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Abstract

Understanding the interplay between bulk electrostatics and surface adsorption is crucial for
optimizing the performance of electrochemical devices, sensors, and soft materials such as hydrogels.
The present study aims to determine how ionic adsorption, both in the absence and presence of
an external bias voltage, affects equilibrium ion distributions and electrostatic properties, within
the framework of the Poisson-Nernst-Planck model. The analysis is performed assuming that the
kinetic equation, describing the adsorption-desorption phenomenon, is well approximated by a
Langmuir isotherm, containing an adsorption term proportional to the bulk density of adsorbate
particles just in front of the adsorbent surface, and a desorption term proportional to the adsorbed
particles. The system is modeled as a slab with only ions of a given sign mobile. We consider both
symmetric and asymmetric electrolytic cells under open-circuit, short-circuit and externally applied
bias conditions. We determine the equilibrium bulk ion distributions, electric field and potential
profiles, as well as the surface density of adsorbed ions and the surface fields and potentials. The
limit of non interacting surfaces was investigated. The results provide insight into the coupling

between surface processes and bulk electrostatics in complex ionic systems.

I. INTRODUCTION

Liquids usually contain ions, originating either from the fabrication process or from the
spontaneous thermal dissociation of neutral particles. In an infinite system, at thermody-
namic equilibrium, the liquid is globally and locally electrically neutral. When the liquid
is confined by surfaces, adsorption mechanisms related to surfaces forces may push the ions
toward or away from the interfaces [1-3]. In this case, the liquid remains globally electri-
cally neutral but can become locally charged if the adsorption for positive and negative ions
differs. Adsorption is widely studied and exploited in liquid crystals [4-6], colloids [7-9],
polymers [10-12], electrocatalysis [13], electrochemistry [14, 15], proteins [16-18], environ-
mental [19, 20], energy storage [21, 22|, and industrial technologies due to its ability to
selectively remove, separate, or concentrate species at interfaces [23, 24]. The surface charge
at the electrodes created by adsorption, even in the absence of Faradaic reactions, alters
the equilibrium potential profile and if the electrolytic cell is asymmetric (non-identical elec-

trodes) then a finite equilibrium potential difference appears at open-circuit conditions [25].
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The induced electric potential difference, due to the adsorption phenomenon, has significant
technological implications [26]. Moreover, adsorption-desorption kinetics couples to the bulk
ion transport giving rise to additional relaxation modes. These effects have been revealed
mainly by impedance spectroscopy [27-30] and capacitance measurements at low frequencies
[4].

The aim of this paper is to investigate the potential difference between the electrodes
of an electrolytic cell and to analyze the role of an external bias applied by means of a
power supply, on the bulk ionic density distribution, internal electric field, and electric
potential across the cell. The present paper represents a natural extension of the work by
Bousiadi and Lelidis [25]. Here the analysis is performed for symmetric and asymmetric
electrolytic cells under open circuit, external bias, and short circuit conditions. The analysis
is performed using the Poisson-Nernst-Planck (PNP) model [31-33], based on the continuity
equations for positive and negative ions and on Poisson equation, which relates the actual
electric potential to the ionic charge distribution. For the sake of simplicity, we restrict our
analysis to a system in which only the positive ions are mobile, as in hydrogels [34, 35], and
assume that the adsorption phenomenon is well described by Langmuir kinetics [4, 36-38].

Moreover, the sample is supposed to have the shape of a slab to reduce the mathematical

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

problem to one dimension. We further limit our investigation to the static case where the

system, composed by the liquid plus the adsorbent surfaces, has reached equilibrium, after
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a transient time. In this limit, the surface density of adsorbed ions is proportional to the

(cc)

bulk density of the adsorbate particles, just in front of the adsorbent surface. The density
of ions is supposed small in respect to the density of the liquid molecules and therefore
association-dissociation effects can be neglected [39]. Since only cations are mobile the

ambipolar diffusion mechanism is not activated [41].

Our analysis is performed within the continuum approximation, in which bulk and surface
charges are described by bulk and surface densities of charge. The basic assumptions are:
(1) the ions are treated as point charges; (2) the bulk and surface charges are assumed to be
uniformly smeared in the bulk and over the surfaces; and (3) the electrolyte solution is de-
scribed as a continuum with a uniform dielectric constant. From these hypotheses, it follows
that the distance between the ions in the bulk and at the surface are very small compared
to the characteristic length scales of the problem, that is, the sample thickness, the Debye

length, and the dimensions of the limiting surfaces [31]. In this approximation, the ions
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are represented by fields of bulk densities: uniform for the negative charges, and position
dependent for the positive ones. The electric field created by the ions is described by the
spatial average of the actual microscopic field, as usual in macroscopic electrodynamics [40].
The finite size of the ions is taken into account through the phenomenological parameters
describing their diffusion and electric mobility in the medium where they are dispersed, by
means of the Stokes relations [36]. However, our description remains at the continuum level,
and these aspects of the problem are not addressed. The same considerations apply to the
description of the adsorption phenomenon. Adsorption is related to the interaction energy
of a particle with the substrate. It originates from the direct interaction of the ion with its
electric image in the substrate and from van der Waals interactions [40]. These interactions
depend on the molecular properties of the ions, the molecular properties of the medium in
which they are dispersed and of the substrate, through the frequency dispersion of the dielec-
tric constant [40], on the density of adsorption sites and the geometrical dimensions of the
ions. In our model, the adsorption is described only by two phenomenological parameters,
along the line suggested by Langmuir [1]. In the limit of weak adsorption, saturation effects
can be neglected, and Langmuiras model is expected to provide a good approximation.

Within this framework, the effects of the external field on the equilibrium distributions
of ion densities in the bulk and at the surface, as well as on the macroscopic electric field,
are investigated. In particular, it is discussed the half-space approximation (HSA) regime,
corresponding to the case in which the thickness of the sample is very large with respect to
the Debye length. The opposite limit, where the thickness of the cell is much smaller than
the Debye length, corresponding to a liquid that can be considered as a perfect insulator, is
also discussed in the continuum approximation used in our analysis.

The proposed analysis is applicable to a variety of systems where surface interactions influ-
ence electrostatics. These include electrochemical devices such as batteries, supercapacitors,
metal-organic frameworks, and electrosorption cells, where surface adsorption determines
charge storage and potential profiles; polyelectrolyte films, ion-conducting membranes, and
hydrogels, where mobile counterions interact with functionalized surfaces; charged colloids
and functionalized nanoparticles, where adsorption modifies zeta potential and interparticle
forces; and biointerfaces, lipid membranes, and microfluidic channels, where adsorption-
induced surface potentials impacts transport, sensing, and electrokinetic behavior [42-48].

This work is motivated for two main reasons: i) to account for real electrodes where
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adsorption and desorption occur, which is relevant for electrochemical systems, soft-matter,
colloidal dispersions, bio-interfaces, hydrogels and polyelectrolytes, which rarely have per-
fectly blocking or inert interfaces, and ii) to propose a unified theoretical framework to treat
the electrostatic behavior of an open-circuit, short-circuit, grounded, biased or unbiased,

symmetric or asymmetric electrolytic cells, which is lacking in the literature.

II. FUNDAMENTAL EQUATIONS OF THE PROBLEM

The quantities characterizing the system are the bulk density of mobile ions n, the surface
density of adsorbed ions, s, the electric field F', and the relevant electric potential U. In the
absence of adsorption the liquid is assumed globally and locally neutral, with a bulk density
of mobile ions ng position independent, identical to that of negative ions, fixed in space. The
sample is supposed in the shape of a slab of thickness d. The cartesian reference frame used
for the mathematical description has the Z-axis perpendicular to the limiting surfaces, at
Z = +d/2. The quantities characterizing the system depend on the coordinate Z and time
T. The Debye length is A = \/m , where ¢ is the dielectric constant of the liquid

free of ions [49], ¢ the electric charge of the mobile ions, and vy, = kp©/q, where O is the

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

absolute temperature, is the thermal voltage (of the order of 25 mV for monovalent ions).

Debye’s relaxation time 7 is defined by 79 = A?/D, where D is the diffusion coefficient of

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.

the mobile ions in the considered liquid.

(cc)

The kinetic equations describing the adsorption phenomenon are assumed to be

dspm 1

dT = K/p’m npzm(T) - 7_177 Spvm(T)7 (]‘)

where s,,, = s(£d/2), nym(T) = n(£d/2,T), and &, and 7,,, are the adsorption coeffi-
cients and desorption times of the surfaces at Z = £d/2, respectively [42, 50-54]. From (1)
it follows that the quantities

Cpm = Kpm Tp,ms (2)
have the dimension of a length, and are related to the penetration lengths of the surface
forces responsible for the adsorption phenomenon.

Since the problem involves an intrinsic length, A, and an intrinsic time, 79, we henceforth

describe the system using dimensionless spatial and temporal variables defined as z = Z/A
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and t = T/719. In terms of the reduced coordinate, the bounding surfaces are located at
z=+M, where M = d/(2A\).

The system is characterized by the dimensionless quantities N = n/ng, S = s/(noA),
and E = AF/vy. As it is evident from the definition, N is the bulk density of particles
measured in terms of ng, the bulk density of particles in thermodynamical equilibrium, S is
the surface density of adsorbed particles measured in ngA, the surface density of adsorbed
particles in the Debye surface layer, E is the electric field measured in terms of vy, /A, and
V =U/vy,.

As discussed in [25], the fundamental equations of the problem are the equation of con-

tinuity for the mobile ions and the equation of Poisson for the electric potential across the

cell
ON _ PN _ oI 5
ot 022 0z’
OF
— =N-1 4
az b ( )

to be solved with the boundary conditions (BCs), at z = £ M,

J(£M,t) = — (%_];f - E> - idfgm. (5)
z=+M

where S, and S, indicate the dimensionless surface densities on the surfaces at = = +M, and
J is the current density of mobile particles, due to the diffusion and drift, in dimensionless
form. Finally, the kinetic equation (1) can be rewritten, in reduced units, as

dSy.m 1
! — mN :]:M,t - m t 9
= AN EM) — = 8, (6)

where ay,m = KpmTo/A, and by, = Tpm/To. From the definition of a,,,, it is evident that in
the problem under consideration there is an intrinsic adsorption coefficient A /7.

In our analysis we are interested in the static behavior of the cell, where the quantities
characterizing the system are time independent. For ON/0t = 0, and substituting equation
(4) in (3) we get o

S —(N-1)=0, @
with the BCs: J(£M) = 0, which simply state the conservation of the number of mobile

ions, and it is equivalent to

M
Sm—l—Sp—l—/ N(z)dz =2M. (8)
—M
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Finally, at static regime, from the kinetic equations (6), it follows that
Sj = &Ny, (9)

where j =p,m, N, ,,, = N(£M), and & = a;b; = {;/A. Equations (9) indicate that, in the
considered approximation, the surface densities of adsorbed particles in the equilibrium state
are proportional to the bulk densities of adsorbate particles just in front of the adsorbent
surface. The proportionality factor §;, is a length normalized by the Debye length and it will
henceforth be called the adsorption length (in reduced, ¢;, or absolute units, ¢;). Apparently,

the adsorption length is related to both the surface and volume properties of the system.

III. SOLUTION IN THE STATIC REGIME
The solution of (7) is given by
N(z) =1+ A sinh[z] + B cosh|z], (10)

where A and B are two integration constants to be determined by means of the boundary

conditions J(+M) = 0. From (4), taking into account (10) we get for the electric field

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

E(z) = A cosh[z] + B sinh|z] + Cy, (11)

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.

where C is a new integration constant. Finally, the electric potential defined by E =

—dV/dz, is found to be

(cc)

V(z) = —A sinh[z] — B cosh[z] — Cyz + (Y, (12)

with (] a new integration constant.

From (10), the surface values of the bulk densities of mobile ions are
Npm = 1+ A sinh[M] + B cosh[M], (13)
the surface values of the electric field are
E,m = A cosh[M] £ B sinh[M] + Cy, (14)
and the surface values of the electric potential are
Vpm = FA sinh[M] — B cosh[M] F Cy M + C4. (15)
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In the absence of an external power supply the surface values of the electric field are

related, for Gauss theorem, to the surface densities of adsorbed ions
E, =5, and E,=-5, (16)

where the surface densities of adsorbed particles are given by (9).

The condition on the conservation of mobile particles (8) can now be rewritten as

K = S+ S, +2B sinh[M] =0 (17)

The integration constants A, B, Cy and C are determined imposing the boundary con-
ditions (16,17) and that the current density across the sample vanishes identically. In par-
ticular, the integration constant C'; depends on the potential reference, and in the absence

of the external power supply can be put C; = 0.

IV. ASYMMETRIC SLAB

For open circuit conditions, we consider first the case in which the slab is limited by two
different adsorbing surfaces, i.e., a,, # a,, by # by, and a,,b,, # ayb,. In this case, the

integration constants are: Cy = 0,

A:—% sinh[M], & B=-—

(&m + &) cosh[M] + 2¢,,&, sinh[M]
H )

(18)

where II = (&, + &,) cosh[2M] + (1 + £,&,,,) sinh[2M], and A& = &, — &,..
Substituting the above expressions into (10,11,12), the expressions for N(z), E(z) and

V(%) are obtained as follows

_ Agsinh[M]sinh[z] + [(§m + §p) cosh[M] + 26, sinh[M]] cosh[2]

N(z) =1 o (19)
E(s) = — A sinh[M] coshlz] + [(&, + fm)li:[osh[M] + 26,&,, sinh[M]] sinh[2] (20)
V(s = A& sinh[M]sinh[z] + [(&, + &n) cosh[M] + 2€,&,, sinh[M]] cosh][z] (21)

I1

These expressions show that, within the framework of the present model, the adsorption
properties of the electrodes do not depend on the specific values of a; and b; but only from

their product a;b;, that is, at the static regime, the electrodes can be treated as identical

8
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provided they are characterized by the same adsorption length (¢, = &,,). The profiles of
N(z), E(z) and V(z), numerically calculated using the values &, = 6, {, = 54 and M =5,
are shown in Figures 1-3, respectively. Figures 1 and 2 show that the ion concentration and
electric field profiles, respectively, are asymmetric with respect to the midplane of the cell.
From Figure 3, it can be deduced that a non-zero electric potential difference, AV # 0,
exists between the electrodes under open-circuit conditions. These asymmetries arise from
the different adsorption lengths at the cell electrodes.
The surface values of the bulk densities of mobile ions, N; are

sinh[M]

Npyp = 2(cosh[M] + &, ,, sinh[M]) Ti

(22)

In the limit M — oo, i.e., when d > A, which corresponds to the HSA (denoted henceforth
with the subscript ”1”), from (22), we obtain

1

Njp = = X (23)

The surface values of the electric field, E;, and its value in the midplane of the cell,

1.0

0.8

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

0.6
4
0.4
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0.2

0.0

(cc)

FIG. 1. Bulk density of mobile ions across the cell, in red, for —M <2z < M. &, =6, §, = 54 and

M =5. In green N(—M) = Ny, and in blue N(M) = N,.

By = o b oM Egpgm S MY ), (24)
E(0) = —% sinh[M]. (25)
In the limit M — oo, (24,25) reduce to
_ Epam + EmEp _
Bt = T e+ (165 M4 BOI=0 (26)

9
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FIG. 2. Electric field across the cell due to the ionic adsorption, red curve, for —M < z < M.

&m =6, & =54 and M =5. In green E(—M) = E,,, and in blue E(M) = E,.

The surface values of the electric potential, V;, and its value in the middle of the cell,
V(0), are

Vo = Emp T Epim cosh[QJ\é] + &€ sinh[2M | 7 (27)
_ (&n + &) cosh[M] + 26, sinh[M]

IT

In the limit of M — oo, from (27,28) follow

Vi = . f—jfj’ and V;(0) = 0. (29)

The potential difference, AV =V, —V,,,, between the two electrodes due to the adsorption

phenomenon, is given by

FIG. 3. Electric potential due to the ionic adsorption of ions across the cell, in red, for —M < z <

M. In green V(—M) = V,,, and in blue V(M) =V),. &, =6, §, = 54 and M = 5.

_2A¢ sinh[M]?

A:
v II

(30)
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which in the HSA reduces to

Ag

AV — —
O S

(31)

as it follows also from (29).

Figure 4 depicts AV (M) calculated for &, = 12 and §, = 6. AV (M) reaches its maximum
in the HSA (d >> A) and approaches zero in the limit A >> d, corresponding to a perfect
insulator. A discussion of the physical meaning of Fig. 4, in particular in the limit of small
M, is in order. We assume that the medium under consideration can be described by a
continuum particle density. This implies that, in the bulk, the average distance between
the ions, R, must be much smaller than both the sample thickness d and the Debye length
A. In equilibrium, the bulk ion density is ng. Assuming the ions to be arranged on a cubic
lattice of spacing R, we obtain R = n51/3. The condition R < d then yields ng > d=3,
whereas the condition R < A gives ng < (4nlp)~3, where (g = q/(4me vy,) is the Bjerrum
length, defined as the distance between two ions where the electrostatics interaction energy,
Ug = (1/4me)q*/lp equals the thermal energy, Ur = kgT [36]. It follows that, within the
continuum description, the bulk ion density must satisfy 1/d®> < ng < 1/(47fp)3, and hence
d > 4nlp. In term of {5 the quantity A can be written as A = \/W . Consequently,

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

in the continuum approximation, the parameter M has to satisfy

| lp d
— <M
ﬂ-d < <<47T€B’

and the limit M — 0 lies outside the range of validity of our approximation. This limiting

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.
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case should therefore be regarded only as a formal mathematical limit of the model.

In the HSA, the dependence of AV on the reduced adsorption length &, while keeping
& constant, is shown in Figure 5.

The surface densities of particles adsorbed on the limiting surfaces are S; = &;N;. In the

limit M — oo, S} reduce to S;; = fj/(l +&;).

V. SYMMETRIC SLAB

In the case of a slab bounded by two identical adsorbing surfaces, §; = £, the correspond-

ing equations describing the sample can be easily deduced by those presented in the previous

11
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0.06
0.05
> 0.04
< 0.03
0.02
0.01

0.00

FIG. 4. Electric potential difference, AV, between the adsorbing surfaces of the cell, versus M =

d/(2A). For d ~ 5A the HSA works properly. &, = 12, £, = 6.

0.8
0.6
0.4
>
< 0.2
0.0

-0.2

FIG. 5. Difference of electric potential, AV between the adsorbing surfaces of the cell versus &,

for &, = 3. The curve is drawn in the HSA, where M — oco. Note that for &,, = &,, AV =0, as

expected. The green dashed horizontal line represents AV in the HSA for £, = 0, that is, when the

surface at z = M does not adsorb, and the blue one when &, — oo relevant to the case in which

the adsorption at z = M is very large with respect to that at z = —M.

section. In this case, the integration constants are

_ _ §

A=0 & B= & cosh[ M| + sinh[M]’ (32)
and the profiles of N, E,V are given by

L ¢ cosh|[z]

Nz) =1 & cosh[M|] + sinh[M]’ (33)
B ¢ sinh|z]

Blz) = € cosh[M] + sinh[M]’ (34)
V(s = ¢ cosh|z] (35)

€ cosh[M] + sinh[M]

The functions N(z), E(z) and V(z) are shown in Figure 6 as blue dashed curves. For

comparison, the corresponding red curves for an asymmetric cell are also plotted in the same

12
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figure. Note that the blue curves, for a symmetric slab, exhibit a well defined symmetry in
respect with the midplane of the cell, which is absent for the red curves of the asymmetric
slab. Note also that the curves for both the symmetric and asymmetric cells appear to
coincide in the right half of the cell, where the electrode for both cells has the same adsorption
length. However, this is not the case, as can be inferred by comparing the corresponding

equations. Simply, the influence of the asymmetry is strongly attenuated.

1.0

1.0
0.8
0.5
0.6
=z L
0.4 0.0
0.2 -0.5
0.0
4 -2 0 2 4 4 -2 0 2 4
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FIG. 6. Bulk ionic density of mobile ions N, electric field F, and electric potential V across the

(cc)

cell thickness z, resulting from the adsorption of ions. M = 5. Blue dashed curves, symmetric cell

with £ = 6. Red curves, asymmetric cell with &, = 6, §,, = 54.

From (33,34,35), the surface values of the bulk density of mobile ions, the electric field

and the electric potential are given by

1
N = T ecompn) (36)
_ §
Emp = % 1+ & coth[M]’ (37)
B & cosh[M]
Vi = & cosh[M] + sinh[M] (38)

The surface densities of adsorbed ions are given by S; = {N;. The dependencies of the

surface values of N, E, V and of S versus M are shown in Figure 7. Note that the HSA

13


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6cp01514j

Physical Chemistry Chemical Physics Page 14 of 28

View Article Online
DOI: 10.1039/D6CP01514J

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

works well already for M = 5. In the HSA regime, (36,37,38) reduce to
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FIG. 7. Surface values of bulk density of mobile ions, N,,, electric field, F,,, electric potential, V,,,,
and surface density of adsorbed ions, S;,, vs. M, on the m-surface at z = —M for a symmetric

system. The curves are drawn for £ = 3. The dashed lines, calculated from (39), correspond to the

HSA.
S, =V, =EN; = —— Bn,=t— (39)
J J J 1 +€7 m,p 1 +§

VI. SHORT-CIRCUITED ELECTRODES

When the electrodes are short-circuited (sc), they acquire the same potential V,, = V,,,

and the integration constants then become: Cy = C; = A =0, and

1
_cosh[M] + 2sinh[M]/(&m + &)

B— (40)
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The profiles of the bulk concentration (Ny.), electric field (Fy.), and potential (V) reduce

to:

L (&m + &) cosh[z]
Neel2) = 1 (& + &) cosh[M] + 2sinh[M]’ (41)

_ (&m + &) sinh[z]
Buel2) = = (& + &) cosh[M] + 2 sinh[M]’ (42)

(&m + &) cosh[z]

Vacl2) = (& + &) cosh[M] + 2 sinh[M]’ (43)

Figure 8 shows N,., Ey., Vi. across the thickness of the cell. The corresponding surface

1.0 10 [ 10—

0.8 0.5 0.5
0.6
z w 0.0 > 0.0
0.4 v\ !
\ /
0.2 -0.5 -0.5F % J/
W g
0.0 et e ettt

L
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4

FIG. 8. Ny, Ey, Vs across a cell with short-circuited electrodes, red curves. The curves are drawn
for &, = 3 and §, = 15 at M = 5. The blue and green horizontal dashed lines indicate the HSA

regime values of the corresponding quantities. Black points concern grounded electrodes, that is,

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

Vo = 0. The red dashed curve is V. shifted by the potential at the electrodes.

values, Nycj, Fscj, Vscj, are given by

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.

2
g N = 2+ (&, + &) coth[M]’ (44)
_ _ Em +&p
Escm - _ESCp - 2 + (gm + §p> COth[M] (45>
Vi — (&m + &) cosh[M] (46)

(&m + &) cosh[M] + 2sinh[M]’
and they are shown in Figure 8 as dashed lines. Note that all the above results are indepen-

dent of the symmetry of the cell with respect to the adsorption properties.

VII. IN THE PRESENCE OF AN EXTERNAL FIELD

Let us consider now the case in which the sample is connected to an external power

supply, fixing the potential of the adsorbing surfaces, playing the role of electrodes, at
Vo

V(FM) = Vip =F bR (47)

15
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In this case, the system is no longer isolated since the external power supply is sending electric
charges on the electrodes to satisfy (47). Apart from (47), the BCs are complemented by the
conditions: J = 0, and K = 0. The solution of the static equations of the problem are still
(7,10,11), where the new integration constants determined by means of the BCs are found

to be: Cy =0, Cy = B cosh[M],

B _2s+ﬁ[M]’ B=5 +V§3 ic;hig\%iiﬂ;)mhw] ' (48)
A. bulk
Within this framework, N(z), E(z) and V(z) are given by
N(z) = 14 A= 2& +En)]coshle]) Vo sinh[z] (19)

2(Em + &) cosh[M] 4 4sinh[M] 2 sinh[M]’

_ [MAEL —2(& + &) sinh[z] Vy cosh|z]
B = (e, 5 &) cosh[M] + 4sih[M] 2 sinb[M] (50)

VWAL = 2(&, + &n)l(cosh[M] — cosh(2]) + Vi [2 4 (& + &p) coth[M]] sinh 2]
2(&m + &) cosh[M] + 4 sinh[M]

(51)

In particular in the midplane of the cell (z = 0), the electric potential is

[VoAE — 2(§p + &m)](cosh[M] — 1)

Vo) = 2(&m + &) cosh[M] + 4sinh[M]

which, in the limit of large M, i.e., within the HSA, becomes

~ WAL —2(§ + &m)
V(0,0 — o0) = S5 s (52)

In Figure 9, we show the profiles of N(z), E(z) and V (z) for a cell with &, =2, {, =5,
M =5 submitted to a potential difference V = 0.5.

B. surface

The surface values of the bulk density of mobile ions are

2sinh[M] F Vi (& p cosh[M] + sinh[M])
(&m + &p) cosh[M] + 2 sinh[M] ’

Npm = (53)

16
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FIG. 9. Bulk ionic density of mobile ions N, electric field E, and electric potential V' vs. z (red
curves), due to the ionic adsorption, for a cell with M = 5 submitted to an external potential
difference Vy = 0.5. Asymmetric cell with &, = 2 and §, = 5. The horizontal dashed or dotted

lines indicate the surface values of the considered quantities. The dashed dotted line marks the

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

value of the electric potential in the midplane of the cell.

that in the HSA become

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.

2F (mp + D)W
24+8&6n+&

Note that, for an insulating medium, A — oo, and hence M — 0. In this limit, the surface

(cc)

(54)

plyml —

values of the bulk densities of the mobile ions tend to

NpO,mO = + (55>

The dependencies of N, and N,, on M are shown in Figure 10 where the dashed asymptotes
correspond to the HSA.

The equations for the surface electric field are

_ W VoAL = 2(&p + &m) :
Enp = 5 coth[M] F 2En T &) cosh[M] + Asinb[M] sinh[M], (56)
which, in the HSA, reduce to
Vo _ VoAE —2(&, +&m)
Enip = —— 57
Lt 2 T T o(En 16, + 4 (57)
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FIG. 10. Surface values of the bulk densities at z = —M, in green, and at z = M, in red. The
curves are drawn for Vo = 0.5, &, = 2, and &, = 5. The dotted horizontal lines indicate the values
given by (55), corresponding to the case d < A. The dashed horizontal lines correspond to the

HSA, where the surface bulk densities are given by (54).

The dependence of the surface fields F,, and E, on an applied potential difference and
asymmetric adsorption is shown in Figure 11. The horizontal dashed lines are calculated

within the HSA.

0.5 mm e e

0.0
-0.5
-1.0
-1.5
-2.0
-2.5
-3.0

20 25 3.0

FIG. 11. Surface values of the electric field at z = —M, in green, and at z = M, in red. The
dashed horizontal lines correspond to the HSA, where the surface electric fields are given by (57).

The curves are drawn for Vo = 0.5, &, = 2, and §, = 5.

It is instructive to express the electric field E in absolute units, i.e., to revert to F'. From

the definition of the reduced field F, F is given by

kp® kp®
F=—F=2—"—MEF

where kp is the Boltzmann constant. Figure 12 shows the same data as Figure 11 with the

electric field expressed in absolute units and using the same color code. From (58), in the

18
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limit M — 0, F' reduces to

lim F =279 Yo _ w0
M—0 qd 2 d

as expected, since in this limit the medium can be considered as a perfect insulator. The

(59)

field given by (59) is indicated by the horizontal dashed line in Figure 12. Note that, in the
limit as M — 0, the surface fields on the two bounding surfaces are equal and coincide with

the bulk value given by (50).

FIG. 12. Surface values of the electric field Fs = M Ey, at z = —M, in green, and at z = M, in red.
The dotted lines correspond to the HSA, where the surface electric fields are given by (57). The
horizontal dashed line corresponds to the electric field Fs = vg/d, present in an insulating medium.

The curves are drawn for Vy = .5, &, = 2, and §, = 5.

The surface densities of adsorbed ions on the asymmetric electrodes are found by S5; =
&;N;, where N; are given by (53). The electric charge densities sent by the power supply to
fix the difference of electric potential between the electrodes at Vj are given by ¥, = E,,,—S,,

and X, = —(E, + 5,), as it follows from Coulomb’s theorem. A simple calculation gives

v En+&)Vo/ sinh[M] + 2{(&n + &)Vo — AL + (1 + En&y) Vo coth[M]] sinh[M] (60)
P 2(&m + &) cosh[M] + 4 sinh[M] ’

and X, = —,, as expected.

C. grounded electrodes

If the electrodes are grounded (Vy = 0), the integration constants become A = 0, Cy = 0,
Cy = Bcosh[M], and
Em +&p

" (ém + &) cosh[M] + 2sinh[M]’ (61)
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In this case, the quantities of interest are:

. (&m + &) cosh]z]
Ne(2) = 1 = e cosh[M] + 2 smh [ (62)

(&t &) sinh]]
6(2) = (& TE,) cosh[M] £ 2smb[M]’ (63)

(& + &) (cosh[M] — coshl[z])
Vel2) = = (Em + &) cosh[M] + 2 sinh[M] (64)

whose surface values are

2
Noi = (e 4 &) coth[M]’ (65)
[ Sm & (66)

2+ (&, + &) coth[M]

The curves Ny(z), Eq(2) and Vy(z) are shown in Figure 8 (black points). Ng(z), Eg(2)
coincide with the corresponding quantities for a short-circuited cell. V,(2) is shifted with
respect to Vi.(z) by a constant value which corresponds the HSA voltage at the electrodes
of a short-circuited cell. All profiles exhibit symmetry even for an asymmetric cell as can be
inferred from (62,63,64), for the dependence of the bulk properties on electrodes properties
comes only from the sum &, + §,. The surface densities, S; = &; N}, of adsorbed particles
at the electrodes as a function of M, are shown in Figure 13.

We note that S, — S,, ~ A¢. Therefore, the two curves coincide for a symmetric cell.
The surface densities of charges sent by the power supply are

Y= AL
24 (&, + &) coth[M]

(67)

VIII. SYMMETRIC SLAB SUBJECTED TO AN EXTERNAL ELECTRIC FIELD

In the symmetric case integration constants A and Cj do not change, whereas B and C}

are found to be

§
~ € cosh[M] + sinh[M]’

& coth[M]

b= " 1+ £coth[M]

and C) = (68)
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FIG. 13. Surface number densities S; of adsorbed ions vs. M at the grounded electrodes. S, =
S(z = —M), blue, S, at z = M, red. The dashed horizontal lines correspond to the HSA. &,, = 3,
and §, = 15.

In this case the bulk density of mobile ions, the electric field and the electric potential profiles

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

£ cosh2] Vo sinh[z]
N(z) B € cosh[M] + sinh[M]) 2 sinh[M]’ (69)
_ ¢ sinh|[z] Vo cosh|[z]
Blz) =  £cosh[M] + sinh[M] 2 sinh[M]’ (70)
V() = 2€(cosh(z] — COSh[M]E + Vo(1 + € coth[M]) sinh|[z] (71)

2(& cosh[M] + sinh[M])

Figure (14) shows N(z), E(z), and V(z) with M = 5, for an applied potential difference at

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.

the electrodes of Vj = 0.5 (red curves). For comparison, the corresponding functions for cell

(cc)

at open-circuit conditions are plotted in blue. For V| # 0, the symmetry with respect to the
midplane of the cell is broken.

The surface values of the bulk densities are given by

Vi 1
Ny =40, 1 7
? =y T T Ecom[M] (72)

whereas the surface values of the electric field by

¢ sinh[M]
€ cosh[M] + sinh[M]

Enmp = —% coth[M] £ (73)

Finally, the surface densities of the adsorbed ions are given by S; = £ N;.
For the theorem of Coulomb E,, = 0,, = S,, + X, and E, = —0, = —(S,, + X,,), where
om and o, are the total surface density of the adsorbed particles, whereas ¥,, and X, the

surface densities of charges sent by the power supply to fix the electric potential of the
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FIG. 14. N, E, and V vs. z for a symmetric cell with M =5 and £ = 1. In the presence of an

external potential difference: V) = 0.5 (red curves), and in its absence Vj = 0 (blue curves).

electrodes to V(£ M) = £V,/2. It follows that the charges due to the presence of the power
supply are
Ym =3, = —— (£ + coth[M]), (74)

proportional to Vj. In the particular case where the bounding surfaces are grounded (V = 0),
the quantities of interest Ng(z), E4(2) and Vg(z) follow from (69,70,71) respectively, by
substituting Vo = 0.

IX. DISCUSSION AND CONCLUSION

We presented a model that combines PNP equations with the Langmuir kinetic equation
to investigate the impact of adsorption in an electrolytic cell at the static regime for both
a cell with identical electrodes in what concerns adsorption (symmetric-cell) and a cell with
electrodes presenting different adsorption properties (asymmetric-cell). The study was done
in the absence and in the presence of an applied dc voltage difference at the electrodes for
both open circuit and short circuit cell. The expressions giving the bulk ionic density, electric

field and voltage profiles across the thickness of the cell were calculated as well as the surface
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values for the density of mobile ions, electric field, voltage, and density of adsorbed ions as
functions of the cell thickness over the Debye length (d/A). In the absence of an external
bias voltage, an asymmetric cell develops a voltage difference, AV, caused by asymmetric
adsorption of ions. In this case, it was also shown that the amplitude of AV depends on
the reduced thickness d/A of the cell, and goes to zero for d << A, that is, when exhibiting
insulator behavior while on the other limit d >> A, AV tends to a maximum value which
is practically attended for d greater than a few A lengths, that is following the half-space
approximation which is valid for d >> A. Similar behavior is shown for the surface values
of the mobile ions density, electric field, voltage, and adsorbed ions density. Further, our
analysis shows that the voltage difference AV also depends on the adsorption length of
the ions, ¢, and becomes zero when /¢ is the same for both electrodes. In our knowledge,
there aren’t experimental measurements which could directly be analyzed using the present
model. However, deviations of experimental data from the expected behavior which could
be attributed to adsorption effects on the electrodes of a cell have been found in impedance
spectroscopy measurements where an additional plateau in the limit of the low-frequency

range of the real part of the impedance Z was observed [4].

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

Although our analysis is restricted to static equilibrium of a cell with planar electrodes,

the problem remains nontrivial due to the coupling between ionic adsorption, surface charge,

Open Access Article. Published on 22 June 2026. Downloaded on 6/23/2026 3:23:50 AM.

and electrostatic fields, which is often neglected or imposed by effective boundary conditions.

Extensions of the present analysis using more complex adsorption/desorption mechanisms,

(cc)

distributed kinetics, more than one sign and /or type of mobile ions, or considering frequency

dependence, are straightforward but not always analytic solutions exist.
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