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Gaunt and Breit two-electron contributions to
mean-field transformations and fine structure
splitting

Luca Murg, *ab Christopher Lane a and Roxanne M. Tutchton a

Materials utilized by novel energy systems are often studied using weakly correlated mean-field theories.

However, if these systems incorporate heavy elements, relativistic effects must be included. Therefore, a

Kramers unrestricted coupled cluster with singles and doubles excitation formalism within a molecular

mean-field exact two-component framework (X2Cmmf) using a four-component Dirac–Hartree–Fock

(DHF) reference state is presented. The exact X2Cmmf transformed normal-order Hamiltonian incorpo-

rates all one-electron and two-electron (2e) contributions from the Coulomb, Gaunt, and Breit operators

and is used with the equation of motion method to calculate the excitation energies of the alkali group

of elements. Using this framework, the effects of 2e Gaunt and Breit integrals are studied. Results

demonstrate growing contributions from these integrals to the generated X2Cmmf mean-fields and elec-

tronic fine structure calculations with increasing atomic number. Overall, this paper outlines the method,

its effect within the X2Cmmf approach, and lays the foundation for future theoretical development of

relativistic calculations within this framework.

Introduction

Materials relied on by novel energy systems, e.g., generation IV
nuclear reactors,1 are often studied using weakly correlated
mean-field theories. In weakly correlated electron systems, the
direct Coulomb interaction can be modeled by an effective single-
particle potential, e.g., density functional theory. When strong
correlations dominate, these mean-field theories can be used as a
reference state for various strongly correlated approaches.2–5

Relativistic effects are typically added perturbatively,6–8 but this
framework is not adequate for systems composed of heavy
elements9–15 and the vast unexplored space of topological
materials.16,17 These deficiencies require us to adjust existing
theories to account for a four-component (4c) Dirac reference
state18 utilizing increasingly accurate relativistic Hamiltonians,
e.g., the Dirac–Coulomb (DC), Dirac–Coulomb–Gaunt (DCG), and
Dirac–Coulomb–Breit (DCB) Hamiltonians. In the no-pair
approximation, exact two-component (X2C) transformation the-
ory can be used to decouple the positive energy (pe) and negative
energy (ne) spectrum of the Dirac Hamiltonian for wave function-
based correlation methods.19–23 A variety of X2C flavors have
been developed most of which fall under the one-electron (1e)

X2C framework.24,25 In the case of the 1eX2C Hamiltonian
scheme, the two-electron (2e) interaction terms are omitted from
the defining 4c Dirac Hamiltonian resulting in a two-component
(2c) Hamiltonian that is ‘‘exact’’ only in the 1e terms. Because the
2e interaction terms are often left untransformed in the 1eX2C
basis set, 2e picture-change effects (2ePCEs) will appear.25 In
contrast to the 1eX2C transformation, performed before the self-
consistent field (SCF) cycle, molecular mean-field X2C (X2Cmmf)
transformations utilize a unitary decoupling of the 4c molecular
mean-field Fock matrix after having converged the 4c SCF DHF
equations.23 Formally, X2Cmmf transformation are exact. How-
ever, due to the computational cost associated with recomputing
and transforming 2e integrals associated with Coulomb (GLL

LL, GLS
LS,

GSL
SL, GSS

SS) and Gaunt/Breit integrals (GSS
LL, GSL

LS, GLS
SL, GLL

SS), previous
work using X2Cmmf transformations have largely only considered
the large component Coulomb integrals in the 2e terms of the
X2Cmmf transformed normal-order Hamiltonian and often in
untransformed form (G+ +

+ + E GLL
LL). Neglecting or using

untransformed 2e interaction terms results in only an approx-
imate X2Cmmf transformation.23,25–27

This work demonstrates that the Gaunt and Breit 2e integral
contribution to the generated mean-field grows as elements
become heavier. Furthermore, variations of the X2Cmmf trans-
formations including the exact effective 1e DC, DCG, and DCB
Fock matrix in-conjunction with the approximate and exact 2e
transformed Coulomb, Coulomb–Gaunt, and Coulomb–Breit
interaction23 are computed. Using these X2Cmmf transformed
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normal-order Hamiltonians, we apply Kramers unrestricted coupled
cluster (CC) with singles and doubles (SD) excitations.28–31 The
X2Cmmf-CCSD ground state wave function is then used as a reference
for the equation of motion (EOM) method to obtain the excited wave
function of the alkali elements.26,32,33 Results offer insights into the
importance of the Gaunt and Breit 2e integral contributions to the 2e
terms of the exact X2Cmmf transformed normal-order Hamiltonian
used in post 4c SCF correlation-excitation steps as elements become
heavier.

Theory and methodology

In this work, PySCF’s34,35 implementation of 4c DHF36,37 using
the DC, DCG, and DCB Hamiltonian was used (see Fock matrix
in eqn (1)). The 4c DHF calculation enforced the restricted
kinetic balance condition36,37 and used the finite-size nuclear
model with a convergence tolerance of 10�10 and a max direct
inversion of the iterative subspace38 (DIIS) of 8.

FLL FLS

FSL FSS

 !
CL
þ CL

�

CS
þ CS

�

 !
¼

I � S 0

0
1

2mc2
I � T

0
B@

1
CA

CL
þ CL

�

CS
þ CS

�

 !
eþ 0

0 e�

 !
;

(1)

We implemented Kramers unrestricted CCSD (using
NumPy)39,40 employing DIIS following standard CCSD methods
for post-SCF wavefunction correlation calculations. The family
of relativistic ANO basis sets41,42 used for this work are
obtained from basis set exchange.43 We note that in 4c DHF,
the 2e integral ĝ operator takes the following form:

(2)

The first term in this expression is identified as the typical
Coulomb interaction, with the second as Gaunt, and the third
as a gauge. The second and third terms are often collectively
called the Breit term and are associated with spin–orbit inter-
actions and retardation effects. As dictated by an X2Cmmf

transformation, after converging the 4c DHF equation, the
Hamiltonian for the valence electrons can be written in nor-
mal-ordered form,

ĤX2Cmmf
¼
X
PQ

F
Q
P a

y
PaQ

n o
þ 1

4

X
PQRS

V
QS
PR a

y
Pa
y
RaSaQ

n o
; (3)

for further use in wave function-based correlation methods.21,23

The brackets indicate normal ordering with respect to occupied
(hole) and virtual (particle) orbitals. The effective 1e terms of
the normal-ordered Hamiltonian are elements of the Fock
matrix, FQ

P . The anti-symmetrized electron–electron integrals,

VQS
PR = GQS

PR � GSQ
PR, represent the 2e contributions to the normal-

ordered Hamiltonian. The summation is formally restricted to pe
orbitals but in practice, it is further reduced due to truncations of
the occupied and virtual space commonly employed in correlated
calculations. In this form, it is observed that the matrix elements of
the Fock matrix FQ

P can be obtained from exact decoupling of the
corresponding converged 4c molecular Fock matrix. If the basis
chosen for the correlation calculation is taken to be the canonical
HF orbitals, the list of nonzero matrix elements reduces to the
orbital energies FQ

P = eP
+dPQ.23 Similarly, we restricted ourselves to

the pe 2e interaction terms, G+ +
+ +. These can be obtained for the

Coulomb integrals as G+ +
+ + = C†,+

L C†,+
L GLL

LLCL
+CL

+ + C†,+
L C†,+

S GLS
LS

CL
+CS

+ + C†,+
S C†,+

L GSL
SLCS

+CL
+ + C†,+

S C†,+
S GSS

SSCS
+CS

+ and for Gaunt/Breit
as G+ +

+ + = C†,+
L C†,+

L GSS
LLCS

+CS
+ + C†,+

L C†,+
S GSL

LSCS
+CL

+ + C†,+
S C†,+

L GLS
SL

CL
+CS

+ + C†,+
S C†,+

S GLL
SSCL

+CL
+.23 All X2Cmmf transformed normal-

order Hamiltonians used in this study are exact in the 1e Fock
term (labeled-1e). X2Cmmf transformed normal-order Hamilto-
nians that are also exact in the 2e interaction terms are labeled-
1e2e and account for all Coulomb integrals (GLL

LL, GLS
LS, GSL

SL, GSS
SS) and

Gaunt/Breit integrals (if used at 4c SCF level, GSS
LL, GSL

LS, GLS
SL, GLL

SS).
Nonexact 2e interaction terms in the X2Cmmf transformed normal-
ordered Hamiltonians account only for the transformed Coulomb
integrals (GLL

LL, GLS
LS, GSL

SL, GSS
SS). These variations of X2Cmmf trans-

formed normal-order Hamiltonians are defined in Table 1.
After X2Cmmf, Kramers unrestricted CC theory is used to

approximate the true wave function by systematically mixing in
excited configurations. The wave function in CC theory is defined
as |Ci = eT̂|FX2Cmmf,0i where |FX2Cmmf,0i is the single determinant
wave function.21,44 For this work, the cluster operator T̂ was

truncated to the SD hole-particle excitations T̂ = T̂1 + T̂2 where T̂1 ¼

P
i

P
a

tiaâ
y
aâi and T̂2 ¼

1

4

P
ij

P
ab

tijabâ
y
aâ
y
bâj âi. Using the similarity

transformed Hamiltonian, H̃ = e�T̂ĤX2Cmmf
eT̂, one can solve for

the SD excitation amplitudes, ti
a and tij

ab through various subspace
projections listed in eqn (4)–(6),21,39,40,45–48

hFX2Cmmf,0|H̃|FX2Cmmf,0i = E, (4)

hFX2Cmmf,0|â†
i âaH̃|FX2Cmmf,0i = 0, (5)

hFX2Cmmf,0|â†
i â†

j âbâaH̃|FX2Cmmf,0i = 0. (6)

It is important to note that the asymmetric CCSD equations
do not satisfy the variational principle due to the truncation of
the cluster operators. This means that the calculated energy will
not necessarily be an upper bound for the exact energy.49 The
Kramers unrestricted CCSD implementation was benchmarked

Table 1 X2Cmmf transformation used in study as well as their contribu-
tions to 1-electron and 2-electron terms

X2Cmmf type 1-Electron 2-Electron contribution

DC-1e2e Coulomb Coulomb
DCG-1e Coulomb–Gaunt Coulomb
DCB-1e Coulomb–Breit Coulomb
DCG-1e2e Coulomb–Gaunt Coulomb–Gaunt
DCB-1e2e Coulomb–Breit Coulomb–Breit
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using PySCF implementation of CCSD. Both the developed
CCSD code and PySCF’s implementation used the same X2Cmmf

transformed normal-ordered Hamiltonian as the single deter-
minant reference state. The results of these calculations can be
seen in Tables S7–S10 in the supplementary information, which
used a convergence tolerance of 10�11 and max DIIS of 8). From
these tables it is observed that all converged values match to
convergence tolerance. Using the CCSD ground-state wave
function and noting that H̃ is not Hermitian, one can define
the excited wave function using

R̂I Cj i¼ eT̂ r0þ
X
i

X
a

rai â
y
aâiþ

1

4

X
ij

X
ab

rabij â
y
aâ
y
bâj âi

 !
FX2Cmmf ;0

�� �
;

(7)

~C
� ��L̂I ¼ FX2Cmmf ;0

� �� l0þ
X
i

X
a

liaâ
y
aâiþ

1

4

X
ij

X
ab

lijabâ
y
aâ
y
bâj âi

 !
e�T̂ ;

(8)

where I represents the Ith excited state.27,32,33 Similar to CCSD,
this procedure truncates the operators and assumes that
the CCSD ground state captures the dominant dynamical
correlations such that the excited states can be represented as
excitations on top of the correlated vacuum. These bra and ket
states, although not orthonormal among themselves, satisfy
biorthogonality hFX2Cmmf,0|L̂Ie

�T̂eT̂R̂J|FX2Cmmf,0i = CdIJ and by
choosing C to be unity to one can enforce normalization.
Defining the normal-ordered similarity transformed Hamilto-
nian as %H = H̃ � E one can solve for the expansion coefficients
r0, ra

i , rab
ij , l0, li

a, and lij
ab using eqn (9) and (10),

%HR̂I|FX2Cmmf,0i = oIR̂I|FX2Cmmf,0i, (9)

hFX2Cmmf,0|L̂I %H = hFX2Cmmf,0|L̂IoI, (10)

where oI is the difference in energy between the Ith excited
state and E. In this study, PySCF34,35 implementation of EOM was
used and we refer the reader to their open source code for details
of their implementation. Using EOM-CCSD-X2Cmmf-DHF, we
calculated the 2S1

2
! 2P1

2
excitations for the alkali elements.

Results of these calculations are consistent with experimental
values, see in Table S1 and Table 2, and a similar study32 using
the Kramers unrestricted EOM-CCSD-X2Cmmf-DHF, a point-
nucleus charge, and the X2Cmmf untransformed DC-1e, and
DCB-1e Hamiltonian for Na, K, and Rb in the ANO basis sets.

Analysis of results

The influence of the Gaunt and Breit 2e integrals on their
respective DHF–DCG and DHF–DCB mean-fields is quantified
using the mean squared displacement of the pe eigenvalue
spectrum (e+) of the 4c Fock (labeled eDHF

+) and decoupled 2c
Fock matrix. The eDCG-1e

+, eDCB-1e
+ represent decoupled 2c pe

Fock spectrum which are exact in all one-body terms but
neglect two-body Gaunt and Breit integrals respectively in

Table 2 Electronic fine structure splitting 2P3
2
� 2P1

2

� �
for varying atom types, basis types, and X2Cmmf transformation types, calculated using EOM-

CCSD-X2Cmmf-DHF and compared to experiment (units are eV)

Atom Basis Experiment DC-1e2e DCG-1e DCB-1e DCG-1e2e DCB-1e2e

Na ANO-RCC-MB 0.0021 0.0030 0.0028 0.0028 0.0028 0.0028
Na ANO-RCC-VDZ 0.0021 0.0023 0.0022 0.0022 0.0022 0.0022
Na ANO-RCC-VDZP 0.0021 0.0024 0.0022 0.0022 0.0022 0.0022
Na ANO-RCC-VTZP 0.0021 0.0023 0.0022 0.0022 0.0022 0.0022
Na ANO-RCC-VQZP 0.0021 0.0023 0.0022 0.0022 0.0022 0.0022
K ANO-RCC-MB 0.0072 0.0074 0.0072 0.0072 0.0072 0.0072
K ANO-RCC-VDZ 0.0072 0.0066 0.0064 0.0064 0.0064 0.0064
K ANO-RCC-VDZP 0.0072 0.0077 0.0075 0.0075 0.0075 0.0075
K ANO-RCC-VTZP 0.0072 0.0076 0.0074 0.0074 0.0074 0.0074
Rb ANO-RCC-MB 0.0295 0.0220 0.0220 0.0219 0.0220 0.0219
Rb ANO-RCC-VDZ 0.0295 0.0235 0.0232 0.0232 0.0232 0.0232
Rb ANO-RCC-VDZP 0.0295 0.0240 0.0237 0.0237 0.0237 0.0237
Cs ANO-RCC-MB 0.0687 0.0508 0.0513 0.0512 0.0513 0.0512
Cs ANO-RCC-VDZ 0.0687 0.0529 0.0529 0.0529 0.0529 0.0529
Fr ANO-RCC-VDZ 0.2091 0.1543 0.1566 0.1563 0.1566 0.1563

Fig. 1 Mean squared displacement of positive energy spectrum after
X2Cmmf using DC-1e2e, DCG-1e, and DGB-1e, DCG-1e2e, and DCB-
1e2e transformation versus the respective positive energy spectrum from
4c DHF using DC, DCG, and DCB Hamiltonian in ANO-RCC-VDZ basis set

(MSD ¼ 1

n

Pn
i¼1

ei;4c-DHF
þ � ei;2cþ

�� ��2, units are Hartree).
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decoupling while eDC-1e2e
+, eDCG-1e2e

+, eDCB-1e2e
+ represent the

exactly decoupled 2c pe Fock spectrum. Results of these calcula-
tions are seen in Fig. 1 (Fig. S1 in the supplementary information
demonstrates results are independent of basis choice). Here, we
find e+,2c

DCG-1e vs. eDHF–DCG
+ and eDCB-1e

+ vs. eDHF–DCB
+ to exhibit a

growing discrepancy in the pe eigenvalue spectrum while the
exactly decoupled 2c have consistent negligible error. This con-
firms that Gaunt and Breit integrals increasingly contribute to
their respective 4c DHF mean-field as elements become heavier.

A similar procedure can be performed to quantify discre-
pancies in 4c DHF mean fields using higher order relativistic
corrections (DC, DCG, and DCB) with increasing atomic num-
ber. This is accomplished using the mean squared displace-
ment of the pe eigenvalue spectrum (e+) of the 4c DHF–DCB Fock
(labeled eDHF–DCB

+) and various decoupled 2c Fock introduced
above (eDCG-1e

+, eDCB-1e
+, eDC-1e2e

+, eDCG-1e2e
+, eDCB-1e2e

+). Fig. 2
shows the results of mean squared displacement analysis while
Fig. S2 (see supplementary information) shows results are inde-
pendent of basis choice. Observing a growing displacement in pe
eigenvalue spectrum neglecting Gaunt or gauge (eDHF–DCB

+ vs.
eDCG-1e

+, eDCB-1e
+, eDC-1e2e

+, eDCG-1e2e
+), a lower displacement in

spectrum exact in Gaunt (eDHF–DCB
+ vs. eDCG-1e2e

+), and a negli-
gible displacement in the exactly decoupled spectrum including
both Gaunt and gauge (eDHF–DCB

+ vs. eDCB-1e2e
+), confirms an

increasing discrepancy in pe mean field obtained using 4c
DHF–DC, DHF–DCG, or DHF–DCB with increasing atomic num-
ber. This result emphasizes the need for increasingly accurate
Hamiltonian as atomic number increases.

Moving on to the EOM-CCSD-X2Cmmf-DHF calculations, it is of
interest to understand the impact of the Gaunt and Breit integrals
on the 1e and 2e terms of X2Cmmf transformed normal-ordered
Hamiltonians used in post 4c SCF correlation-excitations steps.

Table 2 shows electronic fine structure (EFS, 2P3
2
� 2P1

2
) for varying

atom types, basis types, and X2Cmmf transformation types, calcu-
lated using EOM-CCSD-X2Cmmf-DHF and compared to experiment.
Table 2 demonstrates that error of the predicted and experimental
EFS decreases with increasingly accurate basis sets (ANO-RCC-VDZ
- ANO-RCC-VDZP - ANO-RCC-VTZP - ANO-RCC-VQZP). Table 2
further demonstrates that as elements increase in atomic number,
predictions deviate from experiment. These deviations can likely be
attributed the neglect of important higher-order excitations neces-
sary for modeling heavier elements.50 However, for small elements
(Na,K), where a CCSD framework is sufficient to provide a reason-
able reconstruction of correlation, it is noted that more accurate
X2Cmmf transformed normal-ordered Hamiltonians provide a better
prediction of the EFS.

Fig. 3 presents results of the absolute difference between the

EFS 2P3
2
� 2P1

2

� �
predicted by DC-1e2e, DCG-1e, DCB-1e, and

DCG-1e2e versus the EFS predicted by DCB-1e2e transformation
(supplementary Fig. S3 demonstrates results are independent of
basis choice). Fig. 3 and Table 2 both indicate that even for
elements with small atomic number, including only the Coulomb
integrals is insufficient, the Gaunt integrals in both the 1e and 2e
terms of the X2Cmmf transformed normal ordered Hamiltonian
contribute in 3rd–4th decimal of EFS prediction within the EOM-
CCSD-X2Cmmf-DHF framework. Additionally, as elements increase
in atomic number, the contributions of the gauge integrals in the
1e and 2e term of the X2Cmmf transformed normal ordered
Hamiltonian contribute in 4th–5th decimal of EFS prediction.

Closing remarks

As higher fidelity electronic structure is needed, the introduc-
tion of relativistic theories becomes increasingly important to

Fig. 2 Mean squared displacement of positive energy spectrum after
X2Cmmf using DC-1e2e, DCG-1e, and DGB-1e, DCG-1e2e, and DCB-
1e2e transformation versus the absolute value of positive energy spectrum
from 4c DHF using the DCB Hamiltonian in ANO-RCC-VDZ basis set

(MSD ¼ 1

n

Pn
i¼1

ei;4c-DHF�DCB
þ � ei;2cþ

�� ��2, units are Hartree).

Fig. 3 Absolute difference of fine structure splitting predicted using the
DC-1e2e, DCG-1e, DCB-1e, and DCG-1e2e transformation versus the
DCB-1e2e transformation for various basis sets calculated using EOM-
CCSD-X2Cmmf-DHF in ANO-RCC-VDZ basis set (units are eV).
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characterize certain systems. In order to address this issue, we
developed a CCSD code using the 4c DHF ground state and
X2Cmmf transformed normal-order Hamiltonian incorporating
all 1e and 2e contributions from the Coulomb, Gaunt, and Breit
operators. Results confirm that Gaunt and Breit integrals
increasingly contribute to the DHF solutions causing deviations
with increasing atomic number in the mean fields generated
with varying orders of relativistic corrections (DC, DCG, and
DCB). It is also shown that for elements with small atomic
number, the Gaunt integrals in both the 1e and 2e terms of the
X2Cmmf transformed normal ordered Hamiltonian contribute
significantly to EFS predictions within the EOM-CCSD-X2Cmmf-
DHF framework while those elements with increasing atomic
number have non-negligible contributions of the gauge inte-
grals. Overall, this work outlines limitations of various X2Cmmf

transformations, and lays the ground work for more studies
utilizing the DCB Hamiltonian within an exact X2C mean-field
approach.
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13 P. Pyykkö, Relativistic effects in chemistry: more common
than you thought, Annu. Rev. Phys. Chem., 2012, 63, 45–64.

14 W. Liu, Advances in relativistic molecular quantum mechanics,
Phys. Rep., 2014, 537, 59–89.

15 D. Jayatilaka and T. J. Lee, The form of spin orbitals for
open-shell restricted Hartree–Fock reference functions,
Chem. Phys. Lett., 1992, 199, 211–219.

16 T. Fukui and Y. Hatsugai, Topological aspects of the quantum
spin-Hall effect in graphene: Z 2 topological order and spin
Chern number, Phys. Rev. B:Condens. Matter Mater. Phys., 2007,
75, 121403.

17 J. G. Rau, E. K. H. Lee and H. Y. Kee, Spin-orbit physics giving
rise to novel phases in correlated systems: Iridates and related
materials, Annu. Rev. Condens. Matter Phys., 2016, 7, 195–221.

18 B. Swirles, The relativistic self-consistent field, Proc. R. Soc.
London, Ser. A, 1935, 152, 625–649.

19 J. Liu, Y. Shen, A. Asthana and L. Cheng, Two-component
relativistic coupled-cluster methods using mean-field spin-
orbit integrals, J. Chem. Phys., 2018, 148, 034106.

20 A. Asthana, J. Liu and L. Cheng, Exact two-component
equation-of-motion coupled-cluster singles and doubles
method using atomic mean-field spin-orbit integrals,
J. Chem. Phys., 2019, 150, 074102.

21 J. V. Pototschnig, A. Papadopoulos, D. I. Lyakh, M. Repisky,
L. Halbert, A. Severo Pereira Gomes, H. J. A. Jensen and
L. Visscher, Implementation of relativistic coupled cluster
theory for massively parallel GPU-accelerated computing
architectures, J. Chem. Theory Comput., 2021, 17, 5509–5529.

22 P. Tecmer, A. Severo Pereira Gomes, S. Knecht and
L. Visscher, Communication: Relativistic Fock-space

PCCP Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

3 
Ju

ne
 2

02
6.

 D
ow

nl
oa

de
d 

on
 6

/3
/2

02
6 

9:
13

:1
1 

PM
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

https://doi.org/10.1039/d6cp01222a
https://doi.org/10.1039/d6cp01222a
http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d6cp01222a


Phys. Chem. Chem. Phys. This journal is © the Owner Societies 2026

coupled cluster study of small building blocks of larger
uranium complexes, J. Chem. Phys., 2014, 141, 041107.

23 J. Sikkema, L. Visscher, T. Saue and M. Iliaš, The molecular
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