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Thermodynamic decomposition of Debye–Hückel activity 
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Abstract

Ionic activity coefficients are central to the thermodynamics of electrolyte solutions, yet their 
thermodynamic structure at the level of individual ions is rarely made explicit. In this work, 
Debye–Hückel theory is formulated within classical partial molar thermodynamics, starting 
from the linearised Poisson–Boltzmann free energy functional. The resulting framework 
provides an explicit decomposition of the excess free energy into attractive and induced-
repulsive energetic contributions, as well as an entropic contribution. These contributions are 
thermodynamically consistently split and defined at the level of excess partial molar 
quantities. This formulation reveals physical information that remains implicit in the 
conventional global free energy construction, while preserving the classical Debye–Hückel 
result. The derived expressions reproduce both the limiting law and extended Debye–Hückel 
equations, and establish a transparent thermodynamic connection between the mean-field 
description of ionic atmospheres and activity coefficients. More generally, the framework 
provides a systematic basis for analysing energetic and entropic contributions to electrolyte 
thermodynamics within mean-field theory.

Keywords: individual activity coefficient; attractive interactions; repulsive interactions; 
entropic contribution

1. Introduction

Activity coefficients quantify deviations from ideal behaviour that, in electrolyte solutions, 
arise primarily from interionic interactions. Since the pioneering work of Debye and Hückel,1 
the linearised Poisson–Boltzmann (PB) theory has provided a remarkably successful mean-
field framework for describing these effects in the dilute limit. Despite its well-known 
limitations, the Debye–Hückel (DH) theory remains a cornerstone of electrolyte theory and 
continues to be a reference point for more elaborate models.2, 3

The DH activity coefficient can be derived from an excess free-energy functional within the 
linearised PB approximation. Although the classical DH theory is usually derived via mean-
field electrostatics and Boltzmann statistics,1, 4 more formal treatments based on equilibrium 
statistical mechanics also exist. In particular, Kirkwood and Poirier provided an early 
statistical-mechanical foundation for DH theory that relates its approximations to systematic 
expansions of the potential of mean force in ionic systems.5 Consequently, much of the 
subsequent development of electrolyte theory has focused on extending the underlying PB 
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framework to incorporate additional physical effects, such as asymmetry in ion sizes,6 ion 
association,7 relative permittivity decrement,8, 9 or electrostatic correlations.10

In standard derivations,11 the activity coefficient of a given ion is obtained from the excess 
electrostatic free energy associated with the interaction between a central ion and its 
surrounding ionic atmosphere. Within this global construction, key aspects of the energetic 
and entropic contributions inherent in the mean-field description remain implicit when 
expressed in macroscopic thermodynamic form. The literature contains only occasional 
references to specific thermodynamic aspects of the DH free energy. For example, the 
entropic term, obtained as the temperature derivative of the limiting DH expression, has been 
adopted intermittently as a reference benchmark when analysing more complex theoretical 
models.12, 13 

In the present work, we address a long-standing conceptual gap in the classical DH 
description of activity coefficients by analysing their thermodynamic origin at the level of 
individual ions. Although the DH result is well established, its internal thermodynamic 
structure has, to the best of our knowledge, not yet been examined in a systematic and 
explicitly decomposed form. The key conceptual step adopted here differs from conventional 
approaches in that it exploits the full spatial information contained in the radial charge density 
distribution around a central ion, rather than reducing the ionic atmosphere to an effective 
electrostatic potential acting at the ion position. This distinction is essential: while the latter 
representation captures the net ion–atmosphere interaction, it obscures the internal 
electrostatic structure of the ionic atmosphere itself. By retaining the complete charge-density 
description, both the direct interaction between the central ion and its atmosphere and the 
induced interactions within the ionic atmosphere can be treated on an equal footing. 

The formulation is developed from the outset within the rigorous framework of excess partial 
molar quantities in classical thermodynamics, where the excess chemical potential of a 
species is defined as the derivative of the free energy with respect to particle number in the 
thermodynamic limit.14 This approach enables a direct mapping between the mean-field 
electrostatic description and thermodynamic quantities at the single-ion level. In particular, it 
provides a natural route for decomposing the excess chemical potential into distinct 
contributions with clear physical meaning.

A central feature of this construction is that it separates contributions that are only implicitly 
included in the conventional free energy functional. Specifically, the induced electrostatic 
interactions within the ionic atmosphere, arising from the redistribution of charge in response 
to the central ion, are identified explicitly alongside the direct ion–atmosphere interaction. 
When combined with the corresponding entropic contribution obtained from the temperature 
dependence of the free energy, this decomposition yields a transparent energy–entropy 
balance within the DH framework.

While the sum of all contributions recovers the classical DH expression for the activity 
coefficient, their explicit separation reveals the underlying thermodynamic structure and 
clarifies the relative roles of attractive, induced-repulsive, and entropic effects. Because the 
analysis is grounded in general principles of partial molar thermodynamics, it also provides a 
conceptual framework that could potentially be extended to more elaborate PB–based 
models, including those incorporating spatially varying dielectric response, excluded-volume 
effects, or alternative geometries.10, 15

The remainder of this article is organized as follows. Section 2 introduces the thermodynamic 
framework and notation. Section 3 presents the partial molar construction of excess 
electrostatic energy, Helmholtz free energy, and entropy within the DH model. Section 4 
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presents the results of the decomposition graphically and discusses differences from 
classical derivations. The conclusions, which include plans for future work and possible 
extensions, are given in Section 5.

2. Theoretical framework and definitions

2.1 Description of electrolyte solutions within Debye–Hückel theory

We adopt a partial molar formulation, expressing all quantities per particle. This choice 
enables a consistent and transparent decomposition of excess thermodynamic quantities, 
including Gibbs and Helmholtz free energies, electrostatic energy, and entropy, within a 
single conceptual framework, without introducing any additional thermodynamic 
assumptions. The excess partial molar quantities used here therefore provide a fully 
equivalent formulation of the chemical potential that is particularly well suited to the present 
analysis. For notational simplicity, all partial molar quantities are expressed per particle 
rather than per mole; they therefore differ from their conventional definitions only by a factor 
of the Avogadro constant 𝑁𝐴.

While classical thermodynamics determines the excess chemical potential uniquely, its 
decomposition into distinct energetic and entropic contributions can be explicitly determined 
within the linearised PB mean-field framework. This is possible once the excess free energy 
is expressed in terms of partial molar quantities with respect to the conventional ideal-
solution reference state (a hypothetical 1 mol dm⁻³ ideal solution) and the standard charging 
process is applied. Activity coefficients are accordingly defined relative to this reference 
state. The excess (partial molar) quantities therefore represent the difference between the 
real solution and the hypothetical ideal solution at the same composition, temperature and 
pressure16 (or volume, when the Helmholtz free energy is considered). This formulation 
allows the interaction contributions to the chemical potential to be identified unambiguously 
while retaining the conventional definition of activities. In the calculations below, the 
evaluated excess chemical potential thus corresponds to the interaction contribution relative 
to infinite dilution, whereas the activity coefficient itself refers to the 1 mol dm-3 ideal 
reference state.

We consider a strong electrolyte solution described within the PB framework. The solvent is 
treated as a homogeneous dielectric continuum with concentration-independent permittivity 
𝜀0𝜀, where 𝜀0 is the vacuum permittivity and 𝜀 is the relative permittivity of the solvent. Ions 
are modelled as spherical particles of finite radius, defining a distance of closest approach a, 
or, alternatively, as point-like charges. Any ion j, characterized by charge 𝑞𝑗 = 𝑧𝑗𝑒0 (zj – 
charge number of ion j; e0 – elementary charge) and radius rj, may be chosen as the central 
ion, while all remaining ions form its ionic atmosphere. The ionic atmosphere is represented 
by a spherically symmetric continuous charge density, corresponding to a statistical average 
over microscopic ionic configurations.

Within the DH framework, electrostatic interactions between ions are described by the 
linearised PB equation. For sufficiently dilute solutions of strong electrolytes, where the 
electrostatic interaction energy 𝑞𝑗𝜓IA (IA – electric potential of the ionic atmosphere 
interacting with ion j) is small compared to the thermal energy 𝑘𝐵𝑇, the PB equation can be 
linearised. This approximation is valid primarily for dilute solutions of monovalent ions and 
progressively deteriorates with increasing concentration or ionic charge.

In the extended Debye–Hückel (EDH) formulation, a distance of closest approach a between 
the central ion and the ionic atmosphere is introduced. This accounts approximately for finite 
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ion size effects and thus extends the concentration range where the equation can be 
effectively used.This distance a is commonly interpreted as the sum of the radii of oppositely 
charged ions. In the domain of very dilute solution, one may simplify the equation by 
neglecting finite-size of ions, thus entering in the domain of point-like ions (a = 0), governed 
by the Debye–Hückel limiting law (DHLL).

Solution of the linearised PB equation introduces the screening parameter 𝜅, defined as1

𝜅2 =
2𝑁𝐴𝑒2

0𝐼
𝑘𝐵𝑇𝜀0𝜀 , (1)

where 𝐼 is the ionic strength,

𝐼 =
1
2

𝑛

𝑖=1
𝑐𝑖 𝑧2

𝑖 . (2)In the equation above, 𝑐𝑖 and 𝑧𝑖 denote the molar concentration and 

charge number of ion species 𝑖, respectively.

The inverse screening parameter 𝜅―1, often referred to as the Debye screening length, 
characterizes the spatial extent of the ionic atmosphere. The thermodynamic properties of 
dilute electrolyte solutions therefore depend primarily on the ionic strength.17

For distances 𝑟 ≥ 𝑎, the total electrostatic potential around the central ion, 𝜓tot(𝑟), arising 
from all ions in the solution, is given by the classical DH expression1 expressed for EDH 
formulation as

𝜓tot(𝑟) =
𝑧𝑗𝑒0

4𝜋𝜀0𝜀
exp (𝜅𝑎)
1 + 𝜅𝑎

exp ( ― 𝜅𝑟)
𝑟 (3a)and as 

𝜓tot(𝑟) =
𝑧𝑗𝑒0

4𝜋𝜀0𝜀
exp ( ― 𝜅𝑟)

𝑟 (3b)for DHLL formulation.

The exponential decay reflects electrostatic screening by the ionic atmosphere and limits the 
validity of the DH theory to dilute solutions characterized by a single decay length.10

2.2 Separation of central-ion and ionic-atmosphere contributions

By virtue of the additivity (superposition) of the electrostatic potential, the total potential 𝜓tot
(𝑟) can be decomposed into the contribution of the isolated central ion, 𝜓𝑗(𝑟), 𝜓𝑗(𝑟) =
𝑧𝑗𝑒0 4𝜋𝜀0𝜀𝑟  , and that of the ionic atmosphere, 𝜓IA(𝑟),1

𝜓tot(𝑟) = 𝜓𝑗(𝑟) + 𝜓IA(𝑟). (4)

Using Eqs. (3a) and (4), the electrostatic potential of the ionic atmosphere for r ≥ a can be 
written explicitly as

𝜓IA(𝑟) = 𝑧𝑗𝑒0

4𝜋𝜀0𝜀𝑟
exp (𝜅𝑎)

1+𝜅𝑎
exp ( ― 𝜅𝑟) ― 1 .  (5)

In the following, equations are written in the EDH form; the DH limiting law is recovered by 
setting a=0.
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Since the charge density of the ionic atmosphere vanishes for 𝑟 < 𝑎, Gauss’ law implies that 
the electric field generated by the ionic atmosphere inside the exclusion sphere is zero and 
the potential 𝜓IA is therefore constant for 𝑟 ≤ 𝑎.

Evaluating 𝜓IA at 𝑟 = 𝑎 gives

𝜓IA(𝑟 ≤ 𝑎) = ―
𝑧𝑗𝑒0𝜅

4𝜋𝜀0𝜀(1 + 𝜅𝑎) . (6)

The central ion is located at 𝑟 = 0 so Eq. (6) defines the potential of the ion atmosphere that 
interacts with the charge of the central ion.  The term 𝜅/(1 +  𝜅𝑎) = (𝜅―1 +  𝑎) may be 
interpreted as an effective distance at which a point charge of opposite sign would reproduce 
the electrostatic potential of the ionic atmosphere at the position of the central ion. In dilute 
solutions, where 𝜅―1 ≫ 𝑎, this distance reduces approximately to the Debye screening 
length.

The electrostatic energy of the direct attractive interaction between the central ion and its 
ionic atmosphere is therefore given by

𝑢𝑗―IA = 𝑞𝑗𝜓IA(0) = ―
𝑧2

𝑗 𝑒2
0𝜅

4𝜋𝜀0𝜀(1 + 𝜅𝑎) (7)where 𝜓IA(0) denotes 𝜓IA(𝑟 = 0).

This interaction energy provides the energetic basis in standard derivations of the Debye–
Hückel activity coefficient.1, 4 In the following sections, we depart from these conventional 
treatments and instead analyse the thermodynamic contributions underlying the activity 
coefficient in a more explicit manner.

3. Calculation of the activity coefficient from excess partial molar properties

3.1 Activity coefficient of a central ion

Activity coefficients quantify deviations from ideal solution behaviour. Within the DH 
framework, nonideality arises exclusively from ion-ion electrostatic interactions. The activity 
coefficient of a species 𝑗, 𝛾𝑗, is related18 to its excess partial molar Gibbs free energy 𝐺 ex

𝑗 ,

𝑘𝐵𝑇ln 𝛾𝑗 =
∂𝐺ex

∂𝑁𝑗 𝑝,𝑇,𝑁𝑖≠𝑗

= 𝐺𝑗
ex

(8)

where 𝐺ex stands for excess Gibbs free energy of the system, 𝑁𝑗 and 𝑁𝑖 denote the numbers 
of particles of species 𝑗 and all other species, respectively.

While the activity coefficient is defined in terms of derivatives at constant pressure and 
temperature, the explicit calculation is carried out in the canonical (N, V, T) ensemble using 
excess partial molar Helmholtz free energies. As emphasized by Hill, partial molar quantities 
acquire a rigorous meaning only in the thermodynamic limit, where different thermodynamic 
potentials give equivalent excess partial molar quantities up to well-defined volume 
contributions.14 Neglecting electrostriction effects, the excess partial molar Gibbs free energy 
𝐺𝑗

ex
 may therefore be identified with the excess partial molar Helmholtz free energy, 𝐴𝑗

ex
.19

The latter can be obtained from the excess partial molar electrostatic energy 𝑈𝑗
ex

 via a 
standard charging process,19
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𝐴𝑗
ex

= 2
1

0

𝑈𝑗
ex

(𝜆)
𝜆  𝑑𝜆, (9)

where 𝜆 denotes a coupling parameter that uniformly scales the ionic charges.

3.2 Excess partial molar electrostatic energy of a central ion

To elucidate the origin of the excess partial molar electrostatic energy of a central ion, 𝑈𝑗
ex

 , 
we consider the formal insertion of a single ion 𝑗 into an infinitely large volume of electrolyte 
solution characterized by a screening parameter 𝜅 (Figure 1). This insertion is a 
thermodynamic construction employed to evaluate partial molar quantities in the 
thermodynamic limit and does not correspond to a physical particle exchange process. The 
insertion is a conceptual device used to isolate the contribution of a single ion. It does not 
represent a statistical-mechanical test-particle insertion in the sense of the Widom method20, 

21, although both constructions ultimately address a partial molar free energy contribution. 
This approach enables identification of induced-repulsive electrostatic interactions in the 
ionic atmosphere, existing in the model DH solution. These repulsive interactions are already 
implicitly included in the solution of PB equation but are practically never explicitly treated 
when DH equation is discussed. Yet, the explicit recognition of these induced interactions as 
well as of entropic changes, as illustrated schematically in Fig. 1, are needed when 
thermodynamic decomposition of DH equation is sought. 

Prior to insertion, the charge is uniformly distributed all over the system and no local excess 
charge exists. Consequently, in the time-averaged sense the electrostatic potential 
throughout the solution is equal. Upon insertion of the ion, a spherically symmetric ionic 
atmosphere forms around the inserted ion, while the bulk properties of the solution remain 
unaffected due to the infinite system size.

(a) (b)

Figure 1. (a) Time-averaged picture of a model DH electrolyte solution around a non-perturbing 
reference point. The instantaneous image (inset) shows one of possible configurations that can be 
expected in such a system. The time-averaged charge density throughout the system is 0. The time-
averaged electric potential at the reference point is equal to the time-averaged electric potential at all 
other points in the system (here set to zero). The overall excess electrostatic energy of the system is 
𝐸ex

1 , and the overall excess Helmholtz free energy is 𝐴ex
1  ; (b) Electrolyte solution around the positively 

charged central ion located at r=0. A typical instantaneous image (inset) taken at a sufficiently large 
radius r again shows one of possible configurations that can be expected in a model DH electrolyte 
solution. The concentrically shaded area around the reference point at r=0 indicates the time-averaged 
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charge density of the negative charge from the ionic atmosphere. The higher the charge density, the 
darker the area. The overall excess electrostatic energy of the system is now 𝐸ex

2 , and the overall 
Helmholtz free energy is 𝐴ex

2 .

The change in excess electrostatic energy associated with this formal insertion of ion 𝑗 
defines the excess partial molar electrostatic energy of the inserted (central) ion,

𝑈𝑗
ex

=  𝐸ex
2 ― 𝐸ex

1 , (10)where 𝐸ex
1  and 𝐸ex

2  denote the excess electrostatic energies of 
the system before and after insertion, respectively, both defined relative to the corresponding 
ideal, non-interacting reference state. At this point we reiterate that the physical insertion of 
the chosen ion into the system is not required at all to obtain 𝑈𝑗

ex
 (and in continuation 𝐺𝑗

ex
). 

The same picture (or result) would be obtained simply by comparing the time-averaged view 
of the system from the position of the central ion with that from a non-perturbing reference 
point that does not disturb the rest of the system.

The difference between 𝐸ex
2  and 𝐸ex

1  may be decomposed into two distinct electrostatic 
contributions:
(i) the direct attractive interaction between the central ion and its ionic atmosphere, 𝑢𝑗–IA, and
(ii) the repulsive electrostatic interactions within the ionic atmosphere itself, 𝑢IA–IA,

𝑈𝑗
ex

 = 𝑢𝑗–IA + 𝑢IA–IA. (11)

The first contribution is given by Eq. (7). The second contribution is induced by the presence 
of the central ion. It arises from the electrostatic energy associated with the continuous 
charge distribution in the ionic atmosphere:

𝑢IA–IA =
1
2 ∫𝜓IA(𝐫)𝜌(𝐫) 𝑑𝑉 =

1
2

∞

𝑎
𝜓IA (𝑟) 𝜌(𝑟) 4𝜋𝑟2𝑑𝑟. (12)This integration is restricted 

to 𝑟 ≥ 𝑎, i.e. outside the exclusion sphere of the central ion, which is defined by the contact 
distance a.

Using the linearised PB equation for 𝑟 ≥ 𝑎, the charge density 𝜌(𝑟)  of the ionic atmosphere 
can be expressed as

𝜌(𝑟) = ―
𝑧𝑗𝑒0𝜅2exp (𝜅𝑎)

4𝜋(1 + 𝜅𝑎)
exp ( ― 𝜅𝑟)

𝑟 . (13)

Evaluation of Eq. (12) using Eqs. (5) and (13) gives

𝑢IA–IA =
𝑧2

𝑗 𝑒2
0

8𝜋𝜀0𝜀
𝜅

1 + 𝜅𝑎 1−
1

2(1 + 𝜅𝑎) . (14)

Summation of uj-IA (Eq. 7) and uIA-IA (Eq. 14) gives the excess partial molar electrostatic 
energy of the central ion:

𝑈𝑗
ex

= ―
𝑧2

𝑗 𝑒2
0

8𝜋𝜀0𝜀
𝜅

1 + 𝜅𝑎 1 +
1

2(1 + 𝜅𝑎) . (15)

The excess partial molar electrostatic energy of the central ion, 𝑈𝑗
ex

, is conceptually and 
numerically distinct from the effective central ion–ionic atmosphere interaction energy 𝑢𝑗–IA 
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commonly used in standard derivations of the excess energy of DH solution. The central ion–
ionic atmosphere energy represents the effective electrostatic interaction energy of the 
central ion with its surrounding ionic cloud. Half the sum of these energies for all ions in the 
system gives the electrostatic energy of the system. In contrast, 𝑈𝑗

ex
 represents the excess 

electrostatic energy of the last ion added to the system. In the following section,  𝑈𝑗
ex

 is used 
as the starting point for the calculation of the corresponding excess partial molar Helmholtz 
free energy.

3.3 Excess partial molar Helmholtz free energy and activity coefficient

Application of the charging process (Eq. 9), following the approach used by Marcus,19 gives 
the excess partial molar Helmholtz free energy of ion j, 𝐴𝑗

ex
, via charging process on excess 

quantities. A similar route for calculating the excess free energy from the excess electrostatic 
energy has been employed by, for example, Varela et al.22 (Eq. 17 in the cited work). In our 
case, 𝐴𝑗

ex
 can be decomposed into contributions arising from the interaction between the 

central ion and its ionic atmosphere, 𝐴𝑗―IA
ex

, 

𝐴𝑗―IA
ex

= 2∫1
𝜆=0 𝑢𝑗―IA(𝜆) 𝑑𝜆

𝜆
= ― 𝑧2

𝑗 𝑒2
0

2𝜋𝜀0𝜀
∫1

𝜆=0
𝜆2𝜅𝜆

(1+𝜅𝜆𝑎)
𝑑𝜆
𝜆

= ― 𝑧2
𝑗 𝑒2

0𝜅
2𝜋𝜀0𝜀(𝜅𝑎)3

(𝜅𝑎)2

2
― 𝜅𝑎 + ln(1 + 𝜅𝑎)       

(16)

and from the self-interaction of the ionic atmosphere, 𝐴IA―IA
ex,

𝐴IA―IA
ex = 2

∫1
𝜆=0 𝑢IA―IA(𝜆) 𝑑𝜆

𝜆
= 𝑧2

𝑗 𝑒2
0

4𝜋𝜀0𝜀
∫1

𝜆=0
𝜆2𝜅𝜆

1+𝜅𝜆𝑎
1− 1

2(1+𝜅𝜆𝑎)
𝑑𝜆
𝜆

= 𝑧2
𝑗 𝑒2

0𝜅
8𝜋𝜀0𝜀(𝜅𝑎)3 (𝜅𝑎)2 ― 3𝜅𝑎 ― 1 + 4ln(1 + 𝜅𝑎) + 1

1+𝜅𝑎
           

(17)

Summing of Eqs. (16) and (17) gives the overall excess partial molar Helmholtz free energy:

𝐴𝑗
ex

= ―
𝑧2

𝑗 𝑒2
0

8𝜋𝜀0𝜀
𝜅

1 + 𝜅𝑎 , (18)

which coincides with the classical DH result.

The excess partial molar entropy can be now obtained thermodynamically as the 
temperature derivative of the excess partial molar Helmholtz free energy (Eq. 18)

𝑆𝑗
ex

= ―
∂𝐴𝑗

ex

∂𝑇
𝑉

= ―
𝑧2

𝑗 ⋅ 𝑒2
0

16 ⋅ 𝜋 ⋅ 𝜀0 ⋅ 𝜀 ⋅ 𝑇 ⋅
𝜅

(1 + 𝜅 ⋅ 𝑎)2        (19)

This result for the excess partial molar entropy satisfies also the thermodynamic relation 
connecting the Helmholtz free energy (Eq. 18), the electrostatic energy (Eq. 15) and the 
entropic contribution (Eq. 19)
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𝑇𝑆𝑗
ex

= 𝑈𝑗
ex

― 𝐴𝑗
ex

= ―
𝑧2

𝑗 ⋅ 𝑒2
0

16 ⋅ 𝜋 ⋅ 𝜀0 ⋅ 𝜀 ⋅
𝜅

(1 + 𝜅 ⋅ 𝑎)2        (20)

This confirms thermodynamic consistency of our decomposition of the DH free energy within 
the framework of excess partial molar quantities.

The excess partial molar entropy (Eq. 19) reflects the loss of configurational entropy of the 
system. In the ideal reference state, ions are randomly distributed, while in the model 
electrolyte solution, the presence of the central ion imposes spatial correlations, reducing the 
number of accessible microstates. The entropic penalty is a direct measure of the ordering 
effect of the electrostatic field.

Finally, the individual activity coefficient of ion j, taking into account the considerations 
outlined in Section 3.1, follows directly from the excess partial molar Helmholtz free energy, 
𝐴𝑗

ex
 :

ln 𝛾𝑗 =
𝐴𝑗

ex

𝑘𝐵𝑇 =
𝑈𝑗

ex

𝑘𝐵𝑇 ―
 𝑇𝑆𝑗

ex

𝑘𝐵𝑇 , (21)

It can be expressed as a sum of contributions associated with the direct central ion–
atmosphere interaction, the self-interaction of the ionic atmosphere, and the effective 
entropic term,

ln 𝛾𝑗 = ln 𝛾j(j―IA) + ln 𝛾j(IA―IA) + ln 𝛾j(entr) , (22)

where the individual terms are given by the following equations

ln 𝛾j(j―IA) = 𝑢j―IA

𝑘B⋅𝑇
= ― 𝑧2

𝑗 ⋅𝑒2
0⋅𝜅

4⋅𝜋⋅𝜀0⋅𝜀⋅𝑘B⋅𝑇⋅(1+𝜅⋅𝑎) (23)

ln 𝛾j(IA―IA) = 𝑢IA―IA

𝑘B⋅𝑇
= 𝑧2

𝑗 ⋅𝑒2
0⋅𝜅

8⋅𝜋⋅𝜀0⋅𝜀⋅𝑘B⋅𝑇⋅(1+𝜅⋅𝑎)
1 ― 1

2∙(1+𝜅𝑎)  (24)

ln 𝛾j(entr) = ― 𝑇⋅𝑆ex
j

𝑘B⋅𝑇
= 𝑧2

𝑗 ⋅𝑒2
0⋅𝜅

16⋅𝜋⋅𝜀0⋅𝜀⋅𝑘B⋅𝑇⋅(1+𝜅⋅𝑎)2 (25)

This decomposition clarifies the distinct energetic and entropic contributions to the 
nonideality of dilute electrolyte solutions. It retains 𝐴𝑗

ex
 as the fundamental thermodynamic 

quantity within the linearised PB framework, for both the DHLL and EDH equations. 
Interestingly, the sum of the repulsive energetic contribution (Eq. 24) and the entropic 
contribution (Eq. 25) to the activity coefficient is exactly one half (in absolute value) of the 
attractive energetic contribution (Eq. 23). This observation applies to both the DHLL and 
EDH formulations.

4. Results and discussion
4.1 Decomposition of the Debye–Hückel activity coefficient 

The central result of the present analysis is an explicit decomposition of the Debye–Hückel 
activity coefficient into three distinct contributions: (i) a direct attractive interaction between 
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the central ion and its ionic atmosphere, (ii) an induced-repulsive electrostatic interaction 
within the ionic atmosphere itself, and (iii) an entropic contribution arising from the formation 
of the ionic atmosphere around the central ion (Figure 2). These contributions are denoted in 
Figure 2 by subscripts in j(x), where (x) = (i), (ii), or (iii), while (iv) refers to the total activity 
coefficient obtained as their sum. This decomposition provides direct physical insight into 
ionic non-ideality. It shows how competing energetic and entropic effects combine to produce 
the observed activity coefficients. In the following, the decomposition is first illustrated and 
then analysed as a function of the screening parameter  and ion size.

(a) (b)
Figure 2. Decomposition of contributions to the individual activity coefficient 𝛾𝑗of a central ion 𝑗 at 25 °C in an 
aqueous 1:1 electrolyte solution as a function of the DH screening parameter 𝜅. The notation (𝑥) in  𝛾𝑗(𝑥) denotes 
the source of each contribution. To provide better insight into how individual contributions affect the activity 
coefficient, the figure shows their direct impact on 𝛾𝑗 rather than on ln 𝛾𝑗 (Eqs. 23–25). The value  = 0.2 nm-1 
corresponds approximately to a 0.004 mol/dm3 solution of 1:1 electrolyte, while  = 1 nm-1 corresponds 
approximately to a 0.1 mol/dm3 solution.
(a) Point-ion limit (𝑎 = 0). The individual contributions are shown from (i) attractive interactions between the 
central ion and its ionic atmosphere, (ii) induced-repulsive electrostatic interactions within the ionic atmosphere, 
and (iii) the entropic component arising from the formation of the ionic atmosphere, together with (iv) their sum, 
which corresponds to the conventional DH activity coefficient.
(b) Same as in (a), but for ions of finite size with a distance of closest approach 𝑎 = 0.5 nm. In this case, the 
repulsive and entropic contributions no longer coincide.

Figure 2 shows the decomposition of the excess partial molar Helmholtz free energy for an 
individual ion in terms of j, derived from the solution of the linearised PB equation. Besides 
the well-known attractive interaction between the central ion and its ionic atmosphere, the 
partial molar framework reveals two additional contributions: an induced-repulsive 
electrostatic term from interactions within the ionic atmosphere, and an entropic term due to 
the redistribution of mobile charges around the central ion in response to its electric field.

In the point-ion limit (𝑎 = 0), the induced-repulsive electrostatic and entropic contributions are 
exactly equal across all ionic strengths (Figure 2(a)). Both increase the excess free energy, 
partially counteracting the attractive central ion–atmosphere interaction, which lowers the 
free energy. This equality arises naturally from the linearised PB framework when excess 
free energy is expressed in partial molar terms, reflecting the quadratic structure of the 
mean-field free-energy functional. The attractive contribution dominates in absolute terms, 
yielding activity coefficients below unity that increasingly deviate from ideality as ionic 
strength rises. 
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When ions are treated as finite-sized particles, the absolute magnitudes of all contributions 
decrease, with the reduction becoming more pronounced as the distance of closest approach 
a increases. Figure 2(b) illustrates this behaviour for 𝑎 = 0.5 nm. In contrast to the point-ion 
case, the induced-repulsive and entropic contributions no longer coincide. The entropic term, 
which arises from the loss of configurational entropy due to ionic ordering (Section 3.3), 
exhibits the strongest response to increasing ion size. This sensitivity on a arises because 
the maximal charge density of the ionic atmosphere diminishes as the contact distance 
increases; the surplus charge becomes more evenly distributed, reducing the induced 
entropic change. Conversely, the induced-repulsive electrostatic interaction within the ionic 
atmosphere shows the weakest dependence on a.

The relationships between the contributions of attractive, induced-repulsive, and entropic 
terms – plotted in Figures 3 and 4 as a function of the screening parameter  – remain 
constant only in the point-ion limit (𝑎 = 0). These relationships vary when finite ion sizes are 
considered, with energetic and entropic contributions developing distinct dependences on  
and the distance of closest approach a.

Figure 3(a) illustrates this variation by showing the relative magnitudes of the attractive and 
induced-repulsive electrostatic interaction energies, normalised by the overall excess partial 
molar electrostatic energy, for different values of a.

(a) (b)
Figure 3. (a) Relative contributions of attractive (full line, Eq. 7) and repulsive (dashed line, Eq. 14) electrostatic 
interactions compared to the overall excess partial molar electrostatic energy (Eq. 15) as function of , for varying 
distances of closest approach a. (b) Similarly to (a), but now the ratio of the electrostatic energies for the 
attractive and repulsive interactions is shown.

For point-like ions (𝑎 = 0), the relative energies of the attractive and induced-repulsive 
contributions are fixed at 4/3 and -1/3, respectively, independent of 𝜅, reflecting the analytical 
structure of the DH limiting law. For finite ion sizes, increasing 𝜅 at fixed 𝑎 or increasing 𝑎 at 
fixed 𝜅 causes modest deviations from these limiting values, indicating a gradual 
redistribution of electrostatic energy between attractive and induced-repulsive components.

Figure 3(b) presents the ratio of attractive to repulsive electrostatic interaction energies. In 
the point-ion limit, this ratio remains constant at -4, but decreases smoothly with increasing 𝜅 
and 𝑎 for finite-sized ions. At 𝜅 = 1 nm-1 and 𝑎 = 0.5 nm, corresponding to moderately 
concentrated (approximately 0.1 mol dm-3) aqueous solutions of 1:1 electrolytes, the ratio 
falls to about -3, demonstrating that finite ion size systematically, but moderately, alters the 
balance between attractive and repulsive interactions.
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(a) (b)
Figure 4. (a) Ratio of the entropic contribution to excess partial molar Helmholtz free energy as a function of  
and contact distance a. (i) Point-ion limit (𝑎 = 0); (ii) a = 0.1 nm; (iii) a = 0.2 nm; (iv) a = 0.5 nm. (b) Ratio of the 
entropic contribution to excess partial molar electrostatic energy under the same conditions.

As shown in Figure 4(a), the relative entropic contribution to the excess partial molar 
Helmholtz free energy decreases with increasing 𝑎 and 𝜅. This ratio is exactly 0.5 for the 
point-ion limit at all 𝜅, but falls to approximately 1/3 for 𝑎 =0.5 nm at 𝜅 =1 nm⁻¹. Since the 
excess partial molar electrostatic energy always exceeds the excess partial molar Helmholtz 
free energy in absolute terms, the ratio of the entropic contribution to the excess partial molar 
(Figure 4(b)) is smaller yet follows the same pattern, having value of exactly 1/3 for point-like 
DH solutions at infinite dilution (𝜅 =0 nm⁻¹).

4.2 Comparison with other charging processes used to derive Debye–Hückel activity 
coefficients

Several charging procedures for DH activity coefficients have been developed within the 
linearised PB framework. Though equivalent under standard assumptions, they differ in their 
thermodynamic pathways to the excess Helmholtz free energy, leading to distinct physical 
interpretations.

Charging 
process

Charging target Ionic 
atmosphere 
model during 
the charging 
process

 
(screening 
parameter
)

Self-energy 
of the central 
ion

Thermodynamic level

Debye All ions in the system Infinitely thin 
spherical shell

Varies with 


subtracted 
after the 
charging 
process

Helmholtz free energy of all 
ions in the solution

Güntelberg Single central ion 
(other ions are 
precharged)

Infinitely thin 
spherical shell

constant subtracted 
after the 
charging 
process

Helmholtz free energy of 
the central ion

MacInnes23

(shortened 
Güntelberg; 
found in most 
modern 
textbooks)

interaction energy 
within ionic 
atmosphere (“excess 
potential of the ions”)

Infinitely thin 
spherical shell

constant evaded 
through 
subtraction 
before the 
charging 
process

Helmholtz free energy of 
the central ion

0.30

0.35

0.40

0.45

0.50

0.55

0.0 0.2 0.4 0.6 0.8 1.0 1.2
 [nm-1]

a = 0 nm

a = 0.1 nm

a = 0.2 nm

a = 0.5 nm

(i)

(iv)

(iii)

(ii)

𝑇𝑆
𝑗

ഥ

ex
/𝐴

𝑗ex

0.24

0.25

0.26

0.27

0.28

0.29

0.30

0.31

0.32

0.33

0.34

0.0 0.2 0.4 0.6 0.8 1.0 1.2
 [nm-1]

a = 0 nm

a = 0.1 nm

a = 0.2 nm

a = 0.5 nm

(i)

(iv)

(iii)

(ii)

𝑇𝑆
𝑗

ഥ
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present
(excess partial 
molar)

i) Interaction energy 
between the single 
central ion and 
induced ionic 
atmosphere 
ii) interaction energy 
within the induced 
ionic atmosphere

Full spatial 
distribution
(linear PB 
solution)

Varies with 


absent Helmholtz free energy of 
the central ion

Table 1: Comparison of key elements in standard derivations of the DH activity coefficients with the approach 
presented here.

In the original DH construction, all ions in the solution are charged simultaneously. By 
contrast, the Güntelberg charging procedure charges only a selected central ion, while all 
other ions remain fully charged and maintain a constant κ. When using these two methods, 
the charge-integrated values include self-energy, which must then be subtracted at infinite 
dilution. The remaining interaction contribution is the quantity relevant for the calculation of 
the activity coefficient. When the solvent relative permittivity is concentration-independent 
and no volume changes occur, both charging routes (DH and Güntelberg) yield identical 
activity coefficients for equally sized ions with a common contact distance.11

Our approach begins with the interaction energy of a single central ion, explicitly excluding 
self-energy contributions. This new approach eliminates the need for subsequent subtraction 
and provides a more transparent thermodynamic pathway. 

The present procedure resembles the Güntelberg approach in that it focuses on a single 
central ion, but important differences exist. In standard Güntelberg-type derivations (including 
the shortened version used by, for example, MacInnes23), the Debye screening parameter  
is held constant during charging at its final value. The interaction between the central ion and 
its ionic atmosphere is simplified to that with an infinitely thin spherical shell.

In contrast, our method retains the full interaction with the spatially distributed ionic 
atmosphere throughout the charging process. Here,  varies with the charging parameter , 
reflecting the gradual development of ionic correlations. This allows the Helmholtz free 
energy to be decomposed into the three distinct contributions mentioned above.

Recent literature has introduced the so-called “ionic cloud charging process” when 
discussing DH and Güntelberg charging under conditions where the solvent relative 
permittivity depends on electrolyte concentration.24 That approach incorporates changes in 
solvent properties during the DH charging process, in order to reconcile differences between 
the classical charging routes when the relative permittivity varies with .

The present work assumes a constant relative permittivity and an incompressible medium, 
thereby neglecting solvent–ion interactions. As a result, it is unrelated to the ionic cloud 
charging process. Instead, our charging procedure explicitly describes the energetic and 
entropic cost of forming the ionic atmosphere from an initially uniform charge distribution.

5. Conclusions

To the best of our knowledge, this work presents the first systematic dissection of Debye–
Hückel theory, a prototypical mean-field description of electrolyte solutions, which has 
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traditionally focused solely on net attractive electrostatic interactions between a central object 
and its surroundings, by explicitly separating these from the induced-repulsive interactions 
within the surrounding environment. While the approach presented here, as applied to 
Debye–Hückel theory, offers a new perspective on the thermodynamic origin of activity 
coefficients, it may also provide a basis for extension to other mean-field theories.

The extension of this decomposition to more accurate approaches within the restricted 
primitive model framework – such as Monte Carlo simulations, the hypernetted-chain (HNC) 
approximation, or the mean spherical approximation (MSA), which yield radial distribution 
functions – appears feasible.

In this regard, we have performed preliminary calculations using the HNC equation, from 
which the radial dependence of the electrostatic potential of the ionic atmosphere was 
obtained via Poisson integration of the charge density constructed from radial distribution 
functions.25 The results demonstrate not only the feasibility of this approach, but also show 
that the excess partial molar electrostatic energies of the attractive (uj-IA) and repulsive (uIA-IA) 
interactions derived within the Debye–Hückel framework are in good agreement with those 
obtained from HNC calculations under conditions where the Debye–Hückel theory is 
expected to be valid. It should be noted that, when using HNC calculations (and other 
theoretical methods that provide radial distribution functions), an accurate evaluation of these 
functions over a sufficiently large radial range is essential, as they approach unity only 
asymptotically. In particular, careful treatment of the long-range tails is required26 to maintain 
electroneutrality and to avoid systematic shifts in the separate attractive and induced-
repulsive contributions.

With this in mind, we compared energetic contributions obtained using Debye–Hückel theory 
and the HNC equation for a 1:1 aqueous electrolyte at 25 °C with ion radii of 0.1 nm.27 Within 
the Debye–Hückel framework, the values of uj-IA and uIA-IA were −180.1 and 45.9 J mol⁻¹ at 
0.001 M, and −545.5 and 144.8 J mol⁻¹ at 0.01 M, respectively, while the corresponding 
values obtained using the HNC equation were −187.6, 46.1, −597.7, and 147.6 J mol⁻¹. The 
latter values yield ratios uj-IA /uIA-IA of −4.07 at 0.001 M and −4.05 at 0.01 M, which are 
consistent with those obtained within the Debye–Hückel framework, while suggesting that the 
variation of this ratio may be weaker in the HNC framework. A more detailed analysis of this 
behaviour is planned for a separate study.

One important motivation for the thermodynamic analysis presented here arises from studies 
of polyelectrolyte solutions, where polyion activities are often derived from the non-linear 
Poisson–Boltzmann equation within the cell model. In these systems, strong electrostatic 
interactions cause a significant fraction of counterions to remain associated with the polyion, 
even at very low concentrations.28 Consequently, the reference state for polyelectrolyte 
solutions differs from that of simple electrolytes.29 Due to this convention, the numerical 
values of activity coefficients – especially for polyions – often lack direct physical meaning, 
and discussions usually focus on their concentration dependence.30, 31 Reinterpreting polyion 
activity coefficients using the thermodynamic decomposition presented here could, in 
principle, provide further insight into the relative roles of energetic and entropic contributions 
in polyelectrolyte solutions. However, such an analysis would also need to ensure 
consistency between thermodynamically and operationally defined entropic contributions 
when using the non-linear Poisson–Boltzmann equation.32 Additionally, the role of 
electrostatic repulsive interactions between polyions may require consideration.33 Given the 
complexity, this analysis will be addressed in a separate study, which may also examine 
differences between cylindrical34 and spherical35 systems. In this context, spherically 
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symmetric polyvalent fullerenehexamalonates could be particularly interesting, as the non-
linear Poisson–Boltzmann equation provides a reliable estimate of the electric potential 
around these polyions36 and activity coefficients35 determined from experimentally measured 
osmotic coefficients37 are available. Alternatively, at least for alkali fullerenehexamalonate 
salts (1–12 electrolytes) such a thermodynamic decomposition could also be attempted 
using, for example, a modified HNC equation, in which the correlation functions are corrected 
to account for the pronounced asymmetry in both the charge and size of the ions.38

While transferring the present excess-partial-molar-quantity approach to polyelectrolyte 
solutions by solving the non-linearised Poisson-Boltzmann equation within the standard cell 
model is conceptually straightforward, applying it to more advanced electrolyte theories 
beyond the standard extended Debye–Hückel formulation39 may prove more challenging. 
Further extensions of Debye–Hückel theory – such as those explicitly accounting for finite ion 
size, relative permittivity decrement, or additional solvation effects – could also be analysed 
using this framework. However, the mathematical complexity of these models would require 
decomposing significantly more expressions into energetic and entropic contributions. A 
systematic analysis of these models is beyond the scope of this work but could be explored 
in future studies after the versatility of the present thermodynamic decomposition has been 
further established within restricted primitive models.

By bridging electrostatic theory and thermodynamic formalism, this work deepens 
understanding of electrolyte solutions and demonstrates the versatility of the approach 
through its successful application to Debye–Hückel theory. These findings suggest that 
similar decompositions may be applied to other mean-field theories of electrolyte solutions, 
providing a broader framework for analysing Coulomb interactions in complex charged 
systems. Exploring such extensions would further help to establish the generality and utility 
of the proposed methodology.
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