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Strong exciton coupling: a practical toolbox for
computing interaction energies, wavefunctions,
and optical spectra
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The perceived colour and photophysical properties of organic dyes depend not only on their chemical

structure, but also how they pack together. When two dyes approach one another, the transition dipole

moments associated with their molecular states begin to interact. If this interaction is sufficiently strong,

it can lead to hybridization of the excited states, forming new hybrid states with altered photophysical

properties. This phenomenon, formally denoted strong exciton coupling, is commonly associated with

the terms J- and H-aggregates. Examples are abundant in nature, but less common in technology,

though their number may increase as understanding and methods become more developed.

Representative examples include light-harvesting complexes in cyanobacteria, which contain strongly

coupled bacteriochlorophyll units, and the autumn colours of leaves, which are a function of the

packing of carotenoids. In this review, a brief historical outlook is given, followed by a more in-depth

discussion of various levels of theories used to model the properties of the hybrid states, ranging from

Coulombic exciton models to extensions that incorporate vibronic coupling and charge-transfer

interactions. Worked examples are included as tutorials to connect the theoretical frameworks to

experimental observables. Finally, a personal reflection on directions where strong exciton coupling can

have scientific and technological impact is given.

Key learning points
(1) Understand what strong exciton coupling is
(2) Compare the main approaches for calculating Coulombic exciton coupling
(3) Compute energies and oscillator strengths for hybrid states arising from exciton coupling
(4) Include vibronic coupling for improved prediction of energies, intensities, and spectral line shapes
(5) Account for short-range charge-transfer interactions alongside Coulombic coupling, and evaluate when each dominates.

1. Introduction

The interaction between light and matter is all around us.
Leaves are green and jeans are blue because the dyes chloro-
phyll and indigo selectively absorb different parts of the visible
spectrum. The selective absorption is a result of the dyes
absorbing light quanta, photons, only when the energy separation
between the ground and an electronically excited state equals the
photon energy. However, to describe the light–matter interaction,

it is better to consider light as an oscillating electromagnetic field.
When a ray of light approaches a dye, the electric component of
the field interacts with the dye through electric-dipole coupling.
The oscillating electric field causes the dye to flicker (induces a
coherent superposition) between its ground and excited electro-
nic states. These two states have a different distribution of
their electron densities, and the flickering can therefore be
described as a transient electric oscillation. This oscillation is
represented by the transition dipole moment, which is a complex
vector whose magnitude and direction describe the strength and
orientation of the electronic transition. The interaction between a
dye and light is thus based on the electrostatic interaction
between the oscillating electric fields of the transition dipole
moment and light.1,2
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The transition dipole moment is not restricted to interac-
tions with light. Any oscillating electric field can interact with
it, given that the frequency is matched. Therefore, when two
dyes approach each other, their transition dipole moments will
interact and give rise to a Coulombic interaction energy (or
coupling). This interaction energy will depend on the size,
distance, and orientation between their transition dipole
moments in accordance with Coulomb’s law. If the interaction
energy is sufficiently large, the individual excited states hybri-
dize to form two new hybrid states. The two-dye system is then
in the so-called strong exciton coupling regime. The word
exciton originates from the framework of solid-state physics
and denotes a bound electron–hole pair. In molecular photo-
physics, and for this review, the word exciton is used inter-
changeably with the molecule’s electronic excited state.
Because the coupling is Coulombic, it is long-range and does
not require orbital overlap. The phenomenon therefore appears
in both non-covalent and covalent chromophore assemblies.

When the coupling is appreciable, the electronic excitation
becomes delocalized over the participating chromophores,
forming excited states that extend across the assembly. The
delocalization results in altered photophysics on several levels,
which will be gone through in depth herein.

Our interest in this subject is currently two-fold. First, the
aforementioned delocalization leads to a reduction in the
reorganization energy of the excited state. A reduced reorgani-
zation energy leads to a decreased non-radiative rate constant,
in accordance with the energy gap law.3,4 It has been suggested
that strong exciton coupling therefore can be used as a design
strategy to increase the emission yield in the near-infrared.5,6

We have shown that this is indeed possible using J-aggregates
of quaterrylene.7 As making highly emissive near infrared dyes
has proven immensely difficult, and having such is of techno-
logical and biomedical importance, strong exciton coupling can
provide a design opening. Second, only states having an asso-
ciated transition dipole moment of significant magnitude will
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be coupled together. Because the T1 2 S0 transitions are
formally forbidden in purely organic chromophores, with a
resulting close to zero transition dipole moment magnitude,
triplet states are largely unaffected by this coupling. We have
therefore proposed that strong coupling can be used as a
tuning knob for singlet–triplet energetics8,9 and shown that
intramolecular strong exciton coupling in BODIPY oligomers
selectively lowers the singlet state without affecting the triplet
state.10 The technological relevance is for organic light emitting
diodes, where a large fraction of the electrical excitation results
in the population of triplet states from which photons are
difficult to extract.11 More generally, understanding and accu-
rately modelling exciton coupling is essential for interpreting
and engineering the photophysics of molecular aggregates. The
coupling dictates the linewidth and spectral shifts of the
absorption and emission spectra. This, together with delocali-
zation and modified radiative rates arising due to exciton
coupling, governs energy and charge transport in organic
semiconductors. Predictive models are therefore central to
designing aggregates for light harvesting, photodetection, las-
ing, and emissive devices.

This review begins with a brief historical overview of the
development of exciton coupling theory and molecular aggre-
gation. The initial discovery of the phenomena will be covered,
as well as important landmarks including both fundamental
understanding and technological applications. Readers inter-
ested in a more detailed historical account are referred to ref.
12 and 13. The next four chapters, which constitute the bulk of
the review, develop a practical pathway for modelling strong
exciton coupling. We begin by outlining how Coulombic cou-
plings can be evaluated from transition densities. We then
show how these couplings are used in a purely electronic
exciton Hamiltonian to predict the photophysics of aggregates
from monomer properties. Next, vibronic coupling is intro-
duced to account for vibrational structure and line shapes.

Finally, we discuss how charge-transfer interactions can mix
with excitonic states, particularly at short separations, and how
this modifies spectra and dynamics. To aid the newcomer in
this field, examples are used to exemplify calculations, and
derivations of equations are given in the SI. The quaterrylene
J-aggregate and BODIPY oligomers discussed above represent
cases of inter- and intra-molecular strong exciton coupling, and
data from these two studies will be used in examples through-
out this review. Developed scripts used in this review are
deposited at Github† and large output files from calculations
are deposited at the Swedish National Data Service.‡ Further-
more, nomenclature when modelling strong exciton coupling
often originates from solid state physics. Care is taken to either
explain the meaning of terms or use nomenclature from
molecular photophysics. The penultimate chapter will deal
with the properties, spectroscopic signatures and the excited
state dynamics of the hybrid states. Lastly, an outlook that
features our views on future developments and applications
within this field is given.

2. Historical perspective

Jelley and Scheibe independently discovered that cyanine dyes
exhibit a remarkably sharp and intense red-shifted absorption
band in some solvents, publishing their works within one
month of each other in 1936–1937 (Fig. 1).14,15 This feature,
now recognized as the J-band (named after Jelley), was found
when deliberately inducing aggregation, and it revealed that
non-covalent aggregates of dye molecules can form collective
excited states, distinct from those of the isolated chromo-
phores. In contrast, aggregates displaying blue-shifted absorp-
tion accompanied by quenched or depleted fluorescence were
later designated H-aggregates (from hypsochromic shift). These
fundamental distinctions in spectral response provided the
earliest experimental evidence that interactions between mole-
cular transition dipole moments can alter the photophysics in
molecular suspensions at room temperature.

At the time of these discoveries, the conceptual idea that
intermolecular interactions potentially could affect the photo-
physics was circulating. Jelley therefore attributed the red-
shifted absorption to a resonance effect.14 Frenkel had intro-
duced the exciton model in 1931,16 where he treated excitations
in a crystal of atoms as a coherent superposition of states,
describing how electronic excitations can be delocalized over
the lattice of atoms. In the 1940s, theorists expanded the work
of Frenkel to molecules, formalising how electronic coupling in
molecular crystals gives rise to new collective excited states. The
transition from atoms to molecules should be viewed from the
perspective of symmetry. Atoms have a spherical symmetry, and
when expanding the theory to encompass the less symmetrical
molecules, the directionality of the molecules (or more precise,Karl Börjesson
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at https://doi.org/10.5878/pyja-rd94.
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their transition dipole moments) relative to each other’s
needed to be included. Förster described the limiting cases
when coupling is weak, resulting in fast energy transfer, and
strong, resulting in collective excited states.17,18 By doing so he
could rationalize the optical observations made on Scheibe’s
aggregates to internal packing. Davydov used anthracene crystals
to introduce the notion of exciton splitting (Davydov splitting) of
energy levels in solids.19,20

By the late 1950s, Kasha and co-workers further developed
the molecular exciton model for aggregates, which treated
interacting transition dipoles as point oscillators and success-
fully rationalized the spectral shifts in dimers and linear
chains.21–23 Kasha’s exciton theory showed that the relative
orientation of molecular transition dipoles dictates whether the
lowest-energy excited state is optically allowed or forbidden.
Head-to-tail arrangements were found to produce the red-
shifted, strongly emissive J-type behaviour, while side-by-side
arrangements generated blue-shifted, weakly emissive H-type
spectra. This simple two-level coupled-oscillator model by
Kasha established the fundamental interpretation of J- versus
H-aggregate spectra and firmly implicated exciton delocaliza-
tion as the origin of their optical properties. Around the same
period, Merrifield extended Frenkel’s picture by explicitly
including charge-transfer configurations in molecular crystals
and linear chains, showing how these effects also can lead to
spectral shifts.24,25

The earliest technological impact of strong exciton coupling
was in silver-halide photography, where cyanine dyes had long
been used as optical sensitizers.26 It was later recognized
that their exceptional sensitizing efficiency arises from the for-
mation of J-aggregates within the emulsion layer. The narrow
and intense J-band enabled efficient absorption across the
visible and near-infrared regions, while exciton delocalization
promoted rapid energy transfer to silver-halide grains.
Although this practical application predates the discovery of
strong exciton interactions, it illustrates how collective excited
states directly enhanced photochemical device performance.

As research progressed, it became evident that Kasha’s
point-dipole approximation was insufficient for extended dye

arrays. In 1970, Kuhn and co-workers introduced the ‘‘extended
dipole’’ approximation, recognizing that the transition charge
density of a polymethine dye is distributed along its molecular
length rather than concentrated at a point.27 By representing
each chromophore as a pair of oscillating charges separated by
approximately the molecular length, Kuhn’s extended dipole
model significantly improved the agreement between calcu-
lated and observed spectral shifts compared to the point-dipole
approach. Around the same time, careful experiments on
oriented dye monolayers (Langmuir–Blodgett films) by Kuhn
and Möbius provided direct support for these theoretical
advances.28 They observed collective optical effects, including
superradiance and exciton migration quenching, which were
consistent with J-aggregates behaving as domains of coherently
coupled chromophores rather than as isolated molecules.
These studies introduced the idea of a finite exciton coherence
length (or exciton domain) in molecular aggregates, meaning
that the delocalized excited state spans a specific number of
molecules (often on the order of 10–100 under ambient condi-
tions) rather than the entire aggregate.

By the 1980s, it became apparent that electronic coupling
alone could not account for the narrow vibronic structure of
J-aggregate spectra. As observed in the earliest cyanine aggre-
gates, aggregation led to pronounced linewidth narrowing
and a strong suppression of vibrational progression, features
incompatible with a purely electronic picture.14,29 The founda-
tion for including electron–phonon interactions had been laid
in solid-state physics by Holstein’s small-polaron model in
1959, Gouterman in 1961 and by Philpott in 1971.30–33

In 1984, Scherer and Fischer used a variational Holstein
Hamiltonian approach to incorporate the dominant intra-
molecular vibrational mode into the exciton Hamiltonian and
showed that this treatment can quantitatively reproduce the
absorption spectrum of a pseudo isocyanine J-aggregate.29 This
result not only validated the earlier assignment of the J-band as
the delocalized 0-0 vibronic transition, but also demonstrated
how vibronic sidebands (the 0-1, 0-2 transitions) are suppressed
or enhanced depending on excitonic coupling strength. Scherer
and Fischer’s study thus firmly established that exciton-vibrational

Fig. 1 Summary of selected milestones in the development of exciton coupling theory and experiment, from early work on molecular crystals to
modern vibronic exciton models for aggregates and covalently linked chromophore arrays.
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interactions are essential to fully describe the optical line
shapes of aggregates under strong coupling conditions.

In the ensuing decades, the excitonic coupling framework
matured through extensive theoretical and spectroscopic
efforts. Wiersma and Knoester applied ultrafast spectroscopy
and refined modelling to probe exciton dynamics, disorder,
and relaxation in J-aggregates, providing deeper insight into
how static and dynamic disorder limit exciton coherence
lengths.34–39 On the theoretical front, Spano, Soos, Scholz and
co-workers spearheaded the development of comprehensive
vibronic exciton and charge transfer models,40–45 which is the
current state-of-the-art framework for strong exciton coupling
in molecular assemblies.

By now, the theoretical toolkit for describing J- and H-aggre-
gates has evolved from Kasha’s simple dimer model into a
sophisticated vibronic exciton theory capable of treating arbi-
trary aggregate sizes, incorporating vibrational fine structure,
and predicting phenomena such as polarization-dependent
spectra, superradiance, and exciton self-trapping. This evolu-
tion, driven by the unique properties of J- and H-aggregates, has
greatly enriched our understanding of excitonic materials and
continues to guide the design of new molecular aggregates with
tuneable optical functions. The following sections build on this
historical framework to examine how these concepts are imple-
mented and exploited in both noncovalent aggregates and
covalently bound chromophore arrays.

3. Methods for evaluating coulombic
coupling

The electronic charge distribution of a molecule differs from
one electronic state to another. For a transition between two
states, such as for example the ground state and first excited
state, the redistribution of electronic density associated with
the transition is described by the transition density. In the
simplest approximation, this transition density is represented
by its transition dipole moment, l, which is the first moment of
the full transition density. When two molecules are brought
into proximity, their transition densities interact. The magnitude
of this interaction, the Coulombic coupling, JCoul, determines the
extent to which the excitation energies and excited-state character
of the molecules are perturbed.

This section introduces several different methods with vary-
ing degree of complexity to calculate the Coulombic coupling,
JCoul, between transition densities within a purely Coulombic
framework. Section 3.1 presents the methods from a mathe-
matical and conceptual perspective, whereas Section 3.2 illus-
trates their practical application through selected example
calculations.

3.1 Coulombic interaction energy

Exciton–exciton coupling is the Coulombic interaction between
the transition densities associated with two electronic excita-
tions. At its most fundamental level, Coulomb’s law gives the

interaction between two point charges, Q1, and Q2, separated by
a distance, R12, and with the vacuum permittivity, e0:

JCoul ¼ Q1Q2

4pe0R12
(1)

Equivalently, the interaction may be expressed in terms of
the coordinates of the charges, ri = (xi,yi,zi), as

JCoul ¼ 1

4pe0

Q1Q2

r1 � r2j j (2)

Throughout this review, JCoul is used to denote the Coulom-
bic exciton–exciton coupling energy, though in the literature
alternative symbols such as H and V are also commonly
encountered.

3.1.1 From point charges to continuous distributions.
Electronic excitations are described by continuous charge dis-
tributions rather than point charges. Consequently, the charge
density r(r) is introduced. It is defined as charge per unit
volume at position r in three-dimensional space. A small
element of charge is dQ = r(r)dr, so the incremental interaction
between two such elements located at r1 and r2 is

dJCoul ¼ 1

4pe0

dQ1dQ2

r1 � r2j j ¼
1

4pe0

r1 r1ð Þdr1r2 r2ð Þdr2
r1 � r2j j (3)

Integrating over both distributions yields the exact Coulomb
interaction. In the context of exciton coupling, the relevant
densities are transition densities, denoted rtr(r):

JCoul ¼ 1

4pe0

ðð
rtr1 r1ð Þrtr2 r2ð Þ

r1 � r2j j dr1dr2 (4)

The transition density rtr(r) may be viewed as the ground-
excited-state overlap density. It encodes how the electronic
charge distribution oscillates during an optical transition,
and it is the fundamental quantity that forms the interaction
energy in Coulombic exciton coupling. In practice, rtr(r) is
obtained from linear-response electronic-structure methods,
such as time-dependent density functional theory (TD-DFT) or
time-dependent Hartree–Fock/configuration interaction singles
(TD-HF/CIS). These methods determine how the ground-state
electron density responds to a weak time-dependent perturba-
tion. The output of the calculations is the excited state together
with a transition density matrix that represents the charge-
redistribution pattern associated with that excitation.

3.1.2 Direct evaluation of Coulombic coupling. Eqn (4)
provides the exact Coulombic interaction between two transi-
tion densities. In practice, this expression must be evaluated in
a numerical representation of the transition density. In the
direct approach, the transition density is not replaced by a
simplified model as will be seen for some other methods
presented later. Instead, it is retained in its native quantum-
chemical representation, most conveniently in an atomic-orbital
(AO) basis.46,47 In this representation, the transition density is
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expanded as

rtr rð Þ ¼
P
mn

Pmnwm rð Þwn rð Þ (5)

Here, m and n are indices running over all atomic-orbital
basis functions of the molecule. Thus, wm(r) and wn(r) denote two
specific AO basis functions and Pmn gives the contribution of
their product to the transition density. The basis functions are
defined by the chosen basis set, while the matrix elements Pmn

are obtained from the excited-state calculation. Each product
wm(r)wn(r) may be regarded as one finite, continuous ‘‘density
piece’’, and the total transition density is the weighted sum of
all such contributions. Substituting eqn (5) into eqn (4) con-
verts the continuous double integral into a double-sum expres-
sion over interactions between AO-pair density contributions
on molecules 1 and 2:

JCoul
Dir ¼

1

4pe0

P
mn21

P
ls22

P 1ð Þ
mn P

2ð Þ
ls mnjlsð Þ (6)

Here, m and n run over the AO basis functions of molecule 1,
whereas l and s run over the AO basis functions of molecule 2.
(mn|ls) is a two-electron Coulomb integral,

mnjlsð Þ ¼
ðð

wm r1ð Þwn r1ð Þwl r2ð Þws r2ð Þ
r1 � r2j j dr1dr2 (7)

which represents the Coulomb interaction between one con-
tinuous AO-pair density contribution on molecule 1 and one on
molecule 2. In this way, the total Coulombic coupling is
obtained by summing all such pairwise interactions.

The direct method exhibits the potential to achieve one of
the highest accuracies among the approaches considered
herein because it avoids introducing an additional approxi-
mation in the representation of the transition density. The
main practical drawback is that direct AO evaluation requires
access to the transition density matrix and to routines that can
evaluate and contract AO Coulomb integrals. These ingredients
are available in many modern quantum-chemistry packages,
although the degree to which the full workflow is directly
accessible varies between programs. The matrop routine in
the MOLPRO package is one example of such an implemen-
tation.48 Furthermore, the computational cost increases with
basis-set size and with the number of couplings that must be
evaluated. Also note that, as for essentially all methods dis-
cussed herein, the final result depends on the underlying
electronic-structure method used to generate the transition
density matrix.

3.1.3 The transition density fragment interaction (TDFI)
method. At the level of the Coulomb integral itself, the TDFI
method, developed by Fujimoto in 2009, is very closely related
to the direct AO-based evaluation described in Section
3.1.2.47,49 In both cases, the Coulombic coupling is evaluated
as an interaction between the transition densities of the two
chromophores in an atomic-orbital representation. In the TDFI

formalism, this interaction may be written as

JCoul
TDFI ¼

1

4pe0

P
mn2I

P
ls2J

PI
mnP

J
ls mnjlsð Þ (8)

which has the same overall structure as the direct AO-based
expression introduced above. The coupling is therefore again
obtained as a double sum over pairwise Coulomb interactions
between continuous AO-pair density contributions on frag-
ments I and J.

The distinctive feature of TDFI is not the form of the
Coulomb integral, but the way the fragment transition densities
entering eqn (8) are generated. In a standard direct evaluation
based on isolated monomers, the transition density of each
molecule is calculated independently and the interaction
between the two densities is then evaluated afterward. In TDFI,
by contrast, the fragment densities are obtained self-consistently
by means of the density-fragment interaction procedure.50 In this
scheme, fragment I is calculated in the electrostatic field gener-
ated by fragment J, while fragment J is calculated in the field
generated by fragment I. The fragment calculations are repeated
iteratively until the total energy and the fragment densities no
longer change significantly, that is, until a self-consistent solution
has been reached. The resulting transition densities therefore
correspond to fragments that are mutually polarized by their
environment rather than to isolated molecules in vacuum.

This self-consistent treatment is physically important because
the transition density of a chromophore can be modified by the
presence of a nearby molecule. The neighbouring fragment
changes the local electrostatic environment and can thereby alter
the redistribution of electron density associated with the excita-
tion. TDFI is designed to account for this effect before the
Coulombic coupling is evaluated. In this sense, the method goes
beyond a frozen-density picture and can provide more realistic
Coulombic couplings when intermolecular polarization effects are
non-negligible. Among the methods considered in this review,
TDFI is unique in explicitly incorporating this mutual polarization
at the level of the fragment transition densities.

Because TDFI combines AO-based Coulomb evaluation with
self-consistent fragment densities, it can yield very accurate
couplings. Its main drawback is that it is more computationally
demanding than methods based on simpler transition-density
representations, since the fragment calculations must be iter-
ated to self-consistency before the coupling can be computed.
For large molecular systems, or for applications requiring a very
large number of couplings, such direct AO-based treatments
may become impractical, which is one of the main reasons why
approximate methods are still widely used.

3.1.4 The transition density cube (TDC) method. The TDC
method, developed by Krueger et al. in 1998, evaluates the
Coulomb integral in eqn (4) by discretizing the transition
density on a fine three-dimensional grid consisting of small
voxels.51 It is the first method considered here that replaces the
transition density by an explicit approximate representation
rather than retaining it in the atomic-orbital basis. For the voxel
centred at ri with volume DVi, the associated transition charge
is qi = rtr(ri)DVi. The Coulombic coupling is then approximated
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by a double sum over all voxel pairs belonging to molecules
1 and 2:

JCoul
TDC ¼

1

4pe0

P
i

P
j

q
1ð Þ
i q

2ð Þ
j

r
1ð Þ
i � r

2ð Þ
j

��� ��� (9)

Here, q(n)
i is the transition charge associated with voxel i of

molecule n and r(n)
i corresponds to the position vector of the

respective transition charge as illustrated in Fig. 2a. In this way,
the interaction between two continuous transition densities is
approximated as the sum of Coulomb interactions between
many small point charges distributed throughout space. The
attainable accuracy is governed by the grid resolution: increas-
ingly refined grids provide closer approximations to the exact
Coulomb integral, albeit with a concomitant increase in com-
putational expense.

In principle, the TDC method is capable of yielding highly
accurate Coulombic couplings and an increasingly fine real-
space grid provides an increasingly faithful discretization of the
underlying transition density. Its accuracy may therefore
approach that of direct AO-based evaluation. At short inter-
molecular separations, however, the method can encounter

numerical difficulties because the transition-density cubes
may overlap. When this occurs, the distances between voxel-
centered point charges on the two molecules can become very
small, leading to singularities or near-singularities in the
Coulomb summation. To prevent this, the spatial extent of
the cubes is often limited so that strong overlap is avoided.
However, such truncation necessarily excludes part of the
transition density and therefore introduces an additional source
of error into the coupling.

3.1.5 The transition-charge (TrC) method. A popular
speedup condenses the continuous transition density to
atom-centred charges. Instead of many thousands of grid
voxels, a handful of atomic sites carry transition charges Qi

that represent the net contribution of the transition density
around each nucleus. Accordingly, the coupling is expressed as
a double sum over atom-centred transition charges on mole-
cules 1 and 2 (eqn (10)), replacing the voxel-based sum used in
the TDC approach.

JCoul
TrC ¼

1

4pe0

P
i

P
j

Q
1ð Þ
i Q

2ð Þ
j

r
1ð Þ
i � r

2ð Þ
j

��� ��� (10)

Fig. 2 Schematic comparison of Coulomb-coupling approximations. (a) TDC: the transition density is discretized on a 3D grid. Two representative
voxels i and j on molecules 1 and 2 carry transition charges q(1)

i and q(2)
j located at positions r(1)

i and r(2)
j . The centre-to-centre separation is given by R.

(b) TrC: the transition density is represented by a set of atom-centred transition charges. Shown are example charges Q(1)
i and Q(2)

j at atomic positions
r(1)
i and r(2)

j . (c) Point-dipole approximation: each transition density is reduced to a point dipole l1 and l2 separated by R12, with orientations yi and yi

relative to R (and mutual angle yT). (d) Extended-dipole: each transition dipole is represented by two charges �Qa separated by la along l̂a. JCoul is
obtained from the four pairwise charge–charge interactions between the two chromophores. For clarity, only one of the four charge–charge separations

is shown Rþ l2

2
m̂2 �

l1

2
m̂1

����
����

� �
.
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Here, Q(n)
i represents the transition charge on atom i of

molecule n and r(n)
i corresponds to the position vector of the

respective transition charge. Weiss52 and Chang53 pioneered
replacing the continuous transition density with atom-centred
transition charges and evaluating the coupling as a double
Coulomb sum. Their treatments laid the groundwork for mod-
ern TrC approaches. Two contemporary routes are commonly
used to obtain the atomic transition charges:

(1) Electrostatic-potential-derived (ESP) transition charges.54

In this method, the electrostatic potential of the ab initio
transition density is first evaluated on a set of grid points
distributed around the chromophore. This ab initio transition
density is generally obtained from a linear-response calculation
such as TD-DFT, CIS, or EOM-CC. For a transition density rtr(r),
the corresponding transition electrostatic potential is

V tr rð Þ ¼
ð
rtr r0ð Þ
r� r0j jdr

0 �
X
i¼1

rtr r0 ið Þ
r� r0ij jDVi (11)

A set of atom-centred transition charges is then obtained by
solving a weighted least-squares fitting problem that repro-
duces the electrostatic-potential values on the grid. Constraints
are imposed to make sure that the fitted transition charges
remain physically meaningful: the overall charge is neutral and
the same dipole moments are reproduced.

In practice, one calculates the transition density for an
optimized structure using a quantum chemistry package. The
corresponding transition electrostatic potential is then evalu-
ated on an ESP grid, and a chosen fitting scheme, most likely
CHELPG, MK or RESP, is used to obtain atom-centred
transition-ESP (TrESP) charges. The program Multiwfn provides
reliable implementation of these fitting procedures, and addi-
tional details are given by Renger et al.54 Well-fitted TrESP
charges reproduce the Coulomb coupling calculated obtained
from the TDC method with far lower cost, since only tens to
hundreds of fitted charges are required instead of the larger
number of grid points used in TDC.

(2) The second method is based on Mulliken population
analysis.55,56 Mulliken transition charges are obtained by apply-
ing the standard Mulliken population analysis to the transition
density. The method partitions each AO–AO (atomic orbital)
overlap population evenly between the two atoms associated
with the basis functions, and the atomic transition charge is
obtained by summing all contributions assigned to a given
atom. This is simply the usual Mulliken decomposition of local
and cross terms in the density, applied to the transition density
rather than the ground-state density.

For general, non-orthogonal AO basis, the transition charge
on atom X, Qtr

X, can be written as

Qtr
X ¼ �

P
k2AO Xð Þ

P
z2AO allð Þ

Ptr
kzSkz (12)

where Ptr
kz is the AO-basis transition density matrix element, Skz

is the AO overlap matrix and the sum runs over AOs centred
on atom X. Expanding the transition density matrix in terms of
TD-DFT excitation amplitudes Aij and molecular orbital (MO)

coefficients gives the equivalent MO-level expression

Qtr
X ¼ 2

P
i2occ

P
j2vir

P
b2AO Xð Þ

P
d2AO allð Þ

AijCbiSbdCdj (13)

where Cbi is the coefficient of AO b on atom X in occupied MO i,
and Cdj is the coefficient of AO d in virtual MO j. Eqn (13)
reduces to a simpler form in an orthonormal AO basis; i.e. the
off-term overlaps vanish by Sbd = dbd, although this approxi-
mation can noticeably reduce accuracy. It is worth mentioning
that the Mulliken charges are not inherently correct as the
orbitals are equally divided between the participating atoms,
regardless of actual spatial distribution of the density. Further-
more, they are very basis set dependent.57

The same basic consistency checks applied to TrESP charges
should also be satisfied in Mulliken analysis, and in practice,
the Multiwfn program can be used for computing the transition
charges by applying Mulliken partitioning to the TD-DFT
transition density matrix.

3.1.6 More advanced atom-centred transition density
models. The main advantage of the TrESP and Mulliken
transition-charge methods is their simplicity and low computa-
tional cost. More advanced alternatives exist, however, which
still retain the basic idea of representing the full transition
density by atom-centred quantities on the interacting mole-
cules. One such approach was introduced by Fujimoto in 2014
as the transition charge, dipole, and quadrupole from electro-
static potential (TrESP-CDQ) method.58 Compared with the
conventional TrESP model, TrESP-CDQ incorporates two
important improvements. First, it includes not only atom-
centred transition charges, but also transition dipoles and
quadrupoles, thereby providing a more detailed description of
the local shape of the transition density. Second, the electro-
static-potential fitting is carried out using the same self-
consistent transition densities as employed in the TDFI
method, rather than transition densities obtained from isolated
monomer calculations. In this way, TrESP-CDQ extends the
original charge-only TrESP approach to a distributed transition-
multipole model with improved accuracy.

A related, but more general, multipolar approach was later
introduced by Góra and co-workers as the transition cumulative
atomic multipole moments (TrCAMM) method.59 Like TrESP-
CDQ, TrCAMM represents the transition density by atom-
centred distributed multipoles rather than by charges alone.
The key difference is that these multipoles are not obtained by
fitting to the transition electrostatic potential. Instead, they are
derived directly from the transition density matrix through the
cumulative atomic multipole moments (CAMM) decomposi-
tion.60 TrCAMM therefore avoids the dependence on the fitting
grid and fitting procedure that is inherent to TrESP-based
methods, while still retaining the intuitive picture of atom-
centred transition multipoles.61

3.1.7 Multipole expansion. The methods presented in the
preceding sections start from a quantum-chemically computed
transition density (e.g., via TD-DFT). In contrast, the models
treated next do not generally require calculating a transi-
tion density matrix. Instead, they approximate the Coulomb
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interaction using only molecular geometry and low-order
moments – most commonly the transition dipole moments
(magnitudes and directions), which can be taken from experi-
ment or simple estimates. These are long-range approxima-
tions that become reliable when the molecules are separated by
distances much larger than the size of the chromophores
themselves. In the regime where the centre-to-centre distance
R12 greatly exceeds this spatial extent, the Coulomb kernel
1/|r1 � r2| can be systematically expanded in powers of small
displacements about the molecular centres. This is a Taylor
expansion, often referred to as a multipole expansion in
electrostatics. Because a transition density integrates to zero
net charge, the monopole term vanishes; the first nonzero
contribution is the dipole–dipole term:

JCoul
dipole�dipole ¼

1

4pe0

l1 � l2

R12
3
� 3 R � l1ð Þ R � l2ð Þ

R12
5

� �
(14)

where ln is the transition dipole moment of molecule n and R is
the displacement vector between transition dipole 1 and 2. The
full derivation of eqn (14) from eqn (4) can be found in Section
S2 of the SI. This expression is often presented in an alternative
form using unit vectors (li = |li|l̂i and R = |R|R̂ = R12R̂ where
the ‘‘hat’’ indicates unit vector), as

JCoul
dipole�dipole ¼

l1j j l2j jk
4pe0R12

3
(15)

where k is the orientation factor which is defined according to

k = l̂1�l̂2 � 3(l̂1�R̂)(l̂2�R̂) (16)

when the two transition dipoles and the inter-centre vector lie
in the same plane, k can be expressed in terms of the dipole–
dipole angle yT and the angles yi and yj according to eqn (17),
where the angles are defined in Fig. 2c.

k = cos(yT) � 3 cos(yi)cos(yj) (17)

Higher-order terms in the Taylor expansion give rise to
dipole–quadrupole, quadrupole–quadrupole, and successively
higher interactions. Each successive term decays more rapidly
with intermolecular separation. In general, the Coulombic
coupling between multipoles of order n and m (n, m = 0 for
monopole, n, m = 1 for dipole, n, m = 2 for quadrupole, etc.)
scales with distance according to eqn (18).

JCoul / 1

Rnþmþ1
12

(18)

Which multipole interactions to include in practice depends
on symmetry and transition character, and the desired level of
accuracy. Strong, allowed transitions in relatively compact
chromophores are usually well described by the dipole term
beyond a few molecular diameters, whereas weak or symmetry-
restricted transitions, or very anisotropic transition densities,
may require inclusion of quadrupole or even octupole contri-
butions at comparable separations. Note that in the case of
dipole-allowed electronic transitions (e.g. for typical aromatic
hydrocarbons), the leading nonzero Coulomb couplings are
dipole–dipole, followed by dipole–octopole and octupole–octopole

corrections. Terms involving even-parity transition moments –
dipole–quadrupole, quadrupole–quadrupole, and magnetic-
dipole–magnetic-dipole – are zero by symmetry.62

3.1.8 Extended dipole approximation. The point-dipole
limit described above assumes that each transition is localized
at a point. The extended dipole approximation keeps the same
Coulombic framework but acknowledges that a transition
dipole moment has finite spatial extent.63 Each transition
dipole on molecule n is represented by two opposite point
charges �Qn separated along the dipole axis by a vector, dn, of
length ln as illustrated in Fig. 2d. The separation vector is taken
parallel to the dipole direction l̂n so that dn = lnl̂n and the
charge magnitude is fixed by the requirement that the model
reproduces the transition dipole,

ln ¼ Qndn ! Qn ¼
lnj j
ln

(19)

To derive the expression for the extended dipole approxi-
mation, let the molecular centres be R1 and R2 and define the
centre–centre vector R = R2 � R1. The Coulombic coupling is
then the sum of the four charge–charge interactions. Written
directly in terms of dipole magnitudes, dipole lengths, and
directions, the general-geometry extended-dipole coupling
is then

JCoul
ext ¼ 1

4pe0

l1j j l2j j
l1l2

1

Rþ l2

2
m̂2 �

l1

2
m̂1

����
����
þ 1

R� l2

2
m̂2 þ

l1

2
m̂1

����
����

2
664

� 1

R� l2

2
m̂2 �

l1

2
m̂1

����
����
� 1

Rþ l2

2
m̂2 þ

l1

2
m̂1

����
����

3
775

(20)

Each denominator is the distance between a specific pair of
charges (two like-charge terms with positive sign, two unlike-
charge terms with negative sign). The full derivation from
eqn (4) is shown in Section S3 of the SI. In the far-field limit
where ln { R12, a Taylor expansion of the denominators
reproduces the dipole–dipole expression. At shorter separations
the extended model often improves accuracy by incorporating
finite spatial extent without resorting to a full transition-density
calculation.

In summary, the approaches described in this section may
be viewed as successive levels of approximation to the Coulomb
integral in eqn (4). At the most rigorous end are the direct AO-
based evaluation and the TDFI method, both of which evaluate
the interaction in an atomic-orbital representation, with TDFI
further incorporating self-consistent fragment polarization.
The TDC method also aims to approximate the full Coulomb
integral closely, but does so through a real-space grid repre-
sentation of the transition density. Transition-charge methods
such as TrESP and Mulliken, and their more advanced multi-
polar extensions TrESP-CDQ and TrCAMM, replace the contin-
uous transition density by atom-centred charges or multipoles,

Chem Soc Rev Tutorial Review

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

9 
M

ay
 2

02
6.

 D
ow

nl
oa

de
d 

on
 6

/1
0/

20
26

 5
:1

9:
02

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6cs00157b


Chem. Soc. Rev. This journal is © The Royal Society of Chemistry 2026

thereby greatly reducing the computational cost while preser-
ving much of the chemical intuition. The multipole expansion
and extended dipole approximation constitute the most
reduced descriptions, relying only on low-order moments and
becoming quantitatively reliable primarily in the long-range
regime. The appropriate choice of method therefore depends
on the required balance between computational efficiency and
quantitative accuracy.

3.2 Example calculations of JCoul

As noted in the introduction, a BODIPY system serves as a
representative example in this review. In this section, we show
how JCoul can be evaluated for BODIPY oligomers using electro-
nic structure calculations and a selection of the various meth-
ods discussed above.

Although the electronic structure calculations could be
carried out in many ways and with a range of commercial or
open-source codes, the TD-DFT method in the Gaussian 16
software64 is used here. Following Schäfer et al.,10 the oB97XD
functional65 and 6-31g(d) basis set were employed to optimize
the geometries for the monomer, dimer, trimer, and tetramer
structures shown in Fig. 3. It is worth mentioning that this
initial geometry optimization is a necessary step for obtaining
reliable results.

The TD-DFT calculations for the first excitation (S0 - S1)
can be done on the optimized geometries by the keywords TD
oB97XD/6-31g(d) density = transition = 1 output = wfn. This
instructs Gaussian to compute the transition density between
the ground and first excited states at the chosen level of theory
and to write the results to the .wfn file. Another practical point
in Gaussian 16 is the need to save the checkpoint files (.chk)
and then use the formchk utility to convert .chk to .fchk files.
All the Gaussian input and output files are provided as SI.§§

Next, the generated .wfn and .fchk files are processed with
the Multiwfn program66 to analyse the wavefunction and
extract the Mulliken- and ESP-based transition charges, as well
as the transition density for the BODIPY oligomers. The elec-
tron excitation analysis module is used to calculate the transi-
tion density cube file and Mulliken transition charges, while
the TrESP module, together with CHELPG (charges from elec-
trostatic potentials using a grid) fitting scheme, is employed to
derive the ESP transition charges. We encourage the reader to
consult the Multiwfn manual carefully to ensure the most
reliable results.

With the transition density, transition charges, XYZ coordi-
nates for the optimized oligomers, and dipole moments in
hand, the exciton couplings can be evaluated using the models
outlined in Sections 3.1.2–3.1.8. It is important to note, how-
ever, that the reliability of the computed JCoul depends strongly
on the quality of the underlying DFT calculations. The size of
the system also plays a key role in choosing an appropriate
model. For example, the computational cost of the TDC
approach becomes prohibitively high for most oligomers. In
practice, applying these models often require a degree of
compromise between computational expense and the desired
level of accuracy.

Fig. 3 Geometry structures of the monomer (a), dimer (b), trimer (c) and
tetramer (d) of BODIPY optimized at the oB97XD/6-31g(d) level of theory.
The transition density calculated for monomer is plotted in (a). Carbon,
hydrogen, boron, nitrogen and fluorine are shown in dark green, white,
pink, blue and pastel green, respectively.
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Table 1 summarizes the exciton Coulomb couplings
obtained from TDC, TrC (ESP), TrC (Mulliken), point-dipole
and extended dipole models for the BODIPY dimer, trimer and
tetramer. Furthermore, the TDC coupling was calculated using
both a direct and a fast Fourier transform (FFT)-based scheme.
In the direct approach, all pairwise Coulomb interactions
between the voxel charges of the two transition-density cubes
are summed explicitly. In the FFT approach, the same coupling
is evaluated more efficiently by first constructing the Coulomb
potential generated by one cube and then integrating the
second cube in this potential. The close agreement between
the two results shows that both implementations are numeri-
cally consistent. Note that voxels carrying less than 0.05% of the
largest voxel charge magnitude were neglected, which reduced
the computational cost while still retaining about 98.9% of the
total absolute transition charge for each monomer. In addition,
to avoid singularities in the direct summation when the two
transition densities partially overlap, any voxel–voxel distance
smaller than 10�10 Å was replaced by 10�10 Å. The FFT scheme
is free of this pairwise singularity because the Coulomb kernel
is handled in reciprocal space with its k = 0 component set to
zero. The TDC, TrC (ESP) and TrC (Mulliken) couplings
reported here can be reproduced using our in-house python
code,§ which is publicly available. For the point-dipole and
extended-dipole calculations, we use the experimentally deter-
mined monomer transition dipole moment from ref. 10.
The corresponding coupling calculations can be reproduced
with our in-house MATLAB implementation (Jcoul_point_
extended_dipole.m).

Table 1 shows a pronounced model dependence in the
predicted couplings, with the extended-dipole estimate deviating
most from the other approaches. Furthermore, while the TDC,
TrC and point-dipole models predict couplings of the same order
of magnitude, their numerical values still differ appreciably.
Importantly, the extended-dipole model is sensitive to how the
�Q charges are positioned. For the values reported in Table 1, the
charges were placed at the two terminal b positions of the BODIPY
core (i.e., the b-pyrrolic carbon atoms that define the tethering axis
in the b-linked oligomers), so that the effective dipole spans the
chromophore along the direction most relevant for intermolecular
coupling. As the intercharge separation is reduced, the extended-
dipole coupling continuously approaches the point-dipole limit.

The choice used here (placing the charges at the ends of each
monomer) therefore yields an upper bound within the extended-
dipole framework. Consequently, care is required in selecting an
appropriate dipole ‘‘extension’’ that reflects the spatial extent and
orientation of the underlying transition density.

In general, the TDC and TrC methods are among the most
reliable approaches considered in these example calculations,
because they do not depend on the simplified long-range point-
dipole approximation and can therefore account more effec-
tively for short-range features of the transition-density inter-
action. In the present results, the TrC (ESP) couplings are
consistently slightly larger than those obtained with the TDC
method.

Despite this, previous reports have shown that transition-
charge models can, in some cases, underestimate the Coulom-
bic coupling.59,67–69 At the same time, the magnitude of this
deviation is not universal, but depends on the intermolecular
distance and relative orientation of the chromophores. Under
certain geometrical conditions, the TrC method has been
shown to yield couplings of accuracy comparable to those
obtained from TDC.54

Finally, we note that the Coulombic couplings reported here
were computed in the intramolecular setting, using the
geometry-optimised structure of the covalently linked system.
As a result, the individual pairwise couplings (e.g., J12, J23, . . .)
are not constrained to be identical, but reflect the slightly
different relative orientations and separations of each neigh-
bouring chromophore in the optimised geometry. For comple-
teness, we also provide an intermolecular implementation,§

in which the monomers can be placed at user-defined posi-
tions and orientations to evaluate couplings for a chosen
packing motif.

4. Exciton coupled systems and
hybridisation

Having established how to calculate the interaction energy
between molecules, attention now turns to how this coupling
alters the photophysics of molecular assemblies. When the
coupling is sufficiently strong, the excited states of the indivi-
dual chromophores hybridize to form new states, analogous to

Table 1 Pairwise exciton couplings JCoul
mn (cm�1) for the BODIPY dimer, trimer, and tetramer calculated using TDC, TrC (ESP), TrC (Mulliken), point-dipole,

and extended-dipole models. Point-dipole and extended-dipole couplings for all oligomer sizes were evaluated using monomer positions extracted
from the geometry-optimised tetramer

Model TDC (direct) TDC (FFT) TrC (ESP) TrC (Mulliken) Point-dipole Extended-dipole

Dimer J12 = �967 J12 = �990 J12 = �1140 J12 = �816 J12 = �821 J12 = �1811
Trimer J12 = �954 J12 = �917 J12 = �1117 J12 = �803 J12 = �821 J12 = �1811

J13 = �104 J13 = �120 J13 = �106 J13 = �95 J13 = �103 J13 = �119
J23 = �936 J23 = �998 J23 = �1111 J23 = �784 J23 = �820 J23 = �1808

Tetramer J12 = �937 J12 = �854 J12 = �1112 J12 = �784 J12 = �821 J12 = �1811
J13 = �103 J13 = �128 J13 = �106 J13 = �94 J13 = �103 J13 = �119
J14 = �12 J14 = �29 J14 = �30 J14 = �28 J14 = �30 J14 = �32
J23 = �935 J23 = �1078 J23 = �1092 J23 = �791 J23 = �820 J23 = �1808
J24 = �102 J24 = �135 J24 = �105 J24 = �94 J24 = �102 J24 = �119
J34 = �953 J34 = �932 J34 = �1119 J34 = �802 J34 = �822 J34 = �1811
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the formation of molecular orbitals from atomic orbitals. These
hybrid states are delocalized over the participating molecules
and their photophysics are examined in detail in later sections.
In the simplest model, the energy separation of hybrid states
produced by this coupling is set by the coupling strength, JCoul.
For a dimer of identical monomers, the difference in energy
between the highest and lowest hybrid states (sometimes
denoted the exciton bandwidth) is 2JCoul. For a longer, ideal
nearest neighbor aggregate it is 4JCoul.70 In practice, the cou-
pling strength required for these excitonic states to be spectro-
scopically resolved is often discussed in relation to the
linewidth of the electronic transition of the individual chromo-
phores. In essence, the broader the linewidth, the larger the
coupling must be for the exciton structure to be clearly
resolved. If the splitting is comparable to or larger than the
linewidth, the exciton structure can usually be resolved, and the
system is described as being in the strong-coupling regime.
Conversely, if the excitonic splitting is much smaller than the
linewidth, the states are often treated as effectively localized on
the individual chromophores, and energy transfer is then well
described by Förster-type resonance energy transfer.18,71 With
these two definitions, numerous systems will fall in-between,
being neither strongly nor weakly coupled. There is consider-
able literature on definitions of the strong and weak coupling
regimes,70,72 we will therefore not linger on the regime of
intermediate coupling, where the excited states are not well
described as either fully localized or fully delocalized. Instead,
we will describe theory and examples that lie firmly in the
strong coupling regime. We will start with a qualitative vector
approach, introduced by Förster and Kasha,18,23,71 and then
continue with quantitative approaches based on setting up the
Frenkel Hamiltonian for the coupled system. In the subsequent
sections, the Frenkel Hamiltonian, which only considers the
strict Coulombic interaction between pure electronically
excited states, is modified to account for vibronic coupling
and eventually also charge transfer interactions.

4.1 A qualitative approach for assessing coupling scenarios

To gain a qualitative understanding of how exciton interactions
affect molecular photophysics, a vector approach can be used.22

The benefit of the vector approach is that it gives insights into
the direction of the energy shifts and intensity changes of
optical transitions without any formal computation. The draw-
back is that it does not give any insight into the magnitude
of these changes as the coupling energy, JCoul, is not used.
The coupling energy can thus be too small for the multi-
chromophore system to enter the strong exciton coupling
regime at all, and no effects would then be experimentally
observed (even if changes have qualitatively been predicted).

The vector approach addresses whether an exciton inter-
action: (1) have a repulsive or attractive force, and thereby
destabilize or stabilize the excited states, and (2) have a con-
structive or destructive interference of their transition dipole
moments. The method can therefore be used to predict batho-
chromic (red) and hypsochromic (blue) shifts, as well as changed
absorption/emission intensities. The method is graphical, where

the transition dipole moments on the individual chromophores
are drawn, with interchromophoric angles taken into considera-
tion. As it is not quantitative, the limiting cases where the
transition dipole moments being organized parallel, in a head-
to-tail fashion, or in a circle are particularly instructive and will be
used as examples herein. Each transition dipole moment is drawn
as a vector, with the direction of the vector representing the phase
of its oscillation and the length representing its magnitude. The
interaction between two of them can be either repulsive or
attractive based upon if their oscillations are in or out of phase.

Fig. 4a shows the case where two transition dipole moments
are oriented in a parallel arrangement (side-by-side, H-aggregate).
For the in-phase scenario, a repulsive force is experienced, with an
accompanied increase in energy of the formed hybrid state
compared to that of the individual monomers. The constructive
interference of the in-phase oscillations enhances the oscillator
strength for the transition to this state. For the out of phase
scenario, an attractive force is experienced, lowering the energy of
the formed hybrid state. However, the out of phase oscillations

Fig. 4 Exciton coupling scenarios. (a) Two parallel transition dipole
moments that are in and out of phase. (b) Two head-to-tail oriented
transition dipole moments that are in and out of phase. (c) Six transition
dipole moments arranged in a ring give rise, through exciton coupling, to
six delocalized hybrid exciton states. Their relative energies follow the
same qualitative pattern as other six-membered ring systems (e.g., ben-
zene), with the lowest state optically forbidden and the first allowed
transition occurring to the next higher, doubly degenerate pair.
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result in a net lowering of the oscillator strength for the transition
(in the ideal scenario it is zero). Spectroscopically, a hypsochromic
shift is observed for the parallel arrangement, and as the lowest
excited state now is dark, no or very weak emission is typically
observed.

Fig. 4b shows the case where two transition dipole moments
are oriented in a head-to-tail arrangement. For this scenario,
the in-phase oscillation is both attractive (reduced energy) and
constructive (increased oscillator strength). Spectroscopically, a
bathochromic shift of the absorbance is observed for this
arrangement (J-aggregate), together with an increased rate of
emission from the S1 - S0 transition (superradiance).

The model can also be used for more complex arrange-
ments. The Anderson group has pioneered the synthesis of
cyclic oligo-porphyrins. When comparing the radiative rate of
six porphyrins in a linear configuration (head-to-tail arrange-
ment, Fig. 4b) with that of six porphyrins in a cyclic arrange-
ment (Fig. 4c), they observed a close to two orders of magnitude
decrease in the radiative rate constant.73 This observation can
qualitatively be explained as follows. Both cases display a head-
to-tail arrangement, with the lowest energy state experiencing a
constructive interference between all adjacent monomers.
However, when summing the vectors of all transition dipole
moments in the ring, the resultant becomes zero for the cyclic
arrangement. The lowest energy transition is thus formally
forbidden. This result is general in the sense that it applies to
all exciton coupled systems that form a circular arrangement. It
also forms a design principle saying that as oligo-dyes are
arranged in an increasingly bent fashion, the oscillator strength
for the S1 ’ S0 transition will diminish.

The vector approach to account for exciton coupled systems
can be expanded to involve an arbitrary number of chromo-
phores. The energy of formed states will be arranged according
to the number of repulsive/attractive interactions between
adjacent chromophores, and the direction and magnitude of
the resultant transition dipole moment of the formed hybrid
states is given by the vector sum. This method can thus be
used as a simple design tool for the construction of multi-
chromophoric molecules. However, often the magnitude of
energy level shifts is of interest, and then quantitative methods
are needed.

4.2 Quantitative methods for assessing exciton coupling
scenarios

The previous section introduced a qualitative picture of exciton
coupling in simple model systems using the vector model.
To quantify the interaction and predict the energies and
intensities of the resulting hybrid states, a more formal treat-
ment is developed here. Relevant literature are common text-
books on the subject such as from Parson,74 Agranovich75 and
Kühn.76 Earlier sections established the Coulombic coupling,
JCoul, between two chromophores from their transition
densities. This coupling hybridizes the monomer excitations
into new, delocalized hybrid states. Within the single-excitation
(one-exciton) manifold, a convenient basis is formed by states
in which exactly one chromophore is electronically excited, and

all others remain in their ground states. Generally, a complete
basis set containing all basis functions of an arbitrary number
of molecular wavefunctions can be expressed as {|ni}N

n=1, where
|ni = jg

1. . .je
n. . .jg

N represents the state with chromophore n
electronically excited and all others in their ground states and N
being the total number of molecules in the system. Here,
je/g

n are the electronic wavefunctions of molecule n in the
excited (e) or ground (g) states. For a three molecular system
(N = 3) the basis functions describing the excited states are:

|1i = je
1j

g
2j

g
3 (21)

|2i = jg
1j

e
2j

g
3 (22)

|3i = jg
1j

g
2j

e
3 (23)

Linear combinations of the basis functions will form the
resultant wavefunctions of the hybrid states, ca, arising from
strong exciton coupling. The coefficients, can, quantify what the
contribution from each basis state is, and the sum of all
squared coefficients for each hybrid wavefunction is 1.

caj i ¼
PN
n¼1

can nj i (24)

XN
n¼1

can
�� ��2¼ 1 (25)

To get the energy and coefficients can of the formed hybrid
states, the Schrödinger equation, ĤC = EC, needs to be solved
using a suitable Hamiltonian, Ĥ, to describe the system. Here,
the system can be described by a so-called one-exciton Frenkel
Hamiltonian, that is a sum of the Hamiltonians for the indivi-
dual molecular wavefunctions and coupling terms between the
chromophores.

ĤF ¼
PN
n¼1

Ĥn þ
1

2

PN
m;n¼1
man

Ĥmn (26)

Eqn (26) can be expressed in bra-ket notation according to
the following equations:

Ĥn = en|nihn| (27)

Ĥmn = JCoul
mn (|mihn| + |nihm|) (28)

where en is the excitation energy of molecule n. The Hamilto-
nian compactly encodes everything needed to predict exciton
energies of hybrid states through the time-independent Schrö-
dinger equation. The easiest way to numerically solve the
Schrödinger equation (i.e., to find the system’s eigenvalues
and eigenvectors) is to use linear algebra solvers, which require
expressing the Hamiltonian in matrix form. The multiplication
of ĤF with C results in a set of linear equations. These can be
expressed as one large matrix, H, which provides a concrete
object that can be diagonalized to obtain energies of deloca-
lized states. To construct the matrix, first choose an ordering of
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the basis states, for example (|1i, |2i, . . ., |Ni). The matrix
elements of the operator ĤF are then defined as

Hnm = hn|ĤF|mi, n, m = 1, 2, . . ., N. (29)

i.e., ‘‘row n, column m’’ is the number obtained by sandwiching
ĤF between basis states hn| and |mi. Evaluating the two sums in
the Hamiltonian using orthonormality

mjnh i ¼
1 ðm ¼ nÞ

0 ðmanÞ

(
(30)

gives the diagon entries as the excitation energies, en, of the
individual monomers in the relevant environment and the off-
diagonal entries are the couplings JCoul

mn (m a n). The derivation
for the matrix construction is shown for a dimer in Section S4
of the SI. As an example, the resulting Hamiltonian matrix for
three molecules (N = 3) is

H ¼

H11 H12 H13

H21 H22 H23

H31 H32 H33

2
6664

3
7775 ¼

e1 JCoul
12 JCoul

13

JCoul
21 e2 JCoul

23

JCoul
31 JCoul

32 e3

2
6664

3
7775 (31)

where JCoul
mn = JCoul

nm since H is Hermitian and JCoul
mn are real values.

With the matrix defined, it is now possible to compute the
excited state energies of the hybrid states by diagonalizing the
Hamiltonian matrix:

HC = CE - C�1HC = E (32)

E ¼

e1 0 0

0 e2 0

0 0 e3

2
6664

3
7775; C ¼

ca¼1n¼1 c21 c31

c12 c22 c32

c13 c23 c33

2
6664

3
7775 (33)

Here, E is the diagonal eigenvalue matrix containing the
eigenvalues (formed hybrid state energies) and C is the eigen-
vector matrix containing eigenvectors corresponding to each
eigenvalue. Each eigenvalue in E corresponds to a column of
eigenvector coefficients in C. For example, the value in the first
row and column of E (e1) corresponds to the eigenvector in the
first column of C, that is, {ca=1

n=1, c1
2, c1

3, . . ., c1
N} and so on where a

indicate the hybrid state in question. The eigenvalues represent
the energy of the hybrid states that are formed due to exciton
coupling. By considering the geometry of the specific molecular
assembly under investigation along with the eigenvectors,
one can further ascertain the oscillator strength of transitions
to the formed hybrid states. This enables the determination of
whether these transitions are allowed or forbidden, providing
valuable insights into the system’s electronic structure and
optical properties. The transition dipole moment vector for
hybrid state a from the ground state g, la = hca|l̂|gi, is

la ¼
PN
n¼1

canln (34)

where ln = hn|l̂|gi is the transition dipole moment vector
of monomer n, can are the eigenvector coefficients of hybrid

state a and |gi = jg
1j

g
2. . .jg

N represents the ground state in which
all molecules in the aggregate are in their electronic ground
state. Here, l̂ is the transition dipole moment operator
defined as:

m̂ ¼
P
n

ln gj i nj þ jnh i gh jf g (35)

Note that the transition dipole moment operator l̂ should
not be confused with the monomer transition dipole moment
unit vector l̂n introduced earlier. The former is an operator,
whereas the latter denotes the direction of a monomer transi-
tion dipole.

Once the eigenvector coefficients, can, and the monomer
transition dipoles, ln, are known, the oscillator strength of
hybrid state a follows from

fa p |la|2 (36)

so that constructive or destructive interference between the
local transition dipoles determines whether a given hybrid state
is optically bright or dark. In the following section, this
theoretical framework is applied to simple model aggregates
with different geometries. By diagonalizing the corresponding
example Hamiltonians and examining the resulting eigenvec-
tors one can assess which hybrid states are expected to be more
allowed or forbidden in the optical spectra.

4.2.1 Example calculations. The first example is for a
system with N = 3, and with the orientation of the monomers
as illustrated in Fig. 5a (head-to-tail for all monomers, ideal J-
aggregate). The coupling, JCoul, for such a trimer system was
calculated in Section 3.2. Using the obtained coupling values
from the TrC (ESP) method converted from cm�1 to eV and the
monomer excitation energy, en = 2.45 eV, one obtains the
following Hamiltonian matrix:

H eVð Þ¼

e1 JCoul
12 JCoul

13

JCoul
12 e2 JCoul

23

JCoul
13 JCoul

23 e3

2
6664

3
7775¼

2:45 �0:121 �0:004

�0:121 2:45 �0:096

�0:004 �0:096 2:45

2
6664

3
7775

(37)

Diagonalization (performed via standard numerical diago-
nalization using for instance MATLAB’s eig or similar routines)
results in the following eigenvalues and eigenvectors:

E eVð Þ ¼

2:29 0 0

0 2:45 0

0 0 2:60

2
6664

3
7775;

C ¼

0:555 0:621 0:553

0:702 0:006 �0:712

0:445 �0:7835 0:433

2
6664

3
7775

(38)

In this particular case, for the head-to-tail configuration,
the direction of all monomer transition dipole moments is
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the same and with equal magnitude |l| = |l1| = |l2| = |l3|.
The direction can be arbitrarily chosen to be the x-axis; ln =
|l|x̂, where x̂ is a unit vector along the x-axis. Consequently,
each hybrid state’s transition dipole moment is oriented in the
same direction with a magnitude set by the scalar sum of the
eigenvector column entries. For hybrid state a = 1, corres-
ponding to the first column of the eigenvalue and eigenvector
matrices:

la¼1 ¼
X3
n¼1

ca¼1n mn ¼ 0:555þ 0:702þ 0:445ð Þ lj jx̂ ¼ 1:702 lj jx̂

(39)

and for hybrid state a = 2 and a = 3:

la¼2 ¼
X3
n¼1

ca¼2n ln ¼ 0:621þ 0:000� 0:7835ð Þ lj jx̂ ¼ �0:163 lj jx̂

(40)

la¼3 ¼
X3
n¼1

ca¼3n ln ¼ 0:553� 0:712þ 0:433ð Þ lj jx̂ ¼ 0:274 lj jx̂

(41)

Thus, the head-to-tail (collinear) geometry concentrates
essentially all oscillator strength in the lowest-energy hybrid
state, as expected for a J-aggregate. The two higher energy
hybrid states remain only weakly allowed. The middle state
acquires a small but nonzero transition moment, and the
highest-energy state is slightly brighter than the middle one,
though both are far weaker than the dominant low-energy
transition. The results of these calculations are depicted gra-
phically in Fig. 5a.

Fig. 5b illustrates a case where the transition dipole
moments are not colinear, exemplified by three identical
monomers arranged in C3-symmetric geometry. This example
highlights how the exciton-coupling framework extends natu-
rally to higher-dimensional arrangements of transition dipoles.
Using arbitrarily chosen coupling values and monomer excitation
energies for this demonstration the following Hamiltonian matrix

can be assembled:

H eVð Þ ¼

e1 JCoul
12 JCoul

13

JCoul
12 e2 JCoul

23

JCoul
13 JCoul

23 e3

2
6664

3
7775 ¼

2 0:1 0:1

0:1 2 0:1

0:1 0:1 2

2
6664

3
7775 (42)

Note that due to the C3-symmetry all coupling strengths,
JCoul
mn , are equal. Diagonalization results in the following eigen-

values and eigenvectors:

E eVð Þ ¼

2:2 0 0

0 1:9 0

0 0 1:9

2
6664

3
7775;

C ¼

1ffiffiffi
3
p 1ffiffiffi

2
p 1ffiffiffi

6
p

1ffiffiffi
3
p 0 � 2ffiffiffi

6
p

1ffiffiffi
3
p � 1ffiffiffi

2
p 1ffiffiffi

6
p

2
6666666664

3
7777777775

(43)

For equal magnitude transition dipole moments of the

monomers oriented 1201 apart in the plane yields l1 ¼
lj j 1; 0ð Þ; l2 ¼ lj j �1=2;

ffiffiffi
3
p �

2
	 


and l3 ¼ lj j �1=2;�
ffiffiffi
3
p �

2
	 


,
where the pairs in parentheses give the Cartesian components
in the orthonormal basis (x̂, ŷ) in the xy-plane. The transition
dipole moment of hybrid state a is therefore

la ¼
X3
n¼1

canln ¼ lj j ca1 1; 0ð Þ þ ca2 �
1

2
;

ffiffiffi
3
p

2

 !
þ ca3 �

1

2
;�

ffiffiffi
3
p

2

 ! !

(44)

Thus, for hybrid state a = 1 corresponding to the first
eigenvalue column and the first eigenvector column (evaluating

Fig. 5 Example orientations of transition dipole moments in two N = 3 aggregates: (a) a J-aggregate-like arrangement and (b) a C3-symmetric trimer.
Monomers are shown as grey spheres, individual monomer transition dipoles as orange arrows, and the net transition dipole moment of the resulting
hybrid state as the purple arrow. Arrow lengths are proportional to the corresponding dipole magnitudes.

Chem Soc Rev Tutorial Review

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

9 
M

ay
 2

02
6.

 D
ow

nl
oa

de
d 

on
 6

/1
0/

20
26

 5
:1

9:
02

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6cs00157b


Chem. Soc. Rev. This journal is © The Royal Society of Chemistry 2026

x and y components separately)

la¼1 ¼
X3
n¼1

ca¼1n ln

¼ lj j 1ffiffiffi
3
p 1; 0ð Þ þ 1ffiffiffi

3
p �1

2
;

ffiffiffi
3
p

2

 !
þ 1ffiffiffi

3
p �1

2
;�

ffiffiffi
3
p

2

 ! !

¼ lj j 1ffiffiffi
3
p 1� 1

2
� 1

2
; 0þ

ffiffiffi
3
p

2
�

ffiffiffi
3
p

2

 !
¼ mj j 1ffiffiffi

3
p 0; 0ð Þ

(45)

la¼1;x ¼ lj j 1ffiffiffi
3
p � 0 ¼ 0 (46)

la¼1;y ¼ lj j 1ffiffiffi
3
p � 0 ¼ 0 (47)

Evidently, for the symmetric hybrid state a = 1, both x and y
components are zero, resulting in a dark state with zero
transition dipole moment. A closely related symmetry-driven
cancellation appears in the previously discussed six-membered
ring (Fig. 4c), where both the lowest and highest hybrid states
are dark and the first bright transition occurs to the doubly
degenerate pair. A similar analysis for the two degenerate
hybrid states a = 2 and a = 3 yields

la¼2 ¼
X3
n¼1

ca¼2n ln

¼ lj j 1ffiffiffi
2
p 1; 0ð Þ þ 0 � �1

2
;

ffiffiffi
3
p

2

 !
� 1ffiffiffi

2
p �1

2
;�

ffiffiffi
3
p

2

 ! !

¼ lj j 1ffiffiffi
2
p 1þ 0� �1

2

� �
; 0þ 0� �

ffiffiffi
3
p

2

 ! !

¼ lj j 3

2
ffiffiffi
2
p ;

ffiffiffi
3
p

2
ffiffiffi
2
p

 !

(48)

la¼3 ¼
X3
n¼1

ca¼3n ln

¼ lj j 1ffiffiffi
6
p 1; 0ð Þ � 2ffiffiffi

6
p �1

2
;

ffiffiffi
3
p

2

 !
þ 1ffiffiffi

6
p �1

2
;�

ffiffiffi
3
p

2

 ! !

¼ lj j 1ffiffiffi
6
p 1� 1

2
�2ð Þ � 1

2
; 0� 2

ffiffiffi
3
p

2
þ �

ffiffiffi
3
p

2

 ! !

¼ lj j 3

2
ffiffiffi
6
p ;�3

ffiffiffi
3
p

2
ffiffiffi
6
p

 !

(49)

As a result, the two degenerate hybrid states, a = 2
and a = 3, have transition dipole moments with equal
magnitude

la¼2j j2¼ lj j2 3

2
ffiffiffi
2
p

� �2

þ
ffiffiffi
3
p

2
ffiffiffi
2
p

 !2
2
4

3
5 ¼ 3

2
lj j2 (50)

la¼3j j2¼ lj j2 3

2
ffiffiffi
6
p

� �2

þ 3
ffiffiffi
3
p

2
ffiffiffi
6
p

 !2
2
4

3
5 ¼ 3

2
lj j2 (51)

and the relative angles of the hybrid states’ transition dipole
moments can be calculated by writing the vectors in polar
form la,x = |l|cos(ya) and la,y = |l|sin(ya) where ya is the
angle from the +x-axis which, for hybrid state a = 2 and a = 3,
can be calculated as

ya¼2 ¼ arctan
la¼2;y
la¼2;x

 !
¼ arctan

ffiffiffi
3
p

2
ffiffiffi
2
p

3

2
ffiffiffi
2
p

0
BBB@

1
CCCA ¼ 30

�
(52)

ya¼3 ¼ arctan
la¼3;y
la¼3;x

 !
¼ arctan

�3
ffiffiffi
3
p

2
ffiffiffi
6
p

3

2
ffiffiffi
6
p

0
BBB@

1
CCCA ¼ �60� (53)

Thus, the transition dipole moments for the two degenerate
states are at 901 relative to each other and with equal magni-
tude. They form a plane polarized transition as observed in for
instance Zn-tetraphenylporphyrin and similar compounds
assuming ideal C3-symmetry.77

Note that because Coulombic couplings decay with distance
(dipole–dipole B R�3), it is common to simplify H by setting
JCoul = 0 when JCoul is below a certain value or when the distance
exceeds a cutoff-value. This is a common simplification when
using computationally heavy methods such as TDC to deter-
mine JCoul. For very long or periodic systems, nearest-neighbour
(NN) or next-nearest neighbour (NNN) models can often be
adequate.

5. Vibronic coupling

Up to this point the coupled transition densities have been
treated as purely electronic. In organic molecules, however,
electronic excitations are intertwined with intramolecular
vibrations (vibronic coupling). To account for this coupling to
a selected normal mode, the one-exciton Frenkel Hamiltonian
from Section 4.2 can be extended to the Frenkel–Holstein form
(single-excitation restriction retained):75,76

ĤFH = ĤF + Ĥvib + ĤF–vib (54)
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Here, ĤF is the purely electronic part which is identical to
the Frenkel Hamiltonian introduced in Section 4.2:

ĤF ¼
XN
n¼1

Ĥn þ
1

2

XN
m;n¼1
man

Ĥnm ¼
XN
n¼1

en nj i nh j

þ 1

2

XN
m;n¼1
man

JCoul
mn mj i nh j þ nj i mh jð Þ

(55)

To account for the vibrational coupling, a set of annihilation
and creation operators, b†

n(bn), must be introduced. b†
n(bn)

creates (annihilates) one vibrational quantum in the ground
state surface potential on molecule n. These are used to define
the remaining terms of the Frenkel–Holstein Hamiltonian,
which introduce the vibrational mode and its coupling:

Ĥvib ¼ �hovib

PN
n¼1

bynbn (56)

ĤF�vib ¼ �hovib

PN
n¼1

l byn þ bn
	 


þ l2
� �

nj i nh j (57)

Ĥvib accounts for the vibrational energy in the system. In this
term, b†

nbn is a number operator that counts the number of
vibrational quanta with energy h�ovib on molecule n. The final
term, ĤF–vib, accounts for the exciton-vibration coupling and
the displacement/shift of the harmonic excited state potential
surface relative to the harmonic ground state potential surface.
Here, l2 = S is the Huang–Rhys factor, which quantifies this
displacement as shown in Fig. 6.

Practically, the Huang–Rhys factor, l2, can be estimated
from theoretical calculations or experimentally from the rela-
tive height of the 0-1 and 0-0 Gaussian absorption peaks of the
monomer unit.78

l2 ¼
I0-1Abs;monomer

I0-0Abs;monomer

(58)

The vibrational mode’s energy, h�ovib, can be estimated from
the energy difference between the 0-0 and 0-1 vibronic peaks of
the monomer spectrum. For many p-conjugated organic mole-
cules the S0–S1 electronic transition is often coupled to a
symmetric vinyl stretching mode with an energy of h�ovib B
0.15–0.18 eV.

5.1 Introducing a basis set

To solve the Frenkel–Holstein Hamiltonian ĤFH, a basis set that
explicitly includes vibrational quanta is introduced. A conveni-
ent choice is the multiparticle basis set in which the term
‘‘particle’’ refers to an excitation which is either a purely
electronic excitation, a purely vibrational excitation, or a vibro-
nic (electronic/vibrational) excitation. Like the case of the
Frenkel Hamiltonian, only a single electronically excited mole-
cule is considered, all others are in the electronic ground state.
A one particle state is written as

|n, ṽi (59)

which denotes an electronic excitation localized on molecule n
together with ṽ = 0, 1, 2 . . . vibrational quanta in the displaced
(relative to the ground state potential surface) excited state
potential of that molecule. All other molecules are in their
electronic and vibrational ground states. Note that the tilde
indicates quanta on the displaced excited state potential sur-
face rather than the ground state. A two-particle state

|n, ṽ; n0, v0i, (n0 a n, v0 Z 1) (60)

describes an electronic excitation with ṽ vibrational quanta on
molecule n, together with v0 vibrational quanta on a different
molecule n0 in the ground electronic state. Higher-order states
(three-particle, etc.) would add additional vibrational quanta on
additional molecules. For many organic aggregates, truncation
at the two-particle level, known as the two particle approxi-
mation, generally yields quantitatively reliable results and
contributions from three or more particle states are typically
small.79 A schematic illustration of the one- and two-particle
state configurations is presented in Fig. 7.

An independent truncation caps the total number of vibra-
tional quanta, nmax, that is included in the basis for computa-
tional feasibility and is expressed as

~v ¼
X
j

nj � nmax (61)

In this expression, ṽ corresponds to the number of vibra-
tional excitations on the electronically excited molecule, while
the summation accounts for vibrational excitations that
may appear on other remaining molecules in their electronic

Fig. 6 Schematic energy diagram for the harmonic vibrational potentials
of ground (S0) and the displaced excited (S1) state along the dimensionless
coordinate T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Meffovib=2�h

p
t� t0ð Þ where Meff is the effective mass of

the normal vibrational mode and t0 is the equilibrium position of the nuclei
when the system is in its electronic ground state. The displacement of the
ground and excited state’s potentials is quantified by the square root of the
Huang–Rhys factor. The vibrational wavefunctions of the excited state
potentials are denoted with a tilde (B) to distinguish them from the ground
state vibrational wavefunctions.
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ground states. The integer nmax therefore defines the maximum
total vibrational excitation allowed within the truncated basis.
A practical choice for nmax comes from the monomer’s vibronic
progression. It is generally advised to include at least levels up
to and slightly beyond the last monomer band with non-
negligible spectral intensity. For instance, if clear 0-0, 0-1,
and 0-2 bands are visible and a faint 0-3 shoulder appears,
choose at least nmax Z 4 so the basis contains all the vibronic
bands that appear in the spectrum. For the common B0.17 eV
vinyl stretching mode, nmax = 4 typically suffices for converged
absorption/emission.44 However, convergence should be
checked by increasing nmax until energies and intensity ratios
are stable.

With the basis fixed and ordered, the Frenkel–Holstein
Hamiltonian is assembled as a finite matrix and the eigenvalue
problem

HC = CE - H = CEC�1 (62)

can then be solved, where E is the diagonal matrix of eigen
energies of the formed hybrid states, and C contains the
corresponding eigenvectors.

5.2 Example calculation

As an example, with N = 2 and nmax = 2, and using the two-
particle approximation the basis ordering will take the follow-
ing form for a one-particle basis (6 states):

1.|1, 0̃i, 2.|1, 1̃i, 3.|1, 2̃i, 4.|2, 0̃i, 5.|2, 1̃i, 6.|2, 2̃i
(63)

For the two-particle basis, an additional number of states is
added upon the ones from the one-particle basis in accordance
with eqn (60). Thus, the two-particle contribution are (6 addi-
tional states, one separate vibrational quantum):

7.|1, 0̃; 2, 1i, 8.|1, 1̃; 2, 1i, 9.|1, 0̃; 2, 2i, 10.|2, 0̃; 1, 1i,
11.|2, 1̃; 1, 1i, 12.|2, 0̃; 1, 2i (64)

Note that nmax = 2 was chosen to keep the matrix size small
in this example. For calculations on real systems, it is advisable
to use a larger value of nmax, as discussed earlier. For this
example, with N = 2 and nmax = 2, the Hamiltonian matrix will
be of size 12 � 12. Each matrix element is defined analogously
to Section 4.2. Here, however, the basis dimension exceeds
the number of molecules because it includes botone- and
two-particle states. Consequently, the matrix elements are
defined as

Hrs 	 hr|ĤFH|si (65)

i.e., ‘‘row s, column t’’ is the number obtained by sandwiching
ĤFH between hr| and |si where r and s are the one- and two-
particle basis states in eqn (63) and (64), respectively. Thus,
with the basis ordering already defined, the first element in the
Hamiltonian matrix is

H11 = h1|ĤFH|1i = h1, 0̃|ĤFH|1, 0̃i (66)

and so forth for the remaining terms.
5.2.1 The diagonal entries. Hrr, in this example will take

the form; for one-particle 2 one-particle interactions |n, ṽi:

hn, ṽ|ĤFH|n, ṽi = en + h�ovibṽ (67)

and for two-particle 2 two-particle interactions |n, ṽ; n0, v0i

hn, ṽ; n0, v0|ĤFH|n, ṽ; n0, v0i = en + h�ovib(ṽ + v0) (68)

These diagonal elements take on relatively simple forms
because, on the diagonal, the Hamiltonian returns the energy
of the basis state itself. All terms in the Frenkel–Holstein
Hamiltonian that mix different electronic sites or vibrational
occupations (such as the excitonic coupling JCoul) either con-
nect distinct basis states or vanish by orthogonality and there-
fore do not contribute when the bra and ket refer to the same
basis state.80 Consequently, |n, ṽi has energy en + h�ovibṽ while
|n, ṽ; n0, v0i has energy en + h�ovib(ṽ + v0).

5.2.2 The off-diagonal terms. Hrs, (r a s) will consist of the
exciton coupling, JCoul, multiplied with the appropriate vibra-
tional overlap integrals. These overlap integrals are sometimes
referred to as Franck–Condon overlaps, which quantify the
overlap between vibrational wave functions on the excited state

Fig. 7 Illustration of the (a) one particle state, in which molecule n is in the
electronic excited state (S1) and with vibrational quantum ṽ = 1 (indicated
by the bolded line) and all other molecules are in their electronic ground
states (S0) and vibrational ground states, |n, 1̃i. (b) Two particle state in
which molecule n is once again in the electronic excited state and with
vibrational quantum ṽ = 1. In addition, one molecule in the system (n + 1)
has a vibrational quantum v = 2 and all other molecules (except n and
n � 1) are in their electronic ground states and vibrational ground states,
|n, 1̃; n + 1, 2i.
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potential surface and the ground state potential surface.80

In the notation of Parson,74 and assuming equal curvatures
of the harmonic potential surfaces and a dimensionless dis-
placement of the potential surfaces quantified by the Huang
Rhys factor, S = l2, the overlap integrals for the ground state
lowest vibrational level and the excited state lowest vibrational
level is

we0
��wg0
 �
¼ e�

S
2 ¼ e�

l2
2 (69)

where we
0 denotes the vibrational wavefunction in the excited

state and wg
0 denotes the vibrational wavefunction in the ground

state, both with vibrational quantum numbers 0 to indicate the
zeroth vibrational level in each electronic state. In the notation
used in this review, where the excited electronic state vibra-
tional number is denoted with B, eqn (69) above can equiva-
lently be written as

Fṽ,v = hṽ|vi, (ṽ, v = 0, 1, 2, . . .) (70)

F~0;0 ¼ ~0
��0
 �
¼ e�

S
2 ¼ e�

l2
2 (71)

The overlap integrals for other combinations of vibrational
levels can be built from h0|0i using the recursion formulas:81

F~v;vþ1 ¼
1ffiffiffiffiffiffiffiffiffiffiffi
vþ 1
p

ffiffiffi
~v
p

F~v�1;v �
ffiffiffiffi
S
p

F~v;v

� �
(72)

F~vþ1;v ¼
1ffiffiffiffiffiffiffiffiffiffiffi

~vþ 1
p ffiffiffi

v
p

F~v;v�1 �
ffiffiffiffi
S
p

F~v;v

� �
(73)

Note that any F with negative index, e.g., F�1,v, is zero. Thus,
for the overlap of the integral of the lowest vibrational level of
the ground state with the ṽth vibrational level in the electronic
excited state

F~v;0 ¼ ~vj0h i ¼ e�
S
2
�

ffiffiffiffi
S
p	 
~vffiffiffiffi

~v!
p (74)

For the current example with N = 2 and nmax = 2 the following
overlap integrals will be needed

F~0;0 ¼ e�
S
2 ; F~1;0 ¼ �

ffiffiffiffi
S
p

e�
S
2 ; F~2;0 ¼

Sffiffiffi
2
p e�

S
2 ;

F~0;1 ¼ �
ffiffiffiffi
S
p

e�
S
2 ; F~1;1 ¼ ð1� SÞe�

S
2 ;

F~2;1 ¼ �
ffiffiffiffi
S
p ffiffiffi
2
p 2� Sð Þe�

S
2 ;

F~0;2 ¼
Sffiffiffi
2
p e�

S
2 ; F~1;2 ¼ �

ffiffiffiffi
S
p ffiffiffi
2
p 2� Sð Þe�

S
2 ;

F~2;2 ¼
S2

2
� 2S þ 1

� �
e�

S
2 ;

(75)

with the definitions of the overlap integrals, the off-diagonal
terms can be defined according to the following equations.

First, for the one-particle 2 one-particle interactions:

m; ~v ĤFH

�� ��n; ~v0
 �
¼

JCoul
mn F~v;0F~v0;0 manð Þ

0 m ¼ nð Þ; ~va~v0ð Þ

(
(76)

The off-diagonal terms are zero when (m = n) and (ṽ a ṽ0)
because different vibrational functions in the same harmonic
potential are orthogonal to each other. It might not be obvious
from the Hamiltonian in eqn (54) why the overlap factors
appear in the off-diagonal terms. The relevant part of the
Hamiltonian is the exciton transfer term JCoul

mn (|mihn| + |nihm|),
which changes which molecule is electronically excited, but
does not (in the Condon approximation) move the nuclei. Thus,
when evaluating the coupling between two one-particle vibronic
states, one must project the nuclear state on each site from its
initial potential surface to its final one. In other words, the site
that gains the excitation goes from the ground-state potential to
the excited-state potential, while the site that loses the excita-
tion goes from the excited-state potential back to the ground-
state potential. For example, when evaluating the matrix ele-
ment h1, 2̃|H̃FH|2, 4̃0i, the state |2, 4̃0i represents a state with 4
vibrational quanta in the excited state potential on molecule 2
while all other molecules have zero vibrational quanta in the
ground state potential. When the system changes from the |2,
4̃0i state to the |1, 2̃i state, the vibrational wave function on
molecule 2 changes to one describing zero quanta in the
ground state potential, while the vibrational wave function on
molecule 1 changes to one describing 2 vibrational quanta in
the excited state potential. When evaluating matrix elements,
these changes are indicated by the last two bra-kets in the
following expression: h1, 2̃|ĤFH|2, 4̃0i = J12h2̃|0i1h0|4̃i2 where the
1 and 2 subscripts indicate the molecule on which the vibra-
tional wave functions reside. These bra-kets are the vibrational
overlap factors in eqn (76). Hence, each off-site matrix element
is given by the electronic coupling, JCoul

mn , multiplied by the
appropriate product of vibrational overlaps.80

Next are the one-particle 2 two-particle interactions:

m; ~v ĤFH

�� ��n; ~v0; n0; v0
 �
¼

JCoul
mn F~v;v0F~v0;0 m ¼ n0ð Þ

0 man0ð Þ

(
(77)

n; ~v0; n0; v0 ĤFH

�� ��m; ~v
 �
¼

JCoul
mn F~v0 ;0F~v;v0 m ¼ n0ð Þ

0 man0ð Þ

(
(78)

and finally, for the two-particle 2 two-particle case:

m; ~v;m0; v ĤFH

�� ��n; ~v0; n0; v0
 �
¼

JCoul
mn F~v;v0F~v0;v m ¼ n0;m0 ¼ nð Þ

0 otherwise:

(

(79)

It should be noted that for aggregates with three or more
sites (N Z 3) there is an additional two-particle 2 two-particle
contribution where the extra vibrational quantum remains on
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the same site in the bra and k:

m; ~v;m0; v ĤFH

�� ��n; ~v0; n0; v0
 �

¼
JCoul
mn F~v;0F~v0;0 m0 ¼ n0; v ¼ v0;manð Þ

0 otherwise:

(
(80)

This term does not appear in the N = 2 example demon-
strated here but becomes relevant when generalising the multi-
particle basis to larger aggregates. With these terms in hand,
the Hamiltonian matrix can be constructed and is shown below
in block form where JCoul

12 = JCoul
21 = J.

H ¼
H1P1P H1P2P

HT
1P2P H2P2P

" #
(81)

5.3 Simulation of absorbance spectra from the eigenvalues
and eigenvectors obtained from diagonalization

Once the Hamiltonian matrix has been constructed, eigenva-
lues and eigenvectors can be obtained via diagonalization of H
(as for the Frenkel Hamiltonian in Section 4.2). The full
eigenvector and eigenvalue matrices are rarely written out
because their size grows rapidly with the number of molecules,
N, and total vibronic quanta, nmax. Instead, one specifies the ath

eigenstate in the multiparticle basis (in this case the two
particle-approximation) as

caj i ¼
X
n

X
~v¼0;1;...

can;~v n; ~vj i

þ
X

n;~v¼0;1;...

X
n0;v0¼1;2;...

can;~v;n0 ;v0 n; ~v; n
0; v0j i

(85)

where cai are the eigenvector coefficients which are found
by diagonalization of the Hamiltonian. Written out term by
term for the example with N = 2 and nmax = 2, eqn (85) is
simply:

H1P1P ¼

e1 0 0 JF~0;0F~0;0 JF~0;0F~1;0 JF~0;0F~2;0

0 e1 þ �hovib 0 JF~1;0F~0;0 JF~1;0F~1;0 JF~1;0F~2;0

0 0 e1 þ 2�hovib JF~2;0F~0;0 JF~2;0F~1;0 JF~2;0F~2;0

JF~0;0F~0;0 JF~1;0F~0;0 JF~2;0F~0;0 e2 0 0

JF~0;0F~1;0 JF~1;0F~1;0 JF~2;0F~1;0 0 e2 þ �hovib 0

JF~0;0F~2;0 JF~1;0F~2;0 JF~2;0F~2;0 0 0 e2 þ 2�hovib

2
666666666666664

3
777777777777775

(82)

H2P2P ¼

e1 þ �hovib 0 0 JF~0;1F~0;1 JF~0;1F~1;1 JF~0;2F~0;1

0 e1 þ 2�hovib 0 JF~1;1F~0;1 JF~1;1F~1;1 JF~1;2F~0;1

0 0 e1 þ 2�hovib JF~0;1F~0;2 JF~0;1F~1;2 JF~0;2F~0;2

JF~0;1F~0;1 JF~0;1F~1;1 JF~0;2F~0;1 e2 þ �hovib 0 0

JF~1;1F~0;1 JF~1;1F~1;1 JF~1;2F~0;1 0 e2 þ 2�hovib 0

JF~0;1F~0;2 JF~0;1F~1;2 JF~0;2F~0;2 0 0 e2 þ 2�hovib

2
666666666666664

3
777777777777775

(83)

H1P2P ¼

0 0 0 JF~0;1F~0;0 JF~0;1F~1;0 JF~0;2F~0;0

0 0 0 JF~1;1F~0;0 JF~1;1F~1;0 JF~1;2F~0;0

0 0 0 JF~2;1F~0;0 JF~2;1F~1;0 JF~2;2F~0;0

JF~0;1F~0;0 JF~0;1F~1;0 JF~0;2F~0;0 0 0 0

JF~1;1F~0;0 JF~1;1F~1;0 JF~1;2F~0;0 0 0 0

JF~2;1F~0;0 JF~2;1F~1;0 JF~2;2F~0;0 0 0 0

2
666666666666664

3
777777777777775

(84)

caj i ¼ ca
1;~0

1; ~0
�� �

þ ca
1;~1

1; ~1
�� �

þ ca
1;~2

1; ~2
�� �

þ ca
2;~0

2; ~0
�� �

þ ca
2;~1

2; ~1
�� �

þ ca
2;~2

2; ~2
�� �

þ ca
1;~0;2;1

1; ~0; 2; 1
�� �

þ ca
1;~1;2;1

1; ~1; 2; 1
�� �

þ ca
1;~0;2;2

1; ~0; 2; 2
�� �

þ ca
2;~0;1;1

2; ~0; 1; 1
�� �

þca
2;~1;1;1

2; ~1; 1; 1
�� �

þ ca
2;~0;1;2

2; ~0; 1; 2
�� �

(86)
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From the diagonalization, the obtained eigenvalues are the
new hybrid state energies of the aggregate. Together with the
simultaneously obtained eigenvector coefficients it is possible
to simulate absorption and emission spectra.

5.3.1 The absorption spectrum. As a function of o, A(o) is
the sum over all transitions from the vibrationless ground state
to all eigenstates |cai according to

A oð Þ ¼ 1

N lj j2
P
a
faWLS �ho� �hoað Þ (87)

Here the division by N is to make the spectrum normalized
to the number of molecules, N. Division by the monomer
transition dipole moment magnitude |l|2 is to make a reduced
spectrum, which is dimensionless. fa is the oscillator strength
from the vibrationless ground state |Gi to the ath eigenstate
|cai and is given by

fa = h�oa|hca|m̂|Gi|2 (88)

where m̂ is the transition dipole moment operator defined in
eqn (35) but restated here for convenience:

m̂ ¼
P
n

ln gj i nh j þ nj i gh jf g (89)

where |gi = jg
1j

g
2. . .jg

N = |g1, g2, . . ., gNi is the pure electronic
aggregate ground state in which all molecules are in their
electronic ground state and |ni = jg

1. . .je
n. . .jg

N = |g1, g2, . . .,
en, . . ., gNi is the site-localized electronic excited state on
chromophore n. |Gi in eqn (88) adds a vibrational specification.
In the case of absorbance, and assuming no thermal activation
of the ground state vibrational levels, the full vibronic ground
state with zero vibrational quanta on every site in the ground-
state potential is denoted as: |Gi = |g; 01, 02, . . ., 0Ni. Finally, the
last part of eqn (87), WLS(h�o � h�oa), is a homogeneous line
shape function, usually of Lorentzian or Gaussian form. Thus,
A(o) in eqn (87) is, in simple terms, all the eigenvalues obtained

from the diagonalization weighted by the transition dipole
moments squared, which in turn are based on the eigenvector
entries corresponding to each eigenvalue, and with a homoge-
neous broadeninfunction which converts the weighted
transitions from single transition ‘‘lines’’ to bands centred
at the eigenvalue. Note that the second part of the dipole
moment operator

P
n

ln nj i gh j creates an electronic excitation on

molecule n from the ground electronic state |gi and is the only
relevant term for absorption. The other term is zero in the case of
absorption, but it is relevant for emission. With this in mind,
and by inserting the ath eigenstate in the multiparticle basis of
eqn (85) into eqn (86) one obtains the following expression:

fa ¼ �hoa
P
n¼1

P
~v¼0

F0;~vc
a
n;~vln

����
����
2

(90)

Note that within the Franck–Condon approximation and
starting from the vibrationless ground state, the transition
dipole creates a single electronic excitation while leaving the
nuclear wavefunction unchanged. Written in the excited-state
basis, this produces only one-particle states |n, ṽi weighted by
the Franck–Condon overlaps F0,ṽ = h0|ṽi as introduced in
eqn (74). Consequently, in eqn (90) only the one-particle
components of |cai contribute and the two-particle contribu-
tion vanishes. However, of course the two-particle pieces matter
indirectly through mixing in the Hamiltonian.

5.3.2 Absorption example. As an illustrative example,
consider a trimer (N = 3) in a head-to-tail configuration with
nmax = 4 (the geometry defined in Fig. 5a). In this case, with the
two-particle approximation, the Hamiltonian matrix has a 75 �
75 dimension. Due to their large size, the matrices are pre-
sented in a separate MATLAB script (Vibronic_coupling_ab-
s_em.m). The script follows the procedure of Section 5.2
including construction and subsequent diagonalization of the
Hamiltonian matrix. With the obtained eigenvalue and eigen-
vector matrices the oscillator strength in eqn (90) of each
hybrid state a can be calculated. As an example, for hybrid
state a = 1:

f1 ¼ �ho1

X
~v¼0

F0;~vc
1
1;~vl1 þ

X
~v¼0

F0;~vc
1
2;~vl2 þ

X
~v¼0

F0;~vc
1
3;~vl3

�����
�����
2

¼ �ho1 l1 F0;~0c
1
1;~0
þ F0;~1c

1
1;~1
þ F0;~2c

1
1;~2
þ F0;~3c

1
1;~3
þ F0;~4c

1
1;~4

h i���
¼ l2 F0;~0c

1
2;~0
þ F0;~1c

1
2;~1
þ F0;~2c

1
2;~2
þ F0;~3c

1
2;~3
þ F0;~4c

1
2;~4

h i

¼ l3 F0;~0c
1
3;~0
þ F0;~1c

1
3;~1
þ F0;~2c

1
3;~2
þ F0;~3c

1
3;~3
þ F0;~4c

1
3;~4

h i���2
and so forth for every hybrid state where the eigenvector
coefficients Ca=1

n,ṽ are the one-particle elements of the first
column in the eigenvector matrix C according to:

And the remaining 60 elements in each column are the two-
particle elements, which, as previously mentioned, only con-
tributes indirectly through mixing in the Hamiltonian. It is
assumed, as it was for the example with the Frenkel Hamilto-
nian in Section 4.2 with the head-to-tail configuration, that the
direction of all monomer transition dipole moments is
the same and with equal magnitude |l1| = |l2| = |l3| = |l|.
The direction can be arbitrarily chosen to be the x-axis; ln =
|l|x̂, where x̂ is a unit vector along the x-axis. With the direction
defined, the oscillator strength of all hybrid states can be
calculated, and the reduced absorption spectra can be pro-
duced according to eqn (87) and it is presented in Fig. 8a.
Fig. 8a further shows the simulated absorption spectra of
the same system with N = 3 and head to tail orientation
(J-aggregate) but with stronger coupling. As expected, as the
coupling strength increases the spectra progressively shifts

One particle elements from the first column of

C ¼ c1
1;~0
; c1

1;~1
; c1

1;~2
; c1

1;~3
; c1

1;~4
; c1

2;~0
; c1

2;~1
; c1

2;~2
; c1

2;~3
; c1

2;~4
; c1

3;~0
; c1

3;~1
; c1

3;~2
; c1

3;~3
; c1

3;~4

� �T (91)
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to lower energy. Importantly, the ratio of the 0-0 and 0-1
absorption bands increases with the coupling strength. This
behaviour is typical for J-aggregates, and this can in fact be
used to extract coupling strengths from experimentally
obtained steady state spectra. This will be described in greater
detail in Section 5.5. Fig. 8b further shows another example
with the same coupling strength magnitude, but flipped in
sign, so that it is now an H-aggregate. Consequently, we see the
opposite trend with a spectral shift to higher energy and loss of
intensity of the 0-0 peak relative to the 0-1 peak, resulting in a
decrease in the 0-0/0-1 ratio. However, something interesting
occurs as the coupling strength is further increased. An absorp-
tion peak with small intensity becomes discernible at lower
energy relative to the uncoupled system. This occurs due to an
intermolecular version of Herzberg–Teller coupling, which
can be observed for sufficiently strong coupling strengths.
Herzberg–Teller coupling is a type of intensity borrowing
mechanism in which a formally forbidden electronic transition
acquires weak oscillator strength via vibronic mixing.82–84 Note
however, that a weak, lower-energy feature in an aggregate
spectrum does not always mean that it is an H-aggregate and
that the feature originates from Herzberg–Teller coupling.
There are also other reasons for lower energy features such as
charge transfer interactions (vide infra) and/or simultaneous
J-aggregate coupling with a different neighbouring chromo-
phore in some other direction, which will be discussed in more
detail in Section 7.1.

5.3.3 Example comparison with experimental data. Mole-
cules such as derivatives of quaterrylene can spontaneously
form J-aggregates in certain solvents. One example is bayrac-
alkylated quaterrylene for which the experimentally obtained
monomeric (in toluene) and aggregate (in 1,1,2,2-tetrachloro-
ethane) absorption spectra are presented in Fig. 9.7 Fig. 9
further displays the theoretically obtained absorption spectrum

calculated using the vibronic coupling theory discussed above.
From the monomer spectrum the Huang–Rhys factor, l2, was
determined to be 0.51 and ovib = 0.175 eV. A reasonable match
was obtained with N = 10 and with nearest and next-nearest
coupling of JCoul

NN = �0.2 eV and JCoul
NNN = �0.045 eV, respectively.

The experimental and theoretical spectra do not coincide
perfectly, which is not entirely expected given that the sample
likely contains a distribution of aggregates with different N and
varying degrees of disorder.

Fig. 9 Quaterrylene monomer (in toluene) and aggregate (in 1,1,2,2-
tetrachloroethane) experimental spectra (solid lines) measured in ref. 7,
along with the theoretical spectrum (dotted line). The parameters used for
the theoretical aggregate spectra were N = 10, l2 = 0.51, ovib = 0.175 eV,
JCoul

NN = �0.2 eV and JCoul
NNN = �0.045 eV. The line shape is a Voigt function

with Gaussian FWHM = 0.065 eV and Lorentzian FWHM = 0.085 eV. For
the monomer, JCoul

NN/NNN = 0 and the line shape is a Gaussian function with
FWHM = 0.1 eV.

Fig. 8 Simulated absorption spectra for a trimer (N = 3) with vibronic truncation vmax = 4, vibrational frequency ovib = 0.14 eV, and Huang–Rhys factor
S = 0.5. (a) J-aggregate spectra for JCoul

NN/NNN o 0, starting with JCoul
NN/NNN = 0 at the top and increasing |JCoul

NN/NNN| downward. (b) H-aggregate spectra
for JCoul

NN/NNN 4 0 with coupling magnitudes similar to panel (a). The line shape is a Gaussian function with FWHM = 0.1 eV.
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5.4 Simulation of emission spectra from the eigenvalues and
eigenvectors obtained from diagonalization

The emission spectrum, in turn, can be calculated according to

Em oð Þ �
X

vt¼0;1;2;...
�hoem � vt�hovibð Þ3I0�vt

�WPL
LS �ho� �hoem þ vt�hovibð Þ

(92)

where it is assumed that Kasha’s rule85 applies and emission
occurs from the lowest energy hybrid state |cai = |cemi with
energy h�oem. This is a good approximation when the energy
separation between |cemi and higher hybrid states is several
kBT (so that thermal repopulation is negligible) and nonradia-
tive relaxation within the exciton manifold is much faster than
radiative decay. In many molecular aggregates, however, several
hybrid states may be thermally accessible at room temperature,
which will then require a Boltzmann average over emitting
states.86,87 WPL

LS(h�o � h�oem � vth�ovib) is a normalised line
shape, and the (h�oem � vth�ovib)3 factor is the dipole radiation
prefactor for spontaneous emission. The I0–0 emission line
strength (vt = 0) is given by

I0-0 ¼ 1

mj j2
cem m̂j jGh ij j2¼ 1

mj j2
cem m̂j jg; 01; 02; . . . ; 0Nh ij j2 (93)

and is the transition from the emitting eigenstate |cemi to the
full vibronic ground state with zero vibrational quanta on every
site in the ground-state potential, |Gi, as introduced in the
absorption section. The expression is similar to the oscillator
strength in eqn (88) since both equations involve transitions to
or from |Gi where every monomer in the system is in the
electronic and vibrational ground state. The remaining I0�vt

emission line strengths are given by

I0-1 ¼ 1

mj j2
PN
n¼1

cem m̂j jg; 01; 02; . . . 1n; . . . 0Nh ij j2 (94)

I0-2 ¼ 1

mj j2
XN
n¼1

cem m̂j jg; 01; 02; . . . 2n; . . . 0Nh ij j2
(

þ 1

2

XN
n;m¼1
nam

cem m̂j jg; 01; 1m; 0mþ1; . . . 1n; . . . 0Nh ij j2

9>=
>;
(95)

and so forth for I0-3 and higher terms. Note that division by |m|2

is to obtain a reduced, dimensionless line strength and the 1
2

factor in eqn (95) is there to prevent double counting (e.g., when
n = 1 and m = 2 and then also when m = 1 and n = 2). In eqn (94),
the term |g; 01, 02, . . .1n, . . .0Ni indicate that the transition ends
in a manifold of degenerate, orthogonal states with one vibra-
tional quantum somewhere in the ground electronic manifold.
Since there are N distinct final states in this case, the intensity
of each possible terminal state must be accounted for, which
is why the summation appears in eqn (94) but is absent in

eqn (93). As an example, for N = 2, eqn (94) becomes

I0-1 ¼ 1

mj j2
cem m̂j jg; 11; 02h ij j2þ cem m̂j jg; 01; 12h ij j2

h i
(96)

In the case of I0-2 in eqn (95), there are two summations
because two vibrational quanta in the ground electronic state
can be realized in two distinct ways. In the first sum, both
vibrational quanta are on the same molecule. In the second
sum, there is one vibrational quantum on two distinct mole-
cules giving a total of two vibrational quanta.

Similar to the absorption case, by inserting the multiparticle
expansion of |cai (eqn (85)) and using the Condon approxi-
mation, the emission line strengths can be written as

I0�0 ¼ 1

mj j2
P
n¼1

P
~v¼0

F0;~vc
em
n;~vln

����
����
2

(97)

I0-1 ¼ 1

mj j2
P
n

P
~v¼0

F1;~vc
em
n;~vln þ

P
n0an

P
~v0
F0;~v0c

em
n0;~v0 ;n;1ln0

�����
�����
2

(98)

I0-2 � 1

mj j2
X
n

X
~v¼0

F2;~vc
em
n;~vln þ

X
n0an

X
~v0

F0;~v0c
em
n0;~v0;n;2ln0

�����
�����
2

2
4

þ 1

2

X
n;m¼1
nam

X
~v¼0

F1;~v cemn;~v;m;1ln þ cemm;~v;n;1lm

� ������
�����
2
3
75

(99)

where cem
(n,ṽ), cemn0;~v0;n;1ð Þ, etc., are the eigenvector coefficients of the

emitting eigenstate, cem. Note that I0-0 and I0-1 as written in eqn (97)
and (98), respectively, are exact within the two-particle approxi-
mation. However, for I0-2 in eqn (99), a component containing three
particle coefficients is neglected and the expression is thus an
approximation. However, the three-particle contribution is usually
small for I0-2. For I0-3 and higher terms there are additional
components that involve three particle coefficients, which are zero
in the two-particle approximation. Consequently, higher terms
require t application of higher order multi-particle approximations
to yield fully accurate results. However, at relatively small coupling
strengths one can achieve reasonable accuracy without using
higher order multi-particle states.44,88,89

5.4.1 Emission example. For the emission, a system of
N = 10 with nearest neighbour coupling and open boundary
conditions is simulated. The total number of vibrations is
nmax = 7, the transition energy of the uncoupled monomers,
en = 2 eV, the vibrational frequency h�ovib = 0.175 eV and the
Huang–Rhys factor l2 = 0.51. The emission spectra are pre-
sented for varying coupling magnitudes for JCoul o 0
(J-aggregate) and JCoul 4 0 (H-aggregate) in Fig. 10a and b,
respectively. Additionally, the emission spectra are plotted
together with the corresponding absorption spectra with the
same parameters to fully demonstrate the spectral shifts.

The simulated spectra in Fig. 10 corresponds to ideal
aggregates. This means that there is no energetic or structural
disorder, and, in addition, temperature effects are neglected.
In the strict limit of perfectly ordered H-aggregate with periodic

Chem Soc Rev Tutorial Review

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

9 
M

ay
 2

02
6.

 D
ow

nl
oa

de
d 

on
 6

/1
0/

20
26

 5
:1

9:
02

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6cs00157b


Chem. Soc. Rev. This journal is © The Royal Society of Chemistry 2026

boundary conditions, the 0-0 emission is symmetry-forbidden
and therefore vanishes completely as shown in Fig. 10b.
However, real aggregates are finite and disordered to some
degree, and a small 0-0 intensity can thus be observed in
experimental spectra. In addition, the 0-0 peak can also arise
when states above the lowest energy excited state in H-aggre-
gates are thermally populated and emit.90 Note that in these
simulations the 0-0 absorption and emission spectra coincide,
i.e. there is no intrinsic Stokes shift. This follows from the
idealized Frenkel–Holstein model used here, which assumes
identical harmonic ground- and excited-state potentials and
neglects environmental reorganization. As for the 0-1 and higher
order vibronic peaks, vibronic coupling results in non-zero inten-
sities that decrease with increasing coupling strength, which can
also be observed in Fig. 10. In the following section, a brief
discussion regarding the role of the mentioned periodic and open
boundary conditions and the influence of disorder is presented.

5.4.2 Open and periodic boundary conditions. In the con-
text of exciton coupling, periodic boundary conditions means that
the aggregate is treated as if its ends were joined to form a ring.
The system then has exact translational symmetry, and the exciton
states are fully delocalized wave-like states that extend over the
entire aggregate. The opposite case is open boundary conditions,
where the aggregate has two distinct ends and the exciton
wavefunctions form standing waves. The simulated emission
and absorption spectra in Fig. 10 were generated using open
boundary conditions. For finite aggregates of relatively small N,
this choice is generally more realistic, because actual molecular
assemblies always have a finite length with end effects.44,89

In an ideal H-aggregate, the lowest energy excited state has
eigenvector coefficients that alternate in sign from one molecule
to the next. Under open boundary conditions these amplitudes
form a standing-wave envelope across the chain. For even N, the
positive and negative contributions to the transition dipole
moment cancel almost exactly. Thus, the total transition dipole

moment, and by extension the 0-0 line, is strongly suppressed as
shown Fig. 10 for N = 10. For odd N, this cancellation is slightly
imperfect because one side of the standing wave is not exactly
mirrored by the other, leading to a weak but non-zero 0-0
intensity. Imposing periodic boundary conditions restores perfect
destructive interference for any N, and in the ideal H-aggregate
limit the 0-0 emission is strictly zero. However, for very large N the
choice of open or periodic boundary conditions only has a minor
influence on the observed spectrum. The concept of open and
periodic boundary conditions is nonetheless very important.
Several analytical relations from vibronic coupling theory (for
example expressions for band intensities and their ratios in H-
and J-aggregates, which will be discussed in Section 5.5) are
derived under the assumption of periodic boundary conditions.

5.5 Reversing the procedure – extracting information from
absorption and emission spectra

Up to this point it has been shown that using vibronic coupling,
new exciton states can be calculated, and absorption and
emission spectra can be simulated by solving the Holstein
Hamiltonian. In addition, the vibronic coupling framework
can be used to extract quantities such as the exciton coherence
length or the exciton coupling strength, JCoul, by analysing
experimental absorption and emission spectra.

5.5.1 Coherence from emission spectra. Emission spectra
can give information about how many chromophores share a
coherent excitation. This can be understood by comparing
eqn (97) and (98) which describe the emission line strengths
I0-0 and I0-1, respectively. Eqn (97) is the square of a sum over

molecules. Writing Xn ¼
P
n¼1

P
~v¼0

0j~vh icemn;~vmn one has I0-0 /

P
n

Xn

����
����
2

¼
P
n

Xnj j2 þ
P
nam

XnX


m where the asterisk means complex

conjugate. The extra terms XnX


m represent mutual reinforcement

Fig. 10 Simulated absorption and emission spectra for N = 10 aggregate with vibronic truncation vmax = 7, vibrational frequency ovib = 0.175 eV, and
Huang–Rhys factor S = 0.51 with open boundary conditions. (a) J-aggregate spectra for JCoul o 0, starting with small coupling strength in the top and
increasing |JCoul| downward. (b) H-aggregate spectra for JCoul 4 0 with coupling magnitudes matched to panel (a).
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between different molecules. When the emitting excited state is
coherently shared across many molecules so that their contribu-
tions Xn point in the same ‘‘direction’’ (i.e., are similar and
combine in the same way), these terms add rather than cancel,
and the 0-0 intensity grows with the number of molecules that
participate coherently (the coherence number Ncoh). If thermal
fluctuations or static inhomogeneities make different molecules
in the coupled system contribute in mismatched ways, the
reinforcement terms largely cancel and the 0-0 band is sup-
pressed. In this sense, 0-0 directly reflects exciton coherence.
By contrast, eqn (98) for 0-1 is a sum over distinct final states in
which the single ground-state vibrational quantum resides on a
specific molecule n. Final states with the vibrational quantum on
different molecules are orthogonal, so inter-molecule reinforce-
ment does not survive when forming the total intensity; what
remains is a sum of squares over molecules, with only a local one-
particle/two-particle mixing within each absolute value. As a
result, 0-1 is largely insensitive to how many molecules share
the excitation coherently and do not display the coherent
enhancement characteristic of 0-0. These structures explain the
different photoluminescence fingerprints of H- and J-aggregates.
In an ideal J-aggregate the emitting excited state is distributed
nearly uniformly over many molecules, the terms in eqn (97) then
add coherently so that I0-0

aggregate scales with the coherence number,
whereas I0-1

aggregate does not. This leads to the ratio rule

I0-0aggregate

I0-1aggregate

� Ncoh

l2
; J-aggregatesð Þ (100)

In an ideal H-aggregate, symmetry causes the molecular
contributions in eqn (97) to cancel, making 0-0 forbidden in
the disorder free case while the vibronic sidebands such as 0-1
remain allowed. It is thus possible to have emission even in an
ideal H-aggregate, however, only starting from the 0-1 state as
demonstrated in Fig. 10. The intensity of the 0-1 band will
however diminish with increasing exciton coupling strength.

In the context of exciton coupling, ‘‘disorder’’ refers to static,
molecule-to-molecule variations in transition energies, inter-
molecular couplings, and/or transition-dipole orientations that
are frozen on the emission timescale. Another example of
disorder are the end sites of an aggregate, which break transla-
tional symmetry and partially localize the excited state, slightly
modifying the intensities compared to the periodic, disorder-
free case. These kinds of disorder shorten coherence and
breaks perfect translational symmetry. In J-aggregates it
reduces Ncoh and weans 0-0 relative to 0-1. In H-aggregates it
can activate 0-0 (previously symmetry-forbidden) so the ratio
I0-0/I0-1 becomes a sensitive indicator of the degree of disorder
even in H-aggregates (even though the ratio rule in eqn (100) is
only valid for J-aggregates).

5.5.2 Linewidth narrowing. The coherence number can
also be obtained without accounting for vibronic coupling
as deduced by Knapp who showed that when the Coulomb
coupling is sufficiently large, the absorption linewidth of
J-aggregates is reduced by

ffiffiffiffiffiffiffiffiffiffi
Ncoh

p
.91 This narrowing arises

because the optically bright excited state is delocalized over

Ncoh molecules when the individual molecules experience
slightly different local transition-energy shifts. For an isolated
monomer, the observed linewidth directly reflects the distribu-
tion of local transition energies associated with its environ-
ment. In an exciton-coupled aggregate, the optical transition
probes an excitation that is distributed over several molecules,
so the effective transition energy corresponds to an average over
the local site energies within the delocalization length. If these
site-energy shifts are uncorrelated from molecule to molecule,
the resulting variance is reduced by a factor of 1/Ncoh, giving a
linewidth reduction on the order of 1

� ffiffiffiffiffiffiffiffiffiffi
Ncoh

p
. However, if the

energetic shifts are correlated across many neighboring mole-
cules, this averaging mechanism is suppressed, and the aggre-
gate linewidth approaches the monomer linewidth.91 Line
narrowing in the case of emission is a less reliable indicator
of the coherence number. This is because line narrowing may
simply occur due to the lowest energy state in a slightly
disordered aggregate being the emitting state. Thus, the ratio
rule from vibronic coupling theory is a more robust method of
estimating the coherence number and disorder. However, note
that the ratio rule in emission is naturally sensitive to so called
second order inner-filter effects where the overlap of the 0-0
absorption and emission can lead to a drop in the emission
ratio of 0-0 and 0-1 peaks due to reabsorption of the emission.
The inner-filter effect can be quite prominent in aggregates and
must be eliminated or mitigated for accurate usage of the ratio
equation.

5.5.3 Exciton coupling strength from absorption spectra.
Using vibronic coupling theory, valuable information can also
be extracted from the relative ratio of the absorption peaks.
By experimentally determining the ratio of the 0-0 and
0-1 absorption transitions of an aggregate (and having para-
meters such as the Huang–Rhys factor and ovib from the
monomer absorption spectrum) it is possible to calculate the
nearest neighbour exciton coupling JCoul

NN using the following
equation:12

I0-0Abs; aggregate

I0-1Abs; aggregate

¼ 1

l2

1�
G 0; l2
	 


2JCoul
NN e�l

2

�hovib

1�
G 1; l2
	 


2JCoul
NN e�l

2

�hovib

2
6664

3
7775 (101)

where JCoul
NN should be negative for J-aggregates and positive

for H-aggregates and where the vibrational function, G(nt; l
2),

can be calculated as

G nt; l2
	 


¼
P

u¼0;1;...
uant

l2u

u! u� ntð Þ; nt ¼ 0; 1; 2; . . . (102)

Here, nt indexes the observed vibronic band (0-0, 0-1, . . .).
The sum in G(nt; l

2) runs over u = 0, 1, 2, . . ., with u a nt where
u is the monomer vibronic (vibrational quantum) level index.
In practice the series is truncated once the partial sums
converge. Note that the ratio formula in eqn (101) is strictly
valid for aggregates with periodic boundary conditions. For very
large aggregates, edge effects become negligible, and the result
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is a good approximation even with open boundary conditions.
For dimers, the boundary conditions are effectively irrelevant.
Note that in the dimer case, the factor of 2 in eqn (101) reduces
to 1, since only a single nearest-neighbour interaction is pre-
sent. In the case of trimers and similar smaller aggregates open
boundary conditions introduce edge effects that can lead to
slight deviations from the ratio formula.92

As a final note, the multiparticle basis set that has been
described here accurately describes the excitonic eigenstates in
the weak to intermediate coupling regime. The two-particle approxi-
mation is usually a good enough approximation in this regime.
However, stronger coupling might require the inclusion of three
particle- or higher states.93 In the strong coupling regime it might
also be beneficial to work with another basis such as the exciton–
phonon basis.29,94 Additional information about vibronic coupling
can be found in the review by Hestand and Spano,12 which covers
the theory in detail and includes discussion on for instance the
coupling of multiple vibronic modes,95 and the inclusion of
disorder and temperature effects in the calculations,86 which is
not treated here. A related but distinct framework is the Kühn–
Renger–May approach, which also treats exciton-vibrational
coupling.96,97 In this formulation, one or a few effective vibrational
modes are retained explicitly in the system Hamiltonian, while the
remaining vibrations are represented as a phonon bath. The
Kühn–Renger–May framework is therefore particularly useful
for describing environmental effects such as relaxation, dephas-
ing, and spectral broadening, and more generally for capturing
how coupling to the surroundings influences the photophysics
of molecular aggregates. Related Kühn–Renger–May-inspired
implementations have been applied to cyanine aggregates and
DNA-templated dye assemblies, where fitting of absorption and
circular dichroism spectra has been used to extract structural
parameters such as intermolecular separations and relative dye
orientations.98–101

6. Charge transfer interactions

In the preceding sections, the aggregate photophysics were
modelled first within a purely Frenkel and subsequently a
Frenkel–Holstein picture. In both cases the electronically excited
manifold was spanned solely by neutral, localized excitations
coupled by a Coulombic resonance interaction and, in the case
of the Frenkel–Holstein picture, modulated by intramolecular
vibrational modes. This description is appropriate when the
chromophores are separated far enough, so that their frontier
orbitals (HOMO and LUMO) do not overlap appreciably. For
many p-stacked aggregates of interest, however, the centre-to-
centre separation between monomers is only on the order of
3–5 Å. At such short distances the electronic wavefunctions on
neighbouring molecules overlap, and the simple picture of a
purely Coulombic exciton coupling becomes incomplete. In
addition to the neutral, localized, Frenkel configurations, one
must then include configurations in which the electron is
localized on a different chromophore than the hole. These so-
called charge-transfer (CT) configurations formally correspond

to a positively charged (cationic) site and a negatively charged
(anionic) site on different molecules. CT states are sometimes
also referred to as charge separated states when there is con-
siderable physical separation of the electron and hole, whereas
CT is more commonly used when the charges are in proximity.
Importantly, even when such CT states lie several hundred
meV above the lowest neutral excited state, their admixture
into the optical excitations can substantially affect both
the excited state energies and the effective intermolecular
coupling.102,103 Physically, the appearance of CT character
introduces a new class of short-range interactions that are
not captured by the Coulombic coupling. The total excitonic
coupling instead contains both a long-range Coulomb term
and a short-range CT-mediated term, which can interfere
constructively or destructively depending on aggregate geome-
try and electronic structure. To incorporate these effects, the
purely Frenkel Hamiltonian introduced in Section 4.2 can be
extended by enlarging the electronic basis to include CT
configurations. The possibility of mixing effects with CT states
was proposed by Lyons in 1957.104 A detailed theoretical
investigation was subsequently done by Merrifield in 1961.25

Merrifield’s model for Frenkel–CT mixing considers electron
and hole transfer between neighbouring monomers, described
by one-electron and one-hole hopping integrals, te and th,
respectively, defined as

te 	 hfA
LUMO|ĥ|fB

LUMOi (103)

th 	 �hfA
HOMO|ĥ|fB

HOMOi (104)

where fA
LUMO(HOMO) is the LUMO (HOMO wavefunction on

molecule A or B and ĥ is the single electron Hamiltonian
operator. The Merrifield Hamiltonian, ĤM, can be split into a
Frenkel part, ĤF, a CT part, ĤCT, and a term at mixes Frenkel
and CT states, ĤF–CT, according to

ĤM = ĤF + ĤCT + ĤF–CT (105)

where ĤF is the Frenkel Hamiltonian introduced in Section 4.2.

ĤF ¼
PN
n¼1

en nj i nh j þ
1

2

PN
m;n¼1
man

JCoul
mn nj i mh j þ mj i nh jð Þ (106)

The transfer of electron and hole between neibouring mole-
cules is accounted for by ĤCT:

ĤCT ¼ te
XN

n;m ¼ 1

nam

mþ 1an

n;mþ 1j i n;mh j þ n;mj i n;mþ 1h jð Þ

þ th
XN

n;m ¼ 1

nam

nþ 1am

nþ 1;mj i n;mh j þ n;mj i nþ 1;mh jð Þ

þ
XN
n¼1

XN
m ¼ 1

nam

ECT n�mj jð Þ n;mj i n;mh j (107)
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Here |n, mi represents the state where a hole resides on molecular
site n (molecule n) on the aggregate, and an electron resides on
molecular site m. Note that this CT basis is not the same as the
‘‘two-particle’’ vibronic basis used in the vibronic coupling section.
In that case, ‘‘two-particle’’ refers to an exciton plus a local
vibrational excitation, not a separated electron–hole pair.

The first term in eqn (107), proportional to te, describes
motion of the electron within the CT manifold, with |n, m +
1ihn, m| moving an electron from site m to site m + 1 and the
term |n, mihn, m + 1| moving the electron from site m + 1 to site m.
The second bracket, proportional to th, similarly describes motion
of the hole, with |n + 1, mihn, m| moving a hole from site n to site n
+ 1 and |n, mihn + 1, m| moving a hole from site n + 1 to site n. Also
note that the summations in the first and second terms avoid states
where n = m, because these states correspond to the Frenkel
excitons where the electron and hole reside on the same site. The
Frenkel excitons can couple to the CT states through te and th, but
such terms are contained in HF–CT. The last sum assigns an energy,
ECT (n � m), to each CT configuration with the electron and hole
residing on sites m and n respectively.

The final term in the Merrifield Hamiltonian is the Frenkel–
CT mixing term, ĤF–CT, which couples a local neutral excitation
on site n to CT configurations, in which either the electron or
the hole has been transferred to a neighbouring site.

ĤF�CT ¼ te
XN
n¼1

n; nþ 1j i nh j þ n; n� 1j i nh jð

þ nj i n; nþ 1h j þ nj i n; n� 1h jÞ

þ th
XN
n¼1

nþ 1; nj i nh j þ n� 1; nj i nh jð

þ nj i nþ 1; nh j þ nj i n� 1; nh jÞ

(108)

Note that vibronic coupling has not yet been considered in
ĤM. The inclusion of vibronic coupling is discussed first in
Section 6.2. Additionally, it should be mentioned that the
Merrifield Hamiltonian can also be expressed in using creation
and annihilation operators as described by for instance Agra-
novich and Bassani.75

6.1 Example calculation

As an example, with N = 3 the basis ordering will take the form:
Frenkel states (3 states) of the form |ni = |1i, |2i, . . ., |Ni:

1.|1i = |je
1j

g
2j

g
3i, 2.|2i = |jg

1j
e
2j

g
3i, 3.|3i = |jg

1j
g
2j

e
3i
(109)

CT states (6 states) of the form |n, mi where the first index, n,
indicates the position of the cation (hole) and the second index
indicates the position, m, of the anion (electron):

4: 1; 2j i ¼ jþ1 j
�
2 j

g
3

�� �
; 5: 2; 1j i ¼ j�1 j

þ
2 j

g
3

�� �
; 6: 2; 3j i ¼ jg

1j
þ
2 j
�
3

�� �
;

7: 3; 2j i ¼ jg
1j
�
2 j
þ
3

�� �
; 8: 1; 3j i ¼ jþ1 j

g
2j
�
3

�� �
; 9: 3; 1j i ¼ j�1 j

g
2j
þ
3

�� �
(110)

The Frenkel states are the same as in the pure Frenkel case
described in Section 4.2. The CT states follow the same logic
where je/g/+/�

n are the electronic wavefunctions of molecule n in
the ground (g), excited (e), cationic (+) or anionic (�) states.

In this ordering, the first three basis states are pure Frenkel
excitons and the remaining six are CT configurations. Among
the CT states, states 4–7 correspond to nearest-neighbour CT
(|n � m| = 1), while 8 and 9 correspond to next-nearest-
neighbour CT (|n � m| = 2). For this example, with N = 3 and
the above basis ordering, the electronic Hamiltonian matrix
will be of size 9 � 9. Each matrix element is defined in the same
way as in Section 5 according to

Hrs 	 hr|ĤM|ti (111)

i.e., ‘‘row s, column t’’ is the number obtained by sandwiching
the Merrifield Hamiltonian, ĤM, between hr| and |si where r

and s are the Frenkel and CT basis states defined and ordered
in eqn (109) and (110), respectively.

6.1.1 Diagonal terms. The diagonal entries consist of the
energies of the pure Frenkel and CT states. First are the Frenkel
energies, en, of the individual monomers in the relevant
environment:

hn|ĤM|ni = en (112)

The CT energies depend on the electron–hole separation, n
� m. With the above defined basis, the diagonal entries will be
the energy of the CT state, ECT (|n � m|), according to:

hn, m|ĤM|n, mi = ECT (|n � m|) (113)

In the current N = 3 example, there are two distinct diagonal
CT energies, ECT (1) and ECT (2), corresponding to nearest-
neighbour (|n � m| = 1) and next-nearest-neighbour (|n � m| = 2)
charge-transfer configurations, respectively. In the presented frame-
work, a CT state, |n, mi, is defined as a state with a cation localized
on molecule n and an anion localized on molecule m. Its energy
depends on the electron–hole separation via

ECT n�mj jð Þ ¼ IPdonor � EAacceptor �
e2

4pe0es n�mj jd
(114)

where IPdonor is the ionization potential of the donor and
EAacceptor is the electron affinity of the acceptor. The final term
is a Coulomb stabilization term involving the elementary
charge, e, vacuum permittivity, e0, the static dielectric constant,
es, of the surrounding medium and the nearest neighbour
intermolecular distance, d. Thus ECT (2), with |n � m| = 2,
corresponds to a more weakly bound, more spatially separated
cation–anion pair than ECT (1), and is therefore higher in
energy because the Coulomb stabilization term is smaller.
Importantly, the existence of such a configuration does not
require a direct orbital overlap between non-nearest-neighbour
molecules. The overlap enters only through the hopping inte-
grals te and th, which connect different CT configurations and
mix them with the Frenkel states. In the present model these
transfer integrals are restricted to nearest-neighbour hops, so
CT states with |n � m| = 2 are coupled to the Frenkel/CT
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manifold only via sequences of nearest-neighbour hops (for
example |1, 2i- |1, 3i via an electron hop from site 2 to 3). As a
result, the low-lying eigenstates are dominated by Frenkel and
nearest-neighbour (|n � m| = 1) CT configurations, and the
contribution from |n � m| Z 2 is small when ECT(2)–ECT(1) is
large compared to te and th. This observation motivates the
commonly applied ‘‘nearest-neighbour CT’’ approximation in
which only |n � m| = 1 states are retained and CT configura-
tions with |n � m| Z 2 are removed, which will be demon-
strated at the end of this example.

6.1.2 Off-diagonal terms. As before, the off-diagonal ele-
ments fall into several classes, corresponding to different
physical processes. The Frenkel 2 Frenkel interactions origi-
nate from the excitonic Coulomb couplings JCoul

mn already intro-
duced in Section 4.2.

hm|ĤM|ni = JCoul
mn (m a n) (115)

Next, the Frenkel 2 CT coupling part of the Merrifield
Hamiltonian, ĤF–CT, describes processes in which a local neu-
tral excitation on site n is converted to a CT state |n, mi
configuration by hopping either the electron or the hole to a
neighbouring site. These processes are quantified by the elec-
tron and hole hopping integrals te and th.

n0;m0 ĤM

�� ��n
 �
¼

te n0 ¼ n;m0 ¼ n� 1ð Þ

th m0 ¼ n; n0 ¼ n� 1ð Þ

0 otherwise

8>>><
>>>:

(116)

The Hermitian conjugate in ĤF–CT ensures the corres-
ponding reverse processes, i.e. hn|ĤM|n0,m0i = hn0, m0|ĤM|ni*.
Finally, the electron and hole transfers within the CT manifold
gives the CT 2 CT interactions according to:

n0;m0 ĤM

�� ��n;m
 �
¼

te n0 ¼ n;m0 ¼ m� 1ð Þ

th m ¼ m0; n0 ¼ n� 1ð Þ

0 otherwise

8>>><
>>>:

(117)

with the requirement that all site indices must remain within
the system and that m a n and m0a n0 since such cases belong
to ĤF–CT instead.

In this ordered basis the purely electronic Hamiltonian with
CT contributions can be written in block form according to

H ¼
HF�F HF�CT

HT
F�CT HCT�CT

" #
ð118Þ

HF�F ¼

e1 JCoul
12 JCoul

13

JCoul
12 e2 JCoul

23

JCoul
13 JCoul

23 e3

2
6664

3
7775 ð119Þ

HF�CT ¼

te th 0 0 0 0

th te te th 0 0

0 0 th te 0 0

2
6664

3
7775 ð120Þ

HCT�CT¼

ECT 1ð Þ 0 0 0 te 0

0 ECT 1ð Þ 0 0 0 th

0 0 ECT 1ð Þ 0 th 0

0 0 0 ECT 1ð Þ 0 te

te 0 th 0 ECT 2ð Þ 0

0 th 0 te 0 ECT 2ð Þ

2
66666666666664

3
77777777777775

(121)

As expected, the Frenkel–Frenkel block, HF–F, in eqn (119) is
identical to the N = 3 example derived for the purely electronic
Frenkel Hamiltonian in Section 4.2. The new structure intro-
duced by the Merrifield Hamiltonian resides entirely in the
blocks that couple Frenkel and CT configurations and within
the CT manifold itself. The off-diagonal elements are governed
by the electron and hole transfer integrals te and th while the CT
diagonals are set by the separation- dependent CT energies, ECT

(|n � m|).
6.1.3 Nearest neighbour approximation. To facilitate the

treatment of CT states, particularly for large (or even infinite)
aggregates, the block matrix in eqn (118) can be simplified if
one assumes that the static dielectric constant of the aggregate
system is small, which is a good approximation for organic
aggregates and crystals. This assumption can, however, break
down in strongly screening environments, for example when
the aggregates are embedded in or surrounded by highly polar
media (high-dielectric solvents), electrolyte/salt solutions, or
polar/ionic matrices, where dielectric screening can substan-
tially reduce Coulomb interactions.105 Nevertheless, assuming
a small dielectric constant, this will result in a large Coulomb
binding energy that restricts the cation–anion pair from separ-
ating over more than one or two molecules. With this assump-
tion, the energy of the CT state is assumed to be infinite for
separations |n � m| Z 2:

ECT n�mj jð Þ ¼
ECT n�mj j ¼ 1

1 n�mj j � 2

(
(122)

Consequently, in this nearest neighbour CT approximation,
the corresponding basis states for |n � m| Z 2 are removed
from the matrix representation. For the N = 3 example that
means removing the basis states 8 and 9 in eqn (110). The new
block Hamiltonian will then be a 7 � 7 matrix

HðNNÞ ¼
HF�F H

NNð Þ
F�CT

H
ðNNÞ
F�CT

� �T
H

NNð Þ
CT�CT

2
64

3
75 ð123Þ

The Frenkel–Frenkel block is unchanged

HF�F ¼

e1 JCoul
12 JCoul

13

JCoul
12 e2 JCoul

23

JCoul
13 JCoul

23 e3

2
6664

3
7775 ð124Þ
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However, if one enforces nearest-neighbour Coulombic cou-
pling in addition to CT, the JCoul

13 = JCoul
31 entries should be set to

zero. The H(NN)
F–CT block is reduced to

H
NNð Þ
F�CT ¼

te th 0 0
th te te th
0 0 th te

2
4

3
5 ð125Þ

And H(NN)
CT–CT will become a purely diagonal matrix

according to:

H
NNð Þ
CT�CT ¼

ECT 0 0 0
0 ECT 0 0
0 0 ECT 0
0 0 0 ECT

2
664

3
775 ð126Þ

The reason is that all CT–CT off-diagonal elements connect
|n � m| = 1 states (4–7) to |n � m| = 2 states (8–9). There are no
CT–CT off-diagonal elements between |n � m| = 1 states alone.
Any electron or hole hop from a |n � m| = 1 state occurs either
to a Frenkel state or to a |n � m| = 2 CT state.

6.2 Charge transfer and vibronic coupling

In the preceding subsection, the electronically excited manifold
was described by the purely electronic Merrifield Hamiltonian,
ĤM, defined in eqn (105). This Hamiltonian includes neutral
Frenkel excitons, CT configurations, and their mutual mixing
via electron and hole transfer integrals te and th. To account for
the coupling between the electronic excitations, CT states, and
an intramolecular vibrational mode, the Merrifield Hamilto-
nian can be extended in the same spirit as the Frenkel–Holstein
model introduced in Section 5. As before, a single effective
intramolecular mode of frequency h�ovib on each molecule is
considered. This mode is assumed harmonic in all relevant
electronic manifolds (neutral ground, neutral excited, cationic,
and anionic), with different equilibrium positions along the
vibrational coordinate. The displacements are quantified by
Huang–Rhys factors: l2 for the neutral excited state and l+

2 and
l�

2 for the cationic and anionic states, respectively. The values
for l+

2 and l�
2 are system dependent and can be determined

either experimentally or through theoretical calculations.45,105–107

For perylene-based p-stacks and related donor–acceptor systems,
good fits to spectra have been obtained when the ionic Huang–
Rhys factors are set to roughly half the neutral factor.108,109 This
reflects the reduced structural relaxation of the macrocyclic
stretching (or ring-breathing) mode upon ionization compared
to neutral excitation. The resulting Merrifield–Holstein Hamilto-
nian, ĤMH, can be written as

ĤMH = ĤM + Ĥvib + ĤF–vib + ĤCT–vib (127)

where ĤM was already defined in eqn (105), Ĥvib was defined in
eqn (56) and ĤF–vib was defined in eqn (57). The new term,
ĤCT–vib, accounts for the coupling between the intramolecular
vibrational mode and the CT configurations. In the notation
introduced in the previous subsection, the state |n, mi repre-
sents a configuration with a hole localized on site n and an
electron localized on site m. In such a CT state, the vibrational
potential on the cationic site n is displaced by an amount

characterized by l+
2, while the potential on the anionic site m is

displaced by an amount characterized by l�
2. The vibronic

coupling in the CT manifold can therefore be written as

ĤCT�vib¼
XN
n¼1
nam

lþ bynþbn
	 


þl� bymþbm
	 


þlþ2þl�2
� �

n;mj i n;mh j

(128)

which is analogous to ĤF–vib in eqn (57).
6.2.1 Defining a basis set. To solve the Merrifield–Holstein

Hamiltonian it is convenient to, as in the case of vibronic
coupling in Section 5, use a multiparticle basis set, which is
truncated at the two-particle level for the Frenkel excitons and
at the three-particle level for the CT excitons. However, as in the
case of pure vibronic coupling, there are regimes where higher
order particle states should be included for quantitative accu-
racy. In particular, when the transfer integrals become large
compared to the energy difference between the CT state and
the local neutral excitation: |te|, |th| c |ECT � e| or when states
with |n � m| Z 2 are included in the basis, higher-order
multiparticle configurations can acquire significant weight
and the two-particle truncation may no longer be sufficient.
In the present case the electronic excitation can be either a
Frenkel exciton or a CT configuration, so both types appear in
the one- and two-particle basis sets. The Frenkel exciton states
are identical to what was presented in the Frenkel–Holstein
section. Specifically, eqn (63) and (64) for the one- and two-
particle states, respectively. They are, however, restated here for
convenience:

One-particle states:

|n, ṽi (129)

Two-particle states

|n, ṽ; n0, v0i, (n0 a n, n0 Z 1) (130)

where ṽ indicate vibrational quanta of molecule n in an
electronically excited state, together with v0 vibrational quanta
on a different molecule n0 in the ground electronic state. In a
CT configuration, a cation resides on site n+ and an anion on
site m�. A two-particle CT vibronic state therefore has the form

|n+, v+; m�, v�i (131)

Here, v+ are vibrational quanta in the cationic potential on
molecule n+, and v� are vibrational quanta in the anionic
potential on site m�. Analogously to the Frenkel case,
the three-particle CT state have a CT vibronic configuration
accompanied by one additional vibrational quantum on a third,
electronically neutral site. These states can be written
according to

|n+, v+; m�, v�; n0, v0i, (n0 a n+ a m�, n0 Z 1)
(132)

The same truncation of the total number of vibrational
quanta, nmax, used in the purely vibronic case in Section 5
(see eqn (61)) is applied here as well. A schematic illustration of
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the two- and three-particle CT state configurations is presented
in Fig. 11.

6.3 Special case: energetically well separated CT and neutral
excited states

As mentioned previously, when both Coulombic and CT interac-
tions are present, the total excitonic coupling between two chro-
mophores contains a long-range Coulomb term and an additional
short-range, CT-mediated term. The former is the familiar Cou-
lombic coupling, JCoul

mn , that appears in the purely Frenkel and
Frenkel–Holstein Hamiltonians introduced in Sections 4.2 and 5.
The latter arises implicitly in the Merrifield Hamiltonian through
the electron and hole transfer integrals te and th, which couple a
local neutral excitation to a nearest-neighbour CT configuration. In
the general case these couplings must be treated explicitly by
retaining CT states in the basis (the Merrifield–Holstein Hamilto-
nian). However, when the CT energy is energetically far from the
neutral excited state energy, e, the CT states can be integrated out,
and their effect can be represented by an effective Hamiltonian
acting solely in the Frenkel subspace. More precisely, when
|ECT (1) � e| c |te|, |th|, |JCoul

mn |, h�ovib it is possible to estimate an
effective CT-mediated short range coupling term according to

JCT ¼ �
2teth

ECT 1ð Þ � e
; ECT 1ð Þ � ej j � tej j; thj j (133)

where the CT state serves as a virtual intermediate in a super-
exchange mechanism. In this limit it is convenient to define an
effective coupling term, J eff

mn, according to

J eff
mn = J Coul

mn + JCTd|m�n|,1 (134)

where d|m�n|,1 is the Kronecker delta defined as

d m�nj j;1 ¼
1; m� nj j ¼ 1 nearest neighboursð Þ

0; otherwise:

(
(135)

In the present context, this ensures that the CT-mediated
coupling acts only between nearest neighbours, while the
Coulombic couplings JCoul

mn are not subject to this restriction
and may extend beyond nearest neighbours. Both this nearest-
neighbour constraint on the CT term and any truncation of the
Coulombic couplings can, however, be adjusted as appropriate
for a given system. The resulting effective coupling can then be
used in either the purely electronic Frenkel Hamiltonian
(eqn (26)) or in the Frenkel–Holstein Hamiltonian (eqn (54)).
In both cases, the excitation energy of the single molecule on
site n acquires a small CT-induced energy correction, DCT, to
the diagonal terms,

DCT ¼ �
2 te

2 þ th
2

	 

ECT 1ð Þ � e

ð136Þ

which arises from virtual electron and hole transfer to the CT
manifold and back. Collecting these results, the corresponding
CT-renormalized Frenkel and Frenkel–Holstein Hamiltonians –
formally identical to their purely Frenkel counterparts but with
the modified site energy and couplings defined above – can be
written as follows:

Ĥ
ðeffÞ
F ¼

XN
n¼1

en þ DCTð Þ nj i nh j

þ 1

2

XN
m;n¼1
man

JCoul
mn þ JCTd m�nj j;1

� �
nj i mh j þ mj i nh jð Þ

(137)

Ĥ(eff)
HF = Ĥ(eff)

F + Ĥvib + Ĥvib–el (138)

Here en is the excited state energy of the single molecule on
site n and DCT is the corresponding CT-induced energy shift,
and Ĥvib and Ĥvib–el are the vibrational and vibronic coupling
terms defined in Section 5. No example is demonstrated for this
special case since the procedure is identical to the examples
presented in Sections 4.2 and 5 for the pure Frenkel and for the
Frenkel–Holstein case, respectively.

6.4 How to practically calculate the one electron overlap
integrals te and th

In this review, te and th are defined as one-electron transfer
integrals between localized frontier orbitals on neighbouring
molecules (eqn (103) and (104)). In practice, there are two
widely used methods to calculate te and th, called the fragment

Fig. 11 Illustration of the (a) two-particle CT state in which molecule n is a
cation with vibrational quantum v+ = 1 (indicated by the bolded line) and all
other molecules (except the anion in position n + 1 with v� = 0) are in their
electronic ground states and vibrational ground states; |n, 1; n + 1, 0i
(b) three-particle CT state in which molecule n is once again a cation with
vibrational quantum v+ = 1 and the anion in position n + 1 has vibrational
quantum v� = 0. In addition, one molecule in the system (n � 1) has a
vibrational quantum v = 1 and all other molecules (except n, n + 1 and
n � 1) are in their electronic ground states and vibrational ground states;
|n, 1; n + 1, 0; n � 1, 1i.
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orbital method and the energy-splitting method. Both methods
start from the same input: a chosen dimer geometry (for
example obtained from crystallographic data or from DFT
geometry optimization). The difference is how the coupling is
extracted.

In the case of the fragment orbital method one works in a
basis of monomer-localized frontier orbitals and calculates (a)
the orbital overlap integrals Sh (between HOMOs on molecules
1 and 2) and Se (between LUMOs on molecules 1 and 2) (b) the
site energies Eh/e,1 (for the HOMO/LUMO on molecule 1) and
Eh/e,2 (for the HOMO/LUMO on molecule 2) and (c) the raw
(non-orthogonal) couplings t 0h; t

0
e. Within the multiparticle

basis the CT states are orthogonal to one another, which
implies that the underlying HOMO and LUMO are also ortho-
gonal. However, monomer-localized frontier orbitals derived
from quantum chemical calculations are not, in general, ortho-
gonal. The raw couplings t 0h and t 0e must therefore be converted
into an effective (orthogonalized) transfer integral via a Löwdin-
type correction according to110,111

te ¼
t 0e �

1

2
Ee;1 þ Ee;2

	 

Se

1� Se
2

ð139Þ

th ¼
t 0h �

1

2
Eh;1 þ Eh;2

	 

Sh

1� Sh
2

ð140Þ

The energy-splitting method is a shortcut alternative in
which the magnitudes of the transfer integrals are estimated
from the frontier orbital energies of the dimer alone according
to |th(e)| E DE/2. In this method, DE refers to the energy
separation between the two dimer orbitals formed by mixing
the same two monomer orbitals (bonding vs. antibonding
combination). For holes this is typically the HOMO �
(HOMO�1) gap, DEh = E(HOMO) � E(HOMO�1). For electrons
it is the (LUMO+1) � LUMO gap, DEe = E(LUMO+1) � E(LUMO).
This shortcut works only when the two molecules are effectively
equivalent (related by a symmetry transformation) and when
the relevant dimer frontier orbitals are clean symmetric/anti-
symmetric mixtures of the two monomer HOMOs (or LUMOs).
If the dimer is asymmetric, or if other orbitals mix in (common
in slipped p-stacks), the observed DE can be dominated by site-
energy differences and polarization rather than by true inter-
site coupling, leading to overestimation of te(h). For quantitative
work it is therefore safer to compute te and th from the
fragment orbital procedure.110,112 Moreover, in the energy-
splitting method, the relative signs of te and th, which have
important consequences for whether the CT interaction
induces J- or H-like behaviour in the aggregate, as shown in
eqn (133), must also be assigned. This is typically done by visual
inspection of the frontier molecular orbitals of the dimer
(HOMO, HOMO�1, LUMO, and LUMO+1), as discussed in
Section 5.8.3 of ref. 12. The fragment orbital procedure gives
the signs of te and th as a part of the calculation, which is
another attractive feature of this approach.

7. Properties of exciton coupled states

The previous chapters introduced the origins of intermolecular
excitonic coupling, highlighting that long-range Coulombic
interactions and short-range CT-mediated coupling can coexist
in the same material. In many p-stacked crystals and aggregates
these contributions can be comparable in magnitude and
may interfere constructively or destructively. As a result, small
changes in packing can strongly reshape absorption and emis-
sion linewidths, delocalization length, and radiative behaviour.
These effects can in fact sometimes occur without producing an
obvious ‘‘H-’’ or ‘‘J-like’’ shift in the steady state absorption and
emission spectra. The sections below summarise key interfer-
ence effects and outline practical spectroscopic signatures that
can be used to diagnose different coupling regimes and
aggregate types.

7.1 Interference between Coulombic and CT-mediated
coupling

As shown in Section 6.3, when both Coulombic coupling (JCoul)
and CT-mediated coupling (JCT) contribute to the interaction
between molecules, the net coupling can, when |ECT� e| c |te|,
|th|, |JCoul

mn |, h�ovib, be treated as approximately additive accord-
ing to eqn (133). If JCoul and JCT have the same sign, construc-
tive interference (HH or JJ) increases the coupling strength and
exaggerates the corresponding H- or J-like vibronic signatures
and associated properties. In contrast, opposite signs (HJ or JH)
produce destructive interference that reduces the total coupling
strength and can suppress the spectral signatures normally
used to identify aggregate type, despite large underlying cou-
pling strengths. This interference motivates an expanded aggre-
gate classification, where the first letter denotes the sign of the
Coulombic (long-range) contribution and the second letter
denotes the sign of the CT-mediated (short-range) contribution,
with upper-/lower-case sometimes used to indicate relative
magnitude (hJ, jH, etc.). At the extreme of destructive inter-
ference, a ‘‘null point’’ can be reached where JCoul E �JCT. In
this limit, absorption and photoluminescence can appear
strikingly monomer-like even though the chromophores
remain closely packed, making ‘‘null aggregates’’ an important
cautionary case for structure assignment based on optical
spectra alone. The interference between Coulombic and CT-
mediated coupling is easy to appreciate when |ECT � e| c |te|,
|th|, |JCoul

mn |, h�ovib holds true. However, the underlying competi-
tion between Coulombic and CT pathways remains relevant
even when the local neutral excited state and CT state are closer
in energy.

In Coulomb–CT aggregates, the two contributions compete
within the same nearest-neighbour pair (sometimes termed
integrated interference). HJ behaviour can, however, also arise
in a purely Coulombic setting when H-type and J-type Coulom-
bic couplings occur along different directions in the same
aggregate (e.g., head-to-tail coupling along one axis and side-
by-side coupling along another). This situation is sometimes
referred to as a segregated HJ aggregate. A monomer-like
(‘‘null’’) absorption spectrum can occur in segregated HJ
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aggregates as well.80 However, in this case the cancellation
applies primarily to the optically active excited state and thus
the optical response rather than eliminating intermolecular
coupling throughout the aggregate altogether. A null-like spec-
trum therefore does not necessarily mean that interactions are
weak overall. This distinction is important for transport. In an
integrated Coulomb–CT null aggregate, cancellation occurs
within the same nearest-neighbour interaction so the effective
coupling can become very small, which is expected to hinder
energy transport.113 In a segregated Coulombic null aggregate,
substantial couplings can still operate along particular direc-
tions even though the excited state optical response cancels, so
exciton transport can remain comparatively efficient despite
the null-like optical spectrum. Segregated HJ aggregates can
also display distinct radiative behaviour. The lowest-energy
excited state can be weakly emissive, while a brighter state
may lie slightly higher in energy. Increasing temperature can
thermally populate the higher-energy bright state, thereby
increasing the overall radiative rate (and apparent emission
intensity), with the enhanced emission originating primarily
from the bright state rather than the lowest-energy weakly
emissive state. This has for instance been observed in perylene
diimide p-stacks assigned as Hj vs. hJ. In this case, Hj beha-
viour is associated with a weak 0-0 emission feature that grows
with increasing temperature, whereas hJ behaviour shows a
dominant 0-0 emission peak and a 0-0/0-1 ratio that is strongly
enhanced (and nearly temperature-independent).113,114

7.2 Packing sensitivity: why small slips often matter more for
CT than for Coulomb coupling

In general, CT-mediated coupling is far more sensitive to
geometry than Coulombic coupling. This is because JCT

depends on frontier-orbital overlap (via te and th), which is
strongly shaped by the nodal structure of the HOMO/LUMO.
For typical organic molecules these nodal patterns vary on
bond-length scales, so sub-Å to Å slips can markedly change
the magnitude and even the sign of JCT. By contrast, JCoul is
governed by longer-range electrostatics and generally varies
more smoothly with displacement. In simple dipole/extended-
dipole pictures, reversing the interaction from ‘‘side-by-side’’
(repulsive-type) to ‘‘head-to-tail’’ (attractive-type) typically
requires lateral slips on the order of a molecular dimension.
Thus, a useful rule of thumb is that JCT can vary on bond-length
scales, whereas JCoul varies on molecular-length scales.

For perylene systems, the short-range term can change sign
over displacements at the order of B1–2 Å, while much larger
displacements are required to invert the Coulombic sign. In for
instance conventional p-stacks, this often means that the long-
range contribution is robustly H-like, while the short-range CT
term can be tuned to be either H- or J-type through relatively
small packing changes. This sensitivity has concrete conse-
quences as shown for example in ref. 105, 111, 115 and 116
where slips on the Å scale were shown to strongly alter the
balance between Coulombic and CT pathways and thereby
switch between destructive and constructive interference,
with large effects on spectra, excited state delocalization and

transport. It should also be mentioned that null behaviour in
aggregates can arise for a different reason than cancellation of
interactions. For example, if both Coulombic and CT interac-
tions are intrinsically small due to packing geometry. An
example of this is cross-stacked (near-orthogonal) pentacene
derivatives where the exciton coupling is reported to be very
small, giving monomer-like optical behaviour without requir-
ing opposing Coulombic and CT contributions.117

It should also be noted that alternative (and complementary)
notation for coupling interferences has been proposed. Caram
and co-workers proposed an H/I/J classification that focuses on
the energetic position of the optically allowed state relative to
lower-lying dark states, rather than on a single net ‘‘H or J’’
label. In this picture, an I-aggregate can show a red-shifted
bright state (J-like absorption) while still having lower-energy
dark states, which can rationalize cases with red-shifted absorp-
tion but suppressed (or thermally activated) emission.118

7.3 A summary of spectroscopic metrics for coupling,
coherence and radiative behaviour

It has been demonstrated throughout this review, in particular in
the vibronic coupling Section 5.5, that steady-state absorption and
emission spectra can provide practical metrics for excitonic
coupling strength, coherence length, and radiative behaviour.
Here comes a summary of some of the most important points.
In the simplest homodimer picture with a single dominant
Coulombic interaction, JCoul, the formed hybrid states are split
by DE E 2|JCoul|, and the optically allowed transition is shifted by
roughly �|JCoul| relative to the monomer (the sign depends on
whether it is a J- or H-aggregate). For an ideal one-dimensional
aggregate with only nearest-neighbour coupling, JCoul

NN , the highest
and lowest energy hybrid states are instead split by B4|JCoul

NN |, with
additional hybrid states lying between these two extremes. These
relations remain useful as rough estimates, but they can fail or
become ambiguous once longer-range couplings, multiple mole-
cules per unit cell, vibronic coupling, disorder, or CT mixing
become important. A more robust route, especially at intermedi-
ate coupling strengths, is to use vibronic intensity ratios. As
discussed in the vibronic coupling sections, the relative intensity
of the first two vibronic peaks in the absorption spectra reports
primarily on the effective excitonic coupling as demonstrated with
eqn (101). In essence, the 0-0/0-1 ratio increases with increasing J-
like character and decreases with increasing H-like character
compared to the monomer 0-0/0-1 ratio.

The corresponding ratio of the 0-0 and 0-1 emission transi-
tions is more directly linked to coherence in the emitting state,
because the 0-0 strength depends on the phase-coherent sum of
transition dipoles, whereas the vibronic sideband is not coher-
ently enhanced. For disordered J-aggregates under common
experimental conditions, this connection can be made quanti-
tative via the ‘‘emission ratio rule’’ in eqn (100). This equation
enables the coherence number, Ncoh, to be estimated directly
from steady-state emission spectra.

These vibronic ratios also provide a natural bridge to the
interference discussion in the previous section. In an aggregate,
when the ratio of the first and second absorption transition is
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close to the monomer value, the net effective coupling is likely
small. This is consistent with destructive interference and a
reduced energy transport efficiency, whereas large deviations
from the monomer ratio indicate strong coupling and, often,
more efficient exciton motion.

Linewidths and line-shapes provide complementary infor-
mation but require additional caution. A recurring observation
in molecular aggregates is linewidth narrowing, where deloca-
lisation averages over site-energy disorder and reduces the
apparent width of optical transitions. In many practical treat-
ments, the absorption linewidth narrows roughly with increas-
ing delocalisation length (often scaling approximately as

1
� ffiffiffiffi

N
p

), and this behaviour has been widely used as an addi-
tional proxy for coherence.119 However, linewidths are shaped
by multiple contributions (static disorder, homogeneous
dephasing, and vibronic structure). Furthermore, in the case
of emission, apparent narrowing can occur even without strong
excitonic coupling simply because emission preferentially ori-
ginates from lower-energy sites after relaxation. Consequently,
linewidth narrowing should be used with caution when esti-
mating coherence lengths and numbers.

Excited state delocalisation can also reduce the effective
nuclear reorganisation accompanying optical excitation. Intui-
tively, when the excited state is shared over Ncoh chromophores,
each molecule experiences only a fraction of the electronic
redistribution and therefore undergoes a smaller structural
relaxation. In the simplest picture where the dominant reorga-
nising motions are similar on each molecule and the excitation
is coherently distributed, the total reorganisation required to
form the delocalised excited state is reduced approximately in
proportion to 1/Ncoh, corresponding to a smaller vibrational
contribution to the effective reorganisation energy.119 In prac-
tice, the magnitude of this reduction depends on how local the
relevant nuclear motions and environmental fluctuations are,
but the trend provides a useful physical link between delocali-
sation, vibronic structure, and linewidth narrowing. A lower
reorganization energy is spectrally observed as a reduced Stokes
shift. Furthermore, a lower reorganisation energy can also
improve radiative efficiency by weakening the usual energy-
gap-law losses, which has been proposed as one reason some
delocalised excitonic systems remain bright even in the NIR.7

Radiative behaviour adds another diagnostic dimension.
In ideal J-aggregation, the lowest-energy hybrid state has an
enhanced transition dipole, sometimes referred to as ‘‘superra-
diance’’.120 For an aggregate the enhancement can scale approxi-
mately with the number of coherently coupled chromophores.
In real materials, disorder and localisation reduce this enhance-
ment and can suppress superdiant signatures. Importantly, the
Coulomb and CT interference mechanisms highlighted above can
modulate radiative rates indirectly by changing the effective
coupling and the coherence length, and directly by reshaping
which excited states carry oscillator strength.

7.4 Screening of Coulombic coupling

Dielectric screening enters the Coulombic part of the exciton
coupling by replacing the vacuum permittivity with an effective

permittivity of the environment. In its simplest form (e.g.,
point-charge or transition-density Coulomb integrals), this is
implemented by dividing the interaction by the optical dielec-
tric constant, eopt (often approximated as the square of the
refractive index at high frequencies), of the medium

JCoul ¼ Q1Q2

4pe0eoptR12
(141)

This treatment implicitly assumes the interacting transition
densities are embedded in a homogeneous dielectric environ-
ment and the chromophores are taken as point-like sources (or
fixed charge distributions) sitting in a continuum. Further-
more, the optical, rather than the static, dielectric constant is
the appropriate screening parameter for transition-transition
Coulomb coupling because the interaction involves oscillating
electronic transition densities at high frequencies. Since
nuclear reorientation is effectively frozen on the timescale of
an electronic transition, only the electronic polarizability con-
tributes to screening of the transition density-transition density
interaction. However, the static dielectric constant can still
matter indirectly, because it can shift excitation energies and
CT-state energies (and thus the CT-neutral excitation energy
difference), thereby affecting the degree of CT-neutral excita-
tion mixing.

In solid-state aggregates, it is common to treat screening
with an effective optical dielectric constant of the solid (some-
times as an adjustable parameter).115 This approach implicitly
assumes an isotropic, spatially uniform environment. In real
crystals the dielectric response can be anisotropic and even
distance dependent at short range. In such cases, a spatially
averaged optical dielectric constant may be estimated as shown
in ref. 121 yielding an average eopt of approximately 3 for
perylene crystals. Typical values for organic molecular solids
are often in the range 2–4.

The ‘‘divide-by-eopt’’ procedure treats the chromophores as if
they experience the macroscopic field of a continuum. A
common refinement is to include local-field corrections, which
account for the fact that a molecule occupies a finite region that
disrupts the dielectric continuum (‘‘a hole’’ or ‘‘cavity’’ in the
medium). Different expressions for these local-field corrections
exist depending on the shape and properties of the region of
space that the molecule occupies.74,122 For instance, the empty
cavity model assumes that the molecule occupies a spherical
vacuum region which gives the local field correction term: Zc =
3eopt/(2eopt + 1). Another model is the virtual hole model which
also assumes that a spherical part of the medium is missing.
However, in this model, it is assumed that the molecule in the
virtual hole has the same dielectric constant as the surround-
ings but does not contribute to the local field at its own
position. In this case the correction is called the Lorentz field
factor according to ZL = (eopt + 2)/3. These models modify the
field produced by one transition dipole at the position of
the other (and vice versa), so the interaction energy carries
two factors of the field correction. Consequently, the overall
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correction to the interaction energy is

JMed ¼ JVac Zi
2

eopt
(142)

where JMed is the effective coupling strength in the medium and
JVac is the coupling strength in vacuum. More elaborate variants
also exist to account for non-spherical cavities and more
realistic molecular shapes.123,124

The local-field models above implicitly assume two separate
cavities (each chromophore in its own cavity embedded in the
dielectric medium). However, when chromophores become so
close that there is little or no intervening medium, it can be
more appropriate to treat them as if they are residing in a
common (shared) cavity. In this regime, the dielectric does not
act as a simple uniform screening factor. Instead, polarization
at the shared cavity boundary results in an additional term
whose sign depends on dipole orientation.125,126 As a result,
increasing eopt does not necessarily imply weaker coupling.
Depending on geometry, the effective coupling can become
less screened than predicted by a simple 1/eopt scaling and may
even be enhanced relative to the vacuum value for in-line (head-
to-tail, J-like) arrangements, while being further suppressed for
side-by-side (H-like) arrangements.126

As a final note, local-field corrections can be useful, but they
should be applied with care. They rely on idealized cavity
and continuum assumptions (shape, boundary definition,
homogeneity) that are often not uniquely defined for real
aggregates and are therefore difficult to validate quantitatively
by experiment.

8. Applications and future directions

Having established how strong exciton coupling can be mod-
elled and diagnosed throughout this review, it is useful to
briefly outline where these concepts matter for applications,
and which open questions appear most pressing.

Exciton-coupling models can be said to primarily serve two
complementary roles. On the one hand they rationalise the
photophysics of densely packed materials such as crystals, neat
films, and supramolecular assemblies. On the other they offer
design rules in which packing (or molecular architecture) is
treated as an adjustable parameter rather than a fixed outcome.
In both contexts, however, the central challenge is that the
effective coupling is often more complex than the simplest
classifications suggest. A recurring theme in this review is that
the underlying coupling landscape can be more nuanced than a
simple ‘‘H versus J’’ label. H-like and J-like interactions may
coexist along different directions, and Coulombic and CT-
mediated contributions can act together. Consequently, similar
spectral shifts can correspond to very different optical and
transport behaviour, particularly when interference redistri-
butes oscillator strength or suppresses effective coupling along
a specific pathway.

From an application standpoint, coupling motifs influ-
ence three connected outcomes. The first is how efficiently

excitations move. The second is how strongly, how narrowly,
and at which energy a material absorbs and emits light. The
third is how relaxation is partitioned between radiative and
non-radiative channels.

The final aspect is particularly relevant for low-energy (near-
IR) emitters, where non-radiative decay often dominates.
Excited state delocalisation can reduce the structural relaxation
required after excitation because the electronic redistribution is
shared over several chromophores. Lower effective reorganisa-
tion energy can then weaken energy-gap-law losses and help
sustain emission efficiency at longer wavelengths.

For exciton transport, relevant applications are for instance
light harvesting and charge generation (solar cells, photocata-
lysis). After photoexcitation, an exciton must typically reach a
dissociating interface before recombination. In many planar
heterojunction architectures, this length scale can exceed typi-
cal exciton migration lengths. Coupling motifs that favour
efficient energy transport while suppressing radiative loss are
therefore often desirable. In the expanded aggregate picture,
this then points toward H-dominated coupling cases (e.g.,
ideally HH, but also Hj, jH), where strong coupling can coexist
with weak emission. Other requirements also matter for these
applications, such as broadband absorption, but these features
may also be tuneable through molecular and packing design.

For emission applications, such as OLEDs and related
emitters, narrow and intense emission is often a central target.
Here, J-dominated scenarios are natural candidates because the
optically bright state can carry an enhanced oscillator strength
and reduced vibronic sidebands (superradiant-like behaviour
under favourable coherence conditions). In the expanded clas-
sification, this corresponds to JJ or Jh-type behaviour. However,
a practical complication is that many OLED architectures rely
on doped emissive layers, where enforcing a specific crystalline
packing motif at low concentration can be challenging. Further-
more, although high mobility and high photoluminescence are
often treated as competing goals, there is no fundamental
requirement that they be mutually exclusive. Instead, they are
sometimes anticorrelated because the same morphologies that
enable transport can also activate non-radiative channels
(traps, excimers). Additionally, a key practical message from
the CT–Coulomb interference discussion is that not all cou-
pling channels are equally sensitive to packing. CT-mediated
contributions depend on orbital overlap and can change sign
with sub-Å to Å-scale slips, while Coulombic contributions
typically vary more smoothly with geometry. This extreme
sensitivity implies that modest structural perturbations (side-
chain substitution, pressure, strain, shear) can switch between
constructive and destructive interference and thereby reshape
both photophysics and transport.

Applying exciton-coupling design rules to devices requires
acknowledging that thin films are rarely homogeneous.
Inhomogeneous crystallinity and mixed packing motifs can
produce spatially varying coupling patterns and therefore
spatially varying photophysical and transport behaviour. Con-
sequently, strategies that reduce morphological variance such
as intramolecular exciton coupling could be a complementary
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route to packing engineering. Here, two or more chromophores
are held at a defined geometry using a rigid (or semi-rigid)
linker. The attraction of this approach is twofold. First, it can
deliver strong and well-defined coupling without relying on
crystallinity or long-range order. Second, the resulting coupled
emitter/absorber can often be processed like a conventional
dye, making it compatible with architectures that require dilute
or host–guest conditions. The main cost is synthetic complexity
and the need to manage additional constraints such as con-
formational freedom, solubility and aggregation propensity.
We are currently focused on incorporating intramolecular
strong exciton coupling into dyes commonly used for organic
light emitting diodes. Although synthetically challenging to
make such dyes, we hope to show that in principle all figure
of merits (singlet–triplet energetics, emission rates, linewidths
etc.) can improve by the coupling. This idea highlights a
transition from where strong exciton coupling is used to under-
stand the photophysics in crystalline materials, to a future
where it is used as a design tool when constructing new organic
semiconductors, that are not necessarily restricted by the same
limitations as traditional dyes, opening pathways for more
efficient photophysical processes.
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97 M. Schröter, et al., Exciton–vibrational coupling in the
dynamics and spectroscopy of Frenkel excitons in mole-
cular aggregates, Phys. Rep., 2015, 567, 1–78.

98 B. L. Cannon, et al., Coherent Exciton Delocalization in a
Two-State DNA-Templated Dye Aggregate System, J. Phys.
Chem. A, 2017, 121, 6905–6916.

99 B. S. Rolczynski, S. A. Dı́az, E. R. Goldman, I. L. Medintz
and J. S. Melinger, Investigating the dissipation of heat
and quantum information from DNA-scaffolded chromo-
phore networks, J. Chem. Phys., 2024, 160, 34105.

100 S. K. Roy, et al., Exciton Delocalization and Scaffold
Stability in Bridged Nucleotide-Substituted, DNA Duplex-
Templated Cyanine Aggregates, J. Phys. Chem. B, 2021, 125,
13670–13684.

101 S. A. Dı́az, et al., Towards control of excitonic coupling in
DNA-templated Cy5 aggregates: the principal role of
chemical substituent hydrophobicity and steric interac-
tions, Nanoscale, 2023, 15, 3284–3299.

102 R. D. Harcourt, G. D. Scholes and K. P. Ghiggino, Rate
expressions for excitation transfer. II. Electronic consid-
erations of direct and through–configuration exciton reso-
nance interactions, J. Chem. Phys., 1994, 101, 10521–10525.

103 R. D. Harcourt, K. P. Ghiggino, G. D. Scholes and S. Speiser,
On the origin of matrix elements for electronic excitation
(energy) transfer, J. Chem. Phys., 1996, 105, 1897–1901.

104 L. E. Lyons, 1000. Photo- and semi-conductance in organic
crystals. Part V. Ionized states in molecular crystals,
J. Chem. Soc., 1957, 111, 5001–5007.

105 N. J. Hestand, et al., Extended-Charge-Transfer Excitons in
Crystalline Supramolecular Photocatalytic Scaffolds, J. Am.
Chem. Soc., 2016, 138, 11762–11774.

106 V. Coropceanu, et al., Hole- and Electron-Vibrational
Couplings in Oligoacene Crystals: Intramolecular Contri-
butions, Phys. Rev. Lett., 2002, 89, 275503.

107 R. S. Sánchez-Carrera, et al., Vibronic coupling in the
ground and excited states of oligoacene cations, J. Phys.
Chem. B, 2006, 110, 18904–18911.

108 X. Chang, M. Balooch Qarai and F. C. Spano, HJ-aggregates
of donor-acceptor-donor oligomers and polymers, J. Chem.
Phys., 2021, 155, 34905.

109 N. J. Hestand and F. C. Spano, Interference between
Coulombic and CT-mediated couplings in molecular
aggregates: H- to J-aggregate transformation in perylene-
based p-stacks, J. Chem. Phys., 2015, 143, 244707.

110 E. F. Valeev, et al., Effect of Electronic Polarization on
Charge-Transport Parameters in Molecular Organic Semi-
conductors, J. Am. Chem. Soc., 2006, 128, 9882–9886.

111 C. Kaufmann, D. Bialas, M. Stolte and F. Würthner, Discrete
Pi-Stacks of Perylene Bisimide Dyes within Folda-Dimers:

Insight into Long- and Short-Range Exciton Coupling,
J. Am. Chem. Soc., 2018, 140, 9986–9995.

112 K. Senthilkumar, F. C. Grozema, F. M. Bickelhaupt and
L. D. A. Siebbeles, Charge transport in columnar stacked
triphenylenes: Effects of conformational fluctuations on
charge transfer integrals and site energies, J. Chem. Phys.,
2003, 119, 9809–9817.

113 A. Oleson, et al., Perylene Diimide-Based Hj- And hJ-
Aggregates- And Prospect of Exciton Band Shape Engineer-
ing in Organic Materials, J. Phys. Chem. C, 2019, 123,
20567–20578.

114 H. Yamagata and F. C. Spano, Interplay between intra-
chain and interchain interactions in semiconducting poly-
mer assemblies: The HJ-aggregate model, J. Chem. Phys.,
2012, 136, 184901.

115 H. Yamagata, et al., HJ-aggregate behavior of crystalline
7,8,15,16-tetraazaterrylene: Introducing a new design para-
digm for organic materials, J. Phys. Chem. C, 2014, 118,
28842–28854.

116 N. J. Hestand, R. Tempelaar, J. Knoester, T. L. C. Jansen
and F. C. Spano, Exciton mobility control through sub- Å
packing modifications in molecular crystals, Phys. Rev. B:
Condens. Matter Mater. Phys., 2015, 91, 195315.

117 M. P. Lijina, A. Benny, R. Ramakrishnan, N. G. Nair and
M. Hariharan, Exciton Isolation in Cross-Pentacene Archi-
tecture, J. Am. Chem. Soc., 2020, 142, 17393–17402.

118 A. P. Deshmukh, et al., Bridging the gap between H- and J-
aggregates: Classification and supramolecular tunability
for excitonic band structures in two-dimensional molecu-
lar aggregates, Chem. Phys. Rev., 2022, 3, 021401.

119 P. B. Walczak, A. Eisfeld and J. S. Briggs, Exchange
narrowing of the J band of molecular dye aggregates,
J. Chem. Phys., 2008, 128, 44505.

120 R. H. Dicke, Coherence in Spontaneous Radiation Pro-
cesses, Phys. Rev., 1954, 93, 99–110.

121 Z. Shen and S. R. Forrest, Quantum size effects of charge-
transfer excitonsin nonpolar molecular organic thin films,
Phys. Rev. B:Condens. Matter Mater. Phys., 1997, 55, 10578.

122 H. van Amerongen, R. van Grondelle and L. Valkunas,
Photosynthetic Excitons, 2000, DOI: 10.1142/3609.

123 F. P. Chen, D. M. Hanson and D. Fox, The origin of Stark
shifts and splittings in molecular crystal spectra. I. The
effective molecular polarizability and local electric field:
Durene and naphthalene, J. Chem. Phys., 1975, 63,
3878–3885.

124 A. B. Myers, R. R. Birge and J. Chem Phys, The effect of
solvent environment on molecular electronic oscillator
strengths, J. Chem. Phys., 1980, 73, 5314–5321.

125 T. Renger and F. Müh, Theory of excitonic couplings in
dielectric media: Foundation of Poisson-TrEsp method
and application to photosystem i trimers, Photosynth.
Res., 2012, 111, 47–52.

126 C. P. Hsu, G. R. Fleming, M. Head-Gordon and T. Head-
Gordon, Excitation energy transfer in condensed media,
J. Chem. Phys., 2001, 114, 3065–3072.

Tutorial Review Chem Soc Rev

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

9 
M

ay
 2

02
6.

 D
ow

nl
oa

de
d 

on
 6

/1
0/

20
26

 5
:1

9:
02

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

https://doi.org/10.1142/3609
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6cs00157b



