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Abstract

We define and calculate the triplet-pair population of the 21Ag dark state in polyenes, as pre-
dicted by the m-electron Pariser-Parr-Pople (PPP) model, for chains of 8 to 14 C-atoms and
Coulomb interaction parameter between 4-14 eV. Our definition of the triplet-pair population
is motivated by a two-particle model of the 21Ag state. We use DMRG to solve the PPP model
and we exploit the MPS representation of the DMRG wavefunction to compute the triplet-pair
population. Using our results for short chain sizes, we predict a finite-size scaling value of the
triplet-pair population of ca. 75% for realistic Coulomb interactions for polyene chains. Our re-
sults agree with other theoretical work on the doubly-excited character of polyenes, and represents
further evidence that the 21Ag state is predominantly triplet-pair in character - with implications

for singlet fission mechanisms in polyenes.

I. INTRODUCTION

The 2' 4, dark state in polyenes has been of interest to researchers for over 50 years [1, 2].
There is general agreement to its mixed triplet-pair and charge-transfer exciton character
in linear m-conjugated systems [1, 3-6], although limited effort has been directed towards
quantifying the doubly-excited character [5, 7-10].

In 1972, Schulten and Karplus were the first to predict the triplet-pair (or bimagnon)
character of the 2' 4, state [1]; they showed that inclusion of doubly-excited determinants
reproduced the relative energy ordering of the dark and bright states observed experimen-
tally [2]. In 1976, Schulten et al. [11] further investigated the nature of the dark state
and identified that double excitations make the dominant contribution to this wavefunction.
Ten years later, Hayden and Mele compared the relaxed lattice configurations for the 2'4,
state with that of two 13B,, states and noted a striking resemblance between the two for a
chain of 16 C-atoms [12]. Further significant theoretical contributions were made in 1987 by
Tavan and Schulten [13], who showed that covalent excitations are combinations of triplet
excitations in long polyenes. Importantly, the lowest covalent state, namely the 2' 4, state,

has a bond structure described by a pair of neutral soliton-antisoliton pairs, or equivalently
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a triplet-pair (where each triplet has a neutral soliton-antisoliton structure). Additional
evidence for the four-soliton structure of the dark state in long polyenes was provided by
Barford et al. [14, 15] for chains of up to 50 ethylene dimers.

Chandross et al. [3] used a diagrammatic exciton-basis valence bond description of
polyenes to investigate the low-lying eigenstates of short chains. Their work showed that
the 21 A, state is best referred to as a mixture of triplet-pair and charge-transfer exciton com-
ponents. Likewise, Valentine et al. [6] calculated the exciton wavefunction of the 2' A, state
and showed that it corresponds to the lowest member of a family of electron-hole excitations,
which they named the “2A,-family” of states. They concluded that the dark state is a linear
combination of odd-parity charge-transfer excitons and Ty ® Ty (i.e., 1B, ® 1*B,,) triplet-
pairs. The hybridization between the exciton and triplet-pair components was investigated
in more detail by Barford [5], who showed that the coupling between the two subspaces,
mediated by a one-electron transfer between neighbouring triplets, was responsible for the
strong binding of the triplet-pair.

More recently, do Casal et al. [7] used a definition of excited state character based on
the one-electron transition density matrices to show that the optically allowed 1! B, state is

almost exclusively singly-excited in character, whereas the 2' A, state exhibits large multiply-

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

excited contributions with respect to the ground state. Chagas et al. [8] performed a similar

calculation on polyenes of 6, 8, 10 and 12 C-atoms and observed that the doubly-excited

Open Access Article. Published on 26 June 2026. Downloaded on 6/28/2026 12:15:54 PM.

character of the 2' 4, state was above 50% in all cases, which increases with increasing chain
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size. This result complements the previous findings of Starcke et al. [9], who calculated the
population of doubly-excited configurations in the 2! A, state of chains of two to six ethylene
dimers to be ca. 80%. Furthermore, similar results were obtained by Boguslawski [10]
who used a pair coupled-cluster double (pCCD) method to calculate the double excitation
contribution to the 2' A, wavefunction for short chains.

In addition to the purely theoretical interest in understanding the nature of the dark
state, there is experimental [16-21] and theoretical [6, 22-27] evidence which suggests that
the 2A,-family of states might act as intermediates in the formation of uncorrelated triplets
during singlet fission in polyenes and carotenoids. In long polyene-type systems there is
evidence of triplet formation via singlet fission on single chains [16, 17, 19, 28]. For shorter
polyenes, e.g., carotenoids, however, singlet fission appears to occur only in aggregates and

dimers [21, 29-33].
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There is some controversy as to whether or not singlet fission in carotenoid aggregates
proceeds via an intramolecular singlet triplet-pair intermediate. On one hand, some re-
searchers [21, 32] argue that the initially photoexcited singlet state interconverts into a
intramolecular singlet triplet-pair. This mechanism proposes that there is a relaxation path-
way from the bright state to one of the triplet-pair dark states, which in turn can (in an
aggregate) unbind and decohere into two separate triplet excitations. The spectroscopic ob-
servation of an intermediate state, often labelled S*, is evidence in favour of this relaxation
pathway. On the other hand, there is some evidence [30, 33, 34] to suggest that singlet fis-
sion instead is facilitated by charge-transfer states, with or without an observable (singlet)
intermediate state. This implies that the mechanism in carotenoids is similar to the one ap-
plicable in polyacenes, which proceeds via coupling of both intermolecular triplet-pairs and
initial singlet state to higher energy charge-transfer states [35, 36]. The ambiguity in possible
mechanisms is not helped by the practical and theoretical difficulties of studying carotenoid
aggregates - for example, heterogeneous aggregates [37] make spectroscopical data difficult
to interpret, whilst systems larger than two chains are not easily simulated using current ab
initio methods. Furthermore, it is possible that both suggested mechanisms are viable [23],

but one is significantly slower than the other depending on the specific system.

To help elucidate the singlet fission mechanism in polyenes and carotenoids, it is necessary
to quantify the triplet-pair character of the dark states. In this paper we achieve this goal
by solving the Pariser-Parr-Pople (PPP) model of m-electron systems using the density
matrix renormalisation group (DMRG) method [38-41]. The triplet-pair population of the
21 A, state as a function of the Coulomb interaction is computed by exploiting the MPS
structure [42] of the DMRG wavefunction. Our rigorous DMRG solution of the PPP model
means that the highly-correlated 2' A, state is correctly described. Moreover, our real-space
projection technique computes a triplet-pair population that is relevant to the expected

triplet yield from singlet fission.

The contents of this paper are as follows. Section II contains the theoretical details.
We begin by describing the PPP model (in Section II A), and reprising the DMRG method
and MPS formulation (in Section IIB). Next, in Section II C we motivate our definition of
the triplet-pair population of the 2' A, state by describing an exact calculation of the two-
particle population of a toy model that describes two-particle interactions. This method is

adapted in Section IID to calculate the triplet-pair population of the 2! A, state computed

4
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using DMRG from the PPP model. Our results are described in Section I1I and we conclude
in Section IV.

II. THEORY
A. The Pariser-Parr-Pople model

The Pariser-Parr-Pople (or extended Hubbard) Hamiltonian for a linear chain of N C-

atoms is defined as

N—-1
~ ~ -~ - o \ 1 v 1
firrn = =St i) <0 S (S-3) (9-3) 00
23V (3-1) (%-1),
[ B

The operator ¢ (¢,) creates (destroys) an electron with spin ¢ in the p, orbital on C-
atom 7. The hopping of the electrons between neighbouring atoms is defined by the transfer

integral t;, where for periodic bond alternation we define t; = to(1 + ) and ts = to(1 — 9)

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

as the double- and single-bond hopping integrals, respectively. The Coulomb interaction is

modelled using the semi-empirical Ohno potential,
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where the Coulomb parameter U is in eV, € is the relative permittivity and r;;, the distance
between electrons on C-atoms i and j, is in A. We vary U between 4-14 €V, range which
includes the typical values of the Coulomb parameter used for m-conjugated systems [6, 43].
For all calculations that we discuss next, we have taken ¢ = 2, to = 2.4 eV and § = 1/12,
so that t; = 2.6 eV and t, = 2.2 eV. Fig. S1 in Supporting Information shows a comparison

between our choice of parameters, ab initio DMRG and experimental results.

B. DMRG and the MPS representation

We use the Density Matrix Renormalisation Group (DMRG) method [38-40] to solve the
PPP Hamiltonian. The DMRG algorithm accurately and efficiently truncates the Hilbert
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space, and is especially well-suited at solving one-dimensional problems [6, 40, 44-47] due
to the rapid exponential decay of the eigenspectrum of the density matrix. In our case, we
first employ the use of the infinite chain algorithm to grow the chain to the desired length.
Afterwards, one iteration of the finite chain algorithm (i.e., a sweep) is enough to assure
that the solutions of Eq. 1 converged (Table S1 in Supporting Information shows the results

of convergence testing).

The wavefunctions obtained from DMRG [38, 39] are of the form

U= D Varowioniabusa@)0nt1)|0ns0) | Busa), (3)

QnOnt10n+20Bn+2

where the state |o,,) describes the mth C-atom in a chain of N C-atoms, and the block
states |a,) and |B,42) describe the two DMRG blocks, as shown in Fig. 1. We can view
DMRG wavefunctions via the Matrix Product State (MPS) formalism [41, 42], which allows

us to write the block states as a linear combination of tensor products,

ESENEY S ATAT AT Joioa . 0y), (4)

Q1,02,...,0n—1 01,02,...,0n

where A7 is the MPS tensor corresponding to the mth C-atom in the left block.

;Qm

Likewise, the states describing the right block are

O O

|an) |Un+1) |an+2) |.Bn+2)

FIG. 1. The structure of the DMRG blocks. The first and last blocks are described by the
set of block states {|ay,)} and {|Bn+2)} respectively, which correspond to linear combinations of
tensor products of site states, |o,,). Above the block diagram is a representation of the respective

segments of a real chain that these block states describe. The site states describe the occupation

of the carbon p, orbitals, i.e., |o) = {|0),| 1), | 1), | T4}
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Bn+3,--BN—2,6N—1 On+3;-;0ON—-1,0N

where Bg™ | ; is the MPS tensor corresponding to the mth C-atom in this block.
This form of the wavefunction is of better use to us, as it allows us to compute wave-
function overlaps straight-forwardly [41]. We can always write all wavefunctions in the same

(site) basis, irrespective of the truncation procedure or rotation of the block basis involved

in DMRG.

C. Two-particle representation of the triplet-pair state

In this section we motivate our procedure to determine the triplet-pair population of the
21 A, state. We do this by the simpler problem of computing the two-particle population of

a general many-particle eigenstate of the Hamiltonian H = H, + H,, where

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.
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n=1
and
Nd—l
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(cc)

H, describes the hopping of indistinguishable particles between neighbouring sites along a
linear chain of N, sites, while Hy describes a nearest-neighbour two-particle interaction. We
assume a hard-core repulsion between the particles. (The nearest-neighbour attraction in Eq.
(7) is motivated by the derivation in Ref. [5] of a nearest-neighbour triplet-triplet attraction
in polyenes mediated by a charge-transfer exciton. However, the method described in this
section is general and it equally works for H, = >
Vinn-)

We construct a two-particle basis of size Ng(Ny — 1)/2 for a chain of Ny sites composed

metn Vinn |, n) (m, m| for any interaction

of two subchains of length m and (N; — m) by a tensor product of the one-particle states,

as illustrated in Fig. 2. The tensor product is defined as

[ TT;(m)) = [T;(m)) @ |Ty(Na = m)), (8)

7


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d6cp01090c

Open Access Article. Published on 26 June 2026. Downloaded on 6/28/2026 12:15:54 PM.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

Physical Chemistry Chemical Physics

View Article Online
DOI: 10.1039/D6CP01090C

ITT;(m))
A

| L

e e

R
- —— ——

—
—
p—
—

Y Y
|T;(m)) IT1(Ng —m))

FIG. 2. The definition of our two-particle (or triplet-pair) basis, described in Section IIC (and
Section IID). x represents a site (or dimer). For a chain of Ny sites (or dimers), we define a
two-particle (or triplet-pair) state as the tensor product between a single-particle (or triplet) state
|Tj(m)) occupying the left subchain of m sites (or dimers) and a single-particle (or triplet) state
|7} (Ng — m)) occupying the right subchain of (Ny — m) sites (or dimers). 1 < m < (Ny— 1) and
1 < j < m, such that YN = Ny(Ny — 1) /2.

m=1

where

1730m) = (m%l)/in (2 ) )

is a one-particle eigenstate of H, for a subchain of m sites. The length of the left-hand sub-
chain, m, satisfies 1 < m < (Ng—1), while the quantum number j satisfies 1 < j < m, such
that the basis {|T'T;(m))} spans the complete two-particle Hilbert space, i.e., 374 m =
Na(Ng—1)/2.

Next, the basis {|7'7;(m))} is orthonomalized via the Lowdin symmetric orthogonaliza-

tion [48] procedure to yield the basis {|T7;(m)))} (denoted by the double-ket).

We explicitly demonstrate numerically that this basis is a complete representation of any

two-particle eigenstate, |U), of H by computing the population,
Nﬁ—l m

P=% > [(TT(m)¥). (10)

m=1 j=1

P =1 for value choice of the interaction, V', or for any state | V).

8
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D. Definition of the triplet-pair population of the 21Ag state

The mapping of the two-particle problem described in Section II C onto the calculation
of the triplet-pair population of the 2' 4, state is by the observation that the ket |n) in Eq.
(9) represents a triplet localized on the nth ethylene-dimer. In addition, |Tj(m)) represents
a triplet eigenstate on a subchain of m dimers with j labelling the state in ascending energy.
Finally, the two-particle state |U) represents the 2' A, state of the full chain of N,; dimers.
Both the triplet and 2' A, states are now computed from the PPP model via DMRG. For a
subchain of m dimers |T;(m)) is selected from the m members of the lowest-lying covalent
triplet family, i.e., those with the same particle-hole symmetry as the 2! A, state.

We then use the MPS representation of the DMRG wavefunction to compute the tensor
product

[TT(m)) = |T;(m)) @ |Ty(Na — m)), (11)

where 1 <m < (Ny—1) and 1 < j < m, again illustrated in Fig. 2. We next orthonormalize
these triplet-pair states via the Lowdin orthogonalization [48] to yield the basis {|77};(m))) }
and again using the MPS formulation we compute the projection ((T'T;(m)|2'A,).

The triplet-pair population, Prr, of the 2! A, state is now defined as

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

Ng—1 m

Prr =33 3 JUTT;(m)|2' Ap)|", (12)

m=1 j=1

Open Access Article. Published on 26 June 2026. Downloaded on 6/28/2026 12:15:54 PM.
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where the factor of 3 appears because we only compute triplet-pairs where the triplets in
both subchains have a spin-projection, S, = 0, i.e., the triplet-pairs are Ty ® Ty, where
the subscript refers to the mg quantum number of that triplet. A triplet-pair in an overall

singlet state is
1
V3

Since the 2' A, state is a spin eigenstate with S = 0 eigenvalue, it must be the case that any

'TT) = —= (1T 1) — | ToTo) + T Tia)) - (13)

triplet-pair component will be found in an overall spin-symmetrised singlet state. It follows

that
T2t A 2——1 I T 412V A — (ToyTol2R A, + (T T.4|2' A 2 14
|< ’ g>’ 3|< +1 71’ g> < 0 0‘ g> < -1 +1‘ g>| ) ( )

where the overlap integrals satisfy
(TTa[2'Ag) = —(ToTo[2' Ag) = (T T4 |2 Ay) (15)

9
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due to the overall singlet spin multiplicity of the 2! 4, state, as mentioned above. Therefore,

the triplet-pair population can be written as
2 2
(T2 Ag)|” = 3 (ToTo|2" Ag) |, (16)

which is Eq. (12).
In addition to the triplet-pair population, we also calculate the triplet-pair binding energy,

AFErr, defined as
AETT = E15Ag - E21Ag- (17)

We use the energy of the lowest quintet state 1° A4, as a proxy for the energy of two electron-
ically uncorrelated triplets. Based on an energetics argument, Valentine et al. [6] suggested
that the lowest quintet state in polyenes has predominantly unbound triplet-pair character.
We calculate the triplet-pair population of the lowest quintet state for chains of 8, 10, 12
and 14 C-atoms, i.e., Ny = 4, 5, 6 and 7 ethylene dimers respectively) for all values of the
Coulomb interaction parameter considered. The triplet-pair population of the quintet state

is defined analogously to Eq. 12:

2
)

3
Prp = 3 T (m)1°A) (18)
7j
where the factor of 3/2 arises by the same argument as above, with the quintet state defined

as
1
V6

Calculations of the triplet-pair population of the quintet state, as well as the next lowest

PTT) = —= (T T-1) + 2[ToTo) + |T-1T41)) - (19)

energy dark state, 1'B,,, are discussed in Appendix A. In all cases, PYQT 2 90%, which is
further evidence that the quintet state does indeed correspond to a pair of unbound triplets.

Notice that although the two-particle basis defined in Section II C is complete, it does not
necessarily follow that our triplet-pair basis constructed from the DMRG calculation of the
PPP model is also complete. Therefore, our calculated triplet-pair population is formally a
lower bound. This is confirmed by our estimate of the triplet-pair population of the lowest
energy quintet state of the PPP model as being only ca. 93%, rather than 100%. However,
as noted by previous authors [6, 13, 45], the |17 ® T}) triplet-pairs are expected to form the

largest contribution to the 2'A, state. Our triplet-pair basis accounts for every partition

10
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of a chain into two T} triplet states, with smaller contributions from higher energy triplet-
pairs. Therefore, the triplet-pair population of the 2' A, state as calculated in this paper is

expected to account for almost all of the triplet-pair character of the dark state.

III. RESULTS

The calculated values of Pry as a function of the Coulomb parameter, U, are shown
in Fig. 3(a). The triplet-pair population increases with increasing Coulomb interaction,
reaching the asymptotic limit of Prr — 1 as U/ty — oo for all chain lengths. That the
2' A, state becomes entirely triplet-pair in character in the strong-coupling limit is a known
result [3-5]. In this limit, all determinants corresponding to each p,-orbital that are singly
occupied by an electron are degenerate [11], meaning that there are 2V degenerate eigenstates
with the same energy as the 1' 4, state, including the 2' A, state. The 2' A, state corresponds
to two electron spin flips with respect to 1'A, [4, 13]. Since there are no charge-transfer
components, this implies that the 2' A, state is entirely triplet-pair in character.

On the other hand, we note that the triplet-pair population does not vanish in the op-

posite, noninteracting limit, as one might expect from the molecular orbital description. As

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

shown in Appendix B and Ref. [3], contributions to the ground state from charge-transfer

states between ethylene dimers result a in nonzero triplet-pair character in the 2' A, state.
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This is a consequence of using the real-space valence bond picture to analyse the noninter-

(cc)

acting eigenstates. Within the molecular orbital (or band) picture the 2' A, state is a single
electron-hole (e-h) excitation, i.e., the 2'A, state does not have any doubly-excited e-h
character in the noninteracting limit. Furthermore, the growth of the triplet-pair character
with increasing Coulomb interaction is a consequence of the covalent states (i.e., triplet-
pairs) becoming more energetically favourable with respect to the ionic contributions (i.e.,
charge-transfer excitons) in the 2' A, state [3-5].

The dependence of Prp on chain length is shown in Fig. 3(b). We notice an increase in
Prp with increasing number of C-atoms, /N, but no obvious relationship emerges between the
triplet-pair population and the size of the system from our data. We fitted our data to the
power function Ppp(N) = aN~* + ¢. We see that this predicts a monotonic increase in the
triplet-pair population of the 2! A, state with increasing number of C-atoms. This behavior

correlates with the change in the binding energy, shown in Fig. 4. The triplet-pair binding

11
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described in Appendix B.

12

(a)
® 4 sites
m 8 sites
v 10 sites
A 12 sites
x 14 sites
0.21 4 6 8 0 12 14
4 6 8 10 12 14
U (eV)
(b)
N
5030 20 1412 10 8 6 4
------------------ Xk e
0.9 T oA T
------------------- Xy T e
0.8 1 e T o
------------------- X-—-‘.—-__‘___-~.._‘~§~- ~~~\§~~~~~"‘~~.__
0.6 hew T L
054
“““ XAy Tl
TEe- ~e-.
—— 4eV  —e— 10V e
—o— 6eV —e— 126V el
021 —* 8eV —o— 14 eV
0.00 0.05 0.10 0.15 0.20 0.25

FIG. 3. (a) The triplet-pair population, Ppr, of the 214, state (defined in Eq. (12)) as a function
of the Coulomb interaction parameter, U. (b) The extrapolation of the finite-size-scaling (FSS)
values of Ppr for the six different Coulomb parameters versus N~!, where N is the number of
C-atoms. The data was fitted to the function Prr = aN~® + ¢. The inset in (a) shows the FSS

values of Ppr as a function of U. Also shown are the exact values of Ppp for a 4 C-atom chain, as

energy and the triplet-pair population are related quantities: Pprp increases with decreasing

AEqpr [5]. The finite-size-scaling (FSS) result for the triplet-pair population as a function
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© FIG. 4. The triplet-pair binding energy, AE7r, (defined in Eq. (17)) as a function of N~!, where
5
€ N is the number of C-atoms, for different values of the Coulomb parameter, U.
B
2
2 of Coulomb interaction is shown in the inset of Fig. 3(a). As shown in the SI, the realistic
@
'% value of U for m-conjugated systems [43] is ca. 8 eV, and thus we deduce that the triplet-
S pair population, Prr, in polyenes is ca. 75%. Note that this value, although remarkably

close to the calculated values of the doubly-excited character of the 2' A, state [9, 10], does

Open Access Article. Published on 26 June 2026. Downloaded on 6/28/2026 12:15:54 PM.

not necessarily imply that the 2' A, state has 75% doubly-excited character, as shown in

(cc)

Appendix B for the noninteracting limit. The triplet-pair population is a quantity closely
related to the doubly-excited character (i.e., the weight of the doubly-excited determinants)
of a wavefunction but not equivalent to it, as one is defined within real space and the other

within the molecular orbital theory. However, both are seen to follow similar trends [7-10].
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IV. DISCUSSION AND CONCLUSIONS

In conclusion, we have presented the results of numerical calculations of the real-space
triplet-pair population of polyenes of 8, 10, 12, and 14 C-atoms for different values of the
Coulomb interaction. Using these results and the correlation between the triplet-pair binding
energy and triplet-pair character of the 2' A, state, we extrapolated the value of the triplet-
pair population to infinitely long chains. Our calculations agree with other measures of
double-excitation character derived from ab initio calculations [7-10], where an increase in
the triplet-pair character with increasing chain size is observed. Furthermore, we notice that
the triplet-pair population also agrees with calculations of Chandross et al. [3] in the limit of
noninteracting electrons where Prr is small but nonzero, as well as in the strongly-interacting
limit where the 2' A, state Ppy — 1.

Our results have implications for possible singlet-fission mechanisms in carotenoids that
postulate that one of the 2'A,-family [6] is the intermediary between the bright-excited
state and spatially uncorrelated, decohered triplet-pairs. However, since the lowest-energy
member of this family (i.e., the 2! A, state) is composed of a strongly bound triplet-pair [5, 6],
potential singlet fission from this state would be endothermic, whereas potential singlet
fission from higher-energy members would be exothermic [6, 25]. The triplet-pair population

of these higher-energy members of the 2' A ,-family are therefore discussed in Appendix A.
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Appendix A: Triplet-pair population of the 24,-family of states
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The 21A; state is the lowest energy member (with the lowest pseudomomentum) of
a band of states that corresponds to the triplet-pair quasiparticle [6]. The higher-energy
(higher pseudomomentum) states are 1'B;, 31A;, ---. Here, we explicitly label the states
using the particle-hole notation for covalent (“-”) and ionic (“+7) states so as to distinguish
the 11 B state from the optically bright 1'B; state.

As discussed in Section IV, although the QIA; state has a large triplet-pair population,
singlet-fission from this state would be endothermic, owing to the strong triplet-pair attrac-
tion [5, 6]. In contrast, triplets in the higher-energy members of the 2! A -family are weakly
bound and intermolecular singlet-fission from these states would be exothermic [6, 25]. Thus,
the triplet-pair population of these states is relevant for potential singlet-fission mechanisms
in polyenes.

Fig. 5 shows the triplet-pair population of the 21A; and 1'B; states, in the limit of

15
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infinite chains (as predicted in the same way as described in the main text). The triplet-pair
population is observed to decrease as the pseudomomentum increases, i.e., higher energy
dark states have a smaller Prp. This can be rationalized by the coupling between the
singlet triplet-pair subspace and the higher energy singlet charge-transfer exciton subspace,
as described in Ref. [5]. This coupling results in a series of eigenstates, where the lowest
energy eigenstate has the highest triplet-pair weight. Furthermore, our result agrees with the
ab initio prediction in Ref. [9] that the doubly-excited character of the 1! B, state is smaller
than that of 21A; state. (The spin correlations and charge-transfer exciton wavefunctions
of the 21A;, 1'B; and 31A; members of the 2' 4 -family are illustrated in Fig. 7 and Fig.
8 of Ref. [6], respectively.)

The extrapolated triplet-pair population of the lowest quintet state, 15Ag_, is also shown
in Fig. 5. For a chain of 4 C-atoms, a quintet state can only be formed by the coupling
of two triplet states in an overall S = 2 state. Therefore, for butadiene, this quintet state
has P2, = 1. Applying our definition of P2, for chains of 8 to 14 C-atoms we find 0.90 <
P:,C?T < 0.96, where the triplet-pair population increases with increasing Coulomb parameter

and decreases with increasing chain length.

Appendix B: Triplet-pair population in the noninteracting limit

In this appendix we demonstrate that in the noninteracting limit in a chain of four C-
atoms (i.e., sites) the 2' 4, state has a nonzero triplet-pair population.
The noninteracting m-electron Hamiltonian is
H=- Z ti(el i + é;-r+1géw)> (B1)
where t; = to(1 4+ (—1)+Y6) and we take 6 = 1/12.

On a chain of four-sites the 21Ag state written in the site basis is

20 4,) = 0.1794 (| 1) + | L1 — | L) — [ 1) + ..., (B2)

where we only show the covalent (i.e., singly occupied site) contributions to the state.
Partitioning the four-site chain into two subchains of two sites each, we can write the

triplet states of each subchain (or dimer) as
Th1) = | 11), (B3)
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1T) = <= (114 + 1 41) (B1)
and

ITo) = | 4, (B5)

for the My, = +1,0 and —1 spin-projections, respectively.
The triplet-pair basis for the four-site (two-dimer) chain that spans the S, = 0 subspace

18

T T-1) = [ T4, (B6)
[TT0) = £ (1140 + [ 1) +1 110 + | L1)) (B7)

and
1T} = | 1A1). (B8)

The projection of each of these triplet-pair basis states onto the 2' A, state (given in Eq.
(B2)) is 0.1794 and thus the total triplet-pair population of this state is 9.66%.
Alternatively, using Eq. (B6), Eq. (B7) and Eq. (B8), we can construct the singlet triplet-

pair state for the four-site chain as

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

Ly L _
'TT) = 7 (1T T21) = [ToT0) + [T Th)) - (B9)

Projecting this state onto the 2' A, state, the triplet-pair population is |<1TT|21Ag>|2 =

Open Access Article. Published on 26 June 2026. Downloaded on 6/28/2026 12:15:54 PM.

(cc)

9.66%, as before. This value is the exact triplet-pair population because, for a chain of four
C-atoms, |'TT) spans the whole S = 0 space of electron configurations that can be written
as a product of two triplet states.

The results of the same analysis for the values of the Coulomb parameter considered in
the main text are shown in Fig. 3, which shows that the triplet-pair population increases as

the Coulomb interaction increases.
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