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Coarse-grained lattice dynamics calculations
combined with independent stiffness
approximation: a comparative study on
polymorphic molecular crystals

Yue Wanga and Hirohiko Houjou *ab

We applied a previously reported lattice dynamics calculation scheme based on molecular vibration

analysis, combining a coarse-graining (CG) scheme with an independent stiffness approximation (ISA)

method, to polymorphs of p-dichlorobenzene crystals as a test case. To extend the applicability of the

theoretical framework to complex crystal structures, we exploited the molecular symmetry within the

lattice so that the ISA could effectively reduce the computational cost to a manageable level. We

carefully examined the influence of the coupling between phonon modes on the accuracy of their

frequencies under a truncated dimension of the CG space. Having obtained the phonon band structures

of each of the three polymorphs, their thermodynamic functions were calculated, which demonstrated a

subtle but meaningful difference originating from the crystal structure.

Introduction

The lattice dynamics of molecular crystals have gained increas-
ing importance in recent crystal engineering studies.1 With the
widespread adoption of density functional theory (DFT), the
theoretical calculation of collective lattice vibrations (phonons)
has become easier.2–5 Currently, mainstream computational
methods include the finite-displacement supercell approach
(frozen-phonon method)6–8 and density functional perturba-
tion theory (DFPT).9–12 One of the fundamental differences
between them lies in the distinct forms of the force constants
obtained during the initial calculations: the force constant
matrix, K, in real space versus the dynamic matrices, D, at
specific wave vectors in reciprocal space. The sizes of these
matrices correspond to the degrees of freedom of the atomic
vibrations, endowing these approaches with both high preci-
sion and broad applicability. However, for molecular crystals
containing many atoms within a unit cell, atomistic-level
calculations significantly increase the computational costs.
Moreover, these approaches output results as individual atomic
motions, requiring a posteriori analysis to relate atomic dis-
placements to the vibrational behavior of the molecule as a
consolidated rigid body.13 Therefore, by applying this method

to molecular crystals, several attempts have been made to
reduce the computational cost.14,15

To address these issues, we developed a method for reducing
the dimensions of the atomic displacement vectors of normal-
mode vibrations, referred to as the coarse-graining (CG)
scheme.16–21 In this approach, a stiffness matrix, U, which
describes the degrees of freedom associated with molecular
rigid-body motions and vibrations, is readily obtained by trans-
forming the eigenvalue matrix with normal-mode coordinates of
a molecular assembly, without explicitly deriving the force con-
stant matrix, K. Similar to the finite displacement method, we
need molecular clusters that cover the desired expanse, with
which, however, we can accelerate computation using the analy-
tical differentiation protocol as utilized in the DFPT method.
Moreover, we recently proposed a method called the indepen-
dent stiffness approximation (ISA),22,23 which divides the whole
into pieces, thereby converting a multibody computing problem
into a multigroup two-body computing problem. Using the CG-
ISA scheme, we previously completed phonon calculations for a
simple molecular crystal (the b phase of p-dichlorobenzene).24–26

Through systematic theoretical validation and comparison with
other computational results, the CG-ISA scheme was successful
for simple systems whose constituent molecules could be related
by translational symmetry. However, the CG-ISA approach is
additionally challenged by molecular vibrations in more complex
symmetric relationships and increased degrees of freedom when
each unit cell contains two or more molecules (Z). These
challenges are directly reflected in the structure of U, which is
closely linked to the symmetry of molecular crystals. The

a Institute of Industrial Science, the University of Tokyo, 4–6–1 Komaba, Meguro-ku,

Tokyo 153-8505, Japan. E-mail: houjou@iis.u-tokyo.ac.jp
b Environmental Science Center, the University of Tokyo, 7–3–1 Hongo, Bunkyo-ku,

Tokyo 133-0033, Japan

Received 16th January 2026,
Accepted 23rd April 2026

DOI: 10.1039/d6cp00159a

rsc.li/pccp

PCCP

PAPER

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

4 
A

pr
il 

20
26

. D
ow

nl
oa

de
d 

on
 5

/1
5/

20
26

 5
:4

2:
58

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online
View Journal

https://orcid.org/0000-0003-3761-9221
http://crossmark.crossref.org/dialog/?doi=10.1039/d6cp00159a&domain=pdf&date_stamp=2026-04-30
https://rsc.li/pccp
http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d6cp00159a
https://pubs.rsc.org/en/journals/journal/CP


Phys. Chem. Chem. Phys. This journal is © the Owner Societies 2026

following section presents a new theoretical extension of the CG-
ISA scheme for systems with Z 4 1, as demonstrated by
illustrative computational examples. In this paper, we chose
p-dichlorobenzene again for a cases study for the following
reasons: (1) a simple small molecule yet has three distinct
polymorphs, of which crystal structure data at the same tem-
perature are available; (2) basically van der Waals crystals with-
out a complicated networks of hydrogen bond; (3) experimental
phonon band structures (in part) and Raman data are available.
These features merit our understanding of the structure–prop-
erty relationship in molecular crystalline materials as an initial
stage of our study.

Theory
Outline of coarse-graining method

The vibration of the particles in a lattice can be understood
within the harmonic approximation by solving the eigenvalue
equation of the mass-weighted Hessian matrix, where the key
parameters correspond to the inertia matrix, M, and stiffness
matrix, K. In the atom-based analysis, the elements of these
matrices correspond to the degrees of freedom of the atomic
vibrations.27–29 For a molecular assembly containing N atoms,
the matrix dimensions are 3N � 3N. By introducing a coarse-
graining matrix, B, which projects the atomic displacement
vectors onto a reduced space spanned by a basis set represent-
ing rigid-body (three translational and three rotational)
motions (Tx, Ty, Tz, Rx, Ry, Rz) and a intramolecular vibrational
modes (V1,. . .,Va), the stiffness matrix is transformed to corre-
spond to the vibrational modes of the molecule with a size of
6 + a per molecule (eqn (1)–(3) and Fig. 1).16,17 We refer to the
number 6 + a as the dimension of the CG basis.

C�1 = BTMB (1)

U = BTKB (2)

B = (Tx, Ty, Tz, Rx, Ry, Rz, V1, . . ., Va) (3)

The eigenvalue equation equivalent to the equation of
motion can be expressed using the matrices U and X2, which
collect the eigenvectors u and o2, respectively, as in eqn (4):

C1/2UC1/2U = UX2 (4)

The elements of the eigenvectors directly correspond to the
vibrational modes of the molecule, distinguishing them from
traditional methods of using an atom as the unit of vibration.
This approach significantly facilitated the analysis of molecular
vibrational modes. By leaving out intramolecular vibrational
modes from the CG basis, low-frequency vibrational modes can
be approximated, which aids in reducing the computational
costs for large molecular systems.19,20 When a is set to 0, the
system adopts the minimal basis, approximating the molecule
as a rigid body and considering only intermolecular transla-
tional and rotational modes. When a is set to 3N � 6, the
system adopts the full basis, fully describing the vibrational
modes corresponding to 3N degrees of freedom.

For an arbitrary matrix, A, we define notation [A] for its
Fourier transformation using eqn (5), where {A}s,s0 denotes a
partial matrix corresponding to an off-diagonal block between
the constitutional units labeled s and s0.21

½A� ¼ 1

P

XP

s;s 0

Y3

j

exp½�iðnj � n0jÞðk � ajÞ� fAgs;s 0 (5)

In eqn (5), aj denotes the j-th lattice vector that serves as the
basis for the linear expansion of n1a1 + n2a2 + n3a3 for an
arbitrary lattice node, Rs, of the molecule s. Furthermore, P
denotes the number of molecules included in a single period,
and k is assumed to be a continuous reciprocal vector at the limit
of P - N. Using this expression, we formulated the dynamic
equation (eqn (6)) under periodic boundary conditions (PBC).

[C1/2][U][C1/2][U(k)] = [U(k)][X(k)2] (6)

Independent stiffness approximation

In practical phonon calculations based on the CG scheme,
information on all the blocks of the stiffness matrix, U,
associated with the central lattice node (numbered 0) is
required. The PBC is introduced via the Fourier transformation
of blocks to obtain [U] (eqn (7)).

½U� ¼
XP

s

Y3

j

exp injðk � ajÞ
� �

fUg0;s (7)

To completely count the molecules in a period, we defined
s = 9n1 + 3n2 + n3, a decimal expression of a ternary number
‘‘n1n2n3’’. In this numbering system, the central 1 lattice node

Fig. 1 Transformation of the stiffness matrix in the coarse-graining
scheme. The subscripts of K denotes atoms, whereas subscript of U
denotes lattice nodes.
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and surrounding 26 lattice nodes (n1, n2, n3 = {�1, 0, 1}) are
labeled with integers from �13 to 13.23

To obtain each block {U}0,s with a reduced computational
load, we introduced the concept of ISA, wherein the total
intermolecular force acting on a molecule can be calculated
as the sum of pairwise interactions, assuming that the stiffness
between any two molecules is independent of all others.30

When the number (Z) of molecules contained in each node is
1, the off-diagonal block {U}0,s can be calculated by selecting
two molecules that are related by a translational operation.
When Z 4 1, a single node contained multiple molecules related
to inversion, mirror reflection, rotation, glide, and helical opera-
tions. Under the CG space of 6 + a dimensions, each node of the
crystal includes Z � (6 + a) vibrational modes, implying that the
size of U increases accordingly. Considering Z = 2 as an example,
the composition of {U}s,t is shown in Fig. 2. Here, different
molecules within a single node are designated as A and B, which
are convertible through a certain symmetry operation allowed
within a given space group. By combining the letters A, B, C, . . .

for different operations with node index s, different molecules
within each node can be uniquely identified. For simplicity, we
introduce a notation such as {u}0A,sB, denoting the (A, B) sub-
block of the {U}0,s block (eqn (8)).

{u}0X,sY � {{U}0,s}X,Y (X,Y = {A,B,C, . . .}) (8)

For Z 4 1, two approaches to fill out {U}0,s are possible. One
approach is to expand the range of the vibrating unit in the ISA
cluster by treating all Z molecules as a single unit (Fig. 2, left side).
This treatment results in a ‘‘mobile pair’’ comprising 2Z mole-
cules, simplifying the subsequent theoretical problem to be
equivalent to a Z = 1 system. However, as Z increases, the

computational cost for the normal-mode calculation increases
roughly in proportion to (2Z)3 B (2Z)4, and the dimension (a) of
the intramolecular vibration mode needs at least 6Z� 6 to include
the mutual displacement of Z molecules. Another approach,
which was adopted in the present study, is to construct {U}0,s

by ‘‘tessellating’’ smaller {u}0X,sY subblocks corresponding to every
two molecules within a node (Fig. 2, right-hand side). As Z
increases, the number of sub-blocks increases in proportion to
Z2, and their arrangement becomes increasingly intricate. Because
a single ISA cluster calculation yields only one {u}0X,sY sub-block,
the total number of calculation routines increases proportionally
with Z2. Minimizing the number of calculation routines while
correctly constructing {U}0,s is the core theoretical challenge in
applying the CG-ISA scheme to systems with Z 4 1.

In the CG-ISA scheme, where each discrete molecule is
assigned to a vibrating unit, sX, the numerical relationship in
the {U}0,s blocks fully reflects the symmetry of a given mole-
cular crystal by setting an appropriate coordinate system. As
described in the previous study on a system with Z = 1, the
transpose of {U}0,s is identical to {U}0,�s: this relation reduces
the number of off-diagonal blocks to half. For approximately
spherical molecules, one molecule typically has 12–18 adjacent
molecules that contribute significantly to its binding energy,
meaning that only 6–9 sets of molecular pairs must be calcu-
lated. A similar relationship (eqn (9)) also holds between sub-
blocks that correspond to arbitrary molecular pairs.

{u}T
0X,sY = {u}sY,0X = {u}0Y,�sX = {u}T

�sX,0Y X,Y = {A, B, C, . . .}
(9)

For molecules in the translational relation (X = Y), the
relation in eqn (9) can halve the number of sub-blocks

Fig. 2 Structures of the stiffness matrix under different definitions of vibrational units: transformation from a lattice node containing two molecules (left)
to that containing one molecule (right).
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necessary for the calculation. For molecules in non-
translational relations (X a Y), an appropriate coordination
transformation of the {u}0X,sY subblock can afford another
subblock that corresponds to a molecular pair sharing the
equivalent geometrical relationship. This transformation rela-
tion was formulated and verified theoretically, the details of
which will be presented in a future study. This relation reduces
the number of independent subgroups to 1/h, where h is the
order of the space group.

To fully exploit eqn (9) in reducing the computational cost,
one needs to specify molecular pairs (0X0, s0Y0) that are in a
geometrical relation equivalent to a given molecular pair
(0X, sY). For example, for the calculation of the g phase of
p-dichlorobenzene, six ISA clusters shown in Fig. 3 are essen-
tial, where molecules 0A and 0B are convertible by the 21-helix
operation (along the b-axis). For the molecular pair (0A, 3A),
namely, s = 3 (a = 0, b = 1, c = 0) and X = Y = A (identical
operation), the C2 operation only reverses the directions of the
a- and c-axes, resulting in a s0 value of 3 (because both a and c
are zero). Thus, we found that the molecular pair (0B, 3B) has a
geometrical relation equivalent to (0A, 3A), whereas {u}0B,3B is
obtained by the coordination transformation of {u}0A,3A using
P[C2], a matrix of two-fold rotation around the b-axis (eqn (10)).

{u}0B,3B = P[C2]{u}0A,3AP[C2]T (10)

With a series of such transformation relations, the force
field exerted on only one molecule is sufficient to line up the
sub-blocks necessary for all Z molecules in a lattice node.
Therefore, an increase in Z does not increase the number of
ISA clusters necessary for the calculation.

As listed in Table 1, by computing six ISA clusters, the matrix
elements for 30 {u}0X,sY subblocks are finally obtained. In this
table, the mobile pairs (0X, sY) correspond to the ISA clusters
shown in Fig. 3. By calculating the coarse-grained stiffness
matrix, subblocks {u}0X,sY for the ‘‘equivalent’’ molecular pair
are obtained. The transpose of these subblocks corresponds to
the molecular pairs in the ‘‘transpose’’ column. The transfor-
mation by P[C2] gives the subblocks for the pairs in the ‘‘C2

rotation’’ column, and their transpose corresponds to the last
column. As the number of symmetry operations in the system
increased, the coordination transformation steps became more
intricate. Further details are beyond the scope of this study.
Hence, transformations within the CG-ISA framework will be
discussed in future publications.

As shown in eqn (8) or (9), our method is formulated without
any restriction on the Z number, which means that the scheme
applies to various crystals with an arbitrary space group. How-
ever, in the actual computation of such a crystal, we must
present a full lineup of P matrices necessary for the space group
under consideration. Meanwhile, it should be noted that the
situation is not easy for a crystal system that has two or more
independent units. In that case, we must treat the units
separately, which means that the number of possible ISA
clusters rapidly increases and the selection of the clusters
becomes more complicated. At present, we cannot find an
efficient way to select the mobile pairs essential to the phonon
band calculation. That is more of a mathematical problem than
a chemistry problem.

Calculation

The scheme of the whole procedure was illustrated in Fig. S1
(SI). We selected the a and g phases of p-dichlorobenzene as
calculation targets (Fig. 4). The a phase, CCDC refcode
DCLBEN07, monoclinic, P21/a, Z = 2, a = 14.664 Å, b = 5.74 Å,
c = 3.925 Å, and b = 111.771. The g phase, CCDC refcode
DCLBEN03, monoclinic, P21/c, Z = 2, a = 8.624 Å, b = 6.021 Å,
c = 7.414 Å, b = 127.511.24 For both cases, the inversion point
was located at the center of the molecule; hence, only half of
the molecules were independent. For computational conveni-
ence, we redefined the crystal system as the P21 space group
such that a lattice node comprises two molecules. With this
treatment, only ‘‘translation’’ and ‘‘21-helix’’ are left as the
symmetry operations of the crystal system. Otherwise, the
‘‘inversion’’ operation would make a molecule overlay with
itself, losing the uniqueness of the molecular orientation,
hence the uniqueness of the CG matrix. Despite this symmetry
reduction, the original symmetry could still be utilized to
reduce the number of independent molecular pairs. For exam-
ple, owing to the centrosymmetry of the molecule, the geome-
trical relationship of (0A, 0B) is identical to (0B, 1A), which
should be distinguished in the P21 space group (Fig. S2). We

Fig. 3 ISA clusters for molecular pairs, as designated by 0X, sY
combinations.
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confirmed a substantial equivalence between {u}0A,0B and
{u}0B,1A within a trivial error, which may be attributed to the
nonstrict symmetry in the truncated ISA clusters. Table 1 lists
the molecular pairs in the ‘‘equivalent’’ column.

Upon constructing the ISA clusters, the essential mobile
pairs should be selected based on the distance between the
gravity centers of molecules (dMole), the interatomic proximity
(dAtom), and the trace of the {u} subblock, as measures of
intermolecular interactions.23 For the b-DCB, molecules with
dAtom 4 5 Å were ignored, and this selection had almost no
effect on the phonon band profiles. In the present two systems,
where similar intermolecular interactions occur, we used the
same criteria to determine the molecules that comprise mobile
pairs in the ISA clusters: 0A, 3A, 7A, 10A, 0B, and 9B for g-DCB
(Table 1) and 0A, 1A, 3A, 4A, 0B, and 1B for a-DCB.

The structures of the constructed ISA clusters were itera-
tively optimized until they reached a substantial minimum
potential energy within the given molecular environment.31,32

The calculations were performed using the Gaussian16
program33 at the B3LYP-D3/6-31G(d) level of theory, a hybrid
DFT augmented with an empirical dispersion correction.34 The
same level of theory was applied to the normal-mode calcula-
tion for the ISA clusters, in which the mobile pair was set to
move freely, and its surrounding molecules were frozen. The
coarse-grained stiffness constants were obtained via an appro-
priate process using normal coordinate data, as described in
our previous studies.16,17 An increase in the Z value of the
system does not necessarily imply that the size of the ISA
clusters must be expanded. In this study, we employed clusters
of sizes comparable to those used in our previous study on
DCLBEN06 (Z = 1). Errors originating from the truncation of the
cluster size were compensated for by the acoustic sum rule

(ASR) correction,27,28 redefining the translation-relevant part of
the diagonal block to maintain consistency with the isotropy
and homogeneity of the space.

Fig. 5 shows the first Brillouin zone (FBZ) of DCLBEN03 (g
phase) and DCLBEN07 (a phase), along with the k-paths that
connect the high-symmetry points. As understood from the
characteristics of reciprocal space, the shapes of the FBZs can
differ depending on the lattice constants, even though the two
crystalline systems share the same space group. The selection
of the k-path in the FBZ shape determines the horizontal axis.
Hence, it has a primary influence on the appearance of the
phonon band but does not alter the density of states (DOS) and
subsequent calculations.

Results and discussion
Effect of the CG-space dimension

The {u}0X,sY sub-blocks of the stiffness matrix were calculated
by normal-mode analysis performed at the B3LYP-D3/6-31G(d)
level of theory, which was demonstrated in our previous study23

to provide sufficiently reliable results for the b phase crystal.
Then, {U}0,s blocks were constructed according to the crystal
symmetry and subsequently transformed to a reciprocal space
representation [U] using Fourier convolution under the
assumption of PBC (see Theory section). Fig. S3 shows the
low-frequency region of the phonon band (black lines) obtained
within the framework of the CG-ISA scheme (minimal basis;
a = 0). Fig. 6 compares this result with non-CG (full basis;

Fig. 4 Unit cell structures of p-dichlorobenzene polymorphs: (a) a form
(refcode: DCLBEN07) and (b) g form (DCLBEN03).

Fig. 5 FBZ and k-paths connecting high-symmetry reciprocal points: (a) a
phase and (b) g phase of p-dichlorobenzene.

Table 1 List of equivalent molecular pairs (0X, sY) of the g form of p-dichlorobenzene, for which subblocks {u}0X, sY are calculated from the ISA cluster
containing the designated mobile pair. See text for molecular pairs in the other columns

Mobile pair
(symmetry operation) Equivalent Transpose

C2

rotation
C2 rotation +
transpose

0A, 0A (identical) 0A, 0A — 0B, 0B —
0A, 3A (b translation) 0A, 3A 0A, �3A 0B, 3B 0B, �3B
0A, 7A (a � b + c translation) 0A, 7A 0A, �7A 0B, �13B 0B, 13B
0A, 10A (a + c translation) 0A, 10A 0A, �10A 0B, �10B 0B, 10B
0A, 0B (21 helix) 0A, 0B 0B, 0A 0B, 3A 0A, �3B

0B, 1A 0A, �1B 0A, �4B 0B, 4A
0A, 9B (21 helix + a translation) 0A, 9B 0B, �9A 0B, �6A 0A, 6B

0B, 10A 0A, �10B 0A, �13B 0B, 13A
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a = 3N � 6 = 30) calculation (blue lines). A full-range represen-
tation of the full-basis results is provided in the SI (Fig. S4). The
similarity between the two sets of results demonstrates the
feasibility of applying the CG-ISA method to the calculations for
systems with Z = 2 and Z = 1. Namely, the tessellation of {u}0X,sY

and the ASR correction were effective when the single lattice
node comprised two molecules. Note that owing to the
increased number of molecules within the lattice, the number
of phonon branches doubled to 12 up to 140 cm�1, as com-
pared with b-DCB.

Close inspection of the g-DCB result (Fig. 6(a)) revealed a
notable discrepancy between minimal- and full-basis results
around the #11 and #12 branches (B120–140 cm�1), while the
frequency distribution in a-DCB (Fig. 6(b)) was nearly identical.
To assess the quality of the CG space for a mobile pair in a
single ISA cluster, we employed the fidelity index (FI),19,20

which is a measure of the Frobenius inner product of the
original and coarse-grained mass-weighted displacement
matrices. It is empirically known that the CG space is of
satisfactory quality when the FI is 0.8 or higher. For a-DCB
and g-DCB, the average FI values at the minimal-basis condi-
tion were 0.93 and 0.98, respectively, both achieving a sufficient
level. The observed discrepancy suggests the need for deeper
consideration in addition to the reproducibility of U.

When combined with ISA, the CG calculation necessarily
involves multiple clusters with various FI values, indicating that
the approximation quality cannot be determined based solely

on this parameter. In other words, the CG space (selection of a
limited number of intramolecular vibration modes) suitable for
one ISA cluster may not always be appropriate for all other
clusters. The previous research on the b-DCB crystal demon-
strated the excellent agreement between the minimal-basis and
full-basis results for the low-frequency phonon band and DOS.
This crystal system may have been an ideal case in which the
constituent molecule was sufficiently stiff to separate the
frequency regions between the rigid-body motion and intra-
molecular vibration modes.

To determine the factors affecting the approximation quality
of the CG-ISA scheme, we examined the influence of low-
frequency intramolecular modes. Fig. 7 shows the phonon bands
for modes #1–#16, calculated using the full-basis condition. For

Fig. 6 Comparison of phonon bands and DOS between the minimal basis
of CG space (a = 0, black) and full basis (a = 3N � 6 = 30, blue). (a) g phase
and (b) a phase.

Fig. 7 Phonon bands for modes #1 to #16 in full basis: (a) g phase and (b)
a phase. Modes #11–14 are shown in purple, yellow, red, and gray,
respectively.
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g-DCB, modes #11–14 share the same frequency region, while for
a-DCB, those modes are well resolved into {#11, #12} and {#13,
#14} sets. In quantum mechanics theory, microstates with the
same symmetry interact and change each other’s frequency due
to the avoided crossing (AC) rule,35–37 which is accompanied by
the mixing of different states. If a selected set of bases in the CG
space lacked some modes relevant to the AC effect, mode mixing
would not impact the phonon bands, giving rise to a consider-
able displacement from the full-basis results. This assumption
was validated by the calculation of phonon band and DOS with
a = 1 (Fig. 8), where we can see an excellent agreement with those
under the full-basis condition. This result demonstrates the
necessity of including intramolecular vibrational modes that
share the same frequency region while maintaining a sufficiently
high FI value.

Comparison of the C-point frequency

The full-basis CG result is the ‘‘fine-grained’’ limit and hence
does not reduce computational accuracy. Therefore, a compar-
ison between the reduced- and full-dimensional CG spaces
allows for the evaluation of the approximation quality of the
CG scheme. Meanwhile, the arbitrariness in constructing ISA
clusters influences computational accuracy. In the ISA method,
errors arise mainly from the inequality of the molecular
environment among clusters owing to the truncation of the
range of molecular placement and the subtle disturbance of
symmetry owing to structural optimization. In our current
computational protocol, the introduction of ASR corrections
can compensate for a major proportion of the errors stemming
from the aforementioned reasons. However, for systems with
more complex space groups that require a larger number of
different types of ISA clusters, other unexpected errors may
occur. These issues will be discussed in detail elsewhere. At the
present stage, we only compared the results of the moderately
sized cluster calculations with those of other methods and the
experimental values.

Given the lack of reliable experimental or theoretical pho-
non band diagrams in the literature, we validated our compu-
tational results by comparing the frequencies at the G-point

(Table 2). For comparison with the experimental results, we
corrected the frequencies using a scaling factor38 corres-
ponding to the level of calculation. Overall, we observed good
agreement between the calculated and experimental values,
whereas significant discrepancies were observed in certain
modes. Specifically, for a-DCB, the CG approximation per-
formed well, yielding only minor differences between the
experimental and calculated results (a = 1 or 30). Among them,
the frequencies of modes #6–9 are closer to those of modes
#7–10 obtained from the reference calculation. This ‘‘misalign-
ment’’ may have arisen from differences in the definition of
mode ordering, necessitating a labelling of the modes using
irreducible representations based on group theory. In g-DCB,
the CG-ISA scheme demonstrated better agreement, with
experimental values below 100 cm�1, particularly for mode
#8, which was much improved as compared to the reference
calculations. However, for modes #11 and #12, the calculated
values did not correspond to the experimental data. Instead,
the calculated frequencies 134 and 141 cm�1 for modes #13 and
#14, respectively, are in good agreement with the experimental
values for modes #11 and #12.

Changes in the lattice structure primarily affect low-
frequency phonons, that is, intermolecular vibrational modes.
In contrast to the moderate variation shown in the low-
frequency band, the high-frequency phonon branches were
nearly identical across the three polymorphs, indicating that
the intramolecular vibrational modes in the p-dichlorobenzene
crystals were minimally affected by changes in the crystal
structure (Fig. 9). This insensitivity is attributed to the absence
of strong intermolecular interactions, such as hydrogen bonds,
within these crystals, along with the small size and high rigidity
of the molecule. Nevertheless, a closer inspection of the differ-
ences revealed some common effects of the molecular sur-
roundings in the crystalline environment. Fig. 9 shows a plot
of the eigenwave numbers of the polymorphs subtracted by that
of the isolated p-dichlorobenzene molecule. The difference
ranged from �20 to +40 cm�1, and the wavenumber-
dependent trend of the displacement was roughly similar

Fig. 8 Comparison of phonon bands and DOS between CG basis a = 1
(green) and full basis (blue) of g phase.

Table 2 Comparison of frequencies (cm�1) at G-point and experimental
data, along with the values calculated using another method

Mode#

a form g form

CG-ISAa

Calcd.b Obsd.c

CG-ISAa

Calcd.b Obsd.ca = 1 a = 30 a = 1 a = 30

1–3 0 0 — — 0 0 — —
4 27.3 25.0 35.8 27 48.5 48.8 44.6 —
5 37.0 37.2 29.5 33 51.0 50.3 44.8 —
6 52.3 53.1 45.8 46 52.3 52.2 52.5 52
7 60.9 60.3 53.2 — 64.1 63.1 65 67
8 66.2 65.8 57 59 73.8 73.5 55.2 76
9 69.4 68.1 67 66 83.3 83.1 81.2 86
10 70.9 71.3 66 67 90.8 91.3 102.4 —
11 102.6 101.1 108.5 109 112.9 112.7 114.1 133
12 111.3 110.9 117.5 117 121.0 120.7 111.1 143

a Modes were numbered according to the increasing order of frequency
at the G-point. b Calculated data from ref. 39 and 40. c Raman data
from ref. 41 (T = 1.2K).
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among the three polymorphs. It is notable that in the low-
frequency region (up to 300 cm�1), the plots were similar
between the a and g forms, while, in the middle-frequency
region (800–1000 cm�1), the plots were similar between the a
and b forms.

Comparative studies on DOS and thermochemistry

Currently, comparative studies of polymorphs are of central
importance in crystal engineering.42–45 In the context of crystal
structure prediction, intensive efforts have been made to calculate
the relative stability of crystalline polymorphs with high preci-
sion, considering both entropic and enthalpic contributions.46–50

Nevertheless, listing polymorphs in the correct stability order
remains difficult. In the following, we assess the applicability of
our method to explain the relative stability of polymorphs of
molecular crystals. The phonon DOS functions of the three
phases (a, b, and g-DCBs) in the low-frequency region were
compared (Fig. 10). The frequency distributions were quite
similar among the three phases below 35 cm�1, the range
primarily dominated by the acoustic modes. Given the absence
of strong intermolecular interactions such as hydrogen bonding,
the vibrational modes in this range are hardly affected by changes
in the molecular crystal structure.

In the range of 35 to 100 cm�1, the vibrational modes are
primarily low-frequency optical modes. This frequency region
for the b phase with Z = 1 is dominated by molecular libration,
while the other two phases exhibit a mixing of intramolecular
vibration modes, such as out-of-plane C–Cl bending motions.
For the a and g-DCBs, distinct DOS peaks appear near the
boundary of the acoustic and optical branches. At these fre-
quencies, phonon modes with considerably low group veloci-
ties tend to accumulate. By contrast, the b phase does not
exhibit a pronounced DOS peak, indicating a more loosely

packed molecular arrangement, which leads to a broader dis-
tribution of phonon frequencies. The vibrational modes transi-
tion from lattice motion to intramolecular vibrations above
100 cm�1, where the intramolecular branches of the a and g-
DCBs show different DOS peaks, depending on their respective
crystal structures.

Experimentally, the order of thermodynamic stability is b 4
a 4 g: the g form transitions to the a form at 271 K with a
transition enthalpy (DtrH) of 1.256 kJ mol�1, then transitions to
the b form at 304 K with a DtrH of 0.214 kJ mol�1 before finally
melting at 326 K.51,52 The transition entropy (DtrS) was accord-
ingly calculated to be 4.6 and 0.70 J K�1 mol�1 for the g-to-a and
a-to-b transitions, respectively. One of the primary milestones
of this study is explaining this order of stability in terms of
thermochemistry. As described above, provided that sufficient
dimensions were used, the CG scheme had a negligible influ-
ence on the frequency distribution, indicating that its effect can
also be negligible on other phonon-derived properties, such as
thermodynamic properties. Fig. 11 presents the thermochemi-
cal functions of the three phases of p-dichlorobenzene. As
established by the statistical dynamics of molecular systems,
vibrations contribute to constant-volume heat capacity, and
hence entropy and Helmholtz/Gibbs free energy. Although
these functions differed only slightly among the three phases,
we found that non-negligible differences arose from the low-
frequency phonon contributions to the total functions
(Fig. 11(a)).

The entropy values at B100 K were in the order b 4 a 4 g
(Fig. 11(b)), indicating that the �TS term in the free energy
contributes to stabilizing the b phase as the temperature
increases. However, the difference was so small that we could
not draw reasonable G–T curves using the experimentally obtained
enthalpies (Dg-aH = 1.256 kJ mol�1, Da-bH = 0.214 kJ mol�1): an
error of 0.1 kJ mol�1 in DH causes a displacement of 40–60 K in T
at the intercept of the curves. In a future study, we plan to
calculate the changes in enthalpy among the different phases,

Fig. 9 Comparison of frequency at G-point in the high-frequency region
(characterized as intramolecular modes). Given that the b phase has an
FBZ half the size of those of the other phases, each frequency appears
twice.

Fig. 10 Phonon DOS in the low-frequency region (characterized as
intermolecular modes) of three polymorphs of p-dichlorobenzene.
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for example, taking into account the electronic energies of the
constituent molecules and intermolecular interaction energies
among the molecules, while it was revealed that the calculation
requires an accuracy of 0.01 kJ mol�1 to predict transition
temperatures reasonably. Instead, we attempted to obtain the
ideal enthalpy that yielded the experimentally determined transi-
tion temperature (Fig. 11(c)). As a result, Dg-aH and Da-bH were
estimated to be 0.376 and 0.820 kJ mol�1, respectively, which were
in moderate agreement with the observed values. The sum of the
two is 1.196 kJ mol�1, moderately close to the corresponding
experimentally determined value of 1.470 kJ mol�1.

For more rigorous quantification, we should consider the
temperature-, pressure-, or stress-dependent anisotropic strain
of a crystal lattice, which induces changes in the phonon band
diagram that are not straightforward to predict.53–56 Strictly
speaking, the thermochemical functions calculated from a
single-phonon band diagram do not exactly reproduce their
temperature dependence; however, this issue is not specific to
the CG-ISA method.57,58 Given these limitations, the current
thermochemistry results restrict the analysis to a qualitative
one. Moreover, while the interactions between phonons play a
crucial role in various properties, such as thermal conductivity,
the harmonic approximation affords ‘‘static’’ phonons, which
lack inter-phonon interactions and hence cannot accurately
reproduce ‘‘dynamic’’ thermal phenomena. A conventional
solution requires incorporating the anharmonicity effects into
DFT calculations.59–64 The present CG-ISA scheme was estab-
lished based on harmonic approximation, and the modification
of the theory to incorporate the anharmonicity effects awaits
numerous challenges.

Conclusions

In this study, we enhanced the CG-ISA scheme for lattice
dynamics calculations in molecular crystal systems with
Z 4 1. By analyzing the relationship between the subblock
components {u}0X,sY of the stiffness matrix and crystal symme-
try, a comprehensive theory was proposed to cover the con-
struction of the ISA clusters and tessellation of U. The current
progress has enabled the calculation of the a and g phase
crystals of p-dichlorobenzene with Z = 2. We evaluated the
approximation quality of the CG scheme by comparing the
calculations for different dimensions of the CG space. By
selecting a sufficient number of intramolecular vibrational
modes considering the avoided crossing rule, the truncated
basis result was successfully reproduced. The calculated fre-
quencies at the G-point are in good agreement with the
experimental values, while the assignment of phonon branches
based on group theory is necessary for rigorous matching with
them. Comparisons of the three polymorphs revealed that the
acoustic and high-frequency intramolecular modes were mini-
mally affected by the lattice structure, whereas the low-
frequency optical modes exhibited notable sensitivity to the
lattice structure. Similar vibrational modes in different crystal-
line phases exhibit frequency shifts owing to structural

Fig. 11 Thermochemical functions of the three polymorphs calculated
with full-basis ISA condition. (a) Heat capacity at constant volume, and (b)
entropy, where the insets show the low-frequency contributions with
dashed lines. (c) Gibbs free energy relative to the g form, where the
enthalpies of the a and b forms were assumed to be +0.376 and +0.820
kJ mol�1, respectively, relative to the g form.
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variations. Thermochemical calculations demonstrated that
the three polymorphs resulted in only a subtle difference but
were qualitatively meaningful, encouraging us to perform more
accurate evaluations by considering additional effects.
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