the system-environment coupling
operator beyond the G, chosen above. We can follow a similar
procedure for a general system-environment coupling
operator,

8= X0y + 6y +70, + 01 (24)

where x, 8, v, and ¢ are arbitrary constants and ¢; are Pauli
gates. For simplicity we can define

a— %C(wz — o) (25)
b= Lc 2
= Lt - w) 26)
1
d = 5C(0), (27)

in terms of an arbitrary spectral density. This allows the
strength of the coupling to the environment to be encoded in
the operators,

o | do+y) alx—iB)
1= btc+i8) dio-v) | 5)
We can also write Q and R with this coupling as,
Q=iH-3§g* (29)
R=001+1®9 +5 ®j+¢ ®s  (30)

Under these conditions, the transformation matrix and
diagonal superoperator can also be found and therefore
decomposed into a gate series where the arguments of the gates
depend explicitly and analytically on the system-environment
parameters outlined above. The full transformation matrix
and diagonal operator are shown in the SI.

© 2026 The Author(s). Published by the Royal Society of Chemistry
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4. Results

We demonstrate this algorithm on two-level system dynamics
under various temperatures and magnetic fields, simulating
a variety of physical regimes. It should be noted that we focus on
population dynamics and observables; however, we compute
the full density matrix dynamics. Here, we use an initial state
with no coherences, but given an initial state with non-zero
coherence, this approach can also yield coherence dynamics.
The ground- and excited-state population dynamics of a two-
level system interacting with a bosonic reservoir via an ohmic
spectral density at 25 K in a 1 T external magnetic field are
shown in Fig. 3. Solid and dashed lines respectively represent
the ground- and excited-state dynamics from classically solving
the Redfield equation, and circles show results from IonQ's
trapped ion Aria-1 device with 1000 shots. The Aria-1 device
implements single-qubit gates via the native gate set, which
consists of GPi, GPi2, and Virtual-Z gates by utilizing Rabi-
oscillations made with a two-photon Raman transition,'’®
while entangling operations are implemented via Mglmer-
Serensen gates.'® Additional hardware specifications are given
in the SI. After the circuit implementation on IonQ's Aria-1 is
implemented with the debiasing error mitigation technique,
the measurement statistics results are aggregated by a compo-
nentwise averaging strategy, introduced in ref. 110. Due to the
compact circuits, the device data is in good agreement with the
classical solution.

With the same circuit structure we consider these dynamics
at varying temperatures shown in Fig. 4 with ground-state
population as solid lines, excited-state populations as dashed
lines, and results from 1024 shots on IonQ's simulator with the
Aria-1 noise model as circles. As expected, as temperature
increases, the relaxation times decrease.

We explore a range of external magnetic fields in Fig. 5 to
demonstrate the effect of field strength on the dynamics. Again,

1 O 4 GS IonQ-Aria ES IonQ-Aria
—— GS classical ES classical
0.8 1
=)
S 0.61
g
2
L 0.4+
0.2 1
0.0
0 2 4 6 8 10
Time (US)

Fig. 3 Two-level system relaxation dynamics at 25 Kina 1 T external
magnetic field due to interaction with an ohmic spectral density,
where the classical ground (solid line) and excited (dashed line) pop-
ulations and lonQ Aria-1 device data (circles) are shown.
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1.0 1

— 10K —— 25K —— 100K 300K

—— 200K

Population

Fig. 4 Two-level system relaxation dynamics due to interaction with
an ohmic spectral density in a 1 T external magnetic field, where the
classical ground-state population (solid lines) and classical excited-
state population (dashed lines) are shown at 10 K, 25 K, 100 K, 200 K,
and 300 K, with results from lonQ'’s simulator with the Aria-1 noise
model shown as circles for the ground and excited states.

Population

10

Fig. 5 Two-level system relaxation dynamics due to interaction with
an ohmic spectral density at 25 K, where the classical ground-state
population (solid lines), classical excited-state population (dashed
lines), and lonQ simulator with the Aria-1 noise model results are
shown at external magnetic fields of 0.1 T, 1T,and 5 T.

solid and dashed lines respectively represent the ground- and
excited-state dynamics from classically solving the Redfield
equation, and circles the results from 1024 shots on IonQ's
simulator with the Aria-1 noise model.

High magnetic fields lead to shorter T; time and higher
magnetization for the spin system. In all of the regimes
explored thus far, we can use the same circuit decomposition as
demonstrated in Fig. 1, varying only the input angles based on
temperature, external magnetic field, and time.

Finally, we calculate the expectation value of the system's
magnetization via the circuit shown in Fig. 2. Fig. 6 shows the
expectation value of the magnetization where the classical
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Simulator
—— Classical

Magnetization

T T T T T T

0 2 4 6 8 10
Time (Us)

Fig. 6 Classical (line) and lonQ's simulator with the Aria-1 noise model
(circles) expectation values of the magnetization of two-level system
under 1 T external magnetic field at 25 K.

results are shown by a line, and the results from 1024 shots on
IonQ's simulator with the Aria-1 noise model are shown as
circles.

The simulator closely matches the classical result, and the
magnetization becomes stable in the steady-state, as expected.

In all of these results, we show good agreement between the
classical solution and either IonQ's Aria-1 device or IonQ's
simulator with the Aria-1 noise model, with a relatively low
number of required measurements. Since the system size is
small, we perform full tomography; however, for larger systems,
approaches like the Hadamard test or shadow tomography
would be more appropriate.”****> While the cost of deter-
mining this circuit structure is relatively high, it allows for the
derivation of a general circuit whose angle arguments depend
directly on the original system parameters. This circuit needs to
be derived only once to produce all of the data above, thus
demonstrating the system and parameter scope attainable
through a single diagonalization step.

5. Discussion and conclusions

We have mapped the Bloch-Redfield master equation into
quantum algorithmic form to study the relaxation dynamics of
a molecular spin system with an explicit spectral function, as
a simple model of the dynamics and magnetization of an SMM.
We derived circuits with parameters that depend explicitly on
the molecular system, specifically on the Zeeman splitting,
system-environment coupling, and spectral function of the
environment. This requires explicit diagonalization of the
Bloch-Redfield tensor to construct a time-independent simi-
larity transformation into a diagonal basis. While this step is
exponentially costly, it can be considered a classical pre-
processing step to produce circuits that are general for
the specific system-environment coupling chosen, in this case
§ = 0. This allows the same circuits to be used for any given
time point, temperature, external magnetic field, Zeeman

© 2026 The Author(s). Published by the Royal Society of Chemistry
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splitting, and environmental spectral function. Moreover, these
derived circuits are compact and therefore amenable to prac-
tical implementation on current quantum hardware, as
demonstrated using IonQ's Aria-1 device.

An important contribution of this work is representing the
propagation of the dilated Redfield operator in a fixed-form
quantum circuit. In contrast, previous required
computing the SVD of the propagator at every time step,*
whereas the present work provides a fixed and parameterized
quantum circuit as a function of system-environment parame-
ters and time, which can be used in future testing of Redfield
dynamics of a two-level system. While this algorithm is devel-
oped for the current NISQ era, adaptations could be made in the
future for fault-tolerant quantum computing. With improved
devices, some of the classical overhead could be shifted to the
quantum processors, such as diagonalization of the Redfield
tensor by using quantum SVD or variational algorithms. While
exact parameterization of a many-qubit system with this
approach is intractable, the parameterization of the two-level
system may still be useful in many-qubit settings. One poten-
tial application is molecular arrays where individual molecules
are weakly coupled to one another. In this context this algo-
rithm could be extended by perturbation theory with weak
coupling approximations, using the circuit derived here.
Moreover, future work could investigate applications of this
algorithm to other systems, including more realistic single
molecule magnets with multiple spins.
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