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Improving Robustness of Fifth-Rung Functionals with
Linearized Ladder Correlation®

Ella R. Ransford® and Kevin Carter-Fenk®*

Strong electron correlation effects due to multiconfigurational character remain a consistent challenge
for modern density functional theory (DFT). Despite their prominent position atop Jacob's Ladder at
rung 5, double-hybrid functionals are often even more sensitive to strong correlation than lower-rung
functionals, casting doubt on their general usefulness for transition-metal complexes. Much of these
problems can be traced to the second-order Mgller-Plesset (MP2) correlation energy, which is the
most common wavefunction-theoretic ingredient in double-hybrid functionals. Herein we introduce
a novel, size-consistent double-hybrid functional that uses Coulomb-attenuated linearized hole-hole
ladder coupled-cluster correlation as a robust alternative to MP2. The resultant ®B97X-L-V func-
tional performs as well as other traditional double-hybrids on main-group chemistry, can smoothly
dissociate covalent bonds, and performs well for reaction energies and bond dissociation energies of
transition-metal complexes. Our work sets the stage for further improvements to @B97X-L-V and

future double-hybrid functionals that add many-body screening to the MP2 correlation energy.

Introduction

Density functional theory (DFT) remains the workhorse of mod-
ern quantum chemistry. While exact, in principle, practical DFT
calculations invoke a wide variety of approximations for the
exchange-correlation (XC) energy. These approximations are of-
ten grouped into classes, or “rungs” on the Jacob’s Ladder! of
DFT. Each rung is defined by the information about the one-
electron density (or Kohn-Sham orbitals in generalized Kohn-
Sham theory) that is used by the density functional in calculat-
ing the energy. By far, the most commonly used DFT approxima-
tions belong to rungs 2, 3, and 4, which constitute generalized
gradient approximations (GGAs), meta-GGAs, and hybrid DFT,
respectively. Sitting atop Jacob’s Ladder at rung 5 are double-
hybrid (DH) functionals, 2-% which incorporate information about
the density, its derivative(s), occupied Kohn-Sham orbitals via ex-
act exchange, and virtual Kohn-Sham orbitals via wave function
theory (WFT) correlation.

Inclusion of WFT correlation makes DH functionals more ex-
pensive but generally improves their accuracy relative to lower-
rung approximations. The WFT of choice is often second-order
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Mgller-Plesset perturbation theory (MP2),%% as it is the most af-
fordable option at ¢’(N3), where N is the number of atomic or-
bital basis functions. However, the higher computational cost
of DH functionals does not always ensure better accuracy, espe-
cially in systems where the underlying MP2 correlation energy
breaks down. This was recently exemplified in a cautionary tale
by Shee and co-workers regarding the significant errors encoun-
tered when applying DH functionals to the bond dissociation en-
ergies of transition-metal complexes.” Despite these results, there
are DH functionals that manage to describe transition-metal com-
plexes well,811 but many of the best performers use highly pa-
rameterized formulations of MP2 that empirically scale same-spin
and opposite-spin correlation, sometimes even neglecting the for-
mer altogether. 12716 This requisite empiricism suggests a defi-
ciency in the MP2 correlation energy.

Another example of DH functionals under-performing for tran-
sition metal complexes comes from an appraisal of 240 density
functionals on spin-state energetics and binding energies of Fe
porphyrins in the POR21!7 data set, '8 where DH functionals ex-
hibited the second-highest mean absolute deviations (MADs) of
any rung on Jacob’s Ladder, with only rung 1 (local density ap-
proximation) functionals performing worse. DFT (and DHs in
particular) may perform poorly on POR21 because 3d metal com-
plexes can be somewhat strongly correlated, and strong correla-
tion remains a challenge for modern functionals. In lanthanides,
for example, the multireference character of partially filled f-
orbitals, high number of core electrons, and significant relativistic
effects conspire to form a complex electronic structure that poses
an exceptional challenge to current DFT methods. 1922
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While modern rung 1-4 functionals struggle with static corre-
lation, MP2-based rung 5 functionals can perform even worse
in comparison, defying the expectation set by their prominent
position on Jacob’s Ladder.”-18 However, for manifestly single-
reference transition-metal complexes like those in the MOR41?
and ROST61 1! data sets of closed- and open-shell metal-organic
reaction energies, DH functionals do generally offer improve-
ments. There is also evidence for DH functionals performing very
well on MOBH28,23 a refined subset of the original MOBH35 10
set of metal-organic reaction barrier heights that removed several
strongly-correlated systems. For these sets, many DH functionals
even perform within 3d-transition-metal chemical accuracy,®11
defined as 43 kcal/mol.2* Even so, there remains a great deal
of room to improve the performance of DFT on transition metal
complexes that are not so carefully curated to exclude systems of
(even moderate) multireference character.

Increasing the robustness of DFT approximations for strongly-
correlated systems has been a hotbed of research.2>-32 Becke’s
foundational B052> and B132° functionals for strong correlation
have inspired much of the work in the field.2” For instance, the
ratios between exchange energy densities used by local hybrid
functionals that modulate the fraction of exact exchange in re-
gions of space where strong correlation is pronounced have their
foundation in KP16/B13.30 Much of the work in this domain is
well characterized by the concept of the “zero-sum game” in DFT,
as introduced by Kaupp and co-workers.3° This concept points
out the apparent paradox wherein the addition of exact exchange
to the XC functional reduces self-interaction error but evidently
increases statistical errors when modeling strongly-correlated sys-
tems.

Whereas the aforementioned approaches attempt to modify the
underlying density functional, there have been parallel efforts to
move beyond MP2 correlation for the WFT component of DHs.
These efforts span truly multireference approaches such as multi-
configurational pair DFT, 333> to interfaces with single-reference
theories that are more adept at describing strongly correlated
systems, like seniority-based coupled-cluster.36-38 Of course, the
random-phase approximation (RPA),3%-#! often in its direct (ex-
changeless) form has been explored as an alternative to MP2 cor-
relation in the context of DFT.#2-51 Other work has explored the
application of regularized MP2 methods®%>> in place of canon-
ical MP2,°° finding that regularized MP2 does not improve the
numerical accuracy of DHs for well-behaved main-group chem-
istry. There have also been important developments in the inter-
face of DFT with particle-particle RPA (pp-RPA) >7>8 correlation
through pairing matrix fluctuation. %% Functionals paired with
pp-RPA have been shown to be quite useful for modeling strongly-
correlated systems and excited states of point defects. 61:62

Inspired by the latter, we construct a DH functional that at-
tempts to get the most out of a single-reference WFT by using the
hole-hole approximation to the linearized ladder coupled clus-
ter doubles (LinLCCD(hh)) ansatz that one of us recently intro-
duced.%® This alternative to MP2 is a form of linearized pp-RPA
that avoids catastrophic divergences in strongly-correlated sys-
tems while its linear form may be leveraged to reduce compu-
tational cost. To interface LinLCCD(hh) with DFT XC, we use
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adiabatic connection to construct a DH functional with only a
single parameter connecting DFT to WFT correlation. We then
re-optimize the parameters from the wB97X functional for best
performance with LinLCCD(hh).

We also consider a unique ansatz where we confine the LinL-
CCD(hh) contribution to the short-range part of the range-
separated Coulomb potential, as we posit that the challenges
posed to DFT in describing transition-metal complexes manifest
locally near the metal center. This also permits us to reduce the
cost of our functional even more in the future by means of ag-
gressive integral screening akin to attenuated MP2.%4%5 Qur re-
sults suggest that such a LinLCCD(hh)-based DH functional can
perform about as well as other DH functionals on main-group
chemistry. Our functional, which we call @B97X-L-V, is also more
robust than MP2-based DH functionals in cases where static cor-
relation is pronounced, such as covalent-bond breaking.

Theory

Our functional follows the general design principles laid out by
Kalai and Toulouse. ®® However, we interface our functional with
a linearized coupled cluster wave function, and this choice im-
poses some subtleties that heretofore have been left undiscussed
in the literature.

We begin with the universal density functional, ¢

Flp] :l{ln_l)r;)<‘l‘|f"+\7|‘l‘> €3]

where 7 is the kinetic energy operator, V is the Coulomb operator,
and the minimization is carried out over antisymmetric multide-
terminant wave functions ¥ to give fixed density p. We choose to
range separate the Coulomb operator into a short-range (sr) and
long-range (Ir) component to give,

Flpl = min (¥|7 + V7 + 200 1%) + EZOM o] (2)
—p
where A is an interaction strength parameter and Els_lr;::”x [p] is the

(short-range) Hartree-exchange-correlation (Hxc) density func-
tional contribution. This Hxc contribution can also be decom-
posed further as,

Eipe 0] = Ei " o] + Exc ™ [p) 3

The separation into long-range, V% and short-range V%@ is
not unique. In this work, we choose the error function approach
to partition the Coulomb operator,

1  erf(or) erfc(or
= (@r) + (@r) @

r r r

where the second and third terms correspond to long-range and
short-range contributions, respectively. Note that due to its linear-
ity in terms of the density, the short-range Hartree contribution
from Eq. 3 can be straightforwardly written as,

L
Byt = (1-2)5 [ [dridr (o, 0)pp)  ©)

With the rudiments in place, we are now in a position to write
the exact ground-state electronic energy of an N-electron system
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in the external field of the nuclei as described by vpe(r),

E = min {F[p] +/ drvne(r)p(r)}
PEN
6)
= min {(W|T + V00 4 AV 4 Vo W) + ESLOH [pg])
where p € N refers to the set of N-representable densities, ¥ — N
refers to normalized N-electron multi-determinant wave func-
tions, and py denotes that our density must come from such a
wave function. Minimizing the energy corresponds to solving the
Schrédinger-like equation,
(F+ VIO 4 AVSO 4 Ve + V2 o)) [®) = E]¥)  (7)

Hxc

Thus far, the treatment of the energy has been exact despite
some introduced dependence on parameters @ and A. We make
our first approximation by imposing that our wave function is
described by a single Slater determinant such that,

Eg = min {(®[7+ 70+ 2050 4 0oe[@) + EL2 o]} (8)

where the search is now over N-electron normalized single-
determinant wave functions, . Minimizing the single-
determinant energy expression leads to the Kohn-Sham-like equa-
:on 68

tion,

(74 Ve + V5L L[] + AV 0] + VS50 0] [0) = Eol) (9)

~lr,
where Ver?I}{F [@] and

Hartree-Fock potential operators, respectively.

\A/Ii;’f‘}){r_ [®] are the long-range and short-range

From here, we make the specific choice to represent our wave
function as |¥) = ef|®). This coupled cluster ansatz does not
change any of the above argumentation surrounding the single-
determinant approximation, but it gives us a means of incorporat-
ing electron correlation beyond Hartree-Fock in the parts of the
potential that depend on the wave function. We will immediately
specialize to the case of double-substitution clusters, taking = 1,
where,

t=Y alaara (10)
i>j
a>b
and aA; and d, are creation and annihilation operators for orbital
p, respectively.

This choice leads us to the modified Kohn-Sham equation,

(P + Ve + VL[] + AV 0]+ D50 [pg]) 2 |B) = Ege?| )

(1D
Furthermore, we will choose a LinLCCD(hh) ansatz in which
e ~ (1+ %) and only hole-hole ladder diagrams are retained
in the resulting amplitude equations.®® This ansatz is more ro-
bust than MP2 in cases of strong correlation, and can be solved in
O(nd.nZ ) time.

vir

Linearizing the wave function leads to the Kohn-Sham equa-
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tion,
(T4 Vne + V}llr;(fll)&F (@] + AVIZQ,(;){F (] + VI-SII;(,?.)L [pa]) (1+%)|P)
(12)
=Eg(1+1%)|P)

which can be solved in a Hermitian fashion by left-multiplying by
(@[(1+17),%

(@[(1+ ) (T + Vie) (1 + 1) |®)

A ¢ ST, ST, M, N
+(P)(1+ %)) (Viy pap (@] + AV Tp (@] + Viee ” [Pa]) (1+ %) | @)

13)
=E,
then varying with respect to %; to yield,
E = (®|(T + Vne + VPO 4+ 20509 (1 4+ £)[®) + ES- 2 [pg]  (14)

at stationarity. Evaluating this energy expression,

E = (®|T + Vpe + VIF@ 4+ AVS52| D)
+ (DT + Ve + VIE@ + AVS0) 15| D) + Efp ™ [poy]

= (P|T + Vne|®P) +EII§;("°HF FAES e+ Y (@] V150 |l

i~
a>b

+ 4 Y (@U@0 1 ENO [pg)

i>J 15)

a>b

Ir, : Ly
= Er[p] + Ene[p] + EI—;x{j)HF + AEIS{rx?;{F + y ‘Z;]OJ‘ |ab>]r’wti3b
ija

#15 ¥ Gillab) ™ 0us? + B [og)
ijab

At this point we encounter an apparent difference in our short-
range energy expression, which appears to only be linearly scaled
by A, while in Ref. 66 they find that the short-range contribution
is scaled by A2.

This apparent discrepancy is resolved on close inspection of the
amplitude equations. To find the coupled-cluster amplitudes, we
project onto the space of doubly-substituted determinants,

0= (DP|(T + Vne + V10 + AVS9) (1 + 8,)| D)

= (@ 1V10|) + 2.(@ 7| ) a6
+ Y (@ IVl )i + A Y (@50 @ff )i
i>j i>j
a>b a>b
It is now clear that the amplitudes themselves carry a A-
dependence that results in factors of A2 in purely short-ranged
parts of the correlation energy. This subtlety is unimportant in
MP2-based DHs, but is essential in the non-linear equations of
coupled-cluster theory, as the interaction-strength parameter 4
scales the A-dependent amplitudes in a non-linear fashion.
If we were to impose that our linear coupled-cluster ansatz con-
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tained only the so-called “driver” terms, our amplitude equations
become equivalent to those of MP2,

[(£28) + 84 15)55 8! — (frol+ 8K 1) 50 8b)ecd
a7

—(ijllab)"® = 2.(ijllab)™®

Further neglecting any off-diagonal terms in the Kohn-Sham ma-
trix elements £, we obtain,
ab __ (ijllab)'™® +2(ij|lab)*"®

197 =
Y E+E—&—Ej

(18)

where ¢, is the Kohn-Sham energy of orbital p. Under this MP2
approximation, we can show that the WFT-dependent part of our
functional reduces to the correct form of the range-separated MP2
energy by inserting the MP2 amplitudes from Eq. 18 into Eq. 15
to give,

b2 — Z [(ijllab) TP A |(]ab)m® i jl|ab) )|
Ecmp2 = T b b
4 b A 2 fiab A
Z |(ijl|ab)s 2 (19)
T b
4 ijab Aa

where A;‘}’ =g, + &, — & — €;. We re-write the above expression as,

Ecapz = Egigpy + A Ecyps + A Ey (20)
where we have used the notation of Ref. 66 for the long-range/
short-range cross-coupling term, Eirl\f[rpg’ Therefore, by using our
linearized coupled-cluster starting point, we are able to recover
the exact form of the generalized DH functional of Ref. 66 with

an appropriate choice of amplitudes.

Now, we finalize the WFT portion of our functional by elimi-
nating the long-range correlation contribution entirely. This has a
host of benefits, including opening up the opportunity for aggres-
sive screening of the integrals, as done in attenuated MP2, 6465
This choice also allows us to learn about the importance of WFT
correlation in the short range part of the Coulomb potential. Of
course, this means that we will need to supplant our WFT correla-
tion at long range with some functional that is capable of describ-
ing dispersion interactions.”® For this, we choose the VV10 non-
local correlation functional.”! By removing the long-range wave
function correlation we also eliminate cross-coupling between the
length scales, simplifying Eq. 16 to,

0= (DL |V P (D) + A Y (P |V i e (21)
i>j
a>b
which under the LinLCCD(hh) approximation 63 becomes,
[(f87 + 8¢ 17858} — (8] + 8 £})8¢ 87t
(22)

=l et

[\.)

4| Journal Name, [year], [vol],1-14

View Article Online
DOI: 10.1039/D6CP00232C

This gives us the XC energy,

Eye = Elr 0] + lEsr,w + AEsr L0, sz,a).,l [P] (23)

x,HF x,HF ¢,LinLCCD(hh) +E

Recall that the amplitudes are A-dependent, so we have chosen
. . A

to write the short-range LinLCCD(hh) energy as EirL(llI)lLCCD(hh)

emphasize its own internal dependence on A. The result is that

ST, 60 P
the term AE_; LinLCCD(hh) is actually quadratic in A.

The exchange part of the density functional is defined with the
Kohn-Sham single determinant and is linear in A,

(@[(1-2

srw/l[ ] srwl[p}:(l

)0l — WEFp]
249
While many approximations exist for the treatment of the short-
ranged correlation energy,® the expression for Eg"® l[p] in the
Coulomb (@ — 0) and high-density limits complements LinL-
CCD(hh) correlation in a few ways. Firstly, ladder correlation
is particularly appropriate for describing the low-density limit of
a uniform electron gas, %73 so it makes sense to rely on DFT cor-
relation to describe the opposite extreme. For the second reason
to make itself apparent, we write the correlation energy in the

® — 0 limit as, 747>

Esr.a):O.k

c " = Ec[p] (25)

— AEclpy 3]

where p; /3 (r) = (1/22)p(r/A) is the density with coordinates uni-
formly scaled by A~!'. We will choose an approximation under
which the density scaling is neglected, 7677

ESO=0R &~ (1-2A2)Ec|p] (26)

Notably, the approximation in Eq. 26 is sufficient to recover the
exact high-density limit for an arbitrary value of ®.°°

We therefore combine our LinLCCD(hh) correlation with DFT
correlation in such a way that they complement one another
through a quadratic dependence on A. Our choice of WFT cor-
relation is most applicable in the limit of a low-density electron
gas, which also nicely complements our choice of DFT correlation
ansatz in Eq. 26 that is most relevant in the high-density limit.
Taken together, these approximations should capture some de-
gree of strong correlation in the short-range regime, while DFT
XC describes local and non-local dynamic correlation.

Lastly, we choose to modify the ®B97X7® functional form to
correctly incorporate WFT exchange and correlation, resulting in
what we call ®B97X-L (L for linear-ladder correlation). The final
®B97X-L-V XC functional takes the form,

coB97X LV Ir,0 sr ) O, o

Ey = Ey i+ AEg e + AEL G conany t ExoBorxL

27)

+ Ec 0Bo7x-L + Ecvvio

Computational Details

We chose to fit the parameters for ®B97X-L-V in the Def2-ma-
TZVPP basis set,’%80 as this basis is the largest practical choice
for LinLCCD(hh) correlation at the moment. The linear param-
eters within the density functional will account for some of the
basis set incompleteness errors that are introduced by this choice.
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While basis set incompleteness might be somewhat mitigated due
to our choice of Coulomb-attenuated operator for the WFT con-
tribution, ®#81.82 our preliminary studies in Table S1 suggest in-
vestigation beyond this work is warranted and show a need for
improving the computational efficiency of LinLCCD(hh).

We use a Euler-Maclaurin/Lebedev XC quadrature grid with 99
radial and 590 angular points to evaluate the XC potential. As
©0B97X-L-V is a traditional DH functional, we first self-consistently
converge the density without LinLCCD (hh) correlation to a root-
mean square (RMS) error of 1078, then we compute the LinL-
CCD(hh) correction using the converged Kohn-Sham orbitals. For
all open-shell systems, we use restricted open-shell orbitals to
converge the self-consistent field procedure, followed by a single
unrestricted (Kohn-Sham) Fock build and semi-canonicalization
routine prior to inputting the Kohn-Sham orbitals into an unre-
stricted coupled-cluster code. All non-covalent interactions cal-
culations are done using the counterpoise correction of Boys and
Bernardi. 8 All calculations reported in this work were carried
out in a developer copy of the Q-Chem v6.3 software package. 84

We fit ®B97X-L-V to a large subset of the widely-used
GMTKN55 dataset,® along with subsets of X40 (non-covalent
interactions of halogenated systerns),86 A24 (non-covalent in-
teractions of small molecules),®” MOR41,° ROST61,1! and
MOBH28.2% We chose to fit on a subset of GMTKN55 that
excluded the larger ISOL24,88 C601S0,%° INV24,°0 HALS59,7!
ADIMS6,92 and UPU23%3 subsets for cost considerations. Our
fitting set also omitted HEAVY28,%%2 four reactions from
HEAVYSB11,8> and any iodine-containing interactions in X40 in
order to minimize errors imposed by effective core potentials in
main-group chemistry.>* We only included subsets of §229%9
and S66°798 as these were inherited from a smaller initial train-
ing set that we deemed insufficient. To represent transition
metal thermochemistry, we fit to 27 reactions in MOR41, 24 re-
actions from ROST61, and 57 reaction energies along with for-
ward/reverse barriers from MOBH28, again retaining the smallest
systems. All of our abbreviated subset structures and benchmark
values are reported in the ESIT. Overall, our fitting set has 1,434
data points with 316 points reserved for testing, coming to a total
of 1,750 data points.

Our wB97X-L-V functional contains several non-linear param-
eters including the range-separation parameter @ and the adi-
abatic connection parameter A. The VV10 component also de-
pends on parameters b and C which control short-range damping
of the % asymptote and the accuracy of the Cg coefficients, re-
spectively. 22 As the absolute errors do not change much after one
least-squares optimization cycle,”® we scanned over values of ®
from O aal to 0.5 aal, 0.2 <A <0.7, and from 6 < b < 10 for the
VV10 b-parameter to find the lowest-error combination after one
cycle. This procedure uncovered ® = 0.1 a; I'A=06,and b=10
as the best combination. As for the VV10 damping parameter,
we found that b = 10 performs within 0.1 kcal/mol WTMAD-2 of
b = 8 with results deteriorating for thermochemistry in GMTKN55
with b < 8. This result suggests that heuristically setting the » pa-
rameter in VV10 and relying on subsequent optimization of the
linear parameters to compensate for errors — as done in past work
on wB97 functionals 100191 _ is indeed a suitable approach.
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With the non-linear parameters determined, we employed an
iterative linear least-squares fit for the remaining 15 linear param-
eters of the ®B97X-L functional. Before fitting, we fix the zero-
order exchange coefficient c¢;s0 =1 —A and the corresponding
zero-order same-spin and opposite-spin correlation coefficients to
Co0,0 = Capo = 1— A2 to satisfy the uniform electron gas limit.
The former constraint was applied in the original definition of
®B97X,78 but the constraints on the correlation functional are
unique to this work, so we choose to call this ansatz ®B97X-L.
This leaves us with 12 linear parameters to determine through
least-squares fitting.

For the 12 fitted parameters, we used the following equation to
guide our least-squares optimization,

W12AAx = wW1/2p (28)

implying that,

Ax = (ATwA)~1(ATwb) (29)

where Ax = x; | +x;. The b vector is simply the signed error by =
E; — Egpo7Lv, Where Ej is the benchmark energy. Here, W is a
diagonal matrix of training weights that were determined simply

by,
(AERms)

(30)
|AERMS |«

Wik = wie

where the ratio on the right is that between the average root-
mean square (RMS) energy for all points in the training set
((AEgms)) to the RMS energy of subset k (|AErms|i)- The linear
scaling factors wy, were set to 1 for all subsets except for ROST61
where w; = 2, as the weight for ROST61 under our proposed
scheme was only 0.7, which prohibited significant improvements
upon fitting. Finally, the 1473 X 12 (npoints X coefs) A Matrix is
constructed with rows corresponding to the contribution of each
coefficient (indexed across columns) to the total error, in a man-
ner similar to Ref. 102.

For the most flexible initial guess, we set all 12 of the lin-
ear parameters to O in our initial determination of the densi-
ties and Kohn-Sham orbitals. We then update the parameters
using the scheme outlined above, followed by self-consistent re-
optimization of the densities and Kohn-Sham orbitals, repeating
this process until the parameters were well converged. Conver-
gence was determined by a change in WTMAD-2 of less than
10 uEy, leading to an RMS change in parameters of ~ 1072,
which is consistent with previous work. 78103 This procedure re-
quired four cycles to converge.

Results & Discussion

Throughout the coming analysis, we will cast our results against
the backdrop of Ref. 104, which documented the performance
of 29 unique DH approximations on the GMTKN55 database.
From this set, we focus on the semi-empirical class of function-
als, as these were found to outperform non-empirical DHs and
our @B97X-L-V approach falls under the umbrella of the former.
We will add to this set with a comparison against more recent
DH functionals such as ®@B97M(2), 10 @DSD72-PBEP86-D4, 10
DH24, 196 and the non-empirical Pr2SCAN69-D4, 197 as their good
performance on GMTKNS55 sets the bar for high-accuracy DHs.
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While this set is far from comprehensive, we compare against
the 14 semi-empirical (and one non-empirical) DHs highlighted
in Table 1. Table 1 also categorizes DHs by their use of additional
empiricism through spin-component scaling of the WFT correla-
tion. We emphasize that @B97X-L-V is a semi-empirical DH that
makes no use of spin-component scaling and that our objective
here is to examine the performance of a DH based solely on short-
range LinL.CCD(hh) correlation without additional parameteriza-
tion of the WFT component. Thus, semi-empirical DH functionals
without spin-component scaling are the most valid comparison to
0B97X-L-V.

Table 1 DH functionals assessed in this work

Functional Spin-Component Scaling Reference
B2PLYP“ X 5
mPW2PLYP“ X 108
B2GPPLYP“ X 109
B2NC-PLYP“ X 110
mPW2NC-PLYP“ X 110
B2PPW914 X 111
®B97M(2)b X 100
wB97X-L-V¢ X This work
mSD-PBEPBE? v 13,112
PWPB95¢ v 113
DSD-PBEP86“ v 114
DSD-PBEB95¢ v 12
DSD-BLYP* v 115
wB97X-2¢ v 101
®DSD72-PBEP86-D4¢ v/ 105
Pr2SCAN69-D4¢ 1 v 107
DH24/ v 106

“GMTKNS55 data from Ref. 104
bGMTKNS5 data from Ref. 116
“GMTKNS55 data from this work
¢GMTKNS5S5 data from Ref. 105
¢GMTKNS55 data from Ref. 107
/GMTKNS5S data from Ref. 106
"Non-empirical functional.

We will use the weighted mean absolute deviation (WTMAD-2)
to compare the performance across functionals. The WTMAD-2
metric is defined as, 85

55
WTMAD-2 — si ZN" 56.84 kcal/molM
YN 5 [AE(;

1

AD; (31

where |AE|; is the averaged absolute energy in subset i,
56.84 kcal/mol is the average over all 55 Mi values, and N;
and MAD; are the number of data points and mean absolute de-
viation for subset i, respectively. The WTMAD-2 should not be
confused with the MAD as it is generally larger and reflects differ-
ent information. Instead, the WTMAD-2 provides a statistically
meaningful way of comparing results across many data sets for
different density functionals. The WTMAD-2 can also be broken
down into contributions from individual subsets, where the factor
56.84 kcal/mol is retained, but the summations are truncated to
include only the subsets of interest.
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Optimized Parameters for ®B97X-L-V

The parameters at each least-squares cycle for ©B97X-L-V are
shown in Table 2. While the linear parameters are unconstrained,
and therefore yield very little in physically-interpretable results,
we can learn from the values of our other parameters. We note
that @ = 0.1 a, ! is quite satisfying, as we employed the approx-
imation that w — 0 to arrive at Eq. 26, and the optimal w is
small. Our optimized A = 0.6 is also close to the average coef-
ficient of Hartree-Fock exchange used across double-hybrid func-
tionals (A = 0.64).190 This value of A also puts our percentage of
WET correlation at 36%, which again is close to the DH average
of 32%.

Regarding the quality of fit and potential for transferabil-
ity, the average MAD across subsets in our fitting set was
1.4 kcal/mol and the corresponding average MAD for our test set
was 0.9 kcal/mol. We also computed modified WTMAD-2 values
for the entirety of our fitting set ((AErms) = 66.158 kcal/mol) and
for the test set ((AEgyms) = 24.208 kcal/mol), at 3.0 kcal/mol and
1.6 kcal/mol, respectively. We remark that due to a large discrep-
ancy in size and total energies for the reactions in our fitting and
test sets, we needed to use different weights for the WTMAD-2
calculation to obtain meaningful results. The overall consistent
performance between fitting and test sets suggests that our pa-
rameters may be reasonably transferable.

Table 2 Optimized parameters for ©B97X-L-V

Parameter Cycle 1 Cycle 2 Cycle 3 Final
Fixed Parameters
b 10.0 10.0 10.0 10.0
C 0.01 0.01 0.01 0.01
® 0.la;'  Olay' 01aq'  Ola'
A 0.6 0.6 0.6 0.6
Cx6.0 0.4 0.4 0.4 0.4
Cc66,0 0.64 0.64 0.64 0.64
CeaB 0 0.64 0.64 0.64 0.64
Least-Squares Optimized Parameters
Cro.l 0.0 0.136 0.152 0.154
Ceoo.] 0.0 ~1.399 —1.415 —1.417
Coup1 0.0 ~1.151 ~1.194  —1.194
Cxo2 0.0 3.910 3.901 3.884
Ceoo2 0.0 4.585 4.697 4716
Ceapa 0.0 ~1512  —1364  —1.348
Cxo 3 0.0 —11.362 —11.357 —11.300
Ceoo3 0.0 ~2.703 —2.918 ~2.956
Ceap3 0.0 12.659 11.964 11.869
Cxo 4 0.0 8.637 8.482 8.425
Ceoo 4 0.0 —0.985 —0.885 —0.861
Ceap 4 0.0 —10.594 —9.673 —9.571

Performance on GMTKN55

Although we trained on a large portion of GMTKN55, we as-
sess the performance of wB97X-L-V on all 55 subsets to un-
derstand areas where our functional could be most improved.
We emphasize that our GMTKN55 results should be interpreted
with this in mind. To analyze our functional’s performance
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Fig. 1 WTMAD-2 across double-hybrid density functionals for basic
properties and reaction energies in GMTKN55. Green bars indicate spin-
component scaled functionals and orange bars are functionals without
spin-component scaling.
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Fig. 2 WTMAD-2 across double-hybrid density functionals for reaction
energies of large systems and isomerization energies in GMTKN55. Green
bars indicate spin-component scaled functionals and orange bars are func-
tionals without spin-component scaling.

more deeply, we break GMTKN55 into the usual five main cat-
egories: Basic properties and reaction energies for small sys-
tems (BASIC), reaction energies for large systems and isomeri-
sation reactions (LARGE+ISO), reaction barrier heights (BAR-
RIERS), and inter/intra-molecular non-covalent interaction ener-
gies (INT/INTRA-NE).

The WTMAD-2 data for the BASIC category in Fig. 1 show that
©B97X-L-V performs about as well as other DH functionals. Over-
all, we report a WITMAD-2 for ®B97X-L-V of 2.1 kcal/mol for the
BASIC category. It is encouraging to see that ©@B97X-L-V performs
on par with the average WTMAD-2 for functionals that do not
leverage spin-component scaling.

Next, we consider the WTMAD-2 results for the LARGE+ISO
category in Fig. 2. Here, ®B97X-L-V performs well with respect to
functionals that omit spin-component scaling with a WTMAD-2 of
3.7 kcal/mol. We attribute the reasonable performance of ®B97X-
L-V on LARGE+ISO to the fact that LinLCCD(hh) correlation out-
performs MP2 correlation on large systems®3 for which MP2 di-
verges. 117 Notably, all of the MP2-based DHs that perform best on
the LARGE+ISO category make use of spin-component scaling.
This tempers the divergent MP2 correlation contribution some-
what, allowing functionals like those in the DSD family to outper-
form simpler DHs that scale the MP2 correlation uniformly. Over-
all, the good performance of ®B97X-L-V without spin-component
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Fig. 3 WTMAD-2 across double-hybrid density functionals for reaction
barriers in GMTKN55. Green bars indicate spin-component scaled func-
tionals and orange bars are functionals without spin-component scaling.
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Fig. 4 WTMAD-2 across double-hybrid density functionals for inter-
molecular interaction energies in GMTKN55. Green bars indicate spin-
component scaled functionals and orange bars are functionals without
spin-component scaling.

scaling is encouraging, suggesting there are gains to be made
with such a treatment of the WFT contribution, and the results
for MP2-based DHs suggest that adapting ®B97X-L-V with spin-
component scaling may lead to further improvements.

The results for the BARRIERS category are plotted in Fig. 3.
Here, we report a WTMAD-2 of 2.5 kcal/mol that once again per-
forms similarly to other DHs that make no use of spin-component
scaling. wB97X-L-V is outdone by spin-component scaled func-
tionals, suggesting again that future performance upgrades may
be possible with a spin-component scaled adaptation.

We conclude the analysis of GMTKN55 subsets with a discus-
sion of the INTER-NE and INTRA-NE categories in Figs. 4 and
5, respectively. Overall, we find that non-covalent interactions
(both inter- and intra-molecular) are a point where @wB97X-L-V
could be improved the most. For inter- and intra-molecular in-
teractions, ®B97X-L-V attains WTMAD-2 values of 3.9 kcal/mol
3.8 kcal/mol, respectively. This result may have been expected,
as wB97X-L-V only incorporates WFT correlation at short-range,
turning into more of a typical range-separated hybrid func-
tional with non-local correlation in the long-range limit where
non-covalent interactions are most relevant. This hypothesis is
born out, as the rung-4 wB97X-V functional has a WTMAD-2 of
3.0 kcal/mol and 3.6 kcal/mol for intra- and inter-molecular in-
teractions, respectively.8®> Furthermore, the rung-5 wB97X-2-D3
functional has a WTMAD-2 of 2.3 kcal/mol for intra-molecular
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Fig. 5 WTMAD-2 across double-hybrid density functionals for in-
tramolecular interaction energies in GMTKNb55. Green bars indicate
spin-component scaled functionals and orange bars are functionals with-
out spin-component scaling.
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Fig. 6 WTMAD-2 across double-hybrid density functionals for all of
GMTKN55. Green bars indicate spin-component scaled functionals and
orange bars are functionals without spin-component scaling.

interactions and 5.3 kcal/mol for inter-molecular interactions.
Put together, @B97X-L-V performs about as expected for non-
covalent interactions. Overall, we cannot expect the benefits of
the fifth-rung to significantly influence non-covalent interactions
for @B97X-L-V. This result motivates future parameterizations of
©B97X-L-V that perform better for non-covalent interactions.

Finally, we show the overall performance on the GMTKN55
data set in Fig. 6. Over the entire GMTKN55 data set, ®B97X-
L-V performs reasonably well with a WTMAD-2 of 3.1 kcal/mol.
This is very close to the best functional tested in Ref. 104 (wB97X-
2-D3(BJ), WTMAD-2 = 3.0 kcal/mol), which is quite sensible as
the underlying density functional is similar. Overall, we report
that using attenuated LinLCCD(hh) correlation in a DH such as
©B97X-L-V can lead to a DH functional that is about as reliable
for equilibrium main-group chemistry as MP2-based DHs.

Performance on Transition-Metal Complexes

Our primary objective when we began designing @B97X-L-V was
not necessarily to improve upon the main-group chemistry repre-
sented in the GMTKNS55 database, but to more accurately describe
strongly-correlated systems. One domain in which conventional
DHs can yield spurious results is in the description of transition
metal complexes.” To understand the robustness of ®B97X-L-V
on such systems, we now evaluate our functional on MOR41,
ROST61, and MOBH28 data sets.
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In order to compare across functionals, we compute the WT-
MAD without energy scaling for these transition metal sets as
done by Grotjahn and Kaupp, 2°

(56 - MADyoBH28 + 61 - MADRosTs1 +41-MADMoOR41)
158

WTMAD =

(32)
We have chosen to compare ®B97X-L-V with PWPB95,
wB97M(2), and SOS-DH24 functionals, as the latter two are
consistently the best for GMTKN55 and PWPB95 is consistently
the best for metal-organic reaction energies.®-!! While data for
MOR41 and ROST61 are abundantly available for many func-
tionals, we needed to generate the PWPB95-D3(BJ) data for
MOBH28. For this, we used the practical Def2-ma-TZVPP basis
set.

The MAD and WTMAD results in Table 3 suggest that ®B97X-
L-V is among these top performers on GMTKNS55 for transition-
metal complexes. Notably, 65% of MOR41 and < 50% of ROST61
and MOBH28 were used to parameterize ®B97X-L-V, meaning
that most of the reactions in this section come from outside our
training set. Despite this, the MAD for ROST61 decreased by
0.5 kcal/mol upon adding the test set data while the MAD for
MOR41 and MOBH28 increased by no more than 0.1 kcal/mol,
hinting that the ®B97X-L-V parameters may be reasonably trans-
ferable. Furthermore, transition metal complexes constituted
only 7% of our training data, so we expect this to be a reasonable
representation of the performance of ®B97X-L-V on such systems.

Table 3 Performance for representative functionals on transition-metal
data sets (all results in kcal/mol).

MAD
Data set PWPB95-D3(BJ) wB97/M(2) SOS-DH24% wB97X-LV
MOR41 1.9 2.84 2.2 2.7
ROST61 1.9¢ 2.0¢ 1.9 2.0
MOBH28 1.1 1.0¢ 1.2 0.9
WTMAD 1.6 1.9 1.7 1.8
4From Ref. 106

>From Ref. 9

‘From Ref. 11
4From Ref. 10
“From Ref. 118

Across all three sets, ®B97X-L-V performs similarly to the
highly-successful ®B97M(2) functional. Our comparison point
of PWPB95-D3(BJ) was an excellent choice as its newly-reported
MAD for MOBH28 of 1.1 kcal/mol is lower than SOS-DH24,
which itself yields the excellent MAD of 1.2 kcal/mol. 1% This
low MAD of 1.1 kcal/mol matches that of Pr2SCAN69, 197 another
notably excellent functional for MOBH28. However, recall that
PWPB95-D3(BJ) does not perform nearly as well for main-group
chemistry as shown in Fig. 6. Finally, we note that one must be-
ware that the differences in basis sets used to generate the data
in Table 3 could potentially contaminate the direct comparison
across approaches.

We now examine the performance of wB97X-L-V on a set of
experimental 3d transition-metal diatomic bond dissociation en-
ergies (BDEs) from Ref. 119. We compare the performance of
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Fig. 7 Mean absolute deviation (MAD) of various functionals on 43 bond
dissociation energies of 3d transition-metal diatomic species (top panel),
and the associated maximum error for each functional (bottom panel).
Green bars indicate spin-component scaled functionals and orange bars
are functionals without spin-component scaling.

©0B97X-L-V against several of the best functionals on the main-
group chemistry of GMTKNS55. Top-performing spin-component
scaled and non-spin-scaled functionals are included for additional
contrast.

The 3d metal complexes from Ref. 119 constitute a truly mul-
tireference testing ground for our ®B97X-L-V functional that lies
entirely outside our training set. As an assessment of the mul-
tireference character, we report values for the 77 metric for all
3d-metal complexes in the ESI using the Def2-QZVPPD basis set.
This screening suggests that 22 of the 43 metal complexes are at
least moderately correlated (77 > 0.02), while another 19 com-
plexes are strongly-correlated (77 > 0.05). While no single metric
is perfect, the 77 metric suggests that only two of these complexes
are considered single-reference.

Our results in Fig. 7 suggest that ®B97X-L-V is indeed robust
in cases of strong correlation, with a MAD of 3.8 kcal/mol. No-
tably, if we consider only the best performers on the GMTKN55
database, ®B97X-L-V is among the top two DH functionals for
this set of 3d-metal BDEs with @B97M(2) performing surprisingly
well at a MAD of 3.1 kcal/mol. Importantly, @B97X-L-V achieves a
lower MAD than the related @B97X-2-D3 functional. A source of
error common to both of these wB97X-based DH functionals is a
systematic underestimation of the BDE of metal oxides, which ap-
pears to be remedied somewhat with DH meta-GGAs. However,
the ®B97X-L-V max error is about half of that for ®B97X-2-D3,
suggesting some improved robustness in multireference cases.

Owing to multiple instances of anomalously high errors that
correspond almost entirely to the 77 > 0.05 subset, the @DSD-
PBEP86-D4 and Pr’SCAN69-D4 functionals have MADs at least
2x larger than those of ®B97X-L-V. The largest errors across all
functionals come from strongly-correlated metal oxides, but the
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magnitude of these errors is tempered significantly in ©B97X-L-
V. Because wB97X-2-D3 seems just as afflicted by these errors
as other functionals, we conclude that the ®B97X-L-V robustness
to static correlation leads to improved performance on strongly-
correlated transition-metal diatomics.

While our parameterization of @B97X-L-V could potentially be
improved by resorting to spin-component scaling, its wholesale
incorporation of attenuated-LinL.CCD(hh) correlation rather than
MP2 can teach us about essential elements of functional design.
Despite its relatively average performance on main-group chem-
istry, the fact that @B97X-L-V performs well on metal complexes
implies that alternatives MP2 correlation in the short-range could
be a beneficial avenue for future functional development.

Covalent Bond Breaking

To test ®B97X-L-V in a domain where other DHs fail catastroph-
ically, we will examine bond dissociation energies (BDEs) for
several molecules using the Def2-ma-TZVPP basis set. In par-
ticular, we will examine the BDEs of 19 closed-shell singlet sys-
tems curated from the multireference BDE subset of W4-11120
alongside several others compiled from high-accuracy experimen-
tal data and CCSDTQ/CBS results (details in the ESI). We com-
pute the BDEs using restricted orbitals by the difference E(r =
10,000 A) — E(req), which is similar in spirit to the DISS1012! data
set. Notably, much better results can be obtained by allowing for
spin-symmetry breaking through the use of unrestricted reference
orbitals, but the restricted case serves as a stringent test of meth-
ods in statically-correlated systems. This is because in covalent
bond breaking, one encounters absolute near-degeneracy corre-
lation, 122 which is a potent case of static correlation that all but
ensures the failure of MP2-based DHs. While we focus on asymp-
totic BDEs here, we also illustrate the performance of ©B97X-L-V
for H,, HF, and F, bond dissociation curves within Fig. S1 as well
as the torsional profile of ethylene in Fig. S2.

Table 4 shows the BDE results for wB97M(2), wDSD72-
PBEP86-D4, Pr2SCAN69-D4, ®B97X-2-D3, and wB97X-L-V func-
tionals. As expected, DH approximations built atop an MP2 ansatz
diverge in over half of the systems. Notably, half of the divergent
cases for MP2-based DH functionals correspond to asymmetrical
bond cleavage, such as H:---OF. Our wB97X-L-V functional pro-
vides similar results to the other four DH functionals when none
of the methods diverge. However, ©B97X-L-V provides finite re-
sults for every system tested, including the challenging case of
the dinitrogen triple bond. Of course, for a quantitative picture of
dinitrogen dissociation, one must include hextuple excitations, so
despite the large error it is nonetheless noteworthy that ®B97X-
L-V produces a finite result at all. Overall, ®B97X-L-V obtains a
MAD of 53 kcal/mol across all systems, and 33 kcal/mol for BDEs
of single bonds.

Another interesting case is Be,, which has an incredibly weak
bond that is primarily due to static correlation.!?3 Its weak,
statically correlated character makes Be, a unique challenge
for modern DFT and many functionals predict that Be, is sim-
ply unbound. Due to the high precision required, basis set
errors were suppressed by using the Def2-QZVPPD functional.
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System Benchmark wB97M(2) wDSD72-PBEP86-D4 PrSCAN69-D4 wB97X-2-D3 wB97X-L-V
H--H 109.49 — — — — 46.3
Be---Be 2.7b —3.6° —1.3¢ —0.2¢ —1.9¢ —0.4¢
B---B 52.74 - — - - 16.4
C---C 142.5¢ 62.2 37.1 45.3 31.6 49.7
N---N 228.4f - - - — 167.8
0---0 93.5¢ 115.5 120.7 118.6 117.5 118.9
F---F 37.68 - - — — 16.8
Cl---cl 56.5" - - - — 30.0
0C---0 129.3¢ 61.7 65.4 67.5 63.6 68.5
C---0 259.0/ 100.3 102.3 104.2 101.7 105.9
H---F 141.0% - - - - 45.7
F---OOF 17.7 - — - - 30.1
FO---OF 46.2! - — - — 33.3
Clo---cl 36.0! — — — — 29.9
FO.--F 40.7! - - - - 23.9
H---OF 105.6 - - - - 38.5
0,---0 26.6 89.5 94.9 93.9 91.0 92.9
S3---S 66.0 46.2 49.8 52.4 52.0 50.8
Sy---Sy 25.9! 30.9 35.3 37.4 35.8 36.0
MAD — — — — — 52.7
MAD (Single Bonds) — - - - - 33.1

“Computed at CCSD/aug-cc-pV5Z level
bExperimental data from Ref. 124
¢Computed with the Def2-QZVPPD basis set
4Computed at CCSDTQ/CBS level
¢Experimental data from Ref. 125
/Experimental data from Ref. 126
$Experimental data from Ref. 127
"Theoretical best estimate from Ref. 128

Experimental data from Ref. 129, corrected with experimental zero-point energy from Ref. 130

JExperimental data from Ref. 131
kTheoretical best estimate from Ref. 132

I'Theoretical best estimate from Ref. 120

While the ®B97M(2) functional predicts that Be, is unbound,
@wDSD72-PBEP86-D4 and wB97X-2-D3 predict very small wells
while Pr’2SCAN69-D4 comes within 0.2 kcal/mol of the correct
well depth. @B97X-L-V also provides a close estimate, within
0.4 kcal/mol of the very weak 2.7 kcal/mol BDE.

One might wonder how wB97X-L-V improves BDEs computed
in this way, given that its descriptor of static correlation (LinL-
CCD(hh)) is confined to the short-range part of the Coulomb
operator. This is because the relevant correlation energy is not
long-ranged (the Coulomb interaction between two infinitely-
separated fragments for any size-consistent method is zero). For
example, after converging an unrestricted Hartree-Fock calcula-
tion using the usual r~! Coulomb operator, Coulomb-attenuated
CCSD with @ = 0.1 a; ! recovers 97% of the asymptotic CCSD
correlation energy in F, because @ need only be set to recover
correlation in the vicinity of each individual F atom. So, be-
cause wB97X-L-V has the correct asymptotic exchange potential
and LinLCCD(hh) short-range correlation, it is possible to accu-
rately describe asymptotic BDEs without the catastrophic diver-
gence of MP2-based functionals.

10 Journal Name, [year], [vol.], 1-14

Conclusions

In this work, we introduced a new double-hybrid density func-
tional called ®B97X-L-V that leverages LinL.CCD(hh) 63 jnstead
of the usual MP2 correlation. We justify the inclusion of just
one parameter to control the interface of DFT and LinLCCD(hh)
correlation by means of adiabatic connection, but we adapt the
parameters of ®B97X to best interface with LinLCCD(hh), mak-
ing ®B97X-L-V a semi-empirical DH functional. The parameters
were determined by fitting to a subset of the GMTKN55 database
augmented with thermochemical data for transition-metal com-
plexes.

To test @B97X-L-V, we analyzed its performance on the whole
GMTKN55 database, which revealed that it can perform about
as well as MP2-based double-hybrid functionals for nearly every
property (basic thermochemistry, large system reaction and iso-
merization energies, and barrier heights). We also found that
©B97X-L-V could be most improved for non-covalent interactions
in main-group chemistry. This was expected, as ®B97X-L-V only
leverages WFT correlation in the short-range part of the Coulomb
potential. Over all of GMTKN55, wB97X-L-V performed as well as
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most other double-hybrids that we examined, which is promising
as it suggests that resorting to attenuated LinLCCD(hh) correla-
tion instead of MP2 does not necessarily damage the results that
are attainable for main-group chemistry. 104

For transition-metal reaction energies wB97X-L-V appears to
exceed the expectations set by its performance on main-group
chemistry. This is especially true for transition-metal reaction bar-
rier heights of MOBH28, for which wB97X-L-V yields a MAD of
0.9 kcal/mol. The performance of ®B97X-L-V on transition-metal
BDEs also remained similar to high-performing DHs with a no-
table reduction in errors relative to the similar ©®B97X-2-D3 func-
tional. Similarly, on main-group BDEs computed with restricted
orbitals as E(r = 10,000 10\) — E(req), we found that the use of
LinLCCD(hh) correlation can provide finite results whereas MP2-
based DH functionals diverge.

There remain many exciting avenues of future work on the
®B97X-L-V functional. Our group is currently testing a much
faster algorithm for solving the LinL.CCD(hh) amplitude equa-
tions (originally suggested in Ref. 63), which leads to at least one
order-of-magnitude speedups in our nascent implementation. We
are also interested in parameterizations that leverage the comple-
mentary two error function (terfc) that is used in attenuated MP2
methods, ®46% which can further improve the results of integral
screening. Under the umbrella of accuracy considerations, we
are currently pursuing spin-component scaled versions of LinL-
CCD(hh) to interface with a future parameterization of ©B97X-
L-V. Overall, we view wB97X-L-V as an intriguing scaffold upon
which to build even more sophisticated density functional approx-
imations that push the paradigm of double-hybrid DFT beyond
MP2 correlation.
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All geometries and benchmark data for the abbreviated X40, S22, S66,
A24, MOR41, ROST61, and MOBH28 sets used for fitting are provided
(ZIP). Geometries for the ethylene torsion potential surface are provided
(ZIP). This study was carried out using publicly available geometries and
reference values from the GMTKNb55, A24, X40, MOR41, ROST61, and
MOBH28 data bases available at the corresponding references in the main
text. All data required to reproduce the bar charts in the main text are
reported (XLSX) in the ESI alongside all data for bond dissociation ener-
gies of 3d transition metal complexes. All error statistics and functional
parameters are reported in the main text.
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